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PREFACE 


The remarkable progress made in recent years m the Theory of 
General Functions has revolutiomsed the method of treatment 
of many of the higher branches of Pure Mathematics , and the 
brilliant work of Riemann, Weierstrass, and their followers has 
opened out new paths for research The discovery by Stokes 
and Seidel of the fundamental principles underlying the con- 
vergence of an infinite senes has been far-reaching, and the 
question of uniformity or non-uniformity of approach to a 
limit which arises in dealing with such senes and of continuity 
m the limiting values of functions dependent upon more than 
one vanable when those variables are made to approach de fini tely 
assigned values, are matters which necessitate close attention 
Professor Chrystal, m his Algebra , vol 11 , discusses such ques- 
tions at considerable length in a most useful chapter on “ The 
Convergence of Infinite Series and Products ” 

A general discussion of Abel’s Theorem regarding »the general 
integration of Algebraic Functions and of its development by 
Liouville and others is given by Bertrand {Calc Integ , u , ch v ), 
and an account of the general problem of integration of a function 
of a single variable, its possibilities and its barriers, is to be found 
m No 2 of the Cambridge Mathematical Tracts (2nd ed ) by Mr 
G H Hardy A clear and careful exposition of the modern 
theory of Integration from Riemann’s point of view, and of 
the question of Convergence of Infinite Integrals, is given m 
Professor Carslaw’s work on the Theory of Fourier's Senes 
It was my original intention to incorporate into this book some 
account of the more recent developments of the subject, and a 
long chapter was written foi Volume I with that view But the 
further I progressed the stronger was my conviction, gained from 
many years of experience of work with post-graduate students, 
that there is in these days far too great a tendency on the part 
of teachers to push on their pupils so fast to the Higher Branches 
of Analysis or to Physical Mathematics that many have neither 
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tame nor opportunity for the cultivation of real personal pro- 
ficiency, or for the acquirement of that individual manipulative 
skill which is essential to any real confidence of the student m his 
own power to conduct unaided investigation, and without the 
possession of which any temporary interest he may have gained 
as a student must speedily die a natural death I therefore felt 
that I should best serve the interests of the majority of readers 
by endeavouring to help them to cultivate and consolidate their 
knowledge, and to acquire an adequate mastery over the c ommo n 
processes of the Calculus rather than by pointing out the direc- 
tion of the more modem trends of thought and by indica ting 
further vistas for research To do this, it has been necessary to 
exhibit a large number of worked-out illustrative eTfl.mpl« g m 
addition to furnishing an adequate selection for personal practice 
A great part of what I had prepared with regard to modem work 
was regretfully withdrawn, and other projected and partially 
completed portions either abandoned or drastically abridged, as 
they dealt with matters which would rather be of interest to 
speciahsts than helpful to the average reader 
The functions considered are for the most part combinations of 
the Elementary Functions of Ordinary Analysis, continuous and 
m general bounded, and for such the definition of integration as 
used by Cauchy and generally adopted m text-books will suffice, 
and form an adequate instrument for the treatment of the 
particular classes discussed The more elaborate definition by 
Jtaemann, which furnishes a more powerful and delicate, but at 
the same tame somewhat complex instrument for the discussion 
of generalised functions, introduces certain difficulties of con- 
ception likely to be an unnecessary source of trouble to the 
ordinary student in his earlier studies It is therefore postponed 
until it is to be expected that he has arrived at a thorough 
mastery of the common processes to be used in the various appli- 
cations of the Calculus, and has gained a riper expenence for its 
consideration And it does not appear that any danger is to be 
apprehended in such delay, seeing that Riemann’s definition is 
specially devised to meet generalities which will only have to be 
dealt with in a later stage of specialisation 


Queen’s College, London, 
Jvlt/, 1922 


JOSEPH EDWARDS 
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CHAPTER XXIII 


CHANGE OF THE VARIABLES IN A MULTIPLE 
INTEGRAL 

826 A number of cases have occurred in previous chapters 
n which the evaluation ot an area ora volume has been much 
facilitated by a proper choice of coordinates, and changes 
have been made fiom one specific system of coordinates to 
another specific system, such, for example, as from Cartesians 
to polars, oi to elliptic coordinates 

In particular, we have established the results, that in 
transforming from an a, y system, which may be regarded as 
Oartesian, to a u, v system, we have 




and when we change from a three-dimensional Cartesian z, y, 2 

system to another system in terms of new variables u, v w we 
have c 1 ’ 

Jiw*-^^**** 

the symbol V' representing merely the value of V as expressed 
m terms of the new cooidinate system 
These changes have been found very especially useful m 
the case where the bounding curves or surfaces of the regions 
under consideration are themselves members of the three families, 

const, v= const, w = const 

This was the c iso in the typical example of Ait 793, vix the evalua 
ion of the aiea of a Carnot's cycle, bounded by isothermals ay=a, 
and the ad.abatics <yr=/3 a , and it will be recalled that 
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the region thus bounded was divided into elementary areas bounded by 
curves of the same types, viz 

xy=u> 

xy = w -f 8u xyt = v + 8v 

Exactly the same course was followed in the three-dimension 
typical examples of Articles 797, 798 

827 Further Examples 

1 The quadrilateral bounded by the four parabolas 
f=a»x, s*=e*y, ■t a =/»y, 

revolves round the axis of y, find the volume generated 

[COLLEGKS a, 1890 ] 

If Sy be an elementaiy rectangle of this area, we have 
1 7= J J 2ir xdxdy 



Fig 295 


Now instead of taking elements of rectangular shape such as &t Sv let 
us divide up the area by the families of parabola, 

f=u>x, x>=v>y, (j) 

th^Zronl^tZ^’ V= l a “ d B=/ are the boundl "S parabolas of 
±JsX e) emenUry area enclosed by u,u + 8u, v,v + Sv ,s 
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Fiom equations (1) x-uv\ i/=u 2 o y 

2 Yh -3 “ a * 2 

7 | ?4 2 


Hence F= 6ttJ* J f u*v 4 cfo dv 

-fiWC-l 

2 Evaluate the triple integral / f - taken through a volume 
bounded by six confocal quadrics, the semiaxes of the quadrics being 

a i> &i> c u 1 a 2i b 2 , c 2l \ a 2i b 2> <? 8 , \ 

and a l} b Xi Cl 'J and a 2 ', b 2 ', c 2 'J and a a ' t b B ' t c 3 ' J 

[Maih Trip , 1889 ] 

Taking a definite confocal a, b, c, let the three confocala through any 
point v, y , z of the region be 3 

a 2 a 2 a, 2 

Sm^ + + = 1 > ^ + + = 1 > ^+ + = 1 > 

“ d " (Art m), 

whence ?fii = — = 1 e tc 

id\ X+a 1 ’ xdfi ,x+ a 2 ’ etc ’ 

and r 3(*.y,*) xyz\ 1 1 1 I 


1 

1 

1 

A + a 2 ’ 

/A + a 2 ’ 

v + a 2 

1 

1 

1 

A + 6 2 ’ 

/X+6 2 ’ 

v+b 2 

1 

1 

1 

A + 6 2 ’ 

/A+6 2 ’ 

v + c 2 


\li dxd Jj? z - 1 /// 2 xh* (^hr* ^ts*) dXd i J - dv 

~ J2 [log (A + a 2 )] {[log (fx + 6 2 )] [log (v -f c 2 )] 
and at one set of the boundaues " [1 ° g(v+i2)3} ’ 


A + a a = a 1 2 , A + 6 2 = V, A + c 2 =c 1 2 , 

fx+a 2 =a 2 2 , ,i-\ -b 2 =-b 2 2 , /z + c 2 ^ 2 , 

v+a 2 =a a 2 , v + & 2 = V, v+c 2 =Ca 2 ) 

and for the other set, 

A + a 2 =« 1 ' 2 J A + b 2 =bi 2 , etc 

Hence the limits for A are from a x 2 -a 2 to a{ 2 -a 2 , 

for ^ from b x 2 -b 2 to &/*-&*, 

for v from c^-c 2 to c x ' 2 -r 2 
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Theiefore 



828 Remarks on the Transformation 

The usefulness of a change of variables is not, however, 
confined to the case m which the bounding curves or surfaces 
of the region considered are particular cases of the families of 
curves or surfaces by which it has been deemed desirable to divide 
up the region into elements and for which case the limits are 
constants 

The piocess of transformation is threefold 

(a) The tiansformation of the subject of integration into 
terms of the new \ anables 

(b) The determination of the new element of integration, 

which resolves itself into the calculation of J 

( c ) The determination of the new limits 

Of these, (a) and (b) are merely algebraic processes, and give 
no trouble 

The detei ruination of the new limits ( c ) however, often 
presents considerable difficulty to the student And we can- 
not lay down explicit rnles to be followed to suit all cases 
Generally speaking, it is best to proceed, from geometrical 
considerations, first forming a clear idea of the region which the 
original element of area or volume was made to traverse This 
will be clearly indicated by the limits of the integrals occurring 
in the expression to be transformed Then the new limits 
for the transformed integral must be so chosen that the new 
dement of area or volume, as the case may be , traverses the same 
region , once and once only , as was traversed by the original 
element in its march as defined by the limits of the original 
integral 

The student will require considerable practice m the assign- 
ment of the new limits, and therefore a number of illustrative 
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examples are appended fiom which he may gather an idea of 
the course to be adopted 

And before proceeding to discuss them in detail the student 
is advised to note that at times, even a change of order m the 
integration , without any change in the variables, may be useful, 
and that in some cases an integration in different ordeis may 
lead to impoitant conclusions Some of the earliei examples 
are therefore confined to mere change of order with no change 
in the coordinates, and the necessary change in the limits 
will be the subject of main attention 

829 Change of Order of Integration 


Ex 1 Conaidei J di J dyf(v,y)i till tlie limits being known constant* 

Heie the space bounded by y—c, y—d , i = a, r—b is the region 
through which all pioducts such as f(x, y) 8x$y are to be added, viz the 



Fig 296 


rectangle A BCD in Fig 296 In the integration as it stands we integrate 
fiist with regaid to ?/, keeping 7 constant, thus adding up all elements 
in such a strip as BBS' It' in the figure Then all such strips are to be 

added m the operation f ( )di 

Ja 

If we wish to change the older of the operation and express it as 
f dij fdx f(x, y) 

we have to assign the new limits 

Clearly m this case the sum of such elements as we have considered, 
added up along such a stup as PQQ f F paiallel to the x axis, will be 

f KhV)di, 

Ja 
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and the sum of all these stnps, from y—c to y—d, , will be 

\ d v\ dxf(s>y) 

Jc Ja 

Thus f dx f d> /f (’>>!/)= f d y f dcf{x,y) 

Ja 'c J c Ja 

It appears therefoie that iu the case of constant limits no change is 
entailed by a change m the ordei of integiation 

Ex 2 Consider j \ f(x,y) dr dy 
J o j o 

Heie the limits for y are from y= 0 to y—x^ and for v from #=0 to 
x=a 

These indicate that the boundaries of the region for which the elements 
/(#, y) &x are to be added are 

the #-axis, the line y—or , the line x—a 

And if instead of taking strips parallel to the y axis, we add up the 
elements m strips parallel to the #-axis, of which PQQ'F is a type 



(Fig 297), this summation is to be taken fiom v=y to x -a } and 
I a 

/ f( v i y)dx will be the sum for the strip PQQ'F 
These strips are then to be added from y— 0 to y=a t giving 
f g j‘f{v,y)dydx 

as the transformed result 

pa cos a 

Ex 3 Consider I I f{^y)drdy 

Jo J X tan a 

The region o f integ iation is bounded by the straight line y=x tana, 
the circle y= % /a 2 — x i , and the y-axis 
The piesent summation is that of strips parallel to the y axis If we 
change the order of the integration we must add up all elements m a strip 
parallel to the x axis before adding the strips 
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These strips change their character at the point wheie y=asm a , from 
y — 0 to y=asina, the length of a stup is bounded by the y axis and 
the straight line y=a;tana, from y=asina to y—a> the stnp is terim 
nated by the circle 

Hence the integration consists of two sepaiate parts, viz 

pa sin a py cot a pa 

f(x,y)dy<te+\ f('-,y)dydr 

JO Jo JasinaJo 



It is often useful to test general results and verify our conclusions by 
application to some simple case Take, for instance, f(z,y) = l Then 
the pnmaiy integral represents the area of the sectoi of a circle of 

radius a and angle ^ — a Hence the result should be Ja 2 
The integration of the transformed result is 


Da pa 

ycotae£y+| >/a 2 -y 2 dy 
Jasina 

= ^-sina cos a + ^a 2 ^ -£a 2 sin a cos a- ~ a = < ^r(j£~ a )> 


as it should be 


n: 


Ex 4 To change the order of integration in the integral 
r* c^ax 

, f(v,y)drdy 

) sJax—x* 

Here the region of integration is bounded by 

(1) The parabola y 1 =ax 

(2) The semicircle a; 2 +y 2 =a:c, which we may note is the circle of 

curvature at the vertex of the parabola, and lies entirely within 
the parabola 
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(3) The straight line x=a , ami this is a tangent to the circle 
Instead of adding up the quantities f(x, y) Sx Sy along strips such as 
DE (Fig 299) paiallel to the y-axis, and then adding the strips, we have 



to add up elements in a strip parallel to the a-axis, and then add up these 
new strips It will be noted that so long as y is less than - such strips 
are broken into two parts as FG and EK, but for \alues of y > | they 

are continuous as at UV Let W be the point of contact of the tangent 
BO to the semicircle, which is parallel to the ai-axis The new integration 
must cover the thiee portions 

(1) AFBWGA , (2) WOKNHW, (3) BUPCWB 

Referring to the figure m which the lines FK and UV parallel to the 
z-axis meet the y-axis at L and M respectively, 

In region (1), 

the limits for x are fiom LF to LG, and for y fiom 0 to NC 
In region (2), 

the limits for a? are from LH to LK, and for y fiom 0 to NC 
In region (3), 

the limits for x are from MU to MV, and for y fiom NC to NP 
Hence the tiansformed result will be 


/(*, y)dydx+ f j f(x, y)dydx+ f f J(x, y) dy dx 

o+V T -J/» 


Ex 5 


Change the order of integration in 


*1 ra (i+ cos e) 


n 


I a cos 


f(r, 6)rdddr + 


a 


•a(l+cos 0 ) 


/(t,0)rddd ? 


As the integral stands, integration is effected through a region bounded 
by the upper half cardioide r=a( 1 + cos 6), the upper half circle r=a cos 6 
and the intercepted portion of the initial line 
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When the order of integration is changed we aie to add elements along 
strips which are bounded by circular arcs as shown in Fig 300, and then 
add all the strips Let BC be the arc, with centi e 0, which touches the 
circle at B Let MQ , M'Q' be contiguous arcs with centres at 0 inter- 
cepted between the circle and the cardioide, and NP, N'P' contiguous 



arcs with centres at 0 intercepted between the initial line and the 
cardioide Then the new limits of integration are 

A A 

for 6, from 6=AOM to 6=A0Q, foi values of r from 0 to OB, 
and for 6 , from 0=0 to 9— AGP, foi values of r from OB to OA 

The first of these accounts for the region OMBCQO 
The second accounts for the legion APOBA 
And the transformed integral stands as 


_ir-« 

fa a f2a C° c 

J.JL, *■ J. 


r-a 

8 IT 


f(r , 6)rdrd$ 


Ex 6 Change the order of operation m the integration system 

Qa Sag 

C'/lax—x* f5 fto-Sa 

f(x, y)dxdy 


rs. 


/O, y) dx dy + 


2S (2a -*> 


0 




r2a r'/taz—x* 


h J-J. 




y)dxdy 
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Here summation is effected by strips parallel to the y axis within a 
region bounded by 

(1) the parabola 2ay=x(2a-x), 

(2) the semicn cle y 2 = 2 a% -z 2 } 

(3) the hypeibola 'izy^Scn+Say 

The coordinates of the intersections of the curves aie shown in Fig 301 



Let C , D be the intellections of the cncle and the hypeibola and B 
the veitex of the parabola Let LPQ be the tangent to the parabola at 
B, and let A/D be diawn through D parallel to the r-axis, cutting the 
y-axis at L and M respectively s 

Then in division by stups parallel to the x axis we have foui regions 
to consider, viz (i) OPB, (n) BQA, (m) PRDQ, and (iv) RGEDR 
We then obtain foi the tiansfoimed lesult, 


Sa s ay 

n a+'Ja'-y* p a 

, y)dydx+ I I f(x y) dy dx, 

a-'Ja'-y' JteJ«-Va*=7 V ’ 

2 5 

the several items of integration referring to the respective regions 
enumerated 


Ex 7 Evaluate the integral f° f° — dxdv 

Jo Jx y * [St John’s Coll , 1889 ] 

As the integral stands, summation is conducted over the infinite region 
bounded by the line y—v, the y-axis, and an infinite boundary, say 
y=a, where a is infinitely laige, and along which the subject of mtegra- 

tl0n ~y 13 innately zero J strips being taken parallel to the y-axis 

Change the order of integration, taking stupa parallel to the #-axis 
The new limits are for from r=0 to x=y 

and for y, fiom y=0 to y—a 
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n y Q—y 

— dydx 

= Lt a=0) f Q e~ v dy 
= Lt a=(a ( l-e“ a ) = l 

Hence the value of the integral is unity 



Ex 8 Change the order of integration of the tuple integral 

n o — x ra—x—y 

J Q /(#, y, z) dvdydz 

in all possible pei mutations of dx } dy, dz 
The integration referred to is evidently through the volume bounded 
by the three coordinate planes and the plane x -\-y+z—a 
The integration as it stands supposes this region divided into volume- 
elements Sx8y 8z by means ot slices or laminae parallel to the plane #=0, 
subdivided into tubes or prisms parallel to the z axis, and these further 
subdivided into elementary cuboids by planes parallel to the plane z = 0 
The other modes of division and summation are obvious 
And the transfoimations are 


a n — x I a — z — x 

l f(x,y,z)dxdzdy, 

n a—y ra—y—t 

Jo f(*,y,‘)dydsdx, 
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'0 Jo 1 0 

Ex 9 ExprebS the integral 

I 

as an mtegial of the foim 


n a—y ra—x—y 

, Jo f(*i3,*)fydidg, 

O a—z f'a—z—x 

, l f(*,y,*)d*dtdy, 

'a fa—z ra—y—z 

! Jq I q f( r i Vi z)dzdydv 


n 'j-sla' z* * t j a *_ x t_ y -i 

0 J y f(*i Vi z)drdydz 


If I f( v i Vi z)dydzdi 

In the first integral the region ovei which the summation is conducted 
is bounded by 

(1) the sphere i?+y 2 +z 2 =a 2 , 

(2) the plane y=0, 

(3) the plane i=0, 

(4) the plane 2 =y, 



and the first integration was that of elementary cuboids in the tubes on 
8r8y for base and parallel to the 2 axis The second with regard toy 
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added the tubes in a slice paiallel to the plane x— 0, and the third, 
integrated with regard to x , added up the slices 
We aie now to construct tubes on 8y8z foi base, and the limits for the 



Fig 304 


Then \*e are to sum these tubes which are bounded on two sides by 
plan es para llel to the plane of y = 0, and the limits for z are from z=y to 
z—sla^—y 2 


Finally the slices thus formed are to be added from to y— 
The transformed integral is therefore 


a 


J Q I J 0 /(r, y, z)dy dz dx 

830 Examples of Change of the Variables 

We shall use the notation V for any function of the original 
vanables and V' for the same function expressed in terms of 
the new variables 

In the case of change from Cartesian* to Polars for two- 
dimension problems, the element of area SxSy is leplaced by 
r S9 Sr, and for three-dimension problems Sx Sy Sz is replaced 
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by r 2 sm9 89 S<p Sr In converting from thiee-dimension Car- 
tesians to cylindrical coordinates Sx 8y Sz is replaced by the 
new element of volume r SO Sr Sz 
It is convenient to remember these, as the labour of calcu- 
lating the new element from the general result, viz 

JSuSvSw or V' z \ Su Sv Sw 
o(u , v, w) 

is m these cases thereby avoided 


831 Illustrative Examples 


Ex 1 Show that f° j^Vdcdy^ f V'udvdu, „ 
if y+x=v,y=uv Jo J ° Jo Jo [Colleges, 1881 ] 

(Jacobi’s Transformation, Cielle's Journal, vol xi p 307*) 
•E- ere x^=u(\-v) i y=uv , 




l -v, -u 
V. u 


■® ence J8u8v— u8u8v 

Also V upon transformation becomes V 
The transformed lesult therefoie becomes 


//' 


u dv du oi 


J J V'ududv , 


according as we are to integrate with regaid to u or with regard to v first 



In our example the former is the case We now have to determine the 
proper limits of integration 

In the original form the integration was for y from 0 to c—a and for 
oo fiom 0 to c 


* Gregory’s Examples , p 41 
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The region through 'which the integration is to be conducted is then 
that bounded by the axes and the stiaight line x+y—c 

The transformation formulae 

y =JL-^ 

indicate that the new division of the area is to be by means of lines 
drawn parallel to x+y=c and by radial lines through the origin, the 
lines u y u+Buy v , v + 8v bounding the element whose area has already 
been formed, viz u 8u 8v 

Let these lines be LM f L'M\ OP , OQ lespectively Then as we aie to 
integrate first with regard to u , keeping v constant, we are to add up all 
the elements in the triangle OPQ : and afterwards add up the elementary 
triangles In passing from 0 to P u increases from 26=0 to u=c 

Hence the first integration is f V'u du 


In the second integration changes from tan 0 (i e 0) to tan 90° 
(i e oo ), and v changes from 0 to 1 Hence the transformed result is 


a 


V'u dv du 


If we had elected to integrate m the opposite order the result would 
have been * c » 

J J V'u du dv 


Ex 2 Change the vanables in JJdzdy to u, v , where =w, 

x 2 -y i =v , and apply the result to show that the area included between 
the cncles x 2 +y 2 —a 2 y x 2 +y 2 =b 2 y one branch of the hyperbola a 2 — y 2 = c? 
and the axis of y is 


2 x , b 2 c 1 a 2 -c 2 c 2 

_ (62 _ a2)+ _ sin 


where c<a<b 
Here 


2 ?, 2 y = -8 

— 2y 


(H.P) 


and therefoie 


1 I _ 1 1 


and the transformed integral is -i j j where it leinams to assign 

the proper limits J 

The region over which summation is to be conducted is the portion 


ABECDFA of Fig 306 

If OFE be the asymptote of the rectangular hyperbola, the area of the 
portion FEOJO is plainly J(7r& 2 — n-a 2 ) We have then to turn our atten- 
tion to the portion ABEF And foi this the line FE is a case of 
rectangular hyperbola, viz v=0 Hence foi this region the limits ate 
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constant, viz u—a 2 and u—b 2 J v=Otov — c 2 , and with this assignment of 
limits we may omit the - sign and take 


Area ABEF— \ 
4 


(»r* dudv 
Ja* JO »J u 2 — V 2 


=irr 81 „-^r^ 

4jo3 L 2eJ„-.o 


1 r -i^ 2 ^ 

= - / sin 1 — du 

4Ja* U 

= - u sin -1 — +7 I J== du 

4 L uA a t 4 /a* 

-id 


u sin" 1 — he 2 cosh" 


,“T‘ 

C 2 J„, 


6 2 ,c ! « 2 , o 3 c 3 , 6 2 W6 4 

=— sm -1 — - —sin -1 — + — log— r= 


b 2 4 


a 2 + *7a 4 -6 4 



Hence adding the portion FECD already found, we have 


Area of ABECDFA 


tt 6 2 . c 2 a 2 , 

= g(5 2 -a 3 )+-am 1 jSin 1 


c 2 c 2 . b 1 + Jb i — c i 
a 2+ 4 ° g (, 2 + ^o^? 


Ex 3 Show by tiansforming to polar coordinates that 

tan a ra tan 0 <&• cfy 


f tan a ra 

Jo 


(rf+yt+a 2 ) 2 


— o ““2 { ' sin a tan -1 ( tan /? cos a) + sin j8 tan -1 (tan a cos ft)} 
a [COLLEGES, 1887 ] 


Putting #=» cos By y—rsmO and remembering that the element of 

area &r8y is xeplaced in polais by r805r, \\e have 
remains to assign the limits for ? and 6 


ii ; 


rdddr 
(r 2 + a 2 ) 2 ’ 


and it 
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The legion of integration, is the lectangle bounded by v— 0, a=»atana, 
y^O, y=a tan / 3 If y be the angle which the diagonal thiough the origin 

makes with the #-axis. tany=^-^ 

’ • t,An rt 



The whole integration consists of two parts, vi 7 


rr 


tmasecfi 1 dQ d) 


(t*+a*y 


tan /3 cosec 0 ? dQdl 

P+Pp’ 


the fiist lefemng to the poition of the rectangle between the diagonal 
and the v axis, and the second to the part between the diagonal and the 
y axis 

This is clearly 

1 ryF 1 "“la tan a sec 6 \ f2 f ] “la tan /S coseo Q 

2j 0 L — <w+ i ly L~,t^pJ 0 de 


fO- a, l?L> + sh Ci 1 - 

= J_ fir tan 2 ad# 1 r 

2 a 2 L sec 2 a cos 2 # + tan 2 a sm 2 # 2ct l L 


sin 2 # 




sin 2 # -f tan 2 
tan 2 /?## 


## 


'y sec 2 /? sm 2 # + tan 2 /? cos 2 # 
cosec'# ## 


1 fir sec 2 # dd 1 r 

2 a 2 J 0 cosec 2 a + tan 2 # “"2a 2 Jy cosec 2 /? + cot 2 # 

= a tan” 1 (sin a tan #)J^ + £ sin ft tan^Csm / 3 cot #)J 

= 2o 2 Sin a Un "" 1 ( cos a Un P) + 2^5 sin £ tan” 1 (cos /? tan a) 


Ex 4 Two lemmscates whose equations aie ? 2 .= a 1 2 cos2# and 
? 2 = 6 1 2 sin2# lespectively, aie diawn thiough a point 1\ and two otheis 
whose respective equations aie ? 2 =« 2 2 tos2# and ? 2 = ft 2 2 sin2# aie drawn 
thiough Q P and Q aie both in the fust q uadi ant The lemainmg 
intei sections of the foui cuivos in the hist quadiant are R and S The 
coordinates of these points aie lespectively (» 1} # A ), (? 2 , # 2 ), (? 3 , # 3 ), (? 4 , # 4 )i 
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Ifc is required to show that the cuivilmear quadnlateial thus enclosed 
has an area , e . . 


TrT f 

3 r + 


'£-)-( -ll | ll \) 

1 4 Oj \ sin 46 x sin 46 J J 


2 l\Sin40 3 Sin<! 

Considering the two types ,»=«*««, 20, sin 2(9, we obtain 

,4 G + 9 =1 and tan 20=^* 


0 =it an-!j 

o,2 


tt* 


Hence |^4 = _L| B ‘ > «* I I i i 

3( “’ *> lfe i «-*»*, - a V* |(,i+»y 16r + 

Also ^ = jfrddd,^l(i^fl^ dudtt= _L[{J^}L 

a , U i g ’f 10n are a >‘ t0 a ’ 4 for “> 6,* to V foi v taking 

a positive sign befoie the mfcegial ® 



Hence A 


"° 24 Z ^ 4 o?wc?v 


= J_ f° 2i [h* 

16 j ai 4 i dl 4 

= J_ r^r 2 “W , 

-i[(V+»)*-(V+t.)»]* 

= i [(V+<V) 4 _ (V + ai « } J _ ( 6j 4 + aj .)4 + ( j j 4 + £ti 4 ) i 1 
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Now the cui 


ves 


a ii intei sect at r l9 6*i, and 

aw, aL 

1 nna s 9.A 


- V , V 4»,‘ 

Similarly, ‘ ' ‘ ^ 

ai ‘ + V= sT^k’ °>* + V= i ^ s , and aS+bS-J^ 
Hence 7 s 2 . u 2 


9 . kll. id/J 


Ex 5 Transfoi.il the integial £ by the substitution 

* “ sin cos 0, ?/ = Sin </> Sin 0, 

and show that its value is tt .a 

[Oxford II P , 1880 ] 

Here J'==, dfa v) __ I cos <j> cos - sin <f> sm 0 I 

V) I cos <f> sin 0, sin <f> cos 0 | 

= sin cj> cos <j) 


and 


I 'Hsst d * d0 -Ilz^r$ V a ^f *¥ d 


The original limits weie 6=0 to 6=~ and <j >= 0 to <f> = ? 
Now a 4 +y 2 = sin 2 ^> and ^ = tan 6> 



e may then regatd the integration as extending through the Dositive 
quadrant of the circle *» + ,,» = i T i la , fe „ ® P 031tIve 

to r-JT—Ti ac T V 16 ilmits f ° l * wU1 tfa en be from v= 0 
to 47 -VI- 3 / 3 , and for y fiom ?/ = 0 to y = I 
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Keeping y constant 



Ex 6 Show that if x=u(l+v) and y=v(l + «), 

l [{(*- yf + 2 (* +y) + 1}-4 cU dy = [' (~°d v du, 

Jq Jv 

and prove the identity by finding the value of each integral 

Here J=\l +% u \ = l+u + v t0xroKD 11 P > 1889 1 

I v, 1 + tt I 

and (ff-y) 2 +2(#-fy) + i ={u-v)*+Z(u+v)+±uv + l =(w+v+])* 
Hence fjfo ~y)‘+S(x+y)+l}-idddd-f fdvdv 



«« - £. .=£5 

The loci u= const, v = const are respectively the lines 


x __ y 
u 1 +u 


= 1 , 


V _ x - 
v 1+v 1 
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We are to integrate first with legard to u, keeping v constant, 
te along as tup formed by the lines v, v + Sv These lines, represented 
7 * ,, and lespectively in the figure, form a stun of 

gradually widening bieadth in passing from P to Q, for, as the intercept 
0* on the x axis mcieases (negatively), the line rotates couuterclock 
wise begins its lotation, as fai as our triangle is concerned, with 
coincidence with ON, for which v=0, and ends its lotation when v=1, 

when the line is f-|=l, and passes thiough iJ(2, 2), taking the position 
CS Now along the whole length of OR, re y=,, we have u = v, and 
along the whole length of NR, r e *=2, we have 2= M (] + „), , , M = _L 

Hence, in integrating along the strip P.&feP,, keeping u= constant 
u changes fiom u=v at P x to u^=- " 


1 +v 


at 


Hence the limits for naieic and and for v, 0 and 1 


Hence 


{(*-y)‘+2(x+y)+i}-icixj#=r r+'dvdu 

'0 *'« 


The student may show without difficulty that each side of the identity 
takes the value 2 log 2 - £ J 

If, however, the integration had been conducted in the reveise ordei 
integrating first for strips along which « is constant, it is to be noted 
that the character of such strips changes when the line passes 

rough E( 1, 0), the stups being teinnnated by OE(»=0) and OR (v = u) 

for the poition OER and by EN (n=0) and NR l) f 01 the second 

pait \ u / 


We then have jT duf‘‘ dp+ [' duj“~'dv 

Ex 7 Obtain the value of 

'■iiiJ'l 

v l+ n vj.z^ 

\cr 2 b 2 c 2 / 

the integral being taken foi all values of v, y, z, such that 

i 2 , i / 2 a 2 

c7 + i 2+ ^ <] 

We shall divide up the ellipsoidal volume into a set of thm homoeoidal 
shells, that is shells bounded by ellipsoidal sui faces, concent! ic, similai 
and similai ly situated with the bounding suiface Let a typical mem- 
bei of this family of sui faces be 

y* z* 


p lying between 0 and 1 
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I= *t tvabcptJp 


Then the volume of the shell bounded by p and p+Sp is 
& ttir(ap) (bp) (cp)} = Avabcp* Sp, 

the value of — at points between the boundaries of the 
shell differs from p* by an infinitesimal only 
Hence 

Write p— cos<£ 

T 

Then / — [* A /l -cosd> , 

Jo Vl+cos^ 4lrahc cos2< ^sin 

T 

= 4t robe I* (l - cos <f>) cos 2 </> d<f> 

=-7raZi6(37r - 8) 

-Ex 8 If ^+yy = a 2 and xv-yu= 0, prove that 

r V'a* du dv 




And if the limits in the former integral aie y = 0 to y=*Ja*-a* and 
t° * investigate the limits in the latter [St John’s, 1885 ] 

r— 0,2 U 0 . 

2^ + ^’ ^ 


Here 

and 


whence 


7- a * I I gi 

(u + | w 2 — y 2 J (u*-\-v*y 1 


rtd/' U V beCOmeS Sftei 9ubstltutlon f01 - and y in terms of 

Next, as to the limits In [j^Vdxdy the integiation over the 

region bounded by the positive quadiant of the circle ^+^= a 2 
Eliminating v and u alternately, we have 

* 2 +y J -~*=o, o, 

and the curves «= const, , = const, are oithogonal cncles touching 
the axes at the origin Let us integrate first with i egard to «, then with 

bonded I* W f l! m mtegrdtlDg Wltb 1 e S ai d to v, the element J Su Sv is 
bounded always by the two complete semicircles u and n + Su, so long as 

his ring lies entirely within the circle x t +y*= a \ an d the limits for v aie 

Jith fih! 0856 . 61 \ the v - carve 18 a “role of infinite radius coinciding 

with the * axis, to the case where it is a point cncle at the origin Thf 
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I ' aC ' 1US 18 2» Hence the limits for v are fiom v=0 to « = oo And the 

“ C,rcl8 haS a ladlus Tu' and chan ? es from a cncle of ladius % to a circle 
of radius zeio, t« » changes from u=a to u=co 

When the u uicle has a radius in excess of |, the limits for v will be 

SVlT : a t° f .* f ° r f Wh ‘ Ch the “- circle cuta the «*•«** viz at P, m 

at the oncnn Vd \^ 6 ° * f<>1 whlcl1 the v tlrcle becomes a point-circle 
ac tne oiigm, ie when v=go 

Now at P we have 


7 y=a?+y i =a* and -x=a\ 
i e at that point x=u and y=v, whence v 1 =a 2 -u 2 



, ®* nCe * lle ll " l,te f ° l * are fl01 “ to oo, and u now vanes 

with it 0 6 V<1 Ue WhlCh makes the “~ cucle a straight line coincident 
A ^ 16 U ~~® 3 anc ^ Va ^ ue u which gives a semicncle on 

ia lus OA, ie u=cr Thus the integration refeired to divides into 
two portions the fiist referring to the portion of the quadiant included 

the quldiTnt 16 °“ ^ ^ d ' ameter ’ acd the othei to the remamdei of 
Thus 

rr^rdxd +a*rr y/A « rf » 

0 '° J“ Jo + JobttW+vty 


It may be observed that the transformation formulae .r- - — v = — 

indicate an inveision fiom the Cartesian coordinates r.yofa point within 
circle, with a for the constant of inversion, to a point whose coordi 
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nates are u , 27 , which lies without the circle Hence as (#, y) is to traverse 
the interior of the quadiant of the circle, (w, v ) is to traverse the portion 
of the first quadrant of space which lies outside the quadrant of the circle, 
and theiefoie, the circle having equation u 2 +v 2 =*a 2 in the ne\s coordinates, 
the limits must be 

v = Ja 2 - u 2 to u = oo fiom u — 0 to w = a, 
and 17=0 to t?=oo fiom u—a to it=co, 

\\hich agrees with the result stated 


Ex 9 Obtain the value of the integral 


1= J j (frXAz 1 + 2 /toy + Gy 2 ) dx dy, 

extended to all values of y which satisfy the condition 
Ax 2 + 2 Bxy + Gy 2 ^ 1, 

A and C being supposed positive, and AC-B 2 > 0 

The conditions given indicate integration withm the area bounded by 
the ellipse Ai 2 + 2 Bxy + Cy 2 = 1 

Divide this aiea up by a family of similai and similaily situated con- 
centric ellipses, of which a type is 

Ax 2 A- 2 Bxy + Gy 2 = t , 

t varying fiom 0 to 1 

The equation to find the semi-axes of this ellipse is 

1 A + G 1 AC- B * [Smith, Come Sections , 
p * t p 2 t 2 U ’ Ait 171] 

and its area is 7r-=L== 

\l AC-B* 

Hence the area of the annulus bounded by the ellipses t and t+St is 

St 

7r ^/I c^ 

and <f>'(Ax?+2Bvy+Cy 2 ) only differs fiom <t>'(t) by an infinitesimal at 
any point of this ring 

Hence m the limit I- / <//(*) 7 r .. . = 

Jo v AC — u L 

<KD-<K0) 

s/AC-B* 

Ex 10 Prove that f fdudv over a portion of the surface tt7=0 is 


if 


B(lt, 17 , W) 

3 (a y, z) 


dS 


& 


fdw\* 

\dy) 




it, t7, w being functions of r, y , z 

Let a, y, z be a point on the surface w=0 at which an element of the 
normal is 8n Then Sn=~, where h 2 =w x 2 +Wy 2 +w t 2 (Art 789) 
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Also SS Sn is an element of volume, and may be replaced m volume- 
integration by 

SuSvSio (Art 794), 

o(u, v , w) 

ie SS j may be replaced by ^ SuSvSw 

3(v, y, *) 


and 


j* J i dudv— Jjl 


<3(u, v, tt>) 

y, *) * 


Ex 11 Piove that /=J J J Jdxdydzdw foi all values of the variables 
for which *a+y*+**+t^ is not less than a 2 and not greater than ft 2 is 

=y(* 4 -* 4 ) 

In this case we cannot appeal immediately to a figure to help m the 
determination of the limits 

We may at first ignore the condition that x 2 +y 2 -rz 2 +w i is not less 
than a 2 , and let the variables have full range of any values up to such as 
will make ^ 2 +y 2 +« 2 +^=6 2 We shall then subtract the result for such 
as make the variables in the extreme case such that ^+y 2 +« 2 +W 2 >a 2 
In the first integration, keeping x, y, s faxed, w ranges through all 

values from -Jb 2 -x 2 — y i -z 2 to +>/6 2 — y 2 — z 2 , and 


j J J j dxdydzdw = J j J [w]dxdydz 

-S///JF — x 2 — y 2 — z 2 dx dy dz 


In this integral, keeping * and y constant, 2 langes from 
2 = -tJV-sfl-y* to z=+*Jb' i -x i -y\ 


, zJbi-x 2 - v l -z L b 2 -x 2 -y 2 - 2 

and jjb 2 -x 2 -y 2 -z 2 dz^ g + 2 Bin f Jb 2 -i?-y 2 ' 


x and y being constant during the integration And inserting the limits, 
J J J Jb 2 -x 2 -y* dxdy dz= J J^(b 2 -x 2 -y 2 )dxdy 

We have now leduced jjj jdxdydzdw to 2 ? f f(b*-z*-y*)dxdy , 
and now we ai e to integrate with reg ard to y, keeping x constant, and the 
limits for y are from — — x? to + *Jb 2 — x? 

Also f(b 1 -x i -y 2 )dy=(b*-x ! )y-^, 

=2R(6 2 -^) i ] 


and 

when the limits aie taken 
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We have now arrived at |7 rj(b 2 - i 2 )*dx, the limits for x being fiom 
-b to +6 Put #=5sin 6 The mtegial then becomes 

2 | 6 3 cos 3 0 6 cos BdO or | 7r & 4 |g^» 2€ 

Now, in exactly the same way we may see, as is indeed obvious at once, 
that the amount included in excess by giving the variables free play up 
to the case instead of excluding those values which 

make r is ^-a 4 
Hence the summation of the cases from 

a? 4- y 2 +z 2 + w 2, = a 2 to t 2 +^ 2 4 - 2 2 + w 2 = b 2 

IB Y (i4_ “ 4) 


It is clear also that after the fhst integration with regard to w had been 
completed we might for the remainder have illustrated the triple integral 

JJ jjb^-d^-y^ — z^didydz 

b y integration t hrough a spherical volume, the summation being that of 
*lb 2 - % 2 -y l - z 2 throughout the sphei e r 2 +y 2 + z 2 = b 2 
Then writing ^ 2 +y+ ( s 2 =r 2 , we have 


? 2 J 2 sm OdO dcj>dr 

rb j 5 

=87tJ 7 2 sJb i - ^di —S7T 6 4 J sin 2 x cos 2 x 0=5sin)() 


= 8tt5 4 


r(§)r(§) _7T a 6 4 

2r(3) 2 » 


as befoie 


832 Case of an Implicit Relation between Two Sets of Variables 
In our previous work and in the typical examples discussed, 
we have regarded the transformation formulae to be such 
that each of the one set of variables is expressed, or easily 
expressible, as an explicit function of the variables of the new 
group If this be not so, we can still form the Jacobian by 
the rules of Arts 543 and 544, Diff Calculus 
For in the case when 


/i(*» y> «> v)=0, Mx, y, u, v)=0 
are the connecting equations, we have 

3(x, y) 3(«, v) d(u, v) ’ 

A(x, y, 2 , «, v, w)=0, 

fi(x, y, 2, u, V, W) = 0, 
f 3 (x, y, 2 , u, v, w>) = 0, 


and when 
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are the connecting formulae, 

^( fv h) y> g ) { 5i/ ii 

d(x, y , z) 3(w, v, w) w) 

and generally, if there be n connecting equations, 

/i = 0> f 2 ~®> fn~Q> 

between 2 n variables, 


u^y u 2 , and x 19 x 29 x n9 

fn) 3(jgi> X& g n) / ]\n f 1 ^ 

Z(x l9 x 29 x n ) d(u v u 2 , u n ) d(u v u 29 w n ) 

Hence for a double integration 

3 (/ 1? / 2 ) 

a(x, y) 

and for a triple integration 

flh**-#'|£&*** 

3 (x, y, z) 


and so on 


Digression on Jacobians Jacobi’s and Bertrand’s 
Definitions 

833 Jacobi’s Definition 

If/^/2,/3, f n be any function of the n variables 
X v x 2 , %n> 

the determinant 

f= BA M 3 i *A 

SXj’ ~dx 3 dx 3 ' dx„ 

A d A A A. 

ex/ 3x 2 ’ cx 3 ’ 3x„ 

§/„ 3/n §£, 3/n 

0 cc 1 ’ Ssc 2 ’ 0£C,’ 3 x n 

is called the J acobian of f v / 2 ,/ 3 , / n with regard to x v x 2i x n 
Jacobi in one of his memous pointed out the strong analogy 
which the properties of this function bears to those of a 
differential coefficient of a function of a single variable This 



28 


CHAPTER XXm 


resemblance of results, rathei than ol demonstrations, has 
already been mentioned ( Diff Calculus , Articles 542 onwaids) 
It was by starting from the form of this determinant that 
Jacobi’s investigation proceeded 

834 Bertrand's System of Increments 

A different standpoint was suggested by M J Bertrand in 
a memoir to the Academie des Sciences ( 1851 ), which has 
many advantages, and Jacobi’s results may be deduced from 
M Bertrand’s new definitions almost as corollaries 

Let jfp f n be n functions of the n independent variables 

a?i, x 2i x n 

Let us give to these independent variables the following n 
systems of mciements, viz 

di X 2 > ^ 1 ^ 3 ? d]X n 

d%c 19 d 2 x^ d^c v d 2 x n 

etc , 

d n x v d n x 2i d n x Zi d n x n 

and let the corresponding increments in the several functions be 
d\fv ^1/25 ^1/35 d L f n 

^2/13 ^2/2* ^2/33 f n 

etc , 

d n fn d n f 2y d n f SJ d n f n 

1 e d r f k is the increment of f 8 when x 1 , x 2i etc , increase to 
X-^ djX-^j x 2 -^-d r X2 f etc 

These several increments d x x v dp v d<p v etc, though in- 
crements of the same variable, aie arbitrary and independent, 
and thexe is reserved to us the power of making them equal 
later, or of assuming any such relations between them as we 
may subsequently choose 

It is clear that we have the n 2 relations of which 

+ W n d,x ” (C) 

is a type, it being unnecessary in the partial differential 
coefficients occurring to specify which of the particular in- 
crements we choose when we proceed to the limit in their 
formation 
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835 Bertrand’s Definition of a Jacobian 
M Bertrand’s definition of a Jacobian is that it is the latio 
of the determinant formed by the increments of Group B to 
the determinant formed of the increments m Group A 
Now 


dvh.) 

d^x 2 , 

d x x 3 , 

, d x x n 

X 

Vl 

dx t ’ 

ZJl 

dx 2 ’ 


d 2 x Xi 

d 2 x 2 , 

d 2 x 3t 

i d 2 x n 


¥2 

dXi 

3/2 

3x 2 ’ 

i 

d n x i, 

d n x 2 , 

d n x 3 , 

, d n x n 


dXy 


’ 3*» 

difi, 

^i/a> 

djs, 

i dlfn 

f 



^a/i> 

^ 2 / 2 * 

d*fsy 

i d%f n 




^«/i> 

dnfz> 

d n fz> 

> d n fn 





by the rule of multiplication of determinants and by virtue 
of the equations of Group C 

Hence Bertrand’s definition agrees with that of Jacobi 
We have , however, gained command over the increments of the 
independent variables 

If we adopt the notation Df and Dx for the determinants 


^ 3 u/ 1 » djf 2 , 

and 

d x x 1, d x x 2 , | 

da/i, , 


1-1 

$ 

d n fly y 


dnX x , , 


respectively, we have 



836 Corollaries 

1 It follows at once that if F lt F 2) F n be functions of 
/i, y*2> /n> and f lt /a, jfn be functions of x 1} x 2 , x n , then, 

smce DF_DF Df 

Dx~~ Df Dx * 

we have 

J Jacobian of F lt F 2f \ j Jacobian of F Xi F 2> \ 

\ with regard to x 1 , x 2 , ) ~~ \ with regai d to f x , / 2 , / 

f Jacobian of f u / 2 , \ 

X t with regard to x x , x 2 , J 
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2 Also, since S^X^=1, we have 
Dx Df 

J Jacobian of f lt f 2 , 1 / Jacobian of x lt x 2 , 1 
t with regard to x v x 2 , J X (. with regard to /, , f 2 , J 


3 Again, if ^=0,^=0, F r = 0 , ,F„=0 be re indepen- 
dent equations connecting re variables « 1( u 2 , u n , and re 
other vauables x lt x 2 , x„ , then, since 


dF r , ,dF rj , . dF rj 

^r d ‘ x i + &r d ° x * + + dx n d ‘ Xn 


'dX 1 


we have 


+ W n d ’ Un=0 ’ 


dF rJ . . oF r , fbFr, , 3-Pr , „ \ 

?^ dtXl+ + W n daXn ~~\-du 1 dsl+ + dn„ d ‘ V' 


which may he abbieviated into 

d StX F r =-d gu F rj (a) 

the suffix x being attached to indicate those partial diffeiential 
coefficients m which u 1} u 2 , are legarded as constant whilst 
x v x 2) vary and vice versa 

Now D X F and D U F are the respective determinants 


di x Fi, 

d 2 X F U 

d\ x D 2 , 

n 

di x l?n 

and 

d\ U F U 
d 2 U F X f 

d\ t u F 2 i 
d 2 u F 2 , 

d\ u F n 
dy u F n 

d n , x F 1 , 

d n , 2 , 

d n x F n 


d n Jf i » 

d n , vF 2 > 

d n vF n 


and by virtue of equations (a) the constituents ot the one only 
differ from the corresponding constituents of the other by 
a negative sign, whence 

D x F=(—l) n D u F, 


that is 


D a F 

Du . Dx 

m-'-v et 

Du 


Hence in the case of implicit connections amongst the 2 n 
variables u 1} u 2 , u ni x lt x 2 , x n , by virtue of n equations 
^=0, i^ 2 =0, F n = 0, connecting them. 
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[The Jacobian of u lf u 2i tO 
( with regard to x lt x 2 , x n ) 


[Jacobian of F lt F 2 , 

with regard to x x , x 2 , A 

l treating u Xi u 2 > 

as constants / 

[Jacobian of F lt F 2f 

with regard to u lt u 2i A 

\ treating x lt x 2i 

as constants / 


The substance of this and the immediately preceding ai tides 
on M Bertrand’s treatment of Jacobians was communicated to 
the author many years ago by his foimer tutor, the late 
Dr E J Routh The reader may consult Bertrand’s Calcul 
DiffSrentiel , pages 62-70, and Calcul Integral, pages 465-469 

837 Advantage of Bertrand’s Definition 

It will be seen that M Bertrand’s definition leads to simpler 
proofs of the fundamental properties of Jacobians than those 
given m Arts 540, 544 of the author’s Differential Calculus , 
and retains a command of the several increments which we 
shall find useful for subsequent work in the transformation of 
a multiple integral 

838 Bertrand’s Method of Calculating the Jacobian Determinant 

Let there be 2 n variables, in two groups, viz x l3 x 2 , x n 

and u l9 u 2i u n , connected by n independent implicit relations 
2^=0, iP 2 =0, jF 3 =0, F n =0 Then n of the 2 n variables 
are independent If increments be given to each, these 2 n 
increments are connected by n homogeneous linear equations, 
and if n — 1 of the inciements be chosen to be zero, the ratios 
of the remaining n +1 are determinate by the n connecting 
equations 

Consider the n incremental systems, 


'djU v 

djUz, d a u 3 . 

, d x u n 


dipc Xi 

0 , 

0 , 

0 ' 

o, 

d^u 2 > d^u$ t 

, d 2 u n 


d 2 x l7 

d 2 x 2i 

0 , 

0 

o, 

0 , d a u 3 , 

j d z u n 

' - 

d z x i, 

d A x 2 , 

d$x 3 , 

0 

w 0, 

o, o, 

d n u n , 


, d'n x 1, 

d n x 2 , 

d n x 3 , 

d n x n j 


that is systems m which 

increments d x u l7 d x u 2i , d x u n give rise to an increment 
d x x x in x l9 but make no change in x 2i x z , , x n , 
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and increments d 2 u 2t d 2 u 3i , d 2 u ni d 2 x x give rise to a change 
d 2 x 2 m x 2 > but make no change m u l9 x 3 , x i9 , x n> 

and so on 

Let J be the Jacobian of x lf x 2 , , x n with regard to 

u x , w 2 , , u n Then forming J according to Bertrand’s defini- 

tion, each of the determinants of the increments, the one 
formed from the aj-mcremeiits, the other fiom the ^-increments, 
reduces to its diagonal term, and 

j d x x x d 2 x 2 d 3 x 3 d n x n 'dr x dx 2 'bx 3 'dx n 

~~ 1 d x u x d 2 u 2 d 3 u z d n u n du x ?>u 2 du 3 du n ’ 

where — - is the limit of the infinitesimal change in x r to 
ou r 

that m u r when u x , u 2 , u rr _ lf x t+1 , Xr+ 2 x n aie regarded 
as constants 

839 It is necessary for the use of this rule to consider the 
several connecting equations reduced to such form that 

(1) x x is a function of u v x 2 , x 3 , , x n , u x only varying, 

(2) x 2 is a function of u v u 2 , x 3 , , x n , u 2 only varying , 

(3) x 3 is a function of u x , u 2i u 3 , x 4 , ,z n , u 3 only varying , 

(n) x n is a function of u v u 2 , u 3 , , u n , u n only varying 

The calculation of J will then be reduced to the multipli- 
cation of the several partial differential coefficients derived 
therefrom 

840 Illustrative Examples 

Ex 1 If x—r cos#, y=?sin0, write 

x= sir 2 —y 2 , containing one of the new vanables, 
y=i sm0, containing two and no t 

Then J—-r= L=_ i cos Q = r 

v? 2 — y 2 

Ex 2 If x—r am 6 cos </>, y—i sin 0sin </>, z=?cos0, write 
x=s/r i -y 2 -z t f containing one of the new variables , 
z—r cos 0j containing two and no x , 
y—r sin 6 sin <£, containing three and no x or z 

Then J— ^ ^ ^=1. (-rsin 0)(rsm 0cos<£) = -i^sm 0 
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Ex 3 If x+y+z=u, y-\-z=uv, z=uiw, we have 

x=u—y—z, containing one new vanable, 
y—uv—z, containing two and no x, 
z—uvwj containing thee and no*oi y , 

and J=p r - ^ ~- = 1 u uv=u 2 v 

ou ov aio 

Ex 4 If x x =i am 6 cos<£, x z —i sin 0sin </>, 

Xt=i cos 0 cos \f/, ^ 4 =rcos dsuu/', 

we have 


and 


i 1 =\/? 2 -x 2 2 - r 3 2 -r 4 2 , 

containing >, 

l 2» 

^3, Ui 

V t = *Jl 2 LOS 2 0 - 

containing 7, 

e, 

•^*4 J 

t 3 =rsm 0bm <£, 

containing 

e. 


i 4 =7 cos0sm \p, 

containing >, 

e, 



t 'dxi 0r 3 dr 4 _ 

d> 3 ?“; 


- / 2 bin 6 cos 0 


/sm0cos<£ tcosOcosxj/ 


= -? 3 sin 0 cos S 


Ex 5 If 


we ha\e 


and 


r x — r cos 0\, 

X 2=1 8in ^"COS 0 3 j 

r 3 = ? sin Q-l sin 0 3 cos0 8 , 
a 4 =7- sm 6 X sin 0 2 sin 0 3 cos 0 4 , 
x b — i sin fljSin 0 2 s m 0 3 sin 0 4 cos 0 5 , 

* 6 = ? sin 0 X sin 0 2 sin 0 3 sin 0 4 sm 0 5 , 
or, = n/t* 2 - — x 2 2 - a 3 2 - - a 6 2 , 

t ? 1= 7 cos 0j, 

sin Oxcos 0 2 , 
x 3 =r sin Ox sin d 2 cos 0 3 , 
r 4 =rsm 6x sm 0a sin 0 3 cos 0 4 , 
t B = ? sin Ox sm Oi sin 0 3 sin 0 4 cos 0 5 , 

J— — ( - 7 sm 0j) ( - 7 sm sin 0j) ( - 7 sin Oi sin Oi sin 0 Z ) 


x ( - 7 sin Ox sm 6 t sin 0 3 sin 0 4 )( - 7 sin Ox sm Q t sin 0 3 sin 0 4 sin 0 B ) 
= ( - 1 J 5 ?* 5 sin 4 Ox sm 3 0 2 sin 2 0 3 sin 0 4 , 
a result which can obviously be geneialised 


841 Change of the Variables in any Multiple Integral General 
Theorem 

Let the integral in question be 

Z=jjj j Vdx 1 dx i dx n , 

there being n integration signs, and V any function of the 
vanables x v x 2 , x n Let the new system of vanables be 
u v u 2 , u ny there being n independent connecting relations 
^ 1= 0, F 2 = 0, F n =Q, 
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between the two groups of vanables, either set forming a 
group m which there is no interdependence That is, the group 
x i> x 2 t x n forms a set of n independent variables, as also does 
the group u v u 2 > u n When a further relation is assigned, 
say <p(x 19 x 2i x n )=0, to be satisfied at the boundanes of the 
region of integration, an mtei dependence of the cc-group is 
created, and one of the x-gioup of variables is dependent upon 
the otheis Integration is then to be conducted for the domain 
or region bounded by the specific limitation 0=0 There will 
then be a corresponding relation amongst the w-group of 
coordinates, and a specific limitation will be implied for the 
new definition of the domain of integration when I has been 
ref ei red to its new coordinates 

842 In the transformation of I three sepaiate considerations 
are to be attended to As has already been pointed out m the 
case of double and triple integration, we have to consider 

(1) the determination of the new form of V, which is merely 

an algebraic matter of substitution or elimination , 

(2) the assignment of the new limits which is also an 

algebraic matter, materially assisted in the case of 
double and tuple integration by geometucal con- 
siderations , 

(3) the determination of the new element of integration 

which is to replace dx 1 dx 2 dx 3 dx n 

As regards the assignment of new limits it is not possible 
to give a general rule, but it must be such as will cause the 
vnaTch of the new element as described in the new system of variables 
to traverse the same domain once and once only as was traversed 
m the march of the original element , which domain was defined 
by the limits of integration in the original system of variables 

Let us imagine that the connecting equations have been 
thrown into the forms 


*1 A(«l» 

x n) 

(1). 

» « «2> «3> U n 

eliminated. 

®8=/s(«l» * 3 » 

®») 

( 2 ), 

% e x v u it u v 


x i=f 3 (u v w 2 , u s , ar 4 , 

x n) 

( 3 ). 

etc 


etc , 

x n =/(«!, W 2 , M 3 , 

«») 

(*) 

etc 




THE GENERAL MULTIPLE INTEGRAL 35 

We have seen in earlier ai tides and examples, that m a 
given multiple mtegial the order of integration may be 
changed, provided a suitable change be made m the limits 
Then, first, suppose we attempt to xeplace integration with 
regard to x 1 by integration with regard to u x 
Change the older of integiation m 

7 = |j| ^Vdx 1 dx 1 dx n , 

so that dx x stands last with the suitable change m the limits 
We then have to peiform the operation 

1 ~ l[|j ix n\ dx V 

and in this operation x 2 , x s , x„ are to be legarded as 
constants, and equation (1) gives = dv 

d^i 1 

And since ^Udx, =^U — 1 du v we liave as x 2 and it, aie the 
only varying quantities 

HQI jw*. 

where F, is what V becomes when />„ x 2 , Xp x n ) has 
been substituted for x L , that is, F 1 is the value of V expressed 
in terms ot u v x,, x p r n 
We ha\ e now ai lived at 


7= JIf dx n du. 

Let us repeat the process 

By change of oidci ot integration with a suitable change m 
the limits, tianstei dx z so that it stands last 


oi 


1 111 \ Vl 'du 1 dx ' ,l7 ' i dXn du i dx, 

ID] 


and in this operation x i} x 4 , x n) tq are to be regarded 

constants, and equation (2) gives dx,—^-du, 


as 


c 2 
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Whence again applying the theorem J U'dx. 2 =j U' du 2 , 
and x 2 , u„ being the only varying quantities, we have 

Z ={[[f \ V ^ dx ^ dx n d Ul ]^du 2 , 

where V 2 is what V 1 becomes when f 2 (u v u l9 x v x n ) is sub- 
stituted for x 2 1 that is V 2 is the value of F expressed m terms 
of u v u 29 x 3 , x n , and we have now aruved at 

Z= JJJ \ r SM dx - idXi dx » du ^ 

Continuing this process of changing the order of integration 
so that dx 3 is transferred to the end, and then exchanging the 
variable x s for u Z9 etc, we finally ainve at 



3/i_ 3/g 3/3 

du x du 2 du 3 




du 


where F n is the value of V when all letters of the cc-group in 
V have been replaced by letters of the w-group, that is 
y n =r\ say 

Now it has been seen that 


d/i ^ ^fn g j 

du 1 du 2 du 3 ’ du^ 9 

the Jacobian of x v x 2 , x n with regard to u v u 29 u n , and 


dF 1 

dF 1 

dl\ 1 

?>f 2 


ay. 


0m 2 ’ 

du n / 

dx r ’ 

av 

3* n 

ay 2 

dF 2 

ay. / 

zf 2 

ay, 

sy. 

du 2 

du 2 ’ 

a«. / 

dx 2 ’ 

dx 2 ’ 

3*n 


Wn 

ay» 

ay. 

sy„ 

ay. 

du 2 ’ 

aV 

du n 

’ 

3*2 ’ 

3*„ 


or 


(-if 


d(F 19 F 2i F v F n ) 
0(^1, u 29 u 3f U n ) 

13 

3(a?i, x 29 x 3 , x n ) 


where in forming the numerator all letters of the aj-group are 
considered constant, and m the denominator all letters of the 
w-group are considered constant 
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Hence, we have finally, 
HI | V dxj dx 2 dx 3 dx n 


F v 

F„) 

3(«i, u 2 , 

«») 


T3 


843 Ex If 


d(x v x 2 , x n ) 

xu+yv — a the connecting equations, 
xv-yu=. 0, J 


J= 



y 


X 

u, 

V 

V, 

— u 


__ t 2 +y 2 _ a 4 

U 2 + V L (l^ + V 2 ) 2 


Compare the piocess of Ex 8, Art 831 


844 The Vanishing of J 

It may be noted that the vanishing of J would imply that 
when x v x 2 , x n are regarded as functions of u v u 2> u Si , 
theie would be some identical relation amongst the members 
of the a; -group of variables , and if J were infinite, we should 
have J'= 0, and there would be some identical relation amongst 
the values of u x , u 2 , u n as expressed in terms of x v x 2 , x n , 
(Art 547, Differential Calculus) We have, however, assumed 
all our several connecting equations 1^=0, F 2 =0, F n =0, to 

be independent relations, so that no such identical relation 
can occur amongst either set of variables 


845 Remarks 

It may be useful to call attention to the fact that in the 
geometrical tieatment of Arts 792 and 794 foi double and 
triple integrals respectively, the new element of integration 
was formed and the variables were changed to the new group 
all together In the geneial proof of Art 842, the original 
variables were exchanged for the new variables one at a time 
When a geometrical method of determining the new limits 
is not available, this consideration will often be useful foi 
their proper assignment, and may be used when other means 
are wanting But the process followed out in detail is 
generally tedious, as eveiy change m order of an integration 
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as well as every exchange of a new variable for an old one 
necessitates in geneial a readjustment of the limits of each 
integration 


846 Examples in which Multiple Integrals of Order higher than 
the Third occur in Physics 

Multiple integrals occur frequently in researches of physical 
nature, of higher degree of multiplicity than the third For 
instance, m the problem of the illumination of one surface by 
anothei, the two surfaces being such that every point of the 
one can be seen from each point oi the other, the quantity to 
be evaluated is the quadruple integral* 


where dS y dS' are the elements of the two surfaces , <p, <j> the 
angles which the outward normals make with r, the distance 
between dS and dS', and the integration is to be conducted 
over each surface In such case, the limits form two separate 
groups, the one referring to surface S, the other to surface S', 
and if any transformation of variables be required, a new 
assignment of limits being required, they will be available 
from geometrical conditions foi each group 

Another illustration from Physics is in the mutual potential 
of two attracting systems, which for a continuous distribution 


of mattei in regions P, Q has for its expression the sextuple 
mtegl al r* r p r r p 

Miffed 


where p p is the volume density at a point p of the region P , 
p q the volume density at a point q of the region Q , 
dr p , dr g elements of volume at p and q, and r pq the 
distance from p to q 


In this case also the system of limits will be two separate 
systems, the one ensuimg summation thiougli the region P 
and the other through the region Q And if any change of 
variable be required to facilitate integration, necessitating a 
new assignment of limits, they will be available as in the 
former case from the geometrical conditions for each group 


♦See Heiman, Geometucal Optics, Art 137 
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847 Case of Implicit Relations 

If m Art 839 Equations (1), (2), ( n ) had not been supposed 

to express 

x 1 explicitly as a function of u l9 x 2 , x 3 , x ni 

x 2 explicitly as a function ot u lf u 2 , x 3 , x ni 

etc, 


but had been given as implicit relations, viz 

<Pi( u i> x x , x 2 , x n ) =0 (1), m which u 2) u 3 , u n are 

eliminated, 

<p 2 (ui> x 2 , x 3} x n )=0 (2), in which x lt u 3 , u n are 

eliminated, 

<p 3 (u lf u 2 , u 3 , x 3> aj n ) = 0 (3), etc, 


etc, 

<pn > u 2 , u 3 , U n ,x n )= 0 (n) etc , 

we have in the subsequent woik, fiom equation (1), con- 
sidering x 2) x 3t x n as constants, 


c l r x =- 


?0i 

dx x 


and fiom equation (2), considenng u v x 3) x v x n as constants, 


302 

^2=— It l du l9 
2h 

dx 2 

and so on 

And we finally obtain in the same way as befoie, 


|| |f dx 1 dx 2 dx n 

i v 


^01 ^02 ^03 

, ^1 ^2 ^ U 3 


30i 

dx x 


(302 00<j 

dx 2 dx 3 


-Hrd Ul du t 

°<J>n 

dx n 


du„ 


848 Fox example, taking 

0 X = » 2 - x 1 - — =0 (containing 2, y, r), 

0 2 = ; 2 8in 2 0 - ^ 2 — y 2 = 0 (containing y, r, 0), 
0a = ? sin 0cos 0- v =0 (containing jr, ? , 0, 0) 
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Then we have 

d£i d<j>2 3<ft a 

ffjr^—jjfr ^ * Q iru* 

'dz *dy dx 

—lljr * 

JJJ rsind?bin<£ r cos 0 ^ 

--///»• sm 0d? dddfa 

as we should expect , see Ex 2, Ait 840, and elsewhere 


849 Example of Assignment of Limi ts 


Ex As an example of the assignment of limits in a multiple integial, 
let us take two squares of bides 2 a in parallel planes at distance c apart, 
the squares being placed so that they foim the ends of a lectangular 
parallelepiped of square section, and let us find the mean value of the 
squares of the distances of points on the one square from points on the othei 
By a mean or aveiage value we shall suppose to be meant that each 
square is divided up into equal small elements, and the sum of the 
squares of the distances apart is to be divided by their number, i e if 
there be n such elements, and r PQ be the distance between two of them at 

P and at Q respectively, or, which is the same thing, — 

n £j8Spo&Q 

if 8S P and 8S q be the elements at P and Q , and in the limit, when n 
becomes infinitely large, we have 


I j J I rp rj dSpdSq 
JJJ JdS r dS Q 


(See Chapter XXXVI , Art 1657 ) 


Let 0, O' be the centres of the squaies, and take 0 for origin and axes 
of x and y parallel to the sides of the squares 
Divide up each square by families of lines parallel to the axes, and let 
(#, Vi °)> (#\ V o) be the respective coordinates of P and Q Then the 
Mean Value requned is 


M J I j [[(v-x'y+iy-yy+^Jfa'dy'dxdi/ 

J J J J dx'dy'dcdy 

Now keeping the position of Q fixed, we may add up all the elements 
rpqSxSy in a strip between x and x+8x, by varying y from —a to -f-cr, 
keeping x constant Then, still keeping x\ y' constants, we may 

add up all the strips in the square A BCD which lies m the x-y plane, by 
integrating with regai d to v fiom x—-ato x—+ a We have then 
completed the summation of all such quantities as r 2 pq dv'dy' for all 
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positions of P m the square ABCD In the same way we may add up the 
lesults of these integrations for various points of the square A'BC'J ? , 
by integrating with regaid to y 7 fiom -a to + a, keeping of constant to 
add up the elements m a strip between x 7 and x'+8x' And finally in- 
tegrating with regard to x' from - a to +a will add up the results for all 
the strips m the square A' BCD' and will complete the mtegiation 



And the same with the denominator The lesult for the denominator 
is obviously the product of the two areas, i e 4 a 2 x 4a 2 or 16a 4 
The numerator is 

J J J fi^+y 2 + x rl +y' 2 - - 2 yy '+<?)dx' dy' dx dy , 

and it will save some trouble to obseive 

(1) That for every term xx' 8x' 8y ' 8x 8y , there is another term 

x( - x') 8x' 8y' 8x 8y 

Hence such a term conti lbutes nothing to the value of the 
integral, and the same with the yy' term 

(2) That obviously 

Sr 2 dS dS' == 2y 2 dS dS' = 2x' 2 dS dS' = 2y ' 2 dS dS' 

Hence it will be sufficient to attend to the value of one of them, 
and quadruple the result 

Now 

fafaf f dy' dxdy = f J* j ZaxPdv'dy'dv 

= CL (2a) ff) dx ' dy,=(2a)l ¥ 

Hence the value of the numerator is 


and 


4ft 6 a 6 ) + c 2 16a 4 , 


M= 


4a 2 4- 3c 2 


3 
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It follows that the mean of the squares of the distances from any point 

of a square to an^ othei point of the same squaie is by putting c=0 
[Also see Ait 1657 and Art 1658, Ex 2] 3 


850 A Consideration useful for the Simplification of some 
Transformation Formulae 

Let a multiple integral I j J V du x du 2 du n be trans- 
fer med in two ways JJ J 

(1) to a set of variables x l3 x 2 , x nJ 

(2) to a set of variables g l9 £ 2 , £ n 

And suppose these two sets are linearly connected with each 
other, the transformation formulae 
for the linear connections being 
given by the transformation scheme 
in the margin And let the two 
results be 


j*J* J* ^ \ d%i dx 2 dx n 

and || |*W« dg„ 

Then, the J acobian is a co variant of u x , u 2 , u n , we have 



£l 

£ 

& 



h 

m 1 

n i 


*2 

h 

m 2 

n 2 


*3 

h 

m 3 

n i 








•Wi 


^2> 


=fxJ l 

(Diff Cede , Art 546), 


M being the transformation modulus And that the above 
expi essions are equal may be seen by transforming dn ectly, for 

|| ^'ViJ l dx 1 dx 2 dx n 

-ff 

= || |^2 d lM d £l^2 d£ n 

=|| |lW£ dg 2 dg n , 

and the results are identical, as might have been expected 
It follows that if a transformation be proposed to a set 
of variables £ 2 > £s> > a transformation to another set 
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*i» ® 3 i may be substituted for the former, where a 

suitable choice of linear connection between the former and 
the latter sets may sometimes be made to simplify the 
working 

851 For example, if the transformation formulae proposed be 

u i = m + By) sm (C£ + Drf), 

^ == CAg+ i?>/)cos ( G^+Dtj ), 

we shall have the same result as if wetranbfonn with the easier formulae 

w x =Abiny,l 
u z ~% cosy,J 

foi which the Jacobian is obviously - v, and multiply the result by the 
modulus AD - BG 

^ US J J V du l du 2 = - J J V l vdxdy 

— - {AD - BC) J j V 2 (A£+Br,)d$dr,, 

thus avoiding the moie troublesome evaluation of the Jacobian with 
regard to g, rj 

852 Speaking of the result 

Lacroix* remarks “Ce lesulfcafc a dtd donnee pour la premiere 
fois par Lagrange en 1778 Mais Legendre, en 1788, en a 
fait des applications que Lagiange n’avoit point indiquees ” 
This application referred m part to the analytical proof of a 
theorem with regard to the attraction of a spheioid 

I he corresponding lesult for a double integral had been 
employed by Euler in 1760 

Many references with legard to the history of the subject 
aie given by Todhuntei, Integral Calculus, Ait 251 There is 
a valuable table of references in Lacroix’s Calc Dijf et Int , 
vol u , prefixed to the volume, which may be useful to 
students interested in the subject and desmng to consult early 
wnteis 


* Lactoix, Caicul Diff et Int , vol n , p 206 
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PROBLEMS 

1 If the rectangular coordinates of a point are 

x — o + eP cos a, y—jB + e^ sm a, 

show that the area included between the curves a 19 /3 lt a 2 , is 

[Math Trip , 1873 ] 

2 Integrate JJ$ 2 dx dy over the space enclosed by the four 

parabolas y 1 = 4 ax, y 2 = ibx, x 2 = 4 ey t x 1 = 4 dy 

[Trinity Coll , 1882 ] 

3 The four cuives y = ax 2 , y — bx 2 , y — cx^^ y = dx s intersect m four 
points, excluding the origin, and thus form a curvilinear quadri- 
lateral , prove that its area is 

12 v y Vc 3 dV [Oxford II P , 1901 ] 

4 An area is bounded by those portions of the four rectangular 

hyperbolae xy = a\ xy = a'\ x 2 -y 2 = c\ x 2 -y 2 = d 2 , which lie in the 

first quadrant Every element of the area is multiplied by the 

square of its distance from the centre Prove that the sum of all 

such products is , , « ,, w 9 

£(a 2 ~a 2 )(c 2 ~c 2 ) [J M Sch , Oxf , 1904 ] 

5 If the surface density o- of the area in the first quadrant 
x m y n = a 1 m+n , xfy 9 = b 


bounded by <r™n n = n. m+n 


x m y n = a 2 m+n , x?y q = b*+\ 


be given by <rry = show that the mass is 

k (m + n)(p + q) b 

mq - up a 2 & b 2 

6 Change the variables from ^ and y to n and v m the double 

integral <£ 

y) fady, 

x 

where xy - «*, z 2 +J/ 2 = v' [St John’s, 1882 ] 

7 Show that in j" J ^ f(x,y)dxdy all terms in f(x,y ) may be 
omitted which contain an odd power of r or y 

fa fa; 

Find |l (x + y) cos (ms + ny) di dy 

JOJ-x ^ ^ _ [Trinity Coll , 1881 ] 

8 Transform by the substitution 

x li=yiv =s *Jx 2 +y i + ci 2 /a, 
and show that its value la tt/4 \/~2 


[Oxford II P , 1903 J 
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9 Change the order of integration in 

•a 

r 

V dxdy 


oje: 


- [St JoHh’s, 1889 ] 

10 If ^y = £, x 2 -y 2 =:r) transform | f V dxdy so that m the 

Jo J o 

result we integrate first with regard to £ and then with regard to rj 

[R P ] 

1 1 Change the order of integration in the expression 


A * «* 

I (*++*. 

Jo 1 

c 2 +x 2 


V dxdy , 

C--t-X 4 

also, change the variables to £ and yj where x 2 + y 2 = >7, £x = cy t without 
assigning the new limits (It may be assumed that l is greater 
than h ) [St j ohn » Sj iggg j 

12 Prove that 




dxdy=j(?-l)ai, 


the integral being taken for all positive values of x and y such that 

x 2 y 2 

^ < j 

[Colleges, 1886 ] 

f(x, y) dx dy in terms of r and 6 , where x = r cos 0, 

y = rsin0 

Change the order of integration in 

ra 

/(*> y) dx dy 

Jo J *Jax—x 2 


14 Change the order of integration 111 


aft a / 


p/a*+&* p* 

Jo Jo 


15 Change the order of integration in 

fr 


JaseC'- 


f{x, y) dy dx 

ion in 
J(r, 6) d9 dr 


[Colleges a, 1883 ] 


[St John’s, 1892 ] 


16 Change the variables from x, y to u, v , where x 2 +y 2 = u, 
xy — v , and find the limits in the new integral when integration is 
extended over the positive quadrant of the circle x 2 + y 2 = a 2 

[St John’s, 1881 ] 
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17 Change the order of mtegiation in the integral 

V dxdy , 


[Collegfs a, 1888 ] 


e J -sla'—x* 

a 

where c is less than a 

18 Change the order of integration in 

|| Udx dy , 

Jo J Wfl*— x* 

U being a function of x and y 

Express the same integral in polar cooidinates [Colleges o, 1886 ] 

19 Show that 

f 2fl f'Jzax f2a [a 9 

Vdxdy=\ - Vdrjd & 

Jo J^Zax-x* J a Jij-a V 


when 


A V“ 

* = Tx’ 


v- 
I 2 + y 2 


and change the order of integration m the latter integral 

[Colleges 1889 ] 

20 If the density of a plate be — 2 ~ 2 , show that the mass of the 

part enclosed by the curves x*-i/ = a , x 2 -y i = f3, ry = y, 'ey = 8 is 
p p f 5 du dv 


2 J J 7 M 2 + 4t> 2 

Show whether this gives the mass of one of the areas between the 
two curves, or of both [CoLI EGM tt> 188 , j 

21 Change the variables from (r, y) to («, v) in the double 
integral jj<£(.z, y)dxdy, where z 3 + ?/’ = u, iy=v, and the integration 
extends over the area bounded by the straight lines 

y = x, x + y= l, y = o, 

obtaining the new limits on the supposition that the order of inte- 
gration is first u and then v [Colleges a, 1870 ] 

Verify your result by evaluation of the integral for the case 
when (j>(p ) y)== 1 

22 Change the variables from x and y to £ and rj in the expression 
J j Vdxdy, having given </>( tr, y, £ ,) = 0 and f(x, y, 0 

Show, by transforming to polar coordinates, that 

dx dy sec a - cos a 

— « = tan 1 

(x 2 + y 2 + c 2 y 2 

[Trinity, 1882 ] 


r vl tana ^ tana 


‘J7 


0 
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23 If » r' be the distances of a point in the plane of reference 
rom wo fixed points at a distance 2c apait on the axis of a, then 
between corresponding limits of mtegiation 

2 cyd%dy= \\n' di di' 

24 Prove that JJ [Oxford II , 1886 ] 

1 H dy F ^' y) = \[ dx \l dy Fi ' 1 ~ y,i ~ a ')> 


and hence deduce that 


1 3 5 (4t-l) 7T 


4 6 4i 


jo ^ J Q d& (sm 6 sin d'f 1 ~ 1 sin (6 - 6') = I-i. 

25 Prove that [biL\ ester] 

1 Mo -“) = £*{/(*) -/(0)} *(i — ) 

[St John’s, 1885 ] 

26 Tiansform the integral J Vdxdy by the substitution 

« - JS l 


X- c cos £ cosh v, y = 6 sin£sinh 7 ? 


[Colleges 7, 1890 ] 


27 If - 1), piove that 

. rrt . _ 1 . - 1 


when r is the result of substituting for «■, y m terms of v, v m V 

[CoiLEGJSa, 1881 ] 

-S If f = a sin a cos g cosh q and y = a sm a sm£smh tiansform 

fcosaVa* -x* 

{(•»-« sina)*+y 2 }"i<fi<fy 


n co 

0 


into an integral in teims of f and v , and evaluate the new integral 

5 = +p* + q 2 , transform the 


29 If ? + P + J =1 dnd S ‘ 


variables in the integral to 6, <f>, where 

x — d sin 6 cos <£, y = Jsin 0 sin</> 

[Ivory, PW 2Van» , 1809 ] 

oU Prove that the assumptions 
•Tj = i cos 0 1 , 

^2 = r Sln COS 0 2 , 


3 »-i =’ Sln e i sm 6, 2 sin 0 „_ 2 cos 0 n _ lt 
x„ = i sin d y sm 0 2 sm 0„_ 2 sin , 
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will transform the integral JJJ Vdx,dx,dx % dx n mto 

±JJJ r»— i sm «-s^ sm»-3^ sin 6 n _ s dr dd^ dO^ 

31 Show that CCLARE ’ "° ’ 1881 ’ T ° DHt7NTKR > In ' 0ai < • P 241 ] 

48 III ^ +y2+z2 ^ dt d y di = 55 t«s 

for positive values of *, y, z limited by ofl + f <a z and *« 2 

32 Piove that [Oxford II p , 1889 ] 


/ ft m 

(g8 + y2 + ^2)g 


r h v ■ ' 

J oJo Jo ( X 2 + y'- + z 2 + a 2 )~ 


'2(m+3) a 2 

o.. rp [COLLEGES y, 1882 1 

33 Two given octangular hypeibolae have the same asymptotes 

totes, one of which coincides with an asvmDtoi-P nf * P 

"Me the „ lher „ „ th , lr s ho. LT 

“ r “ ° tl ' quadrangle formed by it, fo„, h™,^” 

: ““ ver the b “™ *• 1- -TS: 

or ,,, , , , [Math Tripos, 1895 1 

34 Transform the double integral 

ff^-'r-'dydz 

1^“ Z+V = V ’ y = UV ’ sho ™g the transformed 

JjV»+«-l(l ~v)^ D n-l dudv 

otr T r [Jacobi, Grelle's Journal , tom xi 1 

If ¥ = ¥s^V= V i, ***-«!«■, 
prove that 

is transformed into 
that 

ra*J 2 * 

f. H 


o i r 

JJJ ^ ^ 


4 

36 Show that JJ> ‘ ^ 5 [Oxford II P, 1885] 

W5 - WSTr5i 4 = / _ w\ 1 

(a s + y 2 )£ \ 4 Saji’ 

+i? m ® eometnca ^ considerations and by direct evaluation 
show that this integral js equaHothe integral “"“'“ton, 

Jo Ja (a : 2 + 


dic 2 du s 


[Oxford I P , 1912 ] 
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EULERIAN INTEGRALS, GAUSS' II FUNCTION, ETC 

Oco 


853 The Original Forms of the Eulenan Integrals 
The properties of the two important integrals 

xP-'dx r^-i I n / tv -- 1 

• nd ■/.('<* S' * 






(i— *«) » 

V UJ' ” “““ UMd b F E "l«. •»<! the above ferns „e 
»d°Ca W n ge th I? ' Jh^tteT* oUh, b7 

::.:Trr^ fa b f r 

constant St mteglal was su PPoscd to be a 

Euteriennes ” * The second onT^f’ tllem “ In tegrales 

°** “ *"•* » “ d '~f«£ 

He adheies to the notation (■£) f ni f 1 , „ a, , 

,"° n \ q J 101 ^e 61 st integral, but 
suggests the notation foi j 

x toi the second, regarding T(a) as 

a continuous function of a 

* Em ° lCei * Fju A M Legendre, 1811, p 211 
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854 The More Convenient Modern Forms 
The above forms of the integrals are not the most convenient 
prac ice Taking the first integral, write x n =y, and put 
p=nl, q—nrn a * 

Then 

y-i | 

r-P xp - l dx r y " nl d y lfi 

‘ s'-’n -»)—*( 

Taking the second integral and writing logi= y , that is 
x~=e~y, and putting 

/2= lo ( log ly te=\ Q e-Vy«-idy 

855 Definition 

define i th * F,EST s,oom 
B(Z, m)= [ x'~ 1 ( l- x ) m -idx 

J 0 


and 


r(»)-f e-^-'dx, 


Functions" ^hisT aS the Beta ««* Gamma 

nomenclature 6 ““ ly aCC6 P ted notafclon 

is ^ ***#»?* Examples (P 470), the d, gamma F« *) 

f U ® ed t0 denote wh at we have abose defined as the Twl 
tac tl „n It „,1 w obs » lved tut Bft ^ 

integral discussed by Euler, that is n(tj 

We shall assume in our subsequent work that all the quanta 

iiTt Z pos,t,ve -<* »~--v ^ 1 “a 

y *” '” ,ess * he >» o*p™»ly 

857 Th, Beta Proto. „ ,„ TOtnc lhM 

®(4 m)=JMjn, l) 

If m the Beta function 

B(l, m)= J a^~ 1 (l — 
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we write 1 — y for x, we obtain 

B(Z, m)= -J" (1 -y Y -^ d y=H ym-i^_ y y-i dy 

= f x’»-i(l-xy-'dx=B(m, l), 

J o 

whence it appears that B(Z, m) is a symmetric function of 
l and m, the l and m being interchangeable and 
B(l, wi) = B(m, l) 

This propei ty might be exhibited by wilting B (Z, m) as 

1 f 1 

B ( l » m ) == 2 Jo 


858 Case when l or m is a Positive Integer 
When either of the two quantities l, m is a positive mtegei, 
the integration is expiessible m finite terms 
Suppose m is a positive mtegei, 

B(Z, m)= f af- l (l—zY*-idz, 

Jo 

and by continued integration by parts 

gjZ+2 

+ZJ Z+W+2] ( m ~ !)(*»- 2)(1 -x)”~*+ 

x l+m - 1 — i ! 

+ /(I+I) (J+m-31 C«-lX»-2) 2 lJ o 

(m— l)' 


Z(Z-f-l) (l- \~7Yl — 1) 

Similarly, if Z be a positive mtegei, 

(Z~l)! 


B(Z, m)~- 


~m(m+ 1) (ra+Z— 1)’ 
and if both be positive integers, 


859 Various Forms of the Beta Function 
The Beta function may be thrown into many othei forms 
by a change of the variable, and therefoie many other integrals 
aie expressible m terms of the Beta function 
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X 

« = a 


Thus (1) Let 
Th en B(Z, m) 

-cero-sn* 


Hence 
(2) Let 
Then 


1 f« 

=^=lJ o ** _1 ( a-x)^dx 


y=- 


i-f-X 


Jo 

= f° I n fa 

J^O+aO'-Hl+aJ ' ^(1+®)* 

_ f 00 x m ~ l 

Jo x) l+m ^ X ‘ 


and since l, m are interchangeable this must also 

a*- 1 


=f 


l fa. 


Jo [\+x) l + m '' 

which would have appeared immediately if we had made the 

substitution y=-££— instead of v=— . 

. 1+ -® ^ 1+* 

Note also that the symmetry in l, m may be exhibited as 

B(z , m)s i r a f~ i +* ro -v 

' 2 Jo (i+®y+m •*> 

Whilst for all positive values of l and m we have 

f 1 — 


f 


- dx~0 


Jo (l + z) l + m 

So that, for instance, 

I jf+^T<fa = 0, and £ ^y? ^=2B(6, 12) 

S l^a x+a’ 
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B(Z, m)= P y*->(l-y)— ify 


due 


Hence 


=a m { l +a) 1 f 
Jo 

r 

Jo 


[z+ay 


(a+xy+n dx 


1 a^q -a)”-^ B(Z, m) 


““ a«(l+a) J 
This is Abel’s transformation ((Euvres, Vol I , p 93) 

x—b 


(4) Put 


r- 


a—b 


Then B (l, m) s£ 

J& \a— b) \a — b) a~b 

1 f « 

“(o-6y+m-iJ 6 (a.-6)'- l (a- x) m ~Hx, 

and L ( x - b Y~ 1 ( a -*) m ~ 1 dx=(a—by+ m - l B(l, m) 

Here the limits have been changed to any arbitiary con- 
stants a and b 

(5) Transform by the formula - =cc— b 

x y 

Here the limits lemain unaltered, foi if y = \ we have x = 1, 
and if y=0, x=0 

B(£, m)= f y l ~ x ( 1 — dy 
Jo 


Hence 


= f 1 / bx y-if g (1 --i 

Jol^+(& — cc)x) (& — 

Jo {a+(6— a)x} l+7n 

fi of' 1 (l -a)™ - 1 , 1 

J 0 


—&) } m ~ 1 ccb dx 
a)%] {(i+(b — a) x} 2 


o {x -f (6 - ^ " 5*9 : B & ’ 

_ , ri x l ~ l n i 

obv.O«l 7 ] ( Bft .) , 

and if we write a—b=c, 

rw~ l (1— a)” -1 


r 


dx- 


(b+cx) l + m (b+c) l b 


;B(Z, m) 
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(6) In the last tiansfoimation, put £=sm 2 # 


Then 


i 


' 3 sin ai - 2 ecos 2m - 2 0 „ _ _ __ i 


(a cos 2 0+6 sin 2 0) ,+ ’“ 2 3,n 0 003 9d9=~B(l, to), 


7 T 

i; 


hin 2Z ~ 1 6cos 2m ~‘ 1 g 1 

(a cos 2 0 + 6 sm 2 Q) l + m ^ = ?}l )> 


l, m, a and 6 being positive constants 

T 

( 7 ) 7 =J' () 3 in p 0cos«e^e is expiessible m the same way 
terms of a Beta function 


m 


Let 


.9=Jx, ie cos 6 d9=—=dx 

2 jx 

fl £ 2^1 n 

/= x\l-x) 2 
Jo 2\/^ 


di 


1-^'- 

«£) 

This also follows fiom No (6) by putting a—b = 1 

860 Properties of the Gamma Function 

Consider next the Gamma function, viz 

T (?l) = I a;” -1 e~ x dx 
Jo 

Integrating by parts 

r(?v)=[" a’ 1 -I e -:c J +(?i — 1 ) J e~ z x n ~~ clx, 

and whatevei n may be, piovided it be finite and >1 
— vanishes at both limits 

Hence r(m)=(»-l)r(?i-l) 

Similarly, ] '(n - 1 )=(u_ 2) T («— 2 ), 

and so on 

in the case then, wlieie 71 is a positive mtegei, 

r(?t)=(u,— \){n— 2)(n— 3 ) 3 2 1 r(l), 

and r(I)=j“e-&=[ 

whence T(n)=(n- l)i in that case 
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861 Working Properties 

We then have the propeities 

r(ii+i)=»r(io, r 

r(i)=i , ii 

and when ?i is a positive integer , 

r(7i+l)=%! in 

The Gamma functions of the positive integers are then 

r(i)=i, 

r(2)=i 1=1, 
r (S)=2T(2)= 1 2, 
r(4)=3r(3)==l 2 3 , 
r(5)=4r(4)=l 2 3 4, 
etc, 

from which a rough idea of the march of T(x) as a continuous 
function may he inferred, viz a minimum existing somewhere 
between #=1 and x = 2, and then after cc=2 a quantity 
increasing more and more rapidly 

862 In any case the equation r( / n+l)= , n T(7i) furnishes a 
means of reduction of the Gamma function of any numbei 
greater than unity to a Gamma function of a number less 
than unity 


Foi instance 


r (-V-)=-V- r (-V-)= vr<Y)-¥ V Sr(!)=-¥- -y * |r<s) 


__ 1 4 


1 1 
3 


r(|) 


That is, the Gamma function of any number greatei than 
unity can be connected with the Gamma function of a numbei 
which is not greater than unity , so that it is alieady obvious 
that when we come to the calculation and tabulation of the 
numencal values of Gamma functions it will be unnecessary 
to tabulate r(a) for any values of x except those which lie 
between 0 and 1 


863 A Caution 

The student should guard against the idea that the equations 

poo 

r(sc)= I e-ot^dv and r(3+l)=rr(» 

Jq 

are co equivalent They are not so The latter is a conse- 
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quence of the former, not the former of the latter The lattei 
is a functional or difference equation, viz 

0(a4-l)==:r0(a;) or u x+1 =xu X} 
and such equations may have many solutions What is proved 

f co 

e~*'tf>- 1 dv is a particular solution of u a . 1 =xu x 

0 J»00 ^ ~ 

But so also are A I er v v ®“ 1 dv when A is any constant, or 


er* v *“ 1 dv 


such an expression as 

A- \-B cos 4 27 tcc f* 

G-\-J) sm 6 27tx} 0 

where A, B, C, D are constants, for these multipliers are not 
altered when x is increased by unity Nor does it follow 

POO " 


that 


; e dv occurs as a factoi in all solutions of the 
**0 

difference equation 

The solution of u m+1 =xu x is obviously 

Ax(x—\)(x—2 ) . (r+ l)ru r 


when A is either a constant or some arbitrary periodic function 
of x whose periodicity is unity, and which therefore does not 
alter when x is increased or decreased by any integer, and u r 
any assumed initial value of u x We shall ieturn to this 
matter later 


864 Transformation of the Gamma function 
As in the case of the Beta function, transformations of the 
variable will give rise to other integrals 

(1) We have seen that &=log— or y=e~~ x produces 

'y 

I»=f o x*-'e-*dx=\ (l°g“) 

the form studied by Euler 

(2) If we 'write las for x, 

poo 

r ( n ) = e~ kx L n x n ~ l dx , 

whence f 

Jo h n 

provided k be a real constant (see Arts 1159 to 1162 
and 1827) 
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(3) If we put x n =y ■where n is positive, 

0 e ~ y " A V' 

f r»*%=nrW=r(ti+l) 

J Q 

In this case, if we put »=£, 

[ e-*dy=F e-*dx=lT($), 

J 0 J 0 

and this leads to an easy calculation of T(J) 

For {iT(b)y=\*e-*dxx f 

Jo Jo 

and as x and y are independent vanables and the limits 
constant, we may wnte this as 



Now, regarding x, y as the Cartesian coordinates of a point 
we have to sum all such elements as e ' <*■*-*■> Sx Sy through an 
infinite square m the positive quadrant, two of whose sides aie 
the coordinate axes 



Fig 313 

Transforming to polars, we have to sum 
e-^rSSSr 

through the same square 

Let a=a, y=a , where a = oo , be the other two sides of the 
square Then for the portion of the squaie which lies inside 

the circle x 2 +y 2 =a 2 the limits for 6 are 0 and and for r 
0 and oo 2 
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Hen.ce the portion within the circular quadrant contributes 

o ^ J o * L " J 0 4 

At points of the square outside the circle the elements are 
never greater than e~ a% rS9 St, and when a is made sufficiently 
great this becomes an infinitesimal of higher degree than the 
second, and hence in the double integration disappears Theie- 
fore the portion ot the aiea between the circle and the square, 
extenoi to the circle, contributes nothing 
Hence the value of F(£) is ztjn r, and as all the Gamma 
functions are from the definition essentially positive quantities, 
r(i)=VT* 

865 We may also regard the investigation of j* e~ u *du as 

the problem of finding the volume t bounded by the plane of 
x-y and the surface formed by the revolution about the z-axis 
of the curve tor this volume may be regarded as 




being built up of cylindrical shells whose axes coincide with 
the z-axia The volume of this solid is then J 2xu du z, -where 
n is the radius of a section parallel to the x-y plane, 

== 2tt [ ue~ u% (Iu=tt 
J o 

* Eiiltr, Tom V , dee anciens es de Pdter&bourg, p 44 

f Airy, Errors of Observation, p 12 
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Bat dividing it by planes parallel to the coordinate pi anes 
of £=0 and y= 0, the volume is also expressed by 

=4 (I 0 a ““ dx)\ 

whence I e -z'dx=^ 7r 

Jo 2 

11ns gives another geometrical interpretation to the work 
of the preceding article 

86G When'/? is diminished without limit J e- x x n ~ 1 dv be- 
comes infinite Foi the formula T ('n-> r l)=nT(n) holds for 
all positive values of n Hence 


Lt n ^T(n)=Lt^±n=Zt n .. 0 l=oo, 

ie T(0) = oo 

This is also obvious from the integral itself For the 

integrand (foi the case %= 0) takes an oo value at the 

lowei limit, and the principal value of the integral becomes 
infinite (see Ait 348) 


8G7 Connection of the Two Functions 

e shall next piove that the Beta function is expressible in 
terms of Gamma functions, the connection being 

_ I\Z) r(m) 
r(£-Hn.) 


B(£, m)= 


Consider the double integral 


/-]■ J e~ xv (zy)‘ 1 X e~ x x n dxdy 

[that is x y is written for x in the integrand of F(l), and this is 
multiplied bj the factois of the integrand of r(m+l)], i e 

I = r P e-'to+Vrtf+n-'yi-'-dy dv 
Jo Jo 

Integrating hist with regard to x, we ha\e 


-j: 


v i-i T(l+m ) 


= r(£-f-m)B(/, m), by Art 859 (2) 



60 


CHAPTER TTt y 


But changing the order of integration, taking y first, 

Z =J # j* 

= f dx 

Jo <& 

=T(l)^e-W'dx 

=r(or(m) 

Hence B (l, ™) ~ r ^ r i m ) 

r (i 

868 Deductions 
It further follows that 

B(g+ m . w ), ^+ ro )r(n) > 
and therefore that m+n) 

B ft m)B(f+m, 

l(l+m+n) 

which is a symmetric function of l, m, H Hence we have 

B(i, m) B( 4 m,*)=B(m, «)B (w+n, f)=B(n, f)B(n+Z, m) 

Hence also 

B(l, m)B (l+m, n)B(l+m+n, r (w)r(») r(g) 

Af f, 89 - R I . fcl ^ OW ’ ^ oll °ws that the results of the transformations 
the Beta function given in Ai t 859 could be fui ther expressed 
as Gamma functions * 

Thus 

l.~~ 7 Sxdmr rjilM 


Jo ( 6 +cxp“ (i+c)% 

f’ sm^-'dcos 2 ”*- 1 # 

JniaCOS a H4-Aisin2fl\i+ m ^ = 


'(6+o)%" r(i+w») 


sin“ cos zm-1 fi 1 i r>/ 7 \n/ * 

(acos 2 £H&sin 2 0)*+» m ) = 2aH i T{l+m) ’ 


['«m.0eo..e<i9«^ !)(?+], i+i)_ 




■(^0 


“l 6 1 “, t ° f ‘ h “ e mte S rals lM already been need in enrlie, 

l.miMde&.Z’of “ J ° al *“ 0 ”' " th * *“»P”“V *“» 


THE INTEGRAL f — tfa 
Jo 1+2C 

870 We have also in Art 859, Case 2, the integral 

Put Z+m=l Then, since r(l)=l, we have 

where m is a positive proper fraction 
We have then to consider this integral next 

871 The Integral / s J” where 0 <n < , 

The integration may be separated into two parts, viz 

H 

In the second part pnt x=- 
Then V 

y 

Hence /== fa 

, Jo 1+* ’ 

ana by division 

r l-= 

Hence 1+ * 

1 s | o ( a,n-1 +*" n )(l— a:-)-® 2 — ytf) 

-4- (— ])*+ I f 1 a 

Jo 

n L ■ 1 i 

\n 1 + : 
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+ 


1-fa; 

I+i T 2+J-j+5+ 

-J ‘ , 1 

1 W 2 — ft ‘ J — ^ 
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Now cosec 2 = 

i — I i i , , 

2 Z+TT z-T^g+2T^0-2ir z+3t z - 3 tt + t0 00 
g ence (Hobson, Trigonometry, p 335 ) 

i_ J_ , _J_ + 1 i_ 1,1 

n l+n' r l-»' l "2+» 2 -n 3+w + 3'-=ro + ™ m 


sin mr ’ 

and since in the limit when k is made indefinitely large the 
last term of the series for I, viz (-1)*— L-y becomes zero, 

the portion of I within the brackets becomes — 

sin W7r 

Also as to the remainder, viz [V+i — dx, we may 

note that as x lies between 0 and 1 and is a positive proper 
fraction, a** 1 is diminished indefinitely by an infinite increase 
in 1c If then this integiation be expressed as a summation 
according to the definition of Art 11, each term of the sum- 
mation is diminished without limit, and may be regarded as 
an infinitesimal of the second or higher order when l is 
sufficiently increased 

Hence Lt k= S x^^l+^2 ^ 0 

Jo l+o? * 

and we are left with 

r w x n - 1 ^ 

J 0 r+^=sTO where °< n < l 

872 An Important Result 
It now follows that 

r( ” ,r(I -“>-srs (»<-<>) 

As a particular case put n= J 



r(i) \Ar, as has been seen before, Art 864 


and 
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Again, put n=\ 



sin- 

4 


Put n=l 




Hence P(|), r(|), etc, aie expiessed in terms of Gamma 
functions of numbers which are < > , whence it will appeal 
that if all Gamma functions were tabulated from T( 0 ) to TP ) 
all otheis could be found by this theorem, together with the 
theorem r(-nH-l)=^r(n) 

The result r(m)r(l-») = -^_ ) y as temporarily borrowed 

m an earlier chapter, Art 592, m the calculation of a certain 
arc of a Lemmscate 


Since r(l-f»)=«I» and T(u) r(l-n)=— — 

' Sin7?7r’ 

this formula may be written 


71 7T 


r(i-f?i) r(i— 7 ?)=— (o < <i) 

sin7^7T v ^ ' 


n-1 


87 3 To show that 

r © r (IMD 

We are now able to consider the continued pioduct 

p - r (s) r ® r ® 

where n for the present is any positive integer 

By wilting it down again m the reveise ordei, multiplying 
the results, and noting that 

r © r ( i -3- 


we have P 2 - 


7 r 


7 r 
i — 

n 


i ^ 7r 

7) 


7T 

(» < n), 

r 

sin - 7 r 
n 

7 r 

7 r 

37T 
sin — 

sm (M ~ 1 ) 7r 

n 

n 


0 
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and since 

smnd 2 »-i 

sine? 


^=2»- 1 sm(0+^)sm(d+^)sm(d4-^ : ) sm(e+ n ) 

(Hobson, Tngmomeiry, p 117), 

we have in the limit when 0=0, 

. T 2 t lx „_(«-l) lr 
*“ 2 " 8m n sm ~n Sm T n 

Hence P 2 =^^2"~ 1 1 and P being positive, we have 

r©r©r© r(^)-2^ 

874 Gauss’ n Function 

Taking the original Eulerian form of the Gamma function, viz 

r(w)= f 0 ( lo 4) B 1<ix ’ 

1 

and remembering that Lt ^ « =log- (Diff Calc , Art 21) 


(>»4r=(Mr + 


we may write 


where e is something which vanishes in the limit when /a 
becomes infinite 

Let us take jul as a positive integer 

Then I\«)=£ m ” -1 ^ -&) *>+J 0 e dx 

In the first integral put x=y tl 
Then T (»)=/**£ y*~\ 1 -y) n_1 <fy+j 0 « 

and as /a is a positive integer, 

Hence (»+n^I) + L ** 
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Hence, making u increase without limit, the integral ulti- 
mately vanishes, and 

r(w)=iV-»M n w ( w+1 j M (J+ M _i)’ 

or, which is the same thing, 

r (» ) m ” _1 n ( n+ i) M ( W+yU _i ) 1 
and writing n + 1 for n, 2 3 ? 

r(w+ 1 ( n+ X ) („+,,) 

This limit is known as Gauss’ II function, and is wntten 
w / v T . i 12 3 /j. 

or, which is the same thing, 


'K)(i+D K) 


Here /x is integral, and n is essentially positive but not 
necessarily integral 

875 The limiting foim at which we have arnved at the 
end of the last article plays an extremely important part in 
the development of the general theory of Gamma functions 
It will be very desirable for the student to pay consideiable 
attention to it, and we propose therefore, in due course, to con- 
sider at some length the general behaviour of the function 

^ ^ ^ /x x foi different values of fx and 

(*+l)(*+2)(*+3) (*+/*) 

foi different values of x, and the only restriction we shall 
place upon it at present will be that M is to be a positive 
integer, not necessanly large 

Two theorems, however, are required m dealing with such 
expressions as will arise, viz 

(1) Wallis’ Theorem, which states that when n is a very 
large p«t,v, mteger, , | * 6 (J"-, ^ 

finite in a ratio of equality , i e 

2 4 6 2a l__i 
1 3 5 (2n— 1) Jwr 
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(2) Stirling's Theorem, which states that when n is a very- 
large positive mtegei 

12 3 n and *j2nw n n e~ n 

become infinite m a latio of equality, that is 

T n'e n JT - 

The first of these appears m most treatises on Trigonometry, 
foi instance, Hobson's Trigonometry , p 331, Ex 1, but scarcely 
appears to receive the prominence m the text-books that it 
deserves The second, Stirling’s Theorem, is less available for 
the student, hence these theorems are reproduced here for 
present use 

876 Digression on Wallis’ and Stirling’s Theorems 
Wallis Expressing smfl as — to oo, 

and putting 0=^, we have 

_1__3 3 5 5 7 (2»-l)(2w+l) 

2 2 4 2 6 2 (2n) 2 

l 2 3 2 5 2 (2m— l) 2 .. 

~ 2 2 4 2 6 2 (2m) 2 ( 2w + 1 ) x (l~ <0> 

where e becomes indefinitely small when n becomes inde fini tely 
large 

Hence, when n is large, we have 
2 4 6 2 n Itt 

m — (2^ij = V2 (2n+1) ultimate] y . 

and since n is very great, we have 

r , 2 4 2 n 1 

1 3 (2n- 1) n /mw =1 ’ 

i 2 4 2 n . 

ancL ( 2n 1) ma y re placed by v nrr i these expressions 

being ultimately equal This is Wallis’ Theorem 
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877 Stirling Stirling’s Theorem states that for very large 
values of n, 1 2 3 % and s! 2w7r e~ n n n are ultimately equal 

Wnte <p(n) for 12 3 n 

Then <j>(2n)=l 2 3 2 n 

and 2 n <p(n)=2 4 6 2 n 

Hence Wallis’ Theorem, which may be written as 
2 2 4 2 6 2 (2n) 2 

1 2 3 4 (2w-l) 2n~' JnV ' 


gives 

Let 

Then 


22 1 >( rc)] 2 

<j>(2n) 


JnT 


be called F(n) 
n n j2nir ' 

2 ln [n n j2mr ¥(ri)f=Jmr{‘lri) 2n J 4wr F (2m), 


ie F(2w)=[F(rc)] 2 

To solve this functional equation, write 2 n for n 
Then F(2%)=[F(2n)] 2 =[F(ra)] 2Si 

Similarly F(2%) = [F(%)] 23 , etc , 

and F(2 ^)=[F(m)P, 

f being a positive integer 
Now, putting 2 r> n=x, 

F(*)=[[F(»)]»}* 


Let p increase indefinitely and n decrease indefinitely m 

such way as to keep the product 2 p n hmte Also let 

1 

L^ = o[F (n)~\ n 

be called k 

Then ¥($)=#*, which indicates the form of F to he expon- 
ential We ha\e to determine k 


Taking 12 3 n==cp(n)= n n J 2%-Trk n , 

change n to 

12 3 n (n+l) = (n+l) n ^ 1 j2n-\-l7rJc n + 1 

(w-bl) 714 ' 1 *Jn+l 
n n 

te ** = ( i+ S ( i+ i) 


Hence, by division, n + 1 = 


z. 

Jn ’ 
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in lh. limit when » i, indefimteljr large Hence i_e-> end 

- • £ i u%. ^ * 

Tf e"wl nr — 

■ Wn ’“ ■^+r =:v ^ 

fnSlV,n“^, 8 nent“rt”l,(St "" U 

^iSnrr^'^xs.i”' v *■- 

Theorem in the Messenger of Mathematics) 8 W 0n tlrmga 

SMiSrS*'”' *“* U “ 01 Stoto «'* Theorem 
of h^ZntaT" “ ^ ““ “ »™>™ fnctonala 

i Th.. a, .*«. ™»w 0( a , , lp , MoB rf 

,P "“" '*“*"• ” ^ » »»-W, when , ,. 

_ V 4wr (2/t) a ‘ e~T'' 2 s ” 

JT 2 iteelf, bn, fcr h» 

■*»«, ,r„ ah„ g t P S.““ "" , b ' ft " “ bl “» rf Ttat «* a 

«0 = JOJ_ ,, 8- 0fc 4W “^ lar 8 e > rn calculating 

” (20 ■)» a “ d OT fro “ «» )oga, lfc hm tables the latter only exceeds 
thefomer by about 0 7 per cent , and in calculating W0> . 

as? “• k “” °"' ? “-*■ “• *™« ^ .b... 0 25 per „J" Jd a. 

,h « ™”l»n de.lt with mermen, 
the successive expansions (1+*)® (i + “tl+ s Vf*® middl * ^efficients of 
<* p with common ratio, ,U+J , etc , form what is neaily a 

Lt 22n+2 / 2Zn 

V(n + 1 te 4 ’» 

as is also directly obvious 

<■»•»./ «*.p 502), being 


we have, when » is large, 


B, n 1 = q J 2 ” 2 w( 2 ») 8 "«-a 

(lir) 5 " 

= 4 7 r - 2 n+i e - 2 n w 2 n+ j 
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Similarly if # , be the eoeffieient of of 1 in the expansion of sec x+ tan x, 
it is known that 

„ 2 n+i n i 

■“» + ( ~ }) B+I + ( + $)” +1 + (-})»+l + 

itl e r m vr 3 the CaS63 ° f Beln0Ulhan nufflbers and Euleria » numbeis 
■^2 n s the w* h Euler tan number, 


r _2“(2*»-l)„ 

K 2 n R 


D 2n-l 


,.j _ , , (see Jhff Calc , Art 573, eto ), 

and we have when n is very laige, y 


gn+2 


s/2mrn n e~ n = 2 n +*( - 


7iV»+i 


^ n 

In this expansion, viz 

sec*+Un*=l+A l £+A 2 |L+jr3|?+ 

the ratio of the (n + l)“> term to the »“ is 

![n x 
K n-l »’ 

and when n is large this becomes 

2»+S( , ”) n+ ‘ e - n 

\w/ x 


Lt - 




2 n+ * 

_2 
’ 7re 




e-n+i 


FIT n * (B_1)i ” 


7re e -1 


n~~ 7T 


It appears that, since = the coefficients increase with gieat 

rapidity ultimately, and the series will be diveigent for values of x <fc | 

3 In the senes which gives rise to the Beinoullian numbers, viz 

t* oth i=^i+b i+B 4- B >£ +B 4- +(-l) n - 1 -Bm-i ( g+ , 

the ratio of the (ji+l)' k term to the «. ,k is 

S 2n-l ^ 

B 2n- ,(2»-l)(2»)> 
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and when n is large, 

= -Lt 




= -Lt— I 

7T 2 e 1 


4Tr- Zn + a e- 2n +'(n~ l) 2n ~t (2n -l)2n 


__ _ T i 1 1 1 

7r 2 e 2 e - ” 2 71 


4w 2 


~4tH 


The senes is therefore diveigent for values of r 2 <fc (2 tt) 2 , and as 

ti -^2w-i T ,(2n-l)2n n 2 ,, 

B^~ U ~ S? p ultimately , 

the Bernoullian numbers ultimately mciease with great rapidity 

It will be noted that coth| becomes infinite if « have the umeal value 

JJf® 7,?^^ W theref0le Rec ^y *> limit expansion to 
the case for which the modulus of the complex is < 2ir * 

N,!mbpf 7w°? ° f CdlcuUtl0n of the Numbers of Bernoulli and the 
BotW l ", “ ? P ned “ the M*>ennal Calculus, Art 573 

senes Ts T f ^ f ° l coe8l '>ents of then respective 

Seveial ai e quoted on pages 106 and 501 of the Diffe, ential Calculus A 

velCTcen/fr T ^ Up ° n leCOld here for ref e»ence, foi the con- 
venience of the i eade. Also, as we are about to deal with such sums as 

F + 2^ + P + to 00 sS r> whlch f or even values of p are to be found from 

B , _ 2(S») 1 

2n_1 (27 r) 2n ° 2n ’ 

we tabulate a few of these lesults also 

5 1=J, -B 3 =iV. B e =*, B,=&, B,=tf s , B J 

£ .«=m 5„=^^z, 

^,=-1, -®4 = 5, #, = 61, #, = 1385, # 10 =50521, 

e . ^ = 945. ' S io=9^gg 

i/,! 1 " 63 ° f '® p “ P t0 leduoed t0 decimals will be found tabulated 
later foi purposes of evaluation of mtegials to be discussed (Art 957) 

see Boole, Finite Differelts', Chapt^Vi° n ^ Bein ° ulh ’ S Numbers etc, 

881 We note that B, >B, >B S< S 7 < B,< etc , and the coefficient B. 
smallest of Bernoulli’s Numbers, after which they .apidly increase 
*See Bertiand, Calc Diff , Art 412 
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882 The Value of n(£) 

Consider next the case of Gauss’ II function for to = $ 




LL 


1 2 S 


= Lt t 

— 


3 5 2yu + 1 
2 2 2 
2 2 4 2 




„ 6 2 (2ju) 2 

** 1 2 3 4 (2 y u)(2 / u+l) y 


5 (2m + 1)1 


= Lt, 


'/JL = CG 


2 2 ^2 i a7r yu 2#t er 2 * 

v"( V + 2) 7 T (2 M + 1 )2m+i *-<*i+ij 




— €>s]~TT 


( 1+ 2 m ) ( 1+ |l) 2 V /1 + l 


_W~ I i 1_V^ 
fiV,r « 1 2 2" ’ 


whence 


n (jM 


7T 

y 


It will be remembered that for positive values of n, 

Tt(n) = r(n + 1), 

therefore r(|)-n(i)-^ ,„d r(?)-’r(!), 

r(|)=7w. 

which agrees with Art 864 


883 The Graph of y = x n e ~ 2 

We shall next study the nature of the family of curves 
y = x n e~ x 

for various values of n 

The subject of integration in the Gamma Function r(n + l) 
viz x n e has a maximum value when 

nx n ~ 1 e~ x - x n er x = 0, %e when x=n (to > 0), 

and the maximum ordinate of the curve y — x n &~ x for positive 
values of x is n n e~ n 

The graphs of the members of this family f 0 r n = 0, n — 0 5 
n = l, n = 2 are shown in the accompanying figure for the first 
quadrant, which is all we require 
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The case n = 0, viz y = e~ x , is a logarithmic curve, and cuts 
the -y-axis at a point y = 1 It has no maximum ordinate 



The case n — 0 5 has a maximum ordinate at x = viz j^=> 
and then runs to the positive end of the cc-axis asymptotically 

The case n= 1 has a maximum at x = l, viz - 

e 

4 

The case n= 2 has a maximum at x — 2, viz -5 

e 2 

All the curves have the £-axis as an asymptote, and all go 
through the point (l, ^ , where they cross 

For values of n between 0 and 1 , the curves touch the y axis 
at the origin 

The case n = 1 touches the line y=x at the origin 

The cases for n > 1 touch the z-axis at the origin 

The several maxima, viz n n e~ n i dimmish for vanous values 
of n fiom n = 0 to n — 1 , and then increase again, all the crests 
the curves lying upon y—a?e-~ tt , le 



the least of the maximum ordinates being at 03=1, and 
belonging to the curve y = xe~ x 

The area bounded by any of these curves y = x n e~ x , the 
x-axis and the ordinate at cc = 00 , is 

| e- x x n dx, %e F(n+1), 
and increases without limit as n increases 
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884 Extension of Stirling’s Theorem 

We have shown (Stirling’s Theorem) that when ms a lo/rge 
positive integer , 

1 2 3 7i = \/ 2n7r n n e~ n , 

the meaning of the equality sign being that these quantities 
become infinite m a ratio of equality 
We proceed to show that even when n is not integral, but 
still positive, T(n+l)=s/2^rn»e-», 

when n is indefinitely increased 

poo 

We have T(n 4-1) = j x n e~* dx 

Let us transform this integral by putting 

-"f. 

x n e~ x —7i n e~ n e 2 , ( 1 ) 

which is legitimate, as n n e- n has been shown to be the 
maximum value of x n e~ x 


Now, as t ranges from — oo through zero to 4- oc , 
x ranges from 0 through n to 4-oo 

i (»+i) _ r e -*‘** dt 

n n er n J_® dt U ’ 


Thus 


and we have to find ^ Let x = n( 1 4 - r) 

Then 


(n-\-7iT) n e- n e~ nr =n n e- n e 2 , 

n 

-1* 


t 2 


(1 +-r) n e- nr = e 2 and log (1 + t)— t= — — (2) 

A 

Clearly t vanishes with t } and as t can be expressed m 
terms of t by expanding the logarithm, we can by the 
ordinary process of reversion of series expand r in terms of t 


Let 


t / 2 

T== ^-i 2"i+^2 2l+-^-3 3“i + 


Then, differentiating equation (2), 

t £ =<(1+t) ’ < 3 > 


whence, by substituting the series for r and equating 
coefficients, we can readily obtain the values of A v A 2 , A v etc 
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N(JW Q2±a.r 

n n e- n J-*> at J-« af 

.ur. s -s'p 1+ 4,i + A^+^f i + ] 

-* n.— - 1 8 kjy- - i >A 


by writing a:Z for a; m the result of Art 223, Ex 4, 

r 

= ^p+i > 

and | ■pp+ 1 e - Kl L* dt = 0, 

as is obvious, for the negative elements of the summation 
cancel out the positive ones 
Hence 



r&±i )_ ? j. 

n- e - - W J^7^? + 2.T-j+4. /% a +etC 


. ffi W (1) 

=^r[ A i+l I ¥? + i id) fT + ]’ 

and it remains to obtain the numerical values of the coefficients 
Substituting the series for r in the differential equation (3), 

(- 4 lfi+- 4 *2l + ' 4 8gI + - A 4 i"l + ) X (-^l + ^2fi + ' 4 3fl+ ) 

(l + ^ip+^-2 2-i+-4 3 g-,+ 


whence 


4i 

ii 


^i=i, 


I 4.2 A — 

It 1 ! _r 2> 1_ 1 I * 

^1 ^3 . *^2 ^2 . ^3 A _^2 

1 I 2 2 t 1 t r 3 J 1 2 i ’ 


and generally 

It (n-l)!^2» (w-2)i" r 3t (w-3)*‘ 


~ ^n— 1 i ^3 
f • O t i 




i tin 4 _ ^ n—1 
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« nA 1 A n +-( n ~^ A, A \ w (-»- I)(u-2) 

1 “ T 1 2 r 2 3 -'Mn-S! 

+ =^n-l, 

the senes proceeding as far as the greatest binomial coefficient 
in (l+z) , H- 1 ) and the last term of the series being halved if n 
be odd 

Thus J. 1= l, 

SA 1 A i =2A v 

44^3+3^22 = 342, 

54 1 i 4 + 104 2 4 3 =44 3 , 
64 1 4 5 +154 3 4 1 +104 3 2=54 a , 

74 1 4 6 + 214 2 4 5 +354 3 4 a =64 5 , 
84 1 4 7 +284 2 4 6 +564 3 4 6 +354 4 8 =74 6 , 

etc , 

giving 4j=l, 4 2 =i, 4 3 =£, 4 4 =- tV 4 b =^, 

^6— *^7 == tWV j -^8 = 6 ^0=~-B-tVVi etc 
Hence, finally, 

r(,+iw&v[i+>I +i L| + ] 

When n is indefinitely large, we therefore have 
r(% + 1 ) = v/2717 t u n e- m , 

which removes the limitation that u should be a positive 
integer, as supposed in Art 877 Moreover, it will be noted that 

an expansion of = i — 1_ i S effected in poweis of — , viz 
s/ n n e~ n n 

-^±Il=l + J.l+J_i_J39_ 1 - 4 2))+1 1 

s/2mm n e- n 12n 288n 2 51840 n 3 ^~Wp^ 5 

the law of formation of -^p+i being as above stated 

885 Lx 1 In calculating 10 J m tbis "way, 

log ^ 10 10»e->» = 6 3561451 (Chambers’ seven figure logarithms) , 
v/2ir 10 10 10 e-“ = 3598695 (the last figure doubtful) 

Carrying the series to four terms, viz 

~ 'ST sVffWtf = 1 00836537, 

10 i = 3598695 x 1 00836537 = 3628799 etc 


we get 
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The true value is 3628800, so there is only an error m the last figure 
m the approximation 

Ex 2 Calculate 100 1 Here 

log(100 i)=log{V27r 100 10Q lo °e” 10<> (l )} 

= 157 9700036, 

indicating a number of 158 figures, beginning with 933262, viz 
9 33262 x 10 lfi7 

[The logarithms from 1 to 100 add up to 1 57 9700038, which is in 
agreement with this result, except for the seventh figure of logarithms ] 

886 Properties of Gauss’ II Function 

We may now proceed to discuss the nature and properties 
of Gauss’ II function 

Let us start again with, a consideration of the expression 

H(a: ’ M) ^(x + l)(x+2)(l+3) (z-Bx) ^ 
where jjl is a positive integer, not necessarily large, at present, 
and a? is a fixed number, either real or unreal, positive or 
negative, integral or fractional, but finite Call the expression 
life ju), and abbreviate it further into 11(a) when m the limit 
fi is oo , so that 11(a) stands for II (a, oo ) 

Consider the graphs of 

= 12 3 ^ * 

^ (»+!)(*+ 2) (x+fi)^ 

for different values of fx 
There are /jl asymptotes parallel to the y - axis 

y is positive from x=cc to x= — l, 
negative from x=—l to x = — % 
positive from x= — 2 to x= — 3, 

and so on 

And if /tx "be > 1, the a;-axis is an asymptote at its negative 
extremity only , 

also when x=0, y= 1 , 

-when 3=1, 

, _ 12^ 

*'**—*• y- o.+i>o.+2) - 

etc , 



GAUSS’ n FUNCTION 


77 


and these ordinates approximate to 1, 1, 2*, 3^, as /a in- 
creases, whilst at the same time the number of asymptotes 
increases 

The cases of fi =1, 2, 3 and 4 are shown m the accompanying 
figures, which are intended to exhibit graphically the general 
characteristics of the functions, but aie not drawn to scale 

The case ^=1 gives a rectangular hyperbola, with 

y=0, cc= — 1 for asymptotes 



The case M =2 gives y=^ 2* 



Fig 317 
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The lengths of the ordinates for various values of % and u 
are shown in the table 



n — 5 

a.=4 

a; = 3 

x = 2 

01 = 1 

1 

*=2 

r = 0 

/i=l 

0 167 

0 200 

0 270 

0 333 

0 500 

0 067 

1 

/i =2 

1 524 

1 067 

0 800 

0 667 

0 667 

0 754 

1 

a=3 

4339 

2 314 

1 330 

0 900 

0 750 

0 792 

1 

II 

8 127 

3 657 

1 829 

1 067 

0 800 

0 813 

1 






- 




( J .— CQ 

120 

2 

4 


3 

2 

1 

0 886 

1 


1 

* 2 

x ~ - 1 

2 

a?= -2 

2 

CO 

1 

II 

ti 

II 

1 

NI<1 

a?= -4 

^=1 

2 

00 

_ 2 

- 1 

-0 667 

-0 500 

-0 400 

-0 333 

A4 = 2 

1 886 

00 

-2 828 

00 

1-0 471 

0 125 

0 047 

0 021 

m=3 

1 847 

00 

- 1079 

00 

+■ 1 026 

00 

-0 068 

-0 012 


1 829 

00 

-3 200 

00 

+ 1 333 

00 

-0 200 

00 










fJL~co 

1772 

00 

-3545 

00 

2 363 

00 

-0 945 

00 


887 General Remarks 

From these considerations it will appear that m these curves 
viz ^=2, /x= 3, fjL= 4, etc, 

(1) At a;=0 all the ordinates are =1, and any two of the 
curves cross each other 

(^) At x 1, 2, S, 4, the ordinates of the several curves 
form an increasing series, so that the curves as ju increases 
are such that of any two the one with the greatei jm has the 
greater ordinate 

(3) As x increases through zero the curves are all initially 
approaching the a-axis The limiting case of the hyperbola 

y x-\-i con tonues to do so, the others all ultimately ha\ e 
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ordinates > 1 , and therefore have minimum ordinates in the 
first quadrant Moreover it may be shown that 

2 has a minimum ordinate between I and 2, 

„ „ 09 and 1, 

„ „ „ 07 and 08, 

etc 

As [a. increases, the minimum ordinate begins to approach 
the 2/-axis, but does not do so without limit For in the 
case ^=00 it lies somewhere between 0 and 1 

(4) On the negative side of the y-axis at x = — £ the succes- 
sive ordinates of the curves /* = !, / 4 = 2 , M = 3, etc, form a 
diminishing set 

(5) fx = 1 has one asymptote parallel to the y- axis, 

/ a== 2 has two asymptotes parallel to the y-axis, 

H=3 has three asymptotes parallel to the y-axis, 

etc 

is asymptotic to the rr-axis at both ends 
/4=2, /i = 3, ya=4, etc, are only asymptotic to the rr-axis 
at its negative end, and alternately from above and 
below the a>axis 

(6) Observe the behaviour between the several asymptotes 

Between £= — 1 and 2 the several ordinates at x= — } 

are all negative but numerically increasing, %e the more 
asymptotes there are the further do these branches recede from 
the re-axis. Similarly between the asymptotes a?=— 2 and 
x= —3, or any consecutive pair 

Note also that for each given value of jut, the branch between 
two consecutive asymptotes has a numerically greater ordinate 
midway between those asymptotes than is the case for a branch 
between two consecutive asymptotes more remote from the 
y- axis 

(7) The limiting case 

y=J *»” (i + i)(»+2) Vlz *“ n( *> 

becomes, -when x is positive, the curve y=r(*+l), as has been 
shown 

The shape of this limiting form will be more carefully 
considered later in Art 922 
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But there la this difference between the functions 

^-(S+l)(L+2) ^ and j 0 

that though they coincide in value for all positive values of x, 
the former becomes infinite at the values x= — 1, %= — % 
x —~ 3 > etc , bu t has finite values for other negative values of 
x, whilst the definite integral is permanently infinite for all 
negative values of x+1 


888 That the factoi form has finite values, when M becomes infinitely 
large, for negative values of x between the asymptotes may be made 
clear by taking a case Take r= - 3 



-_r, _ 2 4 6 2 1 J_ 


113 5 (2/4-3) 


= -lt 


2 3 4 3 6 3 (2/Q 3 


( 2/4 — 1 ) 


12 3 4 (2/4-3)(2/4-2)(2 / t-l)(2/4) - ^’ 


= -Li 2-V (2/4-1) 

V4/47r(2/i)' > ' i e — ** ^4 

_ Tt 2/4-1 2 

2 

Similarly at «•= — g the couesponding limit is 

at &= -- the corresponding limit is — — 

and so on 13 5 

The.se mid ordinates, half way between the successive asymptotes, thus 
form a regular descending series 


2 r 2 ° r 2 3 

“1^ rs^ -rrv^ r 


3 5 7 


Vt, etc 


889 It is worth noticing that II (cc, M ) may be written as 


H(a?, yu) = 


1 2 3 




\x+l)(x+2)(x+3) (x+^ 


mm 

fe)‘( 

>+iy 

S (X ) 

0+0 

0+01 

;■+!) 

(i+?) 
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KX 

KX 

'('+1) 

X 

l 

KX 

(»+£ 

>K) 

(i+3 

i 1 

K 



(i+iy 

* r = P \ 7/ 

\ P -- 

V+iJ 




where P indicates that the product of all such fractions as 

r=l 

follow it is to he taken from r—\ to r=n 
An d m the limit, when /*=«> , 


.j'+ir 

n(cr)= p 


r=l 


1 +: 


or, what is the same thing, when x is real and positive, 

,=»( 1 4+) 

1(1+*)= P — 

' ( 1+ ?) 


890 Reduction of II {oc+ 1) 

Agam ’ 1 2 8 

n(*+l, M) = (K+2 )(z+3)(*+4r 


_M „«+i 

(*+,u)(*+M+ 1 ) 


Hence 


x+l 

_ '“z+yU+l 


n(*. m) 


n(x+i, / u)=(*+i)n(*, m)x — 

14 


i 

qg+l * 


which is the law of connexion of the successive values of 
U(x 3 m) for unit differences m x 

In the case when /j. is indefinitely increased, the factor 

becomes unity, and we are left with II(®+1) 
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and changing x to x— 1, II (as ) = x II (sc— 1) This is true for all 
finite values of x, positive or negative 
In the case of values of #[>0 we have II(aj)=r(a?-t-l), and 
therefore r(sc+ l)=cerOr), the formula already established for 
the Gamma function 


891 The Case when x is a Positive Integer 
When x is a positive integer we may multiply the numerator 
and denominator of 

n( * ^ )s (¥+l)(a!+2) ]L Jx+7)^ by 3,1 

obtaining m that case II ($, 
and then removing 

U(x, ———p 

so that when jm is indefinitely increased, x remaining finite, 
H (x) becomes , which is m accordance with the lesult 
r (»+!)= x t of Art 860 


892 Comparison of the Gamma Function with Gauss’ Function 
It will now be clear, fiom Ait 887, that the two functions 
IL(x) and r(as+l) are identical for all real values of x greater 
than —I , but that II (») is a more general function, embracing 
real or unreal values of x quite unrestncted as to sign That 
U(x) becomes infinite for all negative mtegial values of x , but 
has finite values for negative fractional values of x, whilst V ( x ) 

poo 

defined as I e- v v*~ l dv is infinite for all negative values of x 
Jo 

Graphically this means that the curves y=TL(%— 1) and 
y=T(x) absolutely coincide for all positive values of x , but do 
not do so for negative values of & It we had restricted the 
definition of Gauss’ function, viz 

12 3 

!<„= „ Ufa, ( !C+1 )( !B+ 2) 

to real values of x gi eater than —1, the identity of II (as) with 
Eulei’s Gamma function r(as+l) would have been complete 
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893 We have, from the definition, 

TT/_ ~ \ 12 3 (/X 1)/A M 

n( ’ M _ (T^s) (2 —x)(8—x) k-l-a)( Al -*) /4 ' 

and II(a;— 1, u)=— - — - ~ ^ „x-i 
aj(;c-|-l)(a;-|-2) (zc-|-yu — 1) 

Hence multiplying them together, and assuming that a: is 
not an integer, 

n(-s >yU )n(z-i, M ) 

_1 I s 2 2 3 2 Cu-1) 2 » 


7371^5 ij 352 | m-»» 

P/\ 2V I 1 ll 2 f 


"V P p-(7-T ?} 

and 'when /j. increases without limit, Lt — - =1, a: being fimte, 
and we hare x 

n(- *)H(*-1)-— s— 1 =-^_ 

_/, 3 2 \/ . sinwa: 

•v-ivv 1- ?; 1x5 00 

It will be noticed that m proving this result no assumption 
has been made with regard to x except that it is not to he an 
integer, either positive or negative For such values one or 
other of the II functions would he infinite, as also of course 

would — - — 
sm xtt 

Taking positive values of x less than umty, and remembering 
that in that case n(sc)=r(cc+l), we have 

W SITIXT 

as pieviously found 

894 If we were to base the discussion of the properties of 
r(as) on this method of procedure, we could therefore infer the 

value of the definite integral | dv of Art 8*70 to be * , 

J o -“-H- ^ sinavrr’ 

where 0<cc< I, instead of investigating the integral first and 
then deducing the result T(l— x) T(x )=— - — 
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895 An Unreal Value of x 

We note also that if x be unreal and =iy, 


iH(-iy)Il(iy-l )= — ~ — , 
sinh7n/ 

but that T ' as defined m the Eulenan maimer, loses its meaning 
See, however, Art 900 tor an extension of the definition ot V 

896 Both functions, viz n(as) and r(as-fl), have been 
shown to satisfy the equation of differences 

^*+ 1 =(»+!)«* 

Let us see from this point of view what can be ascertained 
as to the nature of the function v, x 

It has already been stated that this equation necessitates 
one form of the result to be 

u x =Ax(x~l)(x~2) (v +1 )ru r , 

where A is a constant or some arbitiary periodic function of x 
of unit periodicity, and u r is some initial value of u x to be 
chosen at pleasure 

Following Laplace’s mode of piocedure in such cases, assume 
as a trial solution, r 

t x F(t) dt* 

where the form of F(t) and the limits of integration are 
reserved for future choice 
Then, since u, x+ 1 =(x+l )u x , 

f t*+iF(t) dt= (x+ 1) jW(t) dt 
=J/'(f) (z-f 1 )t x dt 

the integration being by parts, and the square brackets de- 
noting as usual that the term integrated is to be taken between 
the limits ultimately chosen 

Hence the choice must be such as to satisfy the equation 
jW[JX0+ F\t)] dt=[F(t)t ^ !] 


* See Boole, Fmite Difiei ernes, p 257 
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Let us then take F(t) so that i^ T/ (i)+i T (^)=0, and the limits 
such that [F(£) £*+*■]= 0 

Our choice is now complete, and there is no further latitude 

The first equation gives — 1, F(t)=Ce-\ where 0 

is an arbitrary constant as regards t 

This determines the form of the function F m our trial 
solution 

The limits must then be such as will satisfy the equation 

[Ce-H*+ x i=o 

Supposing 2G-f 1 to be positne, this will be effected by taking 

£x± 1 

£=0 and £=oo , for in each case Lt —r= 0 

& 

Hence a solution of the equation for positive values of a?-|-l is 

r co 

C I e~ l t x dt 
Jo 

= CT(x+l) 

So u x =CT(x-\-l) is a solution, provided x+l be positive 
where C is any aibitraty constant as legends t 

To put the possible dependence upon x in evidence call 
C,v x 

Then 1 ), 

'U' X + 1 ~v x + 1 T (x + 2 ) = v x+ 1 (x-\- 1 ) r (x-\- 1 ), 
but 


v a+l Vx> 

whence it is clear that v x is either an absolute constant or 
some arbitraiy pei iodic function of x whose periodicity is 

unity, such as cos" 2 m; or where A ’ B ’ D are 

absolute constants, such functions returning to their original 
values when x is mci eased by unity 

Thus n {c =f[x)Y(x+\) satisfies the difference equation con- 
sidered when f(x) is such a periodic function as desenbed 
It appears, therefore, that the equation ^^=(3+ l)^ a 
is not co-equivalent with ^3.= r (cc+ 1), %e Euler’s Gamma 
function, or with u x =U(x)> %e Gauss' II function, hut that 
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these are particular foims of the solution, as has been pre- 
viously pointed out 


897 Euler’s Constant 

The limiting value when n is made infinitely great of 

1+5+5+ +; -lo s” 

is finite, positive and less than unity This limit plays an 
impoitant pait m our subsequent woik It is called Euler’s 
constant and denoted by y Its value has been computed to 
over 100 places of decimals (Proc Royal Society, vol xix 
and vol xx , p 29) 

The fiist twenty figures are* 

y = 0 577 215 664 901 512 860 60 

We shall presently show how it is to be computed For the 
present it is sufficient to show that it is a positive proper 
fraction, and this admits of elementary proof 
For 


^+ i °g F pi=J- i °g( i +i) 


_ 1 1 , 1 1 , 

• a convergent series if 


=positive, since r ^ 1, for eveiy bracket is positive , 

(l +lo 4) + Q +lo si)+ +£+ lo g^i) is positive, 

1.1.1. ,1,, 123 n 

r h 2 + 3 + + n +1 °g 2 3 i ^ ^positive, 


and as 


1+2+3+ +^“^°g( w + 1 ) 13 positive, 

log (w+ 1) > logw, 

J+2+3+ +“““l°g w 13 positive 


r * Se ® Todh unter, Integral Calndu 9, p 256, Seiret, Calc Integral, p 183, 
-egendre, Exercices , p 295 , De Morgan, D and I Calculus , p 578 
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Secondly, 

jr-H°g ^^=^+ lo g (* — f) 


— — — L — etc , a convergent series if r > 1 , 

9,r 2 Sr 5 


=a negative quantity 

Therefore 

1 + 1 + 1 + + 1 + 1»4 1 I — ^1 w a negative quantity. 


which, when n — oo, 


2 ^ 3^4 


x e 1-f + logw is a negative quantity, 

2 3 4 92 

and 1 +|+|+‘ + S _log n 18 leSS than l ’ 

and it has been shown to be positive 

Hence, making n increase indefinitely, y is a positive proper 

fraction 

898 Closer Limits for y 

Let «„=ir-i-log(K + l), (n > l) 

1 1 

Then v n - u„=log ^1+^) = positive, if nbe finite, and ultimately vanish- 


ing when n = co , \e u a =v ( a —y 

Now it„ - u n .i = jj 4 log = positi v e , »„-»„-i=i + l°g ?L--=negative, 

therefore, as jiincieasea, u n increases and v n deci eases towaids the common 
limit y , and u„<y<v„, whilst n remains finite 

Taking Bottomless tables of Reciprocals and Napienan Logarithms, we 

readily find 

3069, 4014, w 10 == 5311, 5532, 1130= 5610, etc 

Vl =l 0000, t>*= 8069, v 10 = 6264, v#= 6020, v 30 = 5938, etc 

We thus have an approaching set of inferior and supenor limits foi 7, ana 
note that it must he between 056 and 0 60 It will be seen Utei that 
y =0 5772 (Ait 917) 

899 Except for negative integral values of z, II (z) 13 Tinite 

■whatever z may be, Real or Complex 

If «!, u v u v u n be any series of real positive ^quantities, 

each of which is less than unity, the infinite products II (1 +«,•), 

nil— Ur) are convergent or divergent according as the infinite 

r= 1 
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senes 2« r is convergent 01 divergent (see Smith’s Algebra, 
p 423,* and Hobson’s Trigonometry, p. 319), and if the quantities 
«!> u 2 , u n be complex quantities, the modulus of each being 

less than unity, the product' II (l+u r ) converges if the series 

v r= 1 

S mod u r converges (See Hobson’s Trigonometry, p 320) 

It can be shown that though the infinite product 


?K). *o ( i +f)( i +I)( 1+ s)( 1 +i) 

which occurs frequently in the present chapter, is obviously 
divergent, yet if we multiply the several factors by 

Z _* 

e” T , e 5 , e 5 , etc , respectively,! 
we arrive at a product 

which is absolutely convergent for all values of 2 positive 01 
negative, real or complex 

For lo g( 1 + 3 = I _ i + is _ 


is a senes absolutely convergent if mod s < n foi some finite 
value of n , whence 



c - ,og KV 


,+7ZTi- 


2n* 3f»* 


i e 


1 D 2«* + 3 n* 

= C ; 



=1 “£ (1+eJ ’ say ’ 


where e„ is a series absolutely convergent which for finite 
values of z ultimately vanishes when n is infinitely large , 




* Also see Arndt, Q-runei t, xxi 78 

fWeierstrass, Abhandlungen Acad of Berlin, 1876 See also Hobson, Trigo- 
nometry, p 327 
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Suppose E the greatest of the moduli of l+e« foi all values 
of z within a range foi which the greatest modulus of z 

^ oo HjZ* 

does not exceed a given finite quantity, then mod ^ 
is an absolutely conveigent series, and therefore also 
y _£I. (1 4- e } is an absolutely convergent series, and since 

p (l-[-w n ) is absolutely convergent when 2 mod u n is convergent, 

?( 1 + D *' 5 

is an absolutely convergent product, as is also 

» , 

P 


p(l--)e* 
! \ nJ 


How Gauss’ H function being defined as 

12 3 fx z 

TL{z)-I*t— ( z -)-l)(z-)-2)(z-b3j (z+/G M 

. Z 

can he wi itten = Lt ^ = « 


— -Liu,= oo 


K')K)( 1+ I) (i+-p 

* (log -;) 


; ( 1 + z >' 5 


6 ^ 

where y is Euler’s constant, which shows that for all values 
of £, real or complex, positive or negative, excepting negative 
mtegial values, 

e,-r 

Unite function oiz' 

and is therefore finite 


900 Extension of Meaning of F (») 

So far it has been convenient to adhere to the Legendrian 
definition of the symbol r(&)> uz 


EXTENSION OE MEANING OF T(^) 

and to regai d x m this Eulerian integral as representing a real 
variable It has been shown to be identical with Gauss 
II function, 11(3-1), foi all real positive values of x Having 
diawn attention to the difference of behaviour of the function 
defined as an integral and the factor-function of Gauss ioi 
negative values of x, it is scarcely worth while observing e 
distinction fuither, and we propose to extend the use ot the 
symbol T(z) to negative and unreal values of 3, which means 
that, when z is negative or umeal, F is defined by 

1 2 3 £ , 

r(«+ 1) ^ H(z) ( Z _|_ i) ( 2 + 2 ) (z- ’ 

and that when z is positive it is defined eithei m this way 
or as j'V’fl’c&u, and therefore we shall in general legard II (z) 
as identical with T(z+1) or zT(z) for all values of % 

901 Thus a meaning will be given to such an expression 

as r(o +•/-!&). viz 



g-y(a-\-ib) 

a timte function of (a+i6) 


(Art 899) 


902 Ex 1 Tlie modulus of T(H ta ) 1S r(£-ta) 

= n/ { r G+ 1 «) r (i - ia )i = V 8 in -i- ta ) ir (Alt 895) 

“ COSIl <X7T 

Ex 2 If 1, o, a. 2 , a" -1 be the n' k xootb of 1 (» odd), we have 

(l+z)(l + <u;)(l + a2 *) (1 + o. n ~ l x) = 1 +&“, 

ind l + a+a*-+ +a«"‘=0 

Hence Il(r)n(a3;)II(a 2 x) II(a"- 1 r)= r Jp n(a r i), say, 
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( 1+ i n ) ( l+ h) ( 1+ r«) t0 inf 


v) n (a 2 x) n (a n '~ 1 x) 
1 1 


n p{n( a ^)} V r(i-ha r o 


thus * n (l + 1 »)(l+ 2 »)(l+ 3 „) -r (2f )r(aa:)f(I^) r(a»-^)’ 

where 1, a, a*, are the n th loots of unity 


903 Gauss’ Theorem 

This theorem is a generalization of that of Art 872, and 
includes it It states that foi any value of z 

-n«n(.-l)n(.-D n(.-5=I) ^ 

ms, -< 2 '» ” '• 

or, what is the same thing, as will he seen, 

.-re)r(«+I)r(.+jj) . r(*+^) 


T{nz) 


= (2tt) 2 n* 


Let the left-hand memhei of the fhst equality be called 
<j>(z) Then, first, we shall show that <p(z) is independent of z 
By definition, 


n (*-£)=£«_ 


/M 2 3 fj. 


( 1+ -3( a+ -3 ( M+z ~0 


Ltnz= CO 


rtf /l n 1 2 




(n -f nz — r) (2 n + nz — r) (/m + nz — r) 5 

n-l 

2 ( M t)" 




D 


where D is the product of the factors 
n+nz , 2ra+nz, 3w+?iz, /m+wz, 

w+raz— 1, 2n+nz— 1, 3w+fw— 1, /m-fwz— 1, 

rc+rcz— 2, 2rc+nz— 2, 3tt+nz— 2, /m-f^z— 2, 

w,-frcz— (w— 1), 2n+nz— (w— 1), 3 ti+^ 2— («,—!), (w— 1) 

[(iws+1)(w2+2) (nz+n)][(nz-+n- fl) fyz+ 2 ii)] [ (wz+^w)] 

=(m+-l)(wz+2) . 
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Hence 


%Tr / 1\ -f »-l\ Tt 2 (yu') n 

s n(z)n(z M J ( z n ) (nz-Hl)(»z+2) 

Again, writing «u for u in Gauss’ expression for TLinz), 

nM-fi 


(nz-f- !)(»«+ 2) (nz+nfx) 


„ j/N 2 I 

Hence *«=2* ^ 


" 2 V , ) n 


- 1 r ■ , n« 

2 

from which the 2 has disappeaied 
Hence, </>(z) is independent of z It remains to find its 
value To do this we may either obtain the limit of the right- 
hand side directly, or avoid this by comparison with a known 
case, for a particular value of 2, which will be a legitimate 
process, inasmuch as its value, not containing z at all, is an 
absolute numencal constant containing n 

Adopting the direct method and employing Stn ling’s result, 

y v -Izl U^UTTU^e-^Y 

. -jsgfcj; rju, 

&*£[_ 2 tt)~ 

,uM (nfj.) n »e~ ni * w* 

Hence, finally, 

.. ”“»>4-X‘-D n ( ! -^) <2x)V 

= um fit 

904 If we adopt the plan of comparison with a known 
case, take the case of a real value of 2, viz 2=0 
Then, remembering that II(^) = r(l+a), 


*<*)-♦«»- r<i>r(i— ;)r(x-jj) r(i-!^)/r<i). 


01, reversing the order, 


=r (s) r (;) r (;) 878 
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Wntmg n(*)-r(*+l), etc, we have 

rfg+i) * 

A ’(«+l) * r 

;* reversm £ the order ot the factors in the numerator with 

?; + W +1) “ d r <'+ l >-r(«) -d 

nzT{%z) " = - ’ 

”“r W r( g+ j)r( 8+ g) ^ 

~ rx^i) =(2 tt) 2 »*, 

which may be written as 

r <«> r (»+i)r(,+!) r(»+s=i) = r ( *x«») ¥ »i-" 

905 Oases of Gauss’ Theorem 
Putting z=- we have the result of Art 873, viz 

r © >’©<;) r(s^)- ( 2rPVi 

Particular cases are 

n=2, r(a:)r^+^=r(2a:) 


ie 

i 


e putting £ii for a, 


Wr(*+i)= s jLr W , 


r ?r) r ?r^r'VH). 

—a <.«. r W r(,+‘)r(x + §)_^ r(8l) , etc 

906 The case *=2 may be deduced duectly from 

f ? r(P±l)r(l±l) 

sm^deoso 6d8= : ' 2 \ 2 _ 

2 r(^+0 
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For putting q=p, we have 


J"^ sinP0 cos*# d9 

l 


{*<&)}' 
W(pTT) ’ 

sr(p+i) 5 


&inv 20 dd= 2 p ■ 

> 

and writing 26= <fr, 

JO ^ IT 

J o siaf 20 (i 0 =ij o sinp^^=£sm^ cty 


r(^)r(« 

2r ( E f ? ) 


i r ( p t l ) 

L t 1 


2 f(p+l] 

1 2 r 

ft 2 ) 


** 2'r(2±l) r (£+?)=„i r ( P+ i) 

907 An interesting proof of this result is due to M Seriet, 
{Calc Integ , p 174) 

Since B(p, </)= f ccP _1 {\ — x)^~ x dx we have 

Jo 

B (l». J>)- f \x-xy-Hx= f 

Jo Jo 

And since the mtegiand assumes equal values, whether 
we put ir=J-f-7i or ]■—/<, its values are symmetric about x=\ 
Hence ^ 

B (P.P)=2j o [l-(i-a;) 2 ]p- 1 ^ Writing - 

B ^^= 2 £ 2 i( 1 - 2 ) p - 1 (-i Ti) dz 




IMEIe) 1 r(|)r( P ) 
r(2^)) 2 2 P-1 r(y+i) 


or 2 2 '>- i r(p)r(p+|)=V7rr(2|>) 
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or writing 2jp=3+l, 

2« r (2±l)r(^)=^r(g+i) 

908 Another form of the general theorem is (wri ting - for z) 

r r^ 1 )- 

.. r( 2 )r(!±l) r(2±2)-rwr(i+|)(2-) !f> «*--. 

909 To prove f + log V{x)dx=x\.ogx—x J r\^og c L'r- 

Jos 

Taking Gauss’ Theorem for a real vanable 

rwr(«+i)r(*+|) r(« + ^l)-r(«K^--”. 

we have, upon taking logarithms, 
ilog|r(tia)(2r)^ 1 ul-’“j- 

=^iogr(*)+iogr(*+i)+ +iogr (^+^)} 

= s ^ io § r (*+ 0 ’ trom r=ot ° r=n— ij 

= \ 1 \ogT[x-\-y)dy, when %1S indefinitely increased, 

Jo 

=|* H " l logr(v)dv, if v be put for x+y 
Thus, hy Ait 884, 

f*+ 1 , , T , l, rJ2^{' nx ) nXe ~ nx t‘>-'Crn i-„*l 

I logr(i))dv=if„=»-log|_ — ( 2ir ) 71 J 

J X 

=| log 2 log a—x=\og xPe^tf-ir) 

910 This expresses the area bounded by the cc-axis, tlic? 
curve y=\ogT(x) ) and two ordinates at unit distance 
Changing sc to x+1, and adding to the former, 

f * +2 log T (a;) <fa; = log { af (a; 1 ) r + 1 e _ *e _(!,!+1 '( 2w )* }, 

J* 
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and so on, and more generally, 

J x+n 

log r(x)dx 

X (n-l)ti n\ 

=log{a:“ ! (a)+l) 1+1 (a:+2) 3! + 2 (*+»- ly'+’-V”' 2 (2*r) 2 J> 

where n is a positive mtegei 

911 Expressions for the Differential Coefficients of the Function 
\/r(a),logr(»+l), and Expansion of log r(a;+l) 

p 7 (/£\ 

Let ns write \[s(x) for ^log ^ ( x )> %e pjx) 

Then taking tlie logarithmic differential ot Ganss Theorem, 

r(nao=ii™ r (x) r (*+i) r (*+^)/ &*?***> 


m/r(n*)=m log n+\Js (z)+V r ( a: +^)+ ( a 

and differentiating again, 


u—1 

n 


)■ 


n a ^nx)=\[f'(x)+t'( x +£)+ J r ^'{ x - 1 ) 


Hence 


nyjrXxx)=^\^'(x+^, from r=Oto r=«-l, 

^e Ll n=a n^'(nx)= j^'(x+y)dv =[^ ( a! +^] j , =0 

=^ ( x+ 1 ) (*H&iog r(*+i)-^iog r(*> 

i r(s+l) _d 1n _ 1 

<te l0g T(a;) dx g a:’ ^ 

le Lt n= *(nxW(nx)=l , or writing t for «®, ^'(v)=- m the 
limit when v is infinite, and theiefoie \fr{v) ultimately 

vanishes 

i 2 


That is log T(a:) vanishes when x is indefinitely increased 

I*(*+»+l) 

Now r ^ = b(®+l)(®+2) (*+5T) 

Hence, taking the logarithmic diffeiential, 

- 1 


- jp + i aj+2 


-yjr (JJ+'H+I), 
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and differentiating again, 

^l-3 + !5T5?+5^ + •+(JTir. + ^+’‘+ 1 )’ 

and it has just been pioved that \fs'(x-{-n+l) ultimately 
vanishes when n has been indefinitely increased 

» 1 «er(*)-W-5+^l I 5,+ ( -^+ (i) 


The senes (1 ) is obviously convergent for all values of % > 0 
becoming infinite at sc=0 

Integrating this equation between limits 1 and x, we have 


4- 


-(l-j) + G-iTi) + (|-ffl) + < 2 > 

which is a conveigent senes, for the test expiession, viz 

Lt H .„n( 1 - 5SU»)-X< " fe+y =2, 
v v n y (w-i-i )(*+«,) ’ 

and is greater than unity (See Smith’s A Igebra, Art 342) 
Again, we have seen that 

n\^(nx)=nlog7i+\{r{x)+\^(^x+^+ +\Jr > 

and putting x=l y 

\p- (n) = log fiom r— 0 to r—n — \ 


Hence when n increases indefinitely, 

Ltn=»bls(n)-hg %]=* J* yls(li+x)dx 

= [log r (l-has)]^=log £g=log 1=0 

That is, logw)=0 . (3) 

Putting cc~ x in equation (2), 

1 , 1,1 



EXPANSION OE lo g r(a:+l) 


99 


i e by equation ( 3), 

-iMl)=Zi B= « 0 (j+2+ + "kg to) 

= Euler’s Constant y, 

ie ^(1), or |^logr(®+l)|^=- y 

Hence, by equation (2), 


(4) 


a i««r(*)-v.W.- y+ (i-i) + (i- J l 1 ) + to 


dx 


I 1 ®“1 , 1 x—l , , 1 x — 1 

= ->' + i— +2 5+1+ += 


which may also be written as 

Aio g r(s+i)=Lf„ = ,[iogTO 


n x+n— 1 
1 1 


to oo . 


( 5 ) 


1_1 

35+1 a;+2 x+nj 

Again, differentiating equation (1) n — 2 tunes, we have 


|>gr(*)=(-l)»(n-l)t[l + 


1 


ie 


where 


(x+1)*^ (z+2)«^ 
^ (n - 1 >(l), or |^lo g r(a:)}^ i =(-l)»(n-l)iS n , 

lS n = — + — +1- + 
n \n ‘ 2 n 3 n ~ ’ 


to oc 


]• 

( 6 ) 


which is convergent if n> 1 , or, what is the same thing, 

{£j<>Sr(x+l)}^=(-l)n(n-iyS n (7) 

Also |logr(*+l)J o =io g r(i)=o, 

we thus have 

{iogr(*+i)}^=o ) {^iogr(x+i)}^=- y , 

{ d n ) 

^logT(a;+l)| ^=(~l) n (n—l)' S n , where ms < 2 

Maclaunn’s Theorem then gives 

logr(a:+l)=-ya!+S 2 ~^+S 4 ~ +(-l)»,S„£+ , 

a result othei wise established m a subsequent article, and which 
will be thrown into a more convergent form, by the addition 
of other known series, for woikmg pui poses This series is 
convergent if x be numerically < 1 
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912 Collecting for convenience other useful results of the 
above article, we have 

(a) Lt x ^-^\ogT(x)=Q and Lt x=0 ^\ogT(x)=cc , and m 

any case ^ogT{x)=±+ £^+(^ 2 ?+ to 00 > 
and is positive 

(b) when ms infinitely laige 
V(n) 


M {s 1 »e r <* +1 )L.-- y '“ d ' {E lo * r<1:) }.." _y 

/+(l-JTi)+(|-JT3)+ to ” 


(a) Since -—log Y(x) is continuously positive for all positive 
dx (-j 

values of x, ^log Y{x) is an increasing function as x 

mci eases from 0 to qc , starting from the value — oo 
at ®=0j or, putting this geometrically, the tangent 
to the graph of ^=logF(cc) is continuously rotating 
m a counter-clockwise direction as x passes from zei o 
to infinity, and the curve is always convex to the 
foot ot the ordinate 


913. The student may note the following particular values 

of £ logics), viz taking tt 2 = 9 8696044011, 

ax* 


no) 


f,(5)= (Tj + jij + JTj 2+ =4 (r i+ i + i + ) =4 

^=^=4 9348022, 

8 2 

W)-v+i+}+ -j 

=16449341, 

f'O s) = 4(1+1+ )=4(^-^)=J-4 

= 9348022, 

n 2 )= &+$+$+ “^■ _1 

= 6449341, 

f(2 5)=4(I J+ I 2+ )-i(^-J-J)-Y-44 

= 4903578, 

W5-P+J+J+ 

= 3949341, 

etc 


nn 

- 0 , 
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which indicate how ^ 2 logT(x) is deceasing as x incxeases, 


hut always remaining positive 


as 3 


914 


X U 0 & . Q 

Since log r(a+l) = — yx+o 2 -^—^ z -^ +^>4 4 


we 


may write r(#+l)as 

e r* , , Sfi 

T(z+l)=e~*e 2 *e~ i e' i 



y¥ y 3 # 

2' 3' i ' 


• )(m£ )(> 


<! - 
~ S *3 


) 


= 1 - 7a + (y 2 2 + S 2 ) - (y s + 3 y S 2 + 25 s) 31 ”>• > 

which expands T(a+1) as far as cubes ot x, and which might 
be useful foi very small values of x, but the presence of 
powers of y renders calculation troublesome, and less incon- 
venient methods of calculation will be given later 


915 It is noticeable, too, that 

logrCe-fl) » q ^-i_« i t-— 

_ sl _± y+e*2-** 8 + £> 4 4 

and that the several differential coefficients of this expression 
aie therefore free from Euler’s Constant y, viz 


d» logr(s+l) 
dx” x 


8 . 


n ± 2 




15+1 «+2 1' 


= (-l)”- 1 » 


/ ®n+ 1 

71 + 1 S n +2 rr . J _ 

U+l 

" 1 n+2 + 


71+3 2 1 

n+1 7^+2 $ ■n+S j.2 

1 2 ti+3 


} 

•} 


And, similarly, if m be any positive integer, 

= — (m+ l)„ya: ra+1_ "+ jC ( ~ y ( m + r )>i xm+r ~ n > 

where («i+l) r denotes (m+l)(m)(m-l) to r factors, if 
n <: «i-f 1, and is free from y if n > m + 1 , also that 
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91 6 Expansion of log r(l+«) deduced from the II Function 
The senes 

log T (Hb*)= -yx+S 2 j -S 3 t+s^_ 

may be arrived at at once by taking the logarithm of the 
Gauss formula m the form 


T(1 +x)=Lt, 


"O-HDO+D (>+!)' 


VIZ 

logr(l+a:)=a;log^-log(l+Q_l 0 g^i + ?)_iog^i + .g_ f 

and expanding the logarithms, supposing — 1 <x< 1, 

logr(l-f a5 )=It[x(log^-*5 1 )+S 2 ^-S 3 ^ + ], 

where S r =p+i+^ r + , 

and 22(5,— log fx)= Eulei’s Constant y, and the senes S, (r > 1 ) 
aie all convergent 
Hence, 

logrn+r)— +(-i)-«.S+ , 

(—!<*< 1) (1) 

J>ow, the even terms may be removed by the addition of 

Uog;* ,r 


s sin xi r 


For 


sin xt 
Xt 


- ( 1 ~p)( 1 ~K( 1 ~l) adm f’ 


and taking logarithms and expanding, 

x- 
! 2 


0 = 5 log — ^ sX-S -- 

2 ° sm xtt 2 2 ° 4 4 


Adding to equation (1), 
logr(l-f ic)=J log- Xir 


-yx-S^-sX- 


t 

5 


( 2 ) 


(») 


5 Sin Xtt 

Ihe coefficients 8 Zf S 6 , all begin with a unit This may 
be removed and the series reduced to a much more convergent 

form by the addition of the series for tanlr^a to each side 
viz 7 




tanh - ' 1 # — 1 


, as 3 , z 6 
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And we then obtain 


log T(l+a:)= \ log— — - tanh^a:-f-(l — y)x 

□111 vC7T 

-(S,-l)~(-8 6 -l)~ (4) 

The values of y, S 2> $ s , S ^ are all calculated, and the 
tabulated results are given in Art 957 Euler calculated 
$2 to &15 Legendre* gave the values S 2 to $ 35 to sixteen 
decimal places The list m Art 957 is taken fiom Legendre’s 
list as given by De Morgan, Ihjf Calc , p 554* The series (4) 
converges rapidly and is used for the calculation of the values 
of log F (x) Legendre gives a table of values of AT (as), le 
10+ log r (a?), from LF(1 000) to AT (2 000) to seven decimal 
places, m his Exercices du Calcul Integral , pages 301 to 306 
A table is also given by Bertrand, Calc Int , p 285 


917 Calculation of Eulers Constant y 

These senes may be used for the calculation of Euler's 
Constant y by taking a value of x, for which r(a?) is otherwise 
known, viz as=£, for which T(as)= v /^ : 

Equation (1) gives 

r = - hog r (*+■ i) - , 

and putting £ = 

y=l°g e — + 2^2 2~3^22+j^423~ - (5) 

Equation (3) gives, by changing the sign of x , 

log r<i -*)- J log -2_ +rc+ s,| + s s ^ + , 

and putting cc=+ in this, 

7 ^ 5^5 2^ 7^25 > (6) 


which is more rapidly convergent than the former 
Formula (4) gives 

2e S A -l 1 S r ll S 7 - 


%e 


y=tog a 


3 


2 2 


2* 


5 

1 

2 6 " 


2 5 


( 7 ) 


* Tra%t4 (let fcnctiom elliptn]uea % Legendre 
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This is the best of the three series to employ to find y 
And with the aid of the tables of values o£ S p the calcula- 
tion to seven places, which is all that is likely to be wanted 
for ordinary purposes, may be readily performed 
The value of y is 

y = 57721 56649 01532 8606 , 

and l_ y = 42278 43350 98467 1394 

The value of log.10 is of course required It is 

log e 10=2 30258 50929 94045 68401 79914 , 

and the modulus log 10 e= 43429 44819 

918 The numerical calculation of values of logr(H-x), and 
therefore of T(x) itself, will now piesent no difficulty With 

the values of etc , inserted, the working foi mula 

stands* as 

]og t r(l+as)=|log t ^-3 log. xrjb 4227843a: 

- 06735230a? 

— 0073855a? 

-0011927a; 7 

- 0002231a: 9 

— etc, 

and is rapidly convergent for the small values of a; less than 
2 19 being 1024 Hence the last term 00022 31 x 9 in 
the case %—$ becomes 0000004, whilst for % ~ which is the 
largest value of x for which it will be necessary to use the 
senes (see Art 921), the error in omitting all the remaining 
terms of the series will not affect the seventh decimal place 
Hence we have lieie all that is necessary for the construction 
of seven-figure tables for log T (x) 

919 It is woith noting that the addition of log (H-x) 
and log(l — a;) respectively to T(l-l-x) and T(1 x), viz 

£ 2 rg 8 qA 

logT(l-f-x) = — yas+Sj-g — — 
and log T(l— x)= ya - +£ 2 ^-+iS 3 ^-+$ 4 -£~f 


♦Bertrand, Gale Integral, p 250 
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i 0 gr(i+:»)=— lo g (i+a;)+(i-y) K 

+(a 2 -i)^-(S 8 -i)T+( s 4-i)i~ 
a od logr(l-s) = — log(l— *)— ( 1_ r)* 

+(s 2 -i)^+(s 3 - 1) 4+ ( ^~ 1) ir + ! 

whence 

^ r 6 

-Wi- 1 * * * )?- 

But iio g r(i+*)r(i-*)=|iog iI ^ 5 . ^ addm s> 
log r (1+*) =i log i ^-tanh- 1 a:+ (1-y) ® 

oo £C 2n+1 

— ^( S 2n+l— 1 )2 W 4-1’ 

the aame senes as befoie, which may be wntten 

log ra+»)«* log (^5 t 5) + (1 ” Y)x “? (S2n+1_ x) ^+i 

T , 1— a —1 

and putting 21 = 1 , since Lt x=l x cos T 


1 i | ^2n+ l 1 

l_ y =£log2+2-2^ +1 

and putting ®=J, since F (-]) = i v 7r, 

l- y -logl 5+lilf^ (o' ■“ 917 > 

These senes are given both by Serret and Bertrand for the 
calculation of r(l+&) and y 
The formulae 

logr(l+a5)=^log^ i -yx-3S i :r , -gS 6 ^- , 

logr(l-®)-|log 5 ^ 5 +y*+gfla^+g fi « a ^+ > 

, o I®. 

y=log { 2- 5 22 52 1 7 2® 


and 
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we given, by Legendre (Exeraces, p 299) But the addition of 
the senes for tanh-»* adds to the rapidity of the convergence 


920 Since r(m)r(l-ja)=— ~ 
1+3 sm mx 


for m, 


, we have, on putting 


Hs)r(i+)- 


l+a? X 7 T 

sm -j- t cos 


r(,)=2*^^ (Art 905 


'Q +x ) 


Hence, writing | in place of x, 


r(|W-y?-£M . 

2 rQ+J) 


From equations (i) and (u), eliminating r(^?), we have 

r<») £ ikL (rn) 

2>-«.f r(I=?) 

921 By means of the four formulae 

r(a?)*(a-l)r(»-l), (1), r(x)T(l~x)=^~, (2) 

1 sm Xir 3 v ' 5 


2 1_ ®cos^ 


(3) , rw . 


m » 3 / 71 ” _ 

2 1 “ a cos-g- r 


(¥)' 


it may be shown that r(x) can be calculated for all values of 
* when those between r(« and r(« have been calculated. 

(ct) For l<a!-<oo, reduce by continued application of 
formula (1) to a case 0 <e/< 1 

(f>) For reduce by formula (2) to a case 0 < y < | 

(c) For tO <§, reduce by formula (4) to a case i < y < 

_ T /r i •« 


For if 3>i, 
and if a < ?, 


*1 , 
2 <§ and 


1— x , 1 


1— x 1 

2 ^6 
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(d) If*<<r< -j, the case needs no reduction 
{&) If 0<£C<£, use formula (3) This involves rd + rr), 
and \+x lies between \ and and therefore falls under case 
(c), and an application of fonnula (4) reduces T(a;+-|) to cases 
in which the arguments lie as before, viz i <Cy 
In T(2a;), which occurs m the numerator of formula (3), if 
0O<i> we have 0<2 e< 3, and if 2a; >£, no further 
reduction is necessary 
But if 0 < x < T l T , we have 

0 < 2x < i and 0 < 4x < } 

We then use foimula (3) with 2x written for x, 

Similarly if 0 < x < use 

r(to »-^ 2 ‘-rS®&' 

and so on 

Hence it follows that the use of senes will be only 
necessary in the case of P(a;), where x lies from -} to -J, and 
that ’when this group is calculated by the series, all others 
follow by the above rules 


922 


Graph of y=T(x)= [ e~ z z x ~ 1 


dz 


Regarded as defined by the integral, it is plain that so long 
as x is real and positive T(a;) is a positive function, and that it 
becomes infinite if cc = 0 y as may also be seen from the fact 

that r(a)--r(*+ 1), and theiefoie T(0) = ^= x 
x 0 

We have seen that 


d 2 . . 1 , 

- 2 lo g r(x)=- 2 +, 


+ / 


dx 2"& - ' -(S+2p 

and therefore is infinite when x = 0, but for all values of x 

from 0 to oo it remains positne and finite Hence 

d . r./ \ r'(®) 

^logn*), p jjy 

is an increasing function of x, and its value at re = 0 is 
obviously —oo, for 


( ^ 1 <>gr(®)--y+(J-j) + (|-^ 1 )+ (A,t Oil) 
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Also, when x is + 00 , 

™ = _ y+i+J+ 


to 00 = + 00 


Hence 


H») 

r<») 


increases from — x through zero to + oo as x 


increases from 0 to x and as r($) remains positive throughout, 
T'(x) changes from negative to positive once, and once only, 
as x increases from 0 to x 

Therefore r(a) has one, and only one, stationary value, and 
that is a minimum, and T(a;) deci eases from x when x = 0 to 
T(l) = l when x = 2, and since T(2)=l and T(l) = l, the ordi- 
nates at x = l and x = 2 are equal, and the minimum lies 
somewhere between x=l and x = 2, and is numerically less 
than unity From x = 2 to sc=x the value of T(cc) is con- 
tinually increasing 

The curve then 


(а) lies entirely on the upper side of the a;-axis , 

(б) it is asymptotic to the y -axis , 

(c) it has a minimum between x = 1 and x = 2 , 

(d) it recedes from the a?-axis from x = 2 to x = x 

The equation to find the exact position of the minimum 
ordinate is = or writing x=l + £, — r(l + £) = 0 

Also dlogT(l+t) r(l+t) 

dt r(i+o 

Hence j 4 r ( l +«)= r ( 1 + i )[-i^H-(i-y)+('S 2 ->)< 

— (&i~ i)< 2 + J. 

and t is to be found by tual from 

^=0422784 + (S 2 -1)*-(S,-1)< 2 + , 

and substituting for $ 2 and S 3 their values in decimals to a few 
places, an approximate value for t may be obtained, and by 
the usual approximation methods the result may be found as 
neaily as desired Serret gives the result to seven places, viz 

£ = 04616321 
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ie the abscissa of the minimum ordinate is 
£=1+2 = 14616321 , 

and the value of the corresponding ordmate is found to be 
y = 0 8856032 * 

In the tables for Zr(s), ie 10 + log T (a?), we find m the 
vicinity of the minimum 

* LY(x) x LV{x) 

145 9 9472677 1463 9 9472396 

146 9 9472397 147 9 9472589 

1461 9 9472393 148 9 9473079 

1 462 9 9472392 



So we see from the tables that the minimum ordmate is in 
the vicinity of 1 462, and the value of the corresponding 


* Bertrand gives 0 8556032, page 283, and again page 284, line 3, and the 
result is given elsewhere This is evidently an error The result is given 
correctly in Serret, Calc Intzg , p 186 
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logarithm, 1 9472392, indicates an ordinate 0 885603 approxi- 
mately The minimum ordinate is reached, theiefoie, a little 
earlier m the march of x from 1 to 2 than the half-way 1 5 
which might have been expected from the very rapid fall of 
value in r(s) between r(0) = oo and T(l) = l and the much 
slower rise on passing a; =2, r(2)=l, T(3) = 2, 174) = 6 
T(5) = 24, etc 

For large values of x, approximates to ’^ x ’ 7r7 ^ e ~ x _^ 

and the graph of y=T{x) to the curve y = ^J— 

We have now seen to what shape the several curves m 
the graphs in Art 886 are gradually tendmg, and com- 
parison should be made between the figures given there and 
the graph of the limiting form y = F[x) m Fig 320 of this 
article 


923 It will be noted that since T(a:) is decreasing from 
3=0 to ®=1 4616321 and increasing from 3=1 4616321 
to x oo much more slowly, the differences are negative for 
the first part of the march of I» and positive for the second 
Similarly foi the differences m the tables which give log T(a:) 
or AT(3) The tabulation is only effected from 3=1 to 3=2, 
for by virtue of the reduction formula r( 3 +l)= 3 r(a:) this 
is all that is necessary In using the tables caie should be 
observed with regard to the change of sign of the differences, 
and those who wish to make close calculations should observe 
the remarks made by Bertrand, Calc Intig, p 284, with 
regard to the behaviour of the differences both of the first 


924 The rule of interpolation commonly used is 
u x=Uq+x A% 0 + 


(Boole, Finite Differences , Art 2), 


rather than, the ordinary rule of 
stops at the second term 


proportional parts, which 
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925 Expressions for 

/7 fJ2 Jfl 

^logr(a), -JJ, log r (a?), ^logTW, etc, 
as definite integrals 

The expressions foi ^logF(a:), J^logr(x), etc, viz 

> g r ( ,)- iJ ,..{io g „-(l +i l I+ J- 2+ 4-,-^)}, (.) 

®i»gr<*)-5+ ( _^+_ip+ to., , 2 ) 

^io e rw-(-i).rw[ i i+ jJ J 15;+jJ i 5 -.+ t„ »], (3) 

can readily be conveited into deiinite integrals by aid of the 
results f* 

j (a) 

r°° ( 7 —z g— 

and J dz=\ogk (b) 

(а) has been proved in Art 864 

(б) can be established thus 

Integrating with legard to A between limits 1 and A, 


To convert 

-t~- log r (x)=Lt n - 00 1 log n — — y— — — i-— — - 

dx 6 v 1 n l * x x+l x+2 x+n— 1 

the right side may be written, by aid of (a) and (?;) 

Q 00 fp-P — p-nfr 

\ /3~ ~~ e ~^ z+l) — —e~P( : 


=i<„=„rf (-— * -e- ?(*+')- iA^I 

=i ia> 

for the second integral disappears when n is made infinite 


e~P — e~ n ? 
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926 Witli regard to Jq =j e~ nfi — y~^) dfr it niay he 

desirable to make a closer investigation, for though for all 
values of / 3 between e and infinity where e is a given small finite 
quantity the factor destroys the integrand when n is made 
infinite, there may be some doubt as to the behaviour of the 
expression m the immediate pioximity ot the lower limit 
We note that 


1 e-*? 1 (x(x— 1) 

fi 2 12 



and is finite for all given positive values of however small 
jS may be, tending to the finite limit x — ^ when /3 is inde- 
finitely diminished 

Let K be its greatest numerical value between 
/3=0 and /3=e 

Then the portion of the integral I between 0 and e does not 

{ e 1 0— 

dB, ie K , and therefore vanishes m 

the limit when n is indefinitely increased 


Hence j e~ nfi ^ e | d/3 vanishes when n is made 
infinite, for all positive finite values of x 


927 To convert 

£i.gr W _(-i).rw[i+ is i T ,+ (i i Ji + ai »/], 

the right-hand side may be written by theorem (a), 

= (_!)» [ [ e ^n-l +e -(x+l)^n-l +e -(x+^ i gn-l + ] d/3 , 

Jo 

J^Iogr(a;)=(— 1)"^ (w<t2), (B) 

and this includes the case 


d? 

da? 




<C) 


928 The same method of treatment will apply in many 
other cases 
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Thus the sum 


£j>=p+g?+p+ i.P> 1 ) 


)d/3 

i rpv-'e-tjQ 

“r(p)J 0 'l-e-^ 


ftp- 1 e'»_ 1 

? -? _ 2 f( 2 )) 


sinh § 

i 2 


929 Again, 

__ 1,1 I 111 


(p>l) 


= rfe)l/'” 1(e ’' +e ' 3,,+e " 5 ' J+ )<?(8 

1 r B*- 1 , R 

_ r(j5)J 0 — 2r(j))J 0 smh/i 


Similarly 


,'=i_i+i_i+ 

* l v 3 v~ op 7 p' 


1 f l f- /T? , 

_ r(35))„ l+e-^ i/3 2r(y)J 0 cosh i S^ () 

And whenever such series occur the conversion to a definite 
integral form follows at once For instance, m the expansion 
(DijJCalc, Art 574) 

CC jjjS 

secaj+tanav = l+^ 1 p+42 2"!“^^3 3i _ '" » 

^^V(-r+(r+(-r+ }• 

A„= 2 ^) + | / 3 n [e‘^+e _ 3 ' s +e' 6 ^+e _ 7 / 3 -l- ]<?/?, n odd, 

and = 2 (^) fl+I | ]dfi, n even , 
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Thus the >i ta Beruoullian. number 
n 2 m 


2 n-l 2 2 «( 2 25 

and tlie n th Elilerian number 


71 A 2 71 f /3 2n 1 jq f-pj* 

STZri) (2 2 «_ ! j ^ J o smh/3 P ' K } 


/ 0 \ 2 n+ir“ / 32 * 

If we wnte S 2n _ 1 as 

®a»-i= (2~ )iL[ 1 'f _ 2 5 »+3^+ -]=2(2ft)> 2 (2 rx ) Zn 


(I) 


= 4wf ^»-i( e -2^+e-‘^-f-e- 6 ’' , + )i/ 3, 

Jo 


we have 


a result due to Plana (ilfem & Z’^cad deTunn, 1820 )* 


(J) 


930 Another Method of obtaining Expressions for log T(a?), 
d d* d n 

^logr(as), ^2 1() S r (fit), - ^^logT^) as Defimte Integrals is 
as follows 

Differentiating the equation r(a;)=j* e^a^da, we have 

^-JV«rf-Uog ada . (1) 

But T=-, 

J 0 L cl J 0 a 

and integrating this between limits 1 and a with regard to a, 
log °= Jo 6 ~ e — * • (2) 




■} 


* See Boole, Fm JDi^T, p 110 
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and changing the order of integration, 


n fiO 

n 


— (iTir) 




£ lx T(a;) dx J 0 z v. (l+z) x J v 

Integrating this with regaid to x between limits x—l and 

io S rM-Q{(*-i)e- _!L+'&-!I+f }* (1) 

Putting x—% 

0= riie— g ^' -U 

Jo 2 1 log(l-fz)/ 

Multiply this by x—l and subtiact from equation (4) , 
io*r ( r)-£ {(.-1)0 +* ) -»- (1+ *>^ tl >r ) 1 _^ 

( r >) 

Now put 1 + 2 =^, 

log r(*)-f ’ f (®) 

Differentiating this with regaid to x, 

Ai og r(x)=j o (7) 

and a furthei differentiation with legard to x gives 

(») 

Diffeientiatmg (8) n — 2 times with regaid to x, we get 

^i og r(*)=(-i)»{ o "^pr^ O* 2 ) ( q ) 

Results (C), (7), (8), (9) give log ]"(*), and its diffeiential 
coefficients expiessed as definite integrals 
Fiona (9), expanding (1— e - * 3 ) -1 , we have 

^logT(ai)=(— l) n | j8 n- i(e-^+e" ( * +1)? +e' <,+!) '+ )d/3 

-(-i)*r(»)|T+ f ^ I ) ; + F p5 r .+ <»«]. 

the formula of Ait 911 (6) 
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And so far as formulae (7), (8) and (9) are concerned, these 
definite integral forms are the same as those obtained in 
Arts 925 to 927 from the result ot Art 911 (6) 

981 Approximate Summation Maclaunn’s Formula 
As we are dealing with many series of the form 

(p>i). 

and other forms in which in some cases an exact summation 
has not been effected, it is desirable to explain the method 
usually adopted for approximate evaluation of such summations 
Defining the symbols E } A as m Differential Calculus , 
Art 550, viz such tli&o 

Eu x =u x+1 and Au x =u x+1 —u z =Eu x —u x or ( E—l)u x , 
and also remembering the symbolical form of Taylors theorem, 

e hD u x ~u x+h , where , 

we have the following identity of operators 

Emj>mA+l 9 

and it was pointed out m the Differential Calculus that these 
operative symbols obey the same elementary rules of algebra 
as quantities, viz the three fundamental rules 

(a) the associative law, 

(b) the commutative law, 

(c) the index law for positive integral exponents, 
with the exception that they aie not commutative with regaid 
to variables Hence, bearing this exception m mind, there is 
an algebra of operators bearing formal analogy with the 
ordmaiy algebra of quantities, and such theorems as the 
binomial, multinomial or exponential expansions hold 

Let us define another symbol, 2, to be such that 

'£u x =U x _ 1 +U x _ 2 +U x _ 2+ + u a> 

where u a is some fixed term of the series 
Then 2 < i& iB+>1 — 2u x =u je) 

%e 2Au x =v X} 

and therefore 2 repiesents the inverse of the operation A, 
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which may be written as ^ or A" 1 , and since A{/“(cc) +C}, where 
O is a constant and f(x) is any function of x, is equal to 

[/(*+ 1 ) ' + O] - [/(*)+ V}=f(x+ 1 ) -/(*). 

so that the constant disappears, so in reversing the process, it 
such reversal be possible, we must restore the constant, so that 
we shall regard "2u x as A -1 u x +G where C is an arbitiary 
constant to be determined m each special case 

In this respect the symbol of finite summation, or integration, 

2 behaves exactly as the sign Jdsc of the integral calculus 

Thus 2 “* sCf +J“i 1 l * sC, +prr 1 {l * 

Now it has been shown that 

W Calc, Art 148), 


whence dividing out by t and wilting D in place of t , we have 
the following equivalence of operators, viz 


1 _1 
e D -l "D 


D—^ D 3 +— 6 D 5 — 
2 2^ 4» ^6* 


in which all the operations on the right side represent direct 
differentiations except the first, which represents an integration 
Applying this to any function of x, viz 


v n i f i du x B 

2u,= 0+\u x dx-^u x +j\ 


d? u x 


1 Ax? 


3? Ux 


For this and many other formulae derived from the same 
principles, the student may consult Boole, Finite Differences, 
p 89, etc 


932 Apply this theorem to the case of the series 


i+ i + ! + 


+ l 


Here 

Hence 


1 v , . 1 , 1 , 

U *=X’ 2w * =1 +2 + 3 + 


x—l 


i + 4 1 + +1=1+g+ *-(!)+ 

^x a +u+ J x 2x^2' dx\xJ 4' dx?\xJ^ 

n . , .1 B. 1 .B s 1 B. 1 . 

=C+log e x+ Tx -f -^+-*---5 - 5 + 


4 x? 6 as® 
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The constant C must be determined in such examples, either 
by reference to some known case of the summation, or by 
absolute calculation of the lesult for a paiticular value of *, 
and when once found, the formula can be used with the deter- 
mined constant foi summation for other values of x 
In the present case, putting x=oc , 

C=Lt x ^„ (l+g+g+ + "log a) = Euler’s eonstant=y 

If this be available (see Ait 897) the series can be used for 
the calculation of the harmonic senes to any degiee of approxi- 
mation required If C be not available take the case a; =10, 
and insert the values of Bernoulli’s coefficients, viz 

B-y—i, A 8 = g V, - B 5=4T. B g =s\, etc (see Art 879) 

Now 


1 +i+£+*+i+£+*+i+.H- 1 ] iy =2928 968 254 
Alao log, 10 =2 302 585 09 , 

2 928 968 25 —2 302 5S5 09 


=0+1 — L JL + 


l l 


r 2° 12 10 2_l_ 120 10* 252 iO^+240 L0*~ 
626 383 16 = C+ 049 167 496, 

57/ 215 66 (Euler’s constant), 
which is correct to eight places of decimals 


Hence to the same degree of approximation we may now 
proceed to sum the senes to any other number of terms by the 


57721566 -(-log e a:-)--i — e i c 

* x s '2a; 2 a; 2 ^ 4 & etc 


It wiU be noted that to obtain eight decimal places of Euler’s 

constant only three of the terms on the iight-hand side affected 
the result 


933 Take the case 


i JL 1 i 

l n "^2 n ^~3 n ^~4 n "^ 


+ ^n (»>1) 



Here 
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2m„+JL = _L + o + f *.f±\ . h dB f 1 \ 

x n x. n J v n 2 At” 4 1 da^Ve*/ *6 1 rf» s Va^*/ 

= Ji + 0 1 L 1 n 1 .»(»+l)(» + 8) I 

v7l ' ^ ™ I ^w-1 — ~ 77; ' |“T H = - — - — 


n-i x n ~ x 2v n 12 jo* 1 * 1 


720 


except in the case ra = l, when log ^ i enlaces ^ L_ 

n - 1 x n ~ l 


Hence 


1 . 1 




= C - ! w(w+l)(?H-2) 1 

n - 1 2 12 ^ n+1 " 1 ~ " 720 ^+3 ~ etc 5 

and this series can be calculated to any degree of approximation when C 
has been found 

In the case when n is even, the exact sums foi an infinite number of 
terms are kuown for the earlier values of n The values for n==2 ) 4, 6, 8, 10 
are given m Ait 879 5 1 

When this is the case the exact value of C is known, eg if n = 2, 
0-^r (Euler), and 


I 

i 2 


+1+ 


I = >L a _! . j__i ill ii t 

& b r 2x J 6 x 3 + S0x‘ 4 2 x 7+eto 


If n- 4, (Eulei ), and foi even values of n higher than 10, 

C cm be found fioui B Jn _, (See Art 879) 


934 For odd indices we proceed as in Art 932, and the 
value of the constant is to be calculated, as it is not available 
otherwise 


Thus, if n—3, 


i,i . J , , L—r 1 . 1 L 1 . - * * * , 

+ * 3 ” 0 ~2^ + 2lS~4^ + T2 .r«"v5Ti + 


-JL + J i i.JL i 

2^ a ^2t 3 4 <t 4 ^12a 6 


21 

12 * 8 


Take the case v=10 It will be found to give C= 1 202056903 to 
the first nine places of decimals, and to that approximation with this 
value of C the formula can be used for finding the sum of any other 
numbei of teims 

The \alue of G is the sum to infinity, in all these examples, viz 
2 except when n= 1, a case which has been considered 


935 Consider finally the case 

log 1 + log 2 + log 3 4- H- log % 
u x = logr , 


Heie 
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log(jci)=C+log3!+ J logtf<*r-llogi;+l i ^loga; 

&h£**o- 

-C+log^dog^-D-ilogr+lI-^J+^l- 

=c-* + *iog^ + |iog »+ni-8Soi + ia6?- • 

and 'when x is made very large 

\og(*J%vTT x x er x )=C+ c log# + ilog % - 1 , 

2t 

0 — log *J 27t , 

log(l 2 3 •)-Jl(«8r.» + (.+i)log.+ lI- 5 5 g ^+ 1 ^ 5 J- , 

1 1 1 

»« 12 3 *= r'e-'e 121 e _SbW e 1 * 5 ® * 

‘ e 123 +il5 + KP-STSS^ ] 

as a close approximation (Cf Arts 877, 884 ) 

936 It will be seen that the formula 

2n x =0+^u x dx~u x +^ ^-etc 

will be of the greatest service when methods of exact summa- 
tion fail The student should, however, test the formula for 
himself m cases with known results, such as 

13+23-1- +a! 3=2!(^+il 2 i 

4 

to gam familiarity with it 

Enough has been said to show that the summations we 
require m the present chapter, such as 

' S ’- = p+|f+fr+ +^r ( r > 1 )> 

can be readily calculated, when wanted, to any degree of 
approximation which may be required, without the labour of 
calculating out each term separately, except for a few terms 
determine the value of the constant We have, for finding 
chosen 10 terms for the obvious xeason that the arithmetical 
calculations of the right-hand member of the equality aie 
thereby much simplified 

♦See De Morgan, Differential Ctilculw , p 312 


P S 



CAUCHY’S THEOREMS 


121 


937 A Theorem due to Cauchy 

It as a well-known theorem in trigonometry that 

cots=-- V -a-y— 2 +£m, 

Z r*TT — 2 r 

where R m is a quantity which may be made as small as we 
please by taking m large enough (see Hobson, jT? igonometry , 
Art 293) This is so whether z is real or complex Also, 
when m is indefinitely increased the series is absolutely con- 
vergent for all values of z f with the exception of such as are 
expiessed by z=±r 7 r foi integral values of r 

Writing ^ m place of z } we have 
A 

1 2 1 , 2 2 , u , 

2 COtl 2“ z + 2 47 V 2 + z 2+ ^ m ’ 

where R' m> like R m , can be made indefinitely small by increas- 
ing m without limit, and 

1 1 (e?+ 1 \ 

2 COth 2- = 2-fe> 

and can be written either as 

1,1 e* 1 11 

T+O 0r aS — 7 — 7 ~ — X 

£ z — 1 a €r 1 Z 1 6 A 


Hence 


-1 ^2 z 


“ ~i=y 

l i| V 


4?7 2 7 r 2 +z 2 


- e~ z 2 


Now, by division, 


= = 2 ~^~ +(-D”- lf 


a 2 +z 2 a 1 a 4 a ( 


-+(-!)»- 


where €= ^ 2 _^ g2 and is a positive propel fraction for all real 

values of z , and the senes would be convergent, and could be 
continued to infinity, provided z<a if real, or mod z<a if 2 
he complex 

Write m this identity a=27r, 47 t, 6tt 2 rmr successively, 
and indicate by suffixes 1, 2, 3, , the corresponding \alues of 

€, and let S r m denote 

I + L+L+ + — 

1 , “ 2 7 ~ 3 ’ ~ ~ m r 
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Then we arrive at m equations of the type 


/v2n—2 


(2 r-n-y+z* (2rir) 2 (2i7r) 4 ^~ 1 (2 ?'t) 2 ”~*’ ^ 1 ^(27 7 r) 2n+2 

and, adding these equations together, 

1 Sy m S A m Z 2 Cfm^2n-2 / 1 \n Gfm ~2/i 

- 7 f 4r-7r 2 -)-z 2 (2tt) 2 (2t) 4+ " (2tt) 2 » + (2?r) 2n + 2 

where c'S? ^ 0 = V — - r 

* 2n + 2 Z-//> 2 «+ 2 ’ 

i ' 

and if Yj be the greatest of the quantities e x , e 2 , 

€ ^ n + e'O, 

and therefore e is also, like e lf e 2 , e 3 , etc, a positive proper 
fraction 

We thus have, taking e* to have its principal value, 

f 1 ,11^ 2S* as 4 » , , 2$ 6 ™ R 

V-l + 2 J (2t) 2 VttY Z + (ZttV* ~ 


and if we increase m without hunt, the series $ 2 ™, $ 4 m , $ 6 ™, 
being all convergent, ~ & 

■£<«.» 5 r ™=p-+I+ to CO =S r , and LtR' m =() 
Hence 

_2& 2S 4 3, 2S„ 6 

V-l +2 J ( 2 ,r) 22 : ~p^ 2 +( 2^ 3 “ 

wheie 0 is a positive proper fraction, or, what is the same 
thing, \Y__ e - z ~ 2 ~~^j =the same expression 

And if we wnte ^ for we have 


If J_ +1_W 

*V^"1 ^2 z)\ 


z 

or 


-Y_i ij\ 

z\l—e~ z 2 z) 


il_i 3 
= 2I 41 




+ (-!)*; 


An+l ? 2nQ i 


' (2^+2)! 

where O<0<1 for all real values of z 
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938 Now Cauchy has shown that Maclaurm’s Theorem 
for the expansion of a continuous function of x, viz F(x), for 
the case of a real variable, still holds for a complex variable 
which is such that its modulus has a value lowei than that 
foi which F(x) ceases to be finite oi continuous (see Art 1299) 

The function — ■ — ■ + \ — - only becomes infinite foi values 
e? — l 2 z J 

of z which are given by z—TKiir, where A is a positive oi 
negative integer othei than zeio This function is therefore 
capable of expansion by Maclaunn’s Theorem in a convergent 
series within the circle of convergence of radius 27 r foi any real 
or complex value of z, whose modulus is <2t r, and the form of 
that expansion has been given in Diff Gale , Art 148, as 


1 

z 



2 z) 2i 4» 


to infinity 


or 


e z —l 2^21 4t + 6i 


and the various coefficients were defined as Bernoulli’s numbers 
This series then is convergent when ^ is a real \anable 
which lies between — 27r and -f 27r, exclusive It is also true 
and convergent when z is a complex variable and z lies within 
a cucle of convergence of radius 2w 

And when the infinite senes is not convex gent, % e when z does 
not lie between the limits specified, the senes may be stopped at 


any term (— 1)‘ 


_ i \n~l -^2n— 1 


( 271)1 


less than the next term, ( — l) n * 

(27 

This theorem is due to Cauchy 


z 2n-2 , and the error is then numerically 


939 Lemma As a preliminaiy to what follows we may 

c x 0 i 

remark that such an integral as I -zdx, where O<0<1, lies 

J a 

mteimediate between — cfo and 0 2 j* ~ d x , where and d 2 

are the greatest and least values of 0betw r een x=a and x=x 

Therefore J ^dx— ©j* ^ for some value of 0 between 0 X 

and 0 2 , and therefore, if and 0 2 are positive proper fractions, 
so also must © be a positive proper fraction 
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940 Now we have established the equation 

^ ,(a5) =l? l0g iS&W ( Arfc 930 > 8 ) : 


or, what is the same thing, 




Hence, substituting for — the finite series established by 
Cauchy (Art 937), 


^\x+ 1) = log I>+ 1) = e-*? f 1 ~ f+ fy /3 2 ~ f “ /3 4 


+ ( - 1) ” _1 |g-^ 2B +(- 1 ) B (^- I ^ +2e ] d / 3 > 


(o < e< i), 


a: 2 x* ^ 2 ' X s 41 x 6 ^ /o.«\t -v-an+i 


(2»)i a; 2n+1 


_l( jin . jgsti r(2w-{~3) 

J (2w+2) 1 >+» B ’ (0 < © < 1). 


ir'(x + l } ^o g r(x+l)=±-± ri+ 


-1 1 , Bi Bs 


a; 2a; 2 ~ a- 3 a; 5 


+(- 1 ) n - 1 fe 1 4-(-i)»^’e, (o<e<i) 


Integrating this result, 


^ ( aj+ i ) = | io gr(a;+ i )=4+ io ga;+ ^_|, + ^_. 


_ ( _ 1 \n-l J®2n-l _ / , A 

' 2nx 2n ' ' (2re+2)x 2 "+ 2CTl ’ 


where 0 <0 1 <1, by the lemma of the last article, A being 
constant to be determined 
Let x become infinite Then 


A ^-[rjs+i) log x ~]~ Lt *-°° [r|x+i 1 )- log ( aj + 1 )] 

+Xu» log^l+i)=0, by Art 911(3) 
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Hence 

^ (a:+1)s S lo s r(a:+1)=lo s a:+ i-S + S- 

_ ( 1 \n-l jgg=l I 1 \n B»n II ft 

^ ' 2 nx in K ’ (2n+2)x 2n + 2 11 

{0<Q 1 <1) 

Again integrating, 

logr(*+l)=^'+a;(logz-l)+§logz+Ai_A. ^ + 

-L/_1Nn-l B 211 -I 1 i/i w __ ^2n+l — f) 

^ ' (2n-l)2nx 2n -^ { l} (2n+l)(2n+2) 

(O<0 2 <1), by the lemma, where A! is a constant to be 
detex mined 

Let x become an infinite mtegei , 

A'=Lt x=w [logTOr+l)— cc(logx— 1 )— i log x] 

=Lt x=x \\og(j2xirx x e- x ) — (x+\) \ogx+x\ 

= log J2tt 

Hence 

log r(a;+l)=£ log 2*-+ (;*;+$) logs-x+p^ 

J_l_l \n — 1 Bjn-l 1 | ( 1 \n___®2n±l 1 ft 

’ (2n— l)2w x 2 ”- 1 '' ’ (2n+l)(2w+2) a^n+i'-' 2 ’ 

(O<0 2 <1) 

This result is also due to Cauchy 

941 The senes if earned to infinity, is known as Stirling’s 
Series It is divergent, however great x may be For the 
general term 

B 2n -i 1 1 1 2(2w)t 

(2n— l)2n a: 2 ”- 1 (2»-l)2n a; 2 "- 1 (27r) 2 ” 2 ’ 1 ’ 

and the ratio of this term to the piecedmg term is 
(2w-8)(2n-2) S 
(2«c) 2 S 2 „_ 2 ’ 

71^ 

%e ultimately — j— 2 , and however great x may be, will 

ultimately be > 1 when n is laige enough The formula can, 
nevertheless, be made useful for approximative purposes for 
calculating T(a;+1) For, as in the series of Art 938, the 
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error m stopping at the term involving JL has been shown 

* 3e ® (2w+l)(2w+2) (0 < 6 < 1), t e the error is less 

than the succeeding term And as the ratio of two con- 
secutive terms, viz 3)(2w— 2) $ 2n 

(2tt£c) 2 ^ 18 * ess than unity 

until (2n-3)(2»-2) At. exceeds IrV, the absolute values 

he several terms go on diminishing until this happens, and 
then increase again Hence the closest approximation will 
be obtained by continuing the senes until that term is reached 
which precedes the smallest term 

942 We have as successive approximations 
log r(x+l)>| log 2-71 — )- (acr-j- J) log x— x, 

Jlog2Tr-j-(K-|-l)logK — u;4--^L i 
log r(*+l) > i log 2 w+(*+ J) log*-»+ A I 

1 2 x 3 4 cc 3 ’ 

ogr(aj-f-l) < |dog 27 r+(a?+ J) logcc — x 


+ AL 5 3 1, i 5 1 X 
^1 2 x 3l^ + 5~b^’ etc 


And since — ~ ft — 1 p _ 1 , 

1 6’ ^-gO* etc, 


r( «+l)_ 

> J2ttXX x €T x } 

< \f hrxx x e~ x ^ y 

>\Z2Trxx x e- x e™*-w** ) etc 
i c. 

r(a+l) 

> *j2 r 7rxx x e~ x i 


1 

’2b8s 2 


). 


‘J2irxx x e- X .( l-i. -I | 

V^12k + 2{, 

j2Trxx x e~ x (l-\ 1 | 1 139 571 \ 

V 12k 2 (12k) 2 30 (12k) 3 120 (12k) 1 )’ 
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943 In order to facilitate calculation from the senes 
log r(a:+ l)=^log 2 tt+ log x—x 

+A LALAL 

T 1 2 x 5 4 cb 3 ' 5 6 ce 6 ’ 
it is desirable to arrange so that x shall not be small 
For this purpose Legendre puts ce=4-f-a , whence 
log T [x+ 1) = log x + log T (x ) = log x 

+ log r (a) -flog a(ti- hi) (a+2) (a + 3) 

and 

lpgE»r{o)-Jlog 10 2T+(«-i)log u , fl :- M e+fi^ p 

+ 5 ^ ^g~ — logi« a (a •+- 1 ) («■ + 2) (a+ 3), 

where /l is the modulus of the logarithm tables, viz 
ju=logi 0 e= 4342944819 
Thus, if log 10 r(l 25) be required, x=5 25, and 

log 10 r(l 25)=glog,,2»+4 751og 10 5 25- ^5 25+^ A_ etc 

-l°g 10 [(L 25)(2 25)(3 25)(4 25)], 
and by this artifice it is possible to avoid the calculation of 
all but the earlier terms of the senes We could make 
x=§ + a y 6-fa, , equally well, and the choice is in the 

hands of the calculator 

Legendre remarks as to his calculations of the seven-figuie 
tables of log T(x) with legard to the above “ de cette manieie 
on n’a jamais eu besom de calculer plus de deux ou trois termes 

de la a ^ rie f4“ra + 5^~ etc ’ P° m av011 lo S r («) 

approch^ ju^qu’^, sept ddcimales, dans tout 1’inteivalle depuis 
a= 1 jusqu’a a=2 ” (. Exercices , p 300) 

Legendre’s m , h, A\ B\ O' are what we lia\e called //, x, 
B 1} B 3 , B 5 iespecti\ely 

944 The Case when, x is a Commensurable Number 
We have established the result 

|]ogI»=[ (Art 930(7)) 
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And we have seen that Euler’s constant y is the value of 




— ^logr(a;) when a?=l (Art 911(4)) 

that is y= _£(^!__^_)^ 

Hence, adding 

^logr(a ; )+y=j e dfi 

In the case when sc is a commensurable number* this 
integral can be reduced to the integration of a rational 
integral algebraic expression, and the integration effected m 
finite terms m terms of the ordinary algebraic, logarithmic 
and inverse cncular functions 

Let 5C=^ , where p and q are positive integers, and let e “ fi =t q 

d, _ . r l 7 , 


|logr(«)+y-?J 0 j^ 


and the integrand is a rational integral algebraic function of t 

If q— 1, %e if x be an integer, the value of J^loglXa;) 1S 
given by 

d r 1 1 _f*-i 

£iogr (a5)+r =f o — at 

=J(1 +<+«*+ +t*~ 2 )dt 

+JL 

l + 2 + i + + x-l’ 

as might be expected from Art 911 (2) 

945 Expansion of Y (a?+l) denved from the Integral Definition 
(De Morgan) 

The expansion of log 17(1+2;) m powers of x may be obtained 

poo 

directly from the definition of r(l+ce) as J e- v v m dv 

g - CM>\ X 

— a — / ~ VX 

f oo jg — v/l 0-av\m 

i L dy 

0 a 


* See Serret, CcUc Int6gral , p 184 
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Let e~ av =v Then adv= — — , and 

a y 

T(l+x)=Lt~-^\r\l-yrdy 

= £* -c+l) (Let ^ = b, a positive mtegei ) 


rt b ^mr(x+D 

-LU^b r(6+aj+1) . 


le 


Ltb= "‘ h '* 1 T(x+b+-l) l ’ 


(g+h)(a;+?>— 1) (!B+l)r(g+l) _ 1 

-Ot 4= «, (6_i)(6_2) 1 ’ 

ie 

logr(l+a:)=It [^xlogb— log^l+|)— log(l+|)— admf ji 
or, expanding the logarithms, assuming »<1, 

togr(l+*)-I«[-(J+5+g+ + 5 ~l°g b)v 

+ F*) x 2 ~1 (t* + ¥ + + ¥) x3+ ]’ 

and when b is indefinitely increased 


x 3 


log r(l + ^)= — y£+S 2 y “ ^3 3 +^ 44 " 


for values of x, 0 <03 < 1 

This investigation is due to De Morgan * 

It was felt desirable to deduce this series directly from the 
integral, rather than to base it upon results deduced from the 
property T(a:+l)=a:r(a:), ie the difference equation u x+1 =xu x , 
inasmuch as Legendre’s tables of the values of the Gamma 
function aie denved from tins series and others obtained from 
it And in default of direct denvation of the senes from 
the integral itself, some doubt might be felt as to whether 
Legendre’s tabulated lesults were the values of the integral 
itself oi the values of the integral multiplied by some periodic 
function of x whose period is unity, which, as explained m 
Art 863, would equally be a solution of the difference equation 

» De Moigan, Diff Calc , p 584 
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946 From De Morgan’s investigation given above, the 
formal identification of T(a?+1) with H{x) fot all positive 
values of x, may proceed as follows 

log II (a:) = Lt „ = „ jjr log /x - log( 1 + j ) ■ - log (j 1 4- 1) - 

-!°g (i+^- 

and if x<l, = — ya3+^ 2 z 2 — vjM 3 + , 

n(x)=r(a;+l) if x<l and positive 
If x lies between 1 and 2, say x= l+£, then, since 

. Sw® *>H n,fl - r(1+f) (0<f<1) ' 

it follows that n(l+£)=r(2+£) s 

%e II (») = r ( l + x) when x lies between I and 2 

Similarly if x lies between 2 and 3, etc 

Hence, for all positive values of x, II (a?) and r(l+a;) aie 
identical 

947 The Integration of | e~ v v n dv, {a not infinite, n> — 1) 

Jo 

In considering the integration of e~ v v n dv between limits 
0 and a, where a is not infinite, we must have xecourse to either 
(1) an expression in series 
or (2) a continued fraction 

_ e -« a.«+ 1 , 1 T 

~ 71+1 + n+ 1 n+u 

and by the continued use of this rule, 

j e “a n+1 ['.. a . a 2 a? 

ln ~ 7i+l L 1 ' h w+2" h (Ti+*2)('n+3) + (n+2)(7i,+3)(u+4) 
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a aeries which is always conveigent for any finite value of a, 
hut only slowly so if a be > 1 A little consideration will 
show that the integral remamdei is ultimately infinitely small 
Or we may proceed thus 

Let J n =\^ e- v v n dv=^— e~ v v^+nJ n -i 

=e- a ci n +nJ n -i , 

whence 

„ [\ , n , n{n—l) , 

J n =e- a a” (_! + -+ “ + t a’ 

4-71,(71—1) (n—r)J n -i- 1 

If n be a positive integer, the integration can be effected m 
finite terms But if n be negative oi fractional, the senes on 
the right-hand side is divergent if continued to infinity what- 
ever a may be The terms however ultimately take alternate 
signs and when such is the case, and when there is convergence 
for a’ certain number of terms, and then ultimate divergence, 
we can apply the principle adopted in Aits 938, 941, the 
convergent part making a continual approximation to the 
arithmetical value of the function under consideration, and 
the error being less than the first teim omitted * 

If then J„ be thus approximated to, 

(H>-^ 

and I„=r(n+1)-J„ 

948 (2) De Morgan has shown how such an integral as £ e v dv can 
be converted into a continued fraction ^ 

When this is done [ e~*v”dv= r(M-l) - [ •-+*> “ befoie 
Let J"" e- v v n dv-e~ v v n V, wheie V is some function of v 

Then diffei entiating w ith 1 egai d to v, 

_ e -'>v n =e~ v v n V +n&~"v n ~* V — e~ v v n V , 

vV'+nV-vV=-v, 

01 v V' = (v-n,)V-v 

Consider the equation 

vV'^iv-aJV-v + hV 2 

*De Morgan, Differential Calculus, p 226 and p 690 
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Putting V = 


1**5 


, we derive an equation 


vV l '={v-a 2 ) Fi-fl + ftaJVi 

■where b t - a % = k 1) b 2 =Jc l —b 1 -a t , a 2 =-(a 1 +l) 

Putting- y l = — L— m equation (2), we derive an equation 

v F 2 ' = (v - a % ) V 2 - v + & 8 7 2 2 , 

where 6 2 -a 2 =fc 2 , 6a=^2> a#=-(oc 2 +l), 

and so on 


( 2 ) 


(3) 


Then 

In oui case 


F 1 fcjir 1 fc 2 v“ L fcair 1 
“14- 1+ 1+ 1 + etc 


a i -~ n , 

a 2 = — (1+»X 

a 3 =n, 


h-Q, 

b 2 =-n, 

h~h 


ifei- -n — b 2 , 

^2 = ^ ® ^3 > 

fc 3=s -(n-l)=& 4 , 


a 4 =— (w4-l)j &4 — — “ 1 )> ^4 — 2 -^, 


a 6 =7i, 


& 6 = 2 , 


fit — 2 — n—b g , 


etc , 


whence 

}.e vav-e » Li- 1 + 1 - 1 + 1 - 1 + etc J 

The expression converges rapidly for laxge values of v 
The process above employed hy De Morgan is similar to that employed 
by Boole, Differential Equations, p 92, m the solution of Riccati’s equation 

a?^-ay4- by’ l =cx n 

The equation we have just solved is a very similar equation, viz 
x^ ; ± a 'iy-b 1 f= -x±xy 

949 More geneially, consider the differential equation 
P+Qy+ % s +S^=0, 

where P, Q , JR, 8 are functions of x alone 
Let 2^ As?, X 2 = BzP, Z 3 =C^ 7 , etc 

Tate y x , y % , y„ successive new dependent variables, such that 

* = ifk’ ys= TO etc 

Then when A, B , C, a, /?, 7 , have been properly determined, we have 

_ Ao2 Bo? Cx * 

i+ T+T+ ’ 

viz a solution inthefoim of a continued fraction [Lacroix, t II , p 288 ] 
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To begin "with, using accents foi diffeientiations, 

, XVl+yil-Xi/ , 

y ~ (l+yi)* 

P + o ^ 1 B El .gXW+ri-XxSfi-t 
p+g Wx + *(T+^ +s (i+y,V 

te [PpQX 1 +RX^+SX\) + (2P+QX 1 +SX' 1 )y l +Py 1 i -SX l y\=0, 
or Pi+Qil/x+ -R^-t-Siy^O, 

Tiers Pi= P+QX 1 + BXJ+SX' lt 

Q l =^P+QX l +SX\, 

Ri= P, 

S x = -AT X 

Xn 

At the second substitution, viz the differential equation 

becomes ' 

where P 2 , Q, y P 2 , S 2 are formed from P^ Q lt R lf S 1 m the same way as 
the latter were foirned from P, Q, R, £, and so on 
Again assuming the expansion of ?/ in powers of v to be of the foim 
and the expansion of y x to be 2fcr0+JB l ®P+ 1 + ,and 
so on, we can by substitution in the several differential equations they 
satisfy obtain the values of -<4 and a, B and /3, etc , by an examination of 
the lowest oidei terms occurring, and thus expiess y in the form of a 
continued fraction 

950 Development of \p k (ct-{^x)=-^^logY(x-{-x) in a Factorial 
Senes 
Since 


A\p(a+v)=\ls(a+v+l) - ^(a 4- 0 = 4“ P°g r(a + #+l) — log T (a 4 i)] 


dx v 

=4 1 og(a+^)= 1 


we have 




(- 1 ) 


~a+x+ 1 a + # (a-|-tf)(a + r-H 1) ’ 

(-p(-g) 


h\lt(a+x) A a+7 (a-H s)(a-f-#-H)(a + 4 + 2)’ 


and generally 


(-1)*- I (»-1)» 


A n f(a4a7) ^ n “ 1 a+ ^ t ( a q- r )(a+* + l) (a+a:+w-l) 

Let 


a™. 


^2) 


tfi) 


f (a+*) = A 0 -(-A l p+A 2 2-|+A 3 g-j4 +A n 

where a^sa(«- 1) (a;-?i-bl) 
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Then 


Hence 


&n‘'+*)=A 1 + A^+A 3 ^+ 

^(a+x)=A 2 +A 2 ! ^+A i ^+ 

etc 


A„=xHa+0), A,= Af(a+0), A,= A^(a+0), etc, 

where A"f (a + 0) means the value of A n f(a+x) when x is put =0 
Hence 


^(a+a) = -^-lo^rfa+a:l=VW«)-i-5_i x ( x ~l) . 1 x(x-l)(x-2) 
dx ’ rK)+ » 2a( 0 +l) + 3<a+l)(a+2) 

_ 1 x{x-\)(x-2){x-Z) 

4 a(a + l)(a + 2)(a+3) + ’ 

a senes which ^ ill teimmate in the case when 3 is a positive integer 
and is in any case convergent foi real and positive values of a; and a 

■value of i/r(a), te ^log e r(a), can be found for any particular 
value of a by means of the senes 


of Ait 940 


£log.r(*+ !)-!*.,+ 1 -A+A_ etc 


951 In the case ■when a=*l, we have 

i* 2 21 3 31 


_1 x(x-l)(x-2)(x-S) 

4 4 ~\ + 

-V r ( 1 )— y (Eulei’s constant) 

Since A this may he written symbolically as 

^(i+*)=- y+ AQ__2? + _^ s _ j^-y+Aiog^i+I)*, 

6 ^logra+s) — r+Aiog(J)* 

952 Other piop ei ties of the f function ate 

Since r(*+l) =a ;r(z), we have by logarithmic differentiation 

V-(*+l)-^(*)=i 

' X 

Since r ( *)r ( l -*)=-!_, we have similarly 


^ (*) - ’A (1 ~ 3)= - 7T COt &7T 

Since S ta r(»)r(i+»).*/?r(fcfc we have s.milaily 
+*) -2^(2t) -2 log 2 


PROPERTIES OP THE FUNCTION f 


135 


Since 2 T( r) r(^— “') = — T , we have similarly 

coa T 

Since r(a>)r^»fijr^a:+^ T a; +- = n->“+i ( 2tt)~ T (nx), 

we have similarly 

'H') + 4'(x+l) +'/'(*+%)+ +4'{x+‘^^=n^(nx)-n\ogn (e) 

953 The equation A\p(a + a;)=— is of considerable seivice in 
summation of senes 

1 A sum of the for ni 

— i-H — -f to n terras, viz 

a + 6 a-f26 a + 3& ’ 

r=u ^ 

S= 2 r can be written 

r-i a + rb 

b +r 

2 A sum of the foim 

S= — ^rrH ~r —TT + to 2n terms 

&+2> a-t-2& a,-\~3b ci-{-4.b 

= l?_i i£_l_ 

**, g+r 

Mg (a) i + J+i+H + 2^~1 

[«/'(!+*■>] -W-Q+*)-iMi)] 

0 2 + ' 0 o 

(&) W +*-*+«<**»/ 

Ml 00 1 

=12^-1?^ 

=lSAV'(i + r)-}2AV'(i+'-) 

= l[^ (i -H *■)]“ - i [^<1 + r)]“ 
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But by (6) (#=£), *(»-*( «-*■, 

the senes is=^, 

4 

which is well known otherwise, hemg Gregory’s series for tan -1 1 
3 Sum the series 

fl-i-i+t-i+l- <«**»/ 

=i2A\K l+r)-i2A^(l+r) 

-IDKiWdS 

Now by (c) («=i), 1 / / (l)+'/'(i) = 2i/'(l)-21og2 , 

V'(l)-'/'0)=21og2, 
iST = log 2, which is well known otherwise 
We may note that it follows that 

i^(i) == ^(T) — 2 log 2= -y — 21og 2 

= - 0 5772157 — 1 3862944 
= - 1 9635101 

By (c), — 21og2«2{^(l)— 21og 2} — 2 log 2 

= - 2y — 6 log 2 
and f(i)-^(i)=n- 

Hence ’/'(!)= ^-y-31og 2, 

V'(i) = -|-y-31og2 
and. x f'(i)= - y -2 log 2 

954 Gauss has established a remarkable result, giving for the function 
\j/(x) the value of \p(l — x) + m a series of tugonometnc terms in the 

case when v is any commensurable proper fraction This result taken with 
\p(l -x) - ip(v) = TT cot xir 

will enable us to calculate the value of i f/(v) m all such cases 
The theorem is given by Beitrand in Art 307 of his Calcul Integral. 
For shoitness we shall denote 

log# by lx , i by VVs cos?0 by c r , log4sin* ^ ky L r 

Then when 6—— ol — or — or — — ^T, 

2 2 2 2 

— 1 , Cq+p=C 2 q+t~ ~C f , Cl +■ 4" +C ff = i)c f s=0 


Cq — Cfg — C 2q — 
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Writing the fundamental equation 

r. 11 1 1 1 as 

fW-( n -i) + 0l"iT t) + +0ct-=^==i) + C*— -«) + 

and putting #=^1 where r * g, and both are positive integers, we have 

Taking r=l, 2, 3, q m this equation, multiplying by cos 9, cos 26, 
cos 3 d, cos qd lespectively, and adding, we get 

£<y/v= (£c, fl - c f ) d- (£ <V J | Cf ) + fn? + r C, ) + 

Now the coefficients of log 1, log }, log etc , all vanish and since c f = c r+r , 
etc, the lemaming terms form a continuous series to infinity, viz 

£c f i/' r = 2 I j i i 

viz an equation connecting i/q, 'p 2 ,'Pn> ’/'v-n ’/'«> the laat of which terms 

is i/r^-^=i/'(l)“ — 7 , where 7 is Euler’s constant That is 

Cl , ta + <! 2'fo + c 3 1 / r 3+ +C_ I t«-l=lA + T 

So far 6 has stood foi any of the quantities y, or 2 V" ^ 

the first Then similar results will hold for the rest, t e if we take 29, 
3d, (j-l)d m place of 6 We thus get g-1 linear equations from 

which we can find i^-^, g )’ 


(A) 


, VIZ 


XJ. - 

c xh+flslM- + + <W>/W+ + «v-l'/'«-l=2 £l+ 1'’ 

5 7 

c,fi+r,i/',+ -I- + °**-i’>h-p+ + ^w-u^-i^i^ + y. 

c 1 f 1 +C>/',+ +■ c»r’/'i>+ + c c«-pi '/'*-*+ + C,<!, - 1 ’^-i = I 23 + y ’ 

C,_l</’ 1 + +«<w-ilp^+ 1" c (v— 1)(3— ll'/'e— l _ 2 -^v-1 ^ ^ 

and m addition we have 

**+«.*.+ + *,*,+ +^.Vi— 

which is meiely a case of the identity <.) of Art 952, for the coefficients 

cos ( 7 $, cos 2g0, etc , each =1 . 

lb solve these equations we multiply them, and the identity, respec- 

tively l>y c*, c^, c 3p , 
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How note that c K c (L +c 2X c 2lt ' + c 3k c 3fL + for any integial values 

of A, /a (the last term being unity, since qS = a multiple of 27 r) 

=ii c (\+/u)r^i t c (A-,Or . 


and that each of these sums is zero, except in the two cases A=bju=a 
multiple of q, and that in the cases we have to consider A and ju each range 
in ialue fiom 0 to q— 1 Hence the only cases of this kind aie when \=jx 
or k — q—fj^ and both Tvould happen if A = i± = q- /x, i e if g be even, and 
a=/a=| 


A-/x, iil > if \=g-p ) £ |> (x+jUt ) r = £El =|, 

and ^hen q is even and A = /i=|, i |c (x+/Lt)r -l-£ £ c (w> = g 

The latter case will occui when, g being even and therefoie g- 1 odd 
theie is a middle teim in the svstem of unknowns, viz \pp = \l / q _ p =»/'(£)) 
and the case need not be distinguished fi cm the otheis Thus, after multi- 
plication by c p , c 2p , Cq P and addition, the coefficients of all the unknowns 
vanish except those of \j/ p and and the coefficients of these teimsaie 

each | , and if ? - 1 be odd and j»-|, all vanish except that of ^(|), which 

is the middle unknown of the senes, and the coefficient of this term will 
be q 

And on the nght-haud side we ha\e 


f fap^i-l- 


C2pL% + 


+ c ig ^ 1]p L q _ x ) -f y(c p -f c 3p +■ + c qp ) - qyc 9P - q log q c qp 


~ I ( c * A + l)p Z M ) - qy - q log q 

In the biacket, teims equidistant fiom the ends pair, but if q he even 
there will he an unpaired ter m left in the middle of the senes This tei m 

18 f C0!a ! 4:81112 ^ which i educes, since g0 = 27 r, to g(- 1)* log 2 
Hence the right-hand side becomes 

q (jip L x + Cjj, Z 2 4 - + -qy-q log q ( q odd), 

°r q(c p L x +c tp Z z + -b c^Zg-zj -qy -q\o°q+q{-l)P log 2 (q even) 
'W’e thus have 

^( 1- f) + Kf) = 2 { ? c " Z r' r - l°g s} (3 odd), 

= 2 \ t ~ 7 - log g+(- l)' log 2 } (q even), 
and this, as pointed out above with 



TABLE OF RESULTS 


139 


will enable us by addition and subtraction to obtain both 

and *(?) 

for any integral \alues of p and q {p< q) 

It will be obseived that thebe theoiems give the tangents of the 
slopes of the curve y= log I'M at equal distances on opposite sides of 
the oidmate at *=0 5 
Ex If p=l, 2=3, 

m-M 

V- ($) + f W = i 2 [ - y - lo s 3 + C0!s Y log 4 ,in2 I] 

= 2 [ - y - log 3 — 1 log 3] 

— -2y-3 log 3 , 

*($)=-? \ 


955 List of Results 

As the results obtained in the piesent cliaptci are veiy 
numerous and neeessanly scatteied over many pages in the 
gradual development of the theory of Eulenan mtegials, it 
may he convenient to the icadei to have the principal facts 
arrived at collected together lot i eady r efei ence A synopsis is 
therefore added in two gioups, the second gioup referring 
more particularly to tho ■»/<■ function, which entails some 
repetition 

Group I 

1 B(l,m)=B(m,l) = \^- 1 (l-xY n '- 1 dx (Ait 857) 

x (Z— 1) i (m— 1) 1 

2 If Z, ra be positive mtegeis, B{1, m)=- 
If Z only be a positive integer , 


B(l, m)= 




(Ait 858) 


~m(m+ 1) (vi+l— 1) 

» TUI m\—[“ -- dx— f — 1 —dx (Art 859 (2)) 

3 s ( l > m )-) 0 (i +x y+m dx J 0 (I+aj) I+m 


4 j" (a— 6)i~ 1 (a— a:)"* -1 dx=(a—b) l+ni ~ l B(l, m) 


(Ait 859 (4)) 
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5 sin* 0 cos« 0 cZ 8 = 
Jo 
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(Att ° SS9 ’ m > 

6 f sin 2 *- 1 8 cos 2 ” 1 - 1 # 1 

Jo (a cos 2 0 + 6 sin 2 6) l + m 2 a“ip m ) (Arts 859, 869 ) 


r ( w )=} 0 xn ~ ie ~ x &c, ^\y^ dx> 


r(l+x)=P. 


■M' 


U(X) X ^“(iT+i)(«+2) Vh^' 

(Arts 854, 804, 874, 889 ) 

8 r(«+i)=»r(w)=n(w) 

n(«+l)=(K+l)n(n) (Arts 860,890) 

9 r(J)=s/^=n(-|) (Aits 864,882) 

10 r( 3 ?)r(i a;)= 7 r cosec 3 j 7 r=n( — &)n (& — i) 

r(l+a:)r(l— *)=a:ircoseeT7r (Aits 872,893) 

11 ll+S^iJK (An 871) 

12 r © r (IWS r(2=I),ei)^ (Art 873) 

is »-r W r(, + l)r(« + D ft!).r(* W T,i 
r<.)r(. + i)_ g jLi w , r(2±- 1 )r(E± 2 )-^ r^+i) 

(Arts 903,905) 

U Tf 123 n i 

4 i,l= *7W? = (Art 877) 

15 = ^A gp+1 1 

\2n7rfi n e~ n ~ 2 p p i (Ait 884) 

16 y=0 57721566 =£< n=t0 (l+l+ +l_l ogw ) 

(Aits 897,917) 

17 Plogrp^log f t f( a: +l) g+1 (a;+w- l)«+«-i( 2 ^^ 1 

J * [ j 

(Art 910) 
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18 Tx \ogT(x)=Lt n ^ogn-l-^- x+2 x+n 
■" y+ (l _ i) + (5“iTl) + ai mf 




,72 ^ 

19 xiiogr(*> 


1 -+- 1 
2 ' / 


dx* “ 6 * v “ / x 2 ~ r (x+l) 2 ~ r (x-{-2) 3 
20 £<n=»(^y-logn )=0 


(Art 911 (5)) 
ad xvf 

(Art 911 (1)) 
(Art 911 (3)) 


21 logra+xH-ya+^-S.I + S^- 


(Arts 911,916) 


XV 


22 logr(l+z)=£log-^— ^ — tanh~ l a;+(l — y)x 

sm %7T 

(Art 919) 

23 Min ordinate of y=T(x) is at x=l 4G16 (Art 922) 

21 lo g r(*)-|’[(«-l)e-._E?=U]| 

25 e Io e {j- r^i 


also 


-n~ 


W 


(Art 930(6)) 
(Art 925) 
(Art 930 (3) ) 


(i +$r J i 3 

26 £.l°gr(o;)=(-l)«|”^J^/3 (n<2) (Art 930 (9)) 


27 St,— T5+o5+oi+ = f 


- 1 /? 2 


0 smh~ 


d/ 3 , 


'* p" r 2 p ” r 3 J, ~ r 2r(2>)J ( 

111 If” fl ?- 1 ~ 

s j>=ji+gp+ 55 + = 2 T(p)J o smh]§ ^ 

V-r.-p+p- (Art. 928,929) 

Ml/Tsar^ <Art 929 > 
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29 Szta—ff+ftt.tfo;— 1?/;+ — 1 jj? JB E d s u x 

J 2 2 i dx 4' <fe® '* _ 6i dx 6 ' 


30 


<Z 




(Art 931) 


2n x 2n ^ 1 ' >n (2/i+2)^+5 e (0 < © < 1) 

(Art 940) 

31 logr(a:+l)=JIog2T+(a:+4)Wa:-a:4-A.I_j^_I_L 

6 T 1 2* 3 4s 3 ^ 


-f-( — 1 )n-l __ S 2n-l 1 , . 

^ 1 (2n-l)2wi^ + '(~ 1 ) 


JB. 


*271+1 


32 -ifo +1) =1 + J- + __L_ 
\/2'7rx7fe~' x 12z~ 2(12xY 


(2«+lj(2 n+2) ® 

(O<0<1) (Ait 940) 

139 571 , 

12x 2(12x) 2 30(12x) 3 120(12x) 4+ 

See also No 15 (Art 942) 

956 II Group of i/r Formulae 

Since the ^-function, viz 'A(^)=^lo g r(x), is a very 

interesting function, and very useful in itself, we gather 

together the principal results which .efei to this function 
m particular 

1 yjs(x)=Y^=Lt n= nUogn---- 1 ~[ 

w <- x x+l x-]-n — lj 

(Art 911) 

2 l/r(0)=-0O, + ( 1 ) = — y, ^(14Clg ) = (), 

(Aits 911 (3), 922, 923) 

5 ^<‘Hr-;Wk+Mk+) + 

(Art 911) 

4 ’A 1 ) 2+ (^+ 2 ] 2 + (Art 911) 

(Arts 925, 930 (3) and (7)) 
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+'0-1. i-.-.'V 

(Art 930 (8) ) 

V-(*+i)-iog*+L-§+A_ 

(Art 940) 

+'(*+ 1 >-i-B+§-§+ 

(Art 940) 

V r (*)+y=J o 1 _ e % 43 

(Art 944) 

f 1 ] £®—l 

‘'/ r (®)+y=J -j — (a; integral) 

(Art 944 ) 

^(1 +a)-*(l +&)=£ dt 

(From 10) 

4«a+.)_jL. T 

(Art 950) 

X 

(Art 952) 

\ls(l—x) — \f/(x) — 7T COt £7 T 

(Art 952 ) 

^(J+a;) — — a?)=7r tan 27r 

(From 14 ) 

^(^)+^(i + ®)= 2 ^(2^)-2 log 2 

(Art 952) 

V'(*)-^(T^-W'©+log2+j tan^ 

(Ait 952) 

V r ( x )+V r (^+~)+ x A (^+“)+ + — 


—n\Js(nx)~n log n 

(Ait 952) 


1 (Ait 950) 

- + 0 - 9 ++© 


9-1 

= 2 |V( *) ~ lo g ? + 2 cos ^TT lo S 4 sm2 r -P\ (l odd ) 

L 1 q qJ (Art 953 ) 

3-2 

~ 2 [Vw-iog q + 2 cos lo g 4 sm * +(-' i> p 2iog2 

u 1 q q (q even) 
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957 Table of Values of £ p =-L+± + ± + l + ad vnf 

up to p— 35, which is the last m which the tenth decimal 
place is affected , all remaining ones to this approximation may 
be regarded as =1 (De Morgan, DC , p 554 ) 


V 


to sixteen places of decimals 


1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 
21 
22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 


0 57721 56649 01532 9 

1 64493 40668 48226 4 
1 20205 69031 59594 3 
108232 32337 11138 2 
1 03692 77551 43370 0 
1 01734 30619 84449 1 
1 00834 92773 81922 7 
1 00407 73561 97944 3 
1 00200 83928 26082 2 
100099 45751 27818 0 
100049 41886 04119 4 
1 00024 60865 53308 0 
1 00012 27133 47578 5 
1 00006 12481 35058 7 
1 00003 05882 36307 0 
1 00001 52822 59408 6 
1 00000 76371 97637 9 
1 00000 38172 93265 0 
100000 19082 12716 6 
1 00000 09539 62033 9 
1 00000 04769 32986 8 
1 00000 02384 50502 7 
100000 01192 19926 0 
1 00000 00596 08189 1 
1 00000 00298 03503 5 
1 00000 00149 01554 8 
100000 00074 50711 8 
1 00000 00037 25334 0 
1 00000 00018 62659 7 
1 00000 00009 31327 4 
1 00000 00004 65662 9 
1 00000 00002 32831 2 
1 00000 00001 16415 5 
1 00000 00000 58207 7 
1 00000 00000 29103 8 


+ log ao ( Euler's Const 


bE £ 
a - 

£ o 


o a 

■ 3 * 

3 « 
M fc 

09 O 

® H 

* o 

CO -U 

co 

1 1 


O co 
TJ1 O 
00 CO 
CD 00 
io cq 
^ CO 


$ 


1 8 
s 8 


03 o 
03 03 03 

£ ^ r-t 
03 CO 00 
O CD + 

40 lO T+ 
00 in 03 

o rq oq 


i no m 


I = 


CD O 


S 9 

© o 
II II 

^ 54 . 

II 


a 


w 


si 


+ oo 


PROBLEMS 

1 Show that (i) r (j) r(f)=^|, (n) r ($) r (g. ) = wh* r (§) 

2 Show that 3*{r(|)}2 = ,rh*r(£) 

3 Show thatT( l)r(2)r(3) r( 9)- ^^ 

Vio 
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4 Show that 2 ,l T (ft 4- -j) = 1 3 5 (2ft — 1 ) x/jr, whei e n is a posi- 
tive integer [Oxford II P , 1888 ] 

5 Show that r (f - x) T ( I + a;) = (-^ - x 2 ) tt sec nx, provided 

- 1 < 2x < 1 

6 Show by means of the transformation ay = w, y = u + v that 

[Coll y , 1901 ] 

7 By means of the integial x^(l -xty'd*, prove that 

Jo 

1 ( - 1 Y 


l 


(m)n f (m + a) (ft - 1 ) 1 1 1 + ( m + 2 a) (?i - 2) « 2"' “ 



m (m + a) (m + 2a) (m + na) 


(m + na) \ 


[St John’s, 1884 ] 


Show that this integral may be expressed as • 


mr 


(?) 


aY 


8 Show that the product of the series 


(?+•♦*) 


.4 -U14 1 


and 


i+l i. 

9 + 2 23 


| e~ xi x 2 n dc = Jir ] 


33 

+ rr 

6 

1 

3 5 

1 

f T 

4 6 

57' 


= £ that 

5 

(2ft- 

-D 


T7T+ etc 


is 


16 

[COT LEGES a, 1883 ] 


where n is a positive integer 

[See also Art 223 (5) ] [Colleges a, 1890 ] 

10 Show that if Kloe any positive constant, 

U e- x -^% l ~ 1 fn-'dx cfy = J " 1 ( 1 - J A e~ u u t+m ~' i dv, 

and by proceeding to a limit express B(J, m) m terms of Gamma 
functions [Oxr lr p > 1902 ^ 

11 Show that the sum of the series 

1 | m 1 , m(m+ 1) 1 , 7ft(7ft4-l)(m-f 2) 1 t 

ft + 1 ft+2 2 1 ft -h 3 Ji <ti 4 

is r(ft + 1 ) r(l - m)/r ( n-m + 2), 

where n > - 1, and m < 1 


[ Coll 7, 1899 ] 
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ff 

12 From the value m Gamma functions of I sm? 0 cos? 0^0, 

show that 0 

2P r (£+l) r (^+2) = v - r(p+ i ) 

for all real values of p [Trimty, 1886 ] 

13 Prove that 6~~ x 'dx = e -26 x 0 0981 1 nearly [Trimiy, 1896] 


14 Prove that 


rw-i 

n 


.KIHIHJ 

On) ('n‘) (>n) 


to oo 

[Oxford II P , 1888 ] 


( i+ir 

and r(»+l)= ff i LL 

r=1 ( 1 + F) 

15 Show that, when x is positive, 


[Oxford II P , 1903 ] 


[Math Trip , 1897 ] 

16 Prove that, if x be positive, 

t0 . 

[Math Iriios, 1897 ] 

IT Show that, when t is a leal positive quantity not gieatei 
than unity, „ , 

«PW-/(a)+S l - 

W yw »-o x(x + l)(a+ 2) (x + n) 

where /(a) is a function of ^ not greater than unity 

[Math Tripos, 1897 ] 

18 If n lie between zero and unity, pro\e that 
[ (tana,)’ l ete = ^.. 


sm 


7i + l 


[Coll a, 1890 ] 

1 9 Show that the perimeter of a loop of the curve ?" = a” cos nd is 
“oWn 1\*// „1\ 
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20 Show that if x, y be a point on the ellipse x 2 ja 2 +■ y 2 /b 2 = 1 , 
and 2? he the conjugate diametei, and the integral be taken round 
the whole perimeter, then 



[Coilegfs, 1892 ] 


21 


Express in Gamma functions 



[Trimti, 1896 ] 


22 Expiess m Gamma functions the area of the cane yt x = ax? 
(c > 0) for positive values of x (0 to co ), also the volume generated 
by its revolution round the axis of x [St John’s, 1883 ] 


23 If 2 sm?i7rr(7i) <^( 71 ) = (27r)^</)(l --«){(- t) w_1 -f where 
i=<s/ - 1 and 4>(n) is some function of n, prove that 

r (i) 

remains unaltered when 1 - n is written for n [Collfgfs a, 1881 ] 

24 Prove that 

fV^-UT-L L 2g_iiiL 1 where _L 

J. 2a [l + 1 + 1 4- 1+ 1 + etc j 3 2ci 2 

[De Morgan, Diff Cal , p 591 ] 

25 Prove that 

J " 5 _ f, tr 1 ir 1 ir 1 2t’~ 1 3v~ x 3 vr l 1 

, ^g^v=^\logv +IT _ lT — _ r+ - ^ etc J 

[De Morgan, p 591 ] 

26 Prove that 

d. , 1 cctcc — 1) 1 x(x- l)(a-2) 

gjlogr(l+*)- -y+v-^ j 2 +3 12 3 

[De Morgan, p 593 ] 

j 

27 If! 4>{x) - ~logr(l + ») and a; be a positive integer, show that 

<#>(t) = <#»(0) + 1+^ + 2+ +- 

Prove further that 

poo 

<#>(0)= e~ x \og x dx, 

Jo 

and has a finite value [ICS, 1898 ] 
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28 If (l4a;) n =l+-^ 1 a: + i 2 t 2 +. , where n is any positive 
quantity, prove that 


ify4 2 +^ 2 + _2 2n r( H| ) 

1 ! - J*T(n + \) 


29 Prove that if 


[Math Tripos, 1895] 


<y 2 

/(0-/(0) + */'(0)+| 1 /'(O) + +^/"W, 


7^ 17 


J 0 af I>-m) Jo ’ 

7 being any positw e quantity 

[If 7 > 1 both integrals generally = oo ] 

[Wolsten holme, fSWuc Time* ] 

80 Prove by changing the older of integration or otherwise 

[Math Tripos, 18' 7 5] 

31 Show that 

x n 71 V (ti + 1)V 

Jr 


dx % ?i + 1 (7i+1)(2ti + 1) (2n-fl)(37i + 1 ) 

+ a+~lT 1+ 1 + 1 + 


(27l)% n 


(2ti+ 1)V 


(3w, + l)(4w+l) (47t+l)(5a + l) 

1 + 1 + etc 

[Lacroix, Calc Dijf, vol ii , p 292 ] 
Deduce expressions for log I + ® and tan _1 £cas continued fractions 


32 Prove that 

P M + ± j - sr*/T (x) T (xu) T (&a> 2 ) , where o> = e 3 

[St John’s, 1891 ] 

33 Evaluate the modulus of + sT~ 1 a) [Smith’s Prize, 1875 ] 

34 Show that for very large integral values of tz, r(7i + -j) is 
very nearly the geometric mean between T^) and T(n +1) 

[Oxford, 1892 ] 

35 If b be a large whole number, show that, provided x > - 1 , 

(ic + l)(a; + 2) , (t; + = iery nearly 

I (a + 1) 

[De Morgan, £iff, Calc , p 585 ] 
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36 Writing <f>(z)=e x prove by the aid of Wallis’ 

theorem that </>( 2ic) = |_c/>fo)] 2 w ^ en x 1S l ar g e 
Then show that for any value of a, 

/ a \ jKg) -!+(*+!) log(l •+£) 

v ' <#> (iC -h 1 ) 

loe iM - 1 1 i 3 _ + ("- 1 ) <jdL” + 

W 8 </>(/ + l)“12i 2 12x s 40a 4 2 «(wh- 1) a" 


(C) ^( K +l) <e 


^ l ° S <t>(x+l) < 12 x(x + l) 


W </>(2a;) a 2+ (£4-l) 2 + (a+2) 2 + (2i-l) 2 ’ 

wheie d 0 , 0 X , 0 2 , are numbers between 0 and T l j 

and finally deduce Stirling’s theorem, 

1 2 3 x = +€*), 

where denotes a positive quantity which vanishes when x = oo 

[Serret, Calc Integ , p 207 ] 

37 Show that, if £ be a whole number, 
log r (a; + l)=Jlog27r-£-H(a + 4) log a; 

+l[(* +m 4) 1 ° 8 ( l+ ^)- 1 ] 


[Gudermann- ] 


38 Show that 


12 3 x > sj 2 wx cc? e~ x and <.sJl-KXX % e 12x 
when x is large [Serret, Calc Integ , p 213 ] 

39 Writing 

(jti'ii) ' m 2 

prove that 


\p(rrm) ’ 


M„=« 2 ” -1 > tt 2“^7T = ^ 271 -, <l>(n) = n i ( 2 ir) 


Hence deduce Gauss’ theorem, 


fi™» r (*) r ^£c + ^ r(s + = ( 2,r ) 8 («**-) 


[Serret, Oilc Integral , p 190 ] 
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40 Prove that 

vf 1 11 (-l) n f‘l-^/i ^ u 

[Cf De Morgan, Diff C , p 594 ] 


4 1 Prove that 


^logr(a)-]oga+£ + i,-"|y, 

“ 4tt “ t r5r^-*£[( 1+ 3*' s } 

where C is a certain constant [Math Tripos, Pt II, 1915 ] 

42 If the binomial expansion for a positive index he written 


show that 

Prove also that 


(»+*)■- 

2^B(n - i + 1, ? +-!) = ! 


3v/3 3i + 5» + 7' + “9i + 

43 Show that (1000)1 h e s between 

4 02387 x 10 2667 and 4 02388 x 10° 567 , 
and is a number with 2568 figures in the ordinal y system of 
numeration, its logarithm being 2567 6046442 

[Cournot, Thdone dea Fomhons , vol u , p 472 ] 

44 Show that if 

log T (a; + 1 ) = log sO»r + (® + 7) lo g*-a: + yi - + 

x.( - i\n-i B 2n ~i , / 1 \n R 

v ' (in-1 ){2u)x in ~ l ^ ' (&H-2)'’ 

then R = ^e~^i? n f^\ea) da, 

where /(a) = — — - y and 6 is a positive proper fraction 

[Liouville, Journal de Mathematiques , Tom it , p 317 ] 

If \n+ 2 maximum numerical value of / 2n+2 ( a) between the 

limits a = 0, a = co , show that 


R 


x 2n + 2 


(2n +- 2 ) 1 ( hi 4 - 1 ) (2 + 2 ) * 

and examine the nature of the approximation attained by the 
omission of all the terms which contain Bernoulli’s coefficients 

[Liouville, J de M , also Cournot, Throne des Foncttons, p 474 ] 
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45 Starting with 

iogr (*)= J " [(*-!)«-*_ 6 

= |o (F + Qe-^dp, say, 

and putting H for the two terms with negative indices in the 
development of Q in ascending powers of f3, namely ^ 

F(x) = ^° (P + Re-^dp and rs(x) = ^ (Q-B)e-^dp 
Then show that 
(1) ©(*) = * log | 


(2) i’a)=^io g ^ 


(3) F(x)-F($)=i-£ + {x-$) log* (4) r (x) = e~ x x x ~l\/2ir «°(*> 

(5) That when x is large differs but little from unity 

(6) log r(H- 1) = i log 2ir + (x + -r) log * - a 


(7) Deduce the equation, 


B x 1 B, 


1 og T (x + 1 ) = \ 1 og ( 2 7T ) + (x + \ ) log a - x +- - - 3-4 


3 4* s + 




-®2n-l _ l . / _ I \» jjn +l __ _i A 

(2n - 1) 2?t a 2 " -1 + ' ' (2n+ l)(2w+2) n 2 ^ 1 ’ 


0 < 0 < 1 [Bbetrandt, Calc Integral , p 265 ] 


46 Show that 

( 2 ) lo g r( i+ 1 )-£ ’j-{‘-\ z r;-7\ t l 3 

[Todhuntbr, Int Calc , p 392 ] 


47 If A , be the acute angle whose tangent is the n tla power of 
the reciprocal of the ? th of the prime numbers 2, 3, 5, , show that 

cos 2 A x cos 2^4 2 cos 2^ 3 cos 2^4 4 to 00 = 2 ^ ^4^) 1^ ’ 

where B n is the 71 th number of Bernoulli [Math Tripos, 1897 ] 


48 If /=* [ . , show that 

Jon/T^’ 

T(i) = rrhh T ($) = 
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49 If I = f - /ft— and /= f show that 

Jo Jos/l-s 5 ’ 

r ( T v) - tt*2 ^5 *s-ts*i V \ r (A) - rWrtW, 

r( A) = w tV r (A) 

where ^-bih^, £ 2 = sin^, £ 8 = sin^, S 4 = sin^, 

and wute down the Tallies of T(A) 9 r^), r(A)» r (i 9 n)j in 
similar form 

J 60 7tt 4 

i 2 [log(l + a*) — a] ^ x== 3^q 

[Oxford I P , 1914 ] 

31 Prove that the volume m the positne octant bounded by the 
planes 'c-Q,y = 0 } z-h and the surface zjc - 7 m /a m + / i/ )n /b m is equal to 



[Math Trip, Part II , 1913 ] 

h— If” 0 

52 Prove that e ** {</> (x)} = -j=\ e-f<j>(c - f 2y>J/i) dy, 

JlTj - co 

and apply the lesult to prove that if 1 + 4 hi he positive, 

. lx* 

e c,I *{ae- l *’} = - e" M4U 

(1 +ihk) i 

[Math Trip , 1870 (Wolstbnholme) ] 

53 When n is a positive integei, we have evidently 

1 2 3 2n = 2 2n 12 n % * (n-J), 

prove that this equation, when expressed by means of the function 
P, is true for any positive value of n [Sir G a Stokes, S P , 1870 ] 

54 Prove that the limiting value of 


2?h- 1 — 2 log 


(2fl+l)” 

1 3 5 (2/1-1)’ 


when 7i is indefinitely increased, is log 2 


[R P] 
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LEJETJNE-DIRICHLET INTEGRALS, LIOTJVILLE 
INTEGRALS, ETC 


958 We have seen that the formula (\ and i 2 both -(- Te ) 

leads at once, by putting y for ax, to 
J 0 

Now, consider the double integral 

for all positive values of ^ and a= 2 , which are such that their 
sum cannot be greater than unity 



O N i 

Fig 321 


Then the limits for x 2 must be from 0 to l-x 1} x x remaining 
constant m the integration with legal d to z 2 , and the limits 
for will be from 0 to 1 
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The geometrical interpretation is that we are adding up all 
such products as x 1 ^~ l x 2 l2 ~ l Sx 1 Sx 2 as lie within the triangle 
formed by the axes 0x lt 0x 2i and the straight line oj 1 +x 2 =1 
We use this notation rather than the ordinary x-y notation 
for Cartesians, because we propose to generalise the theorem 
for any number of vanables The limits must then be such 
as to add up all elements in a strip NQ paiallel to the x 2 -axis, 
i e x 2 increases from 0 to 1— x u and m summing the strips, x x 
increases from x 1 =0 to ^=1 

Then I=\ xp ~ l \— 1 'dx 1 = - [ x^dx x 

J 0 L ^2 ->0 o 

_i rK)r(t a +i) _ rK)r^) 

h r(ix+^ 2 +i) fk+2 2 +i) 

959 Take next the case of the triple integral 
T - == crd'i l Xs* ^ dx x dx 2 dx 2 

foi positive values of x v x 2 , a 3> such that x 1 +x 2 +x 2 ;J> 1 



The geometrical interpretation is that we are to add up all 
elements such as x 1 ^~ l x 2 ^- l x z p" 1 8x 1 8x 2 8x Q which lie within 
the tetrahedron bounded by the coordinate planes x 1 Ox 2 , x 2 0x 2t 
x 2 0x x and the plaue x x -\~ cc 2 +;rg=l 
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Then dividing by planes parallel to the coordinate planes 
in the same way as explained m pievious chapteis, we have 
first to integrate with legaid to x Zi keeping x x and x 2 con- 
stant, that is, for all values of x z which lie between jr 3 =0 and 
x z =l —fa—Xz, which, mterpieted geometncally, means the 
addition of all elements which lie m an elementary prism 
parallel to the s 3 -axis and whose ends he respectively m the 
plane ot & 3 =0 and the plane 'then, keeping 

x x constant, we have to integrate for all values oi x 2 from 
x 2 =0 to the value of x z which makes 1 x L x 2 vanish, 
which means that we are to add up all the prisms which lie 
m a thin slice parallel to the plane of ^=0 Finally, we aie 
to integrate from ^=0 to %=1, which means that we aie 
to add up all the slices within the tetrahedron 


Then I 


-ITT 

J o * 0 •'0 




n l-Xl 

o 




x^" 1 dx t dx., dx 3 


= f 1 x tt-1 . Bhi *8+11 (1-Xi) 1 ^ 1 * dx 2 

Jo 

[lay applying the result f a:' 1-1 (k x) 12-1 dx=Jc l '- +1 ‘ i,)] 

J 0 


Hence B (t t , s a +*,+D 

% Z 

tmt(i 3 ) r Mni 2 +* 3 +i) r^r^r^) 

_ r(4 2 +t 3 +i) r(h-i-vH s +i) r(» 1 +» 2 +i»+i) 

960 Similarly, in the case of four or more variables, but 
geometrical interpretation fails It is, however, clear that if 
we are to integrate 

1= dx 1 dx 3 dx 3 dx 4 

for positive values of x v x it x 3 , x 4 , which aie such that 
x 1 ’\-x z -{-x z -\-x^ ^ 1, 

(1) when x lt x 2 , x 3 are kept constant, x 4 will range fiom 
x 4 =0 to such value of aj 4 as will make 

1 — X-y X z X z X4 

zero, le from cc 4 =0 to x±=\ — x 1 —x 2 —x z 
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(2) Having integrated with regard to as 4 , we now keep 
x l3 x 2 constant, and in integration with regard to x Zy 
x z must vary from cc 8 =0 to such value as will 
make 1— £E 2 — £3 vanish, le x 3 must not exceed 
1— x 1 —x 2 , te the limits are 0 and 1 — a? 3 — x 2 

(1) Integration with regard to x A and x z ha\mg now been 
completed, x 1 is to be kept constant whilst integra- 
tion with legard to x 2 is eflected, and x 2 must range 
from x 2 =() to such a value as will not make 1 — x 2 
negative, le x 2 must not exceed 1— The limits 
are therefoie 0 and 1— x x 

(4) Finally, the limits foi x 1 are 0 to 1 

Hence 


n i-si n-x 1 -x 2 ri-xt-xt-xi 

I I x 1 tl " l x^~ l x z ^ m ‘ 1 x^~ 1 dx 1 dx 2 dx z dx 4i 

o Jo Jo 

= f 1 f 1 1 xf- 1 ( 1 — a;, — x a )'>+'*' — — ’ — — 1 - dx 1 dx 2 

Jo Jo l * 

li Jo 


= B(h ' il+l) B(i 2 , t 4 + * 4 +l )B(l 1> I a +*3+*4+l) 
h 

ixgrfa) r(t 2 )r(t 3 +t 4 +i) rtorfo+h+vH) 

r(t a + l 4+l) r(z 2 -ht3-l-^4+l) r(4 1 + ^2+ 2 '3+' l 4+l) 


r^rMr^irw 

r(h"b®2+ ^3+ 1 4+ 1 ’ 


and the rule indicated obviously holds for any number of 
integrations, viz 



x^ n ^ (Lx-y dx 2 dx n , 


for positive values of the variables such that their sum does not 
exceed unity = j y- ^ n l where o-=^ 1 4^ a + +i n 
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961 An Extension 

Similarly, if the limiting equation had been 

*!+*»+ +*n> c (instead of > 1), 

the limits would have been, 

for x n , fiom 0 to c— x x — x 2 — — x n- i> 
for from 0 to c — x l — x 2 — — x n-2> 

etc , 

but we may deduce the result from that alieady obtained by 
putting £Cl =c 5 c/, x 2 =cx ^ etc, 

so that ^ 1 

Thus we obtain 


7=^11 j(a; 1 / )‘i 1 ( sc «) ,i " 1 M‘ n ' l dx ,'dx^ 

=c <rEilll where cr=ii+'is+ 

r(<r+i) 


dx n ' , 
+K 


962 Diiuchl*t’s Thlorem 

We are now m a position to establish a lemarkable theoiem 
due to Gustav Petei Lejeune-Dinchlet * who was successor to 
Gauss at Gottingen in 1855 t 

The theorem is known as Dmchlet’s Theoiem, and is of 
great use in analysis 

r l he theorem is that when theie aie any nuinbei of vana )les 
scj, % 2 , x ny and integration is conducted for all positive values 
limited by the condition 



the several quantities ^ 1) ^ » 2 3 > a n> 'P ni 

being all positive, and II denoting the pioduct of the factors 

indicated 

♦Liouville’s Journal, vol iv , p 168 

f Cajon, Ihst of Math, v 367, Kummei, Gedachmwede avf G P Lejeune 
J)%nchlet 
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The limiting equation (— ) ) + >1 may be made 

( X fx V ' 2 

a) 9 ^ 2 ~\a) 9 e ^ C) 

which give i- — , i- ^=— , etc , 

* fi3*i % 4^2 V 

“* • r -™ p-t 1 1 1 

The transformed integral is then 

with the limiting equation £ + f 2 + + £» > 1 > 


, , , r 

_ a l ‘ a 2 J a n” 

(liW- 2 ') n 

W W 

(-) 

K pj 

._£< 

— n 

Pr 

m 

P1P2 Pn 

- 1 +^+ +- 
'Pi Vt P 

?+l' 

n 7 

) r 

(l+ 2— ) 

\ 1 p r ' 


as stated 

963 As before, if our limiting condition had been 

(a) pi+ (%y ,+ +er- ( mstead ° f ^ 

we should have, after transformation as above, 

fl+^2+ +^n : t >C > 

and making the further transformation 

^2 =c ^2» e ^ c » 

£/+£/+ + £n3 > l> 

and the result would be 

-- A*)*® t M> 

r(«r+l) 




1= 


P 1 V 2 » pn 


where 


%e 


r ="?{^ r (F)}/ r ( 1+ ?S 
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964 Ex Find the centroid of an octant of the solid bounded by 

©MiNir- 1 ’ 

the volume-density at an) point being gi\en by p = /A*yV 

, SSk cdbdi/dz IIJ r'+V *" d > dy dz 

H01 6 1 jjjpdrdydz Jjj x'y m z« didydz 


/7 + 2\ ri /' irc + r \ r ( , ?L+l 
a !+2jm+i r i.+i 1 / v 2A / \Jd 


The Numeiator— g-g-gf- » +2 m + 1 n+T . 

rl_ 2F +_ 2r _+_ 2r + / 


The Denominatoi = 


-v. 

2/ at 2i , «i+i , »+t ~ ry 

r l-2T "2r + 2/ +l ) 


'(it) r ( 


'\2l 2L 

l + m -I- n + 5 


f7-H?i + ?i+ 4 


In the case of an octant of a umfoim ellipsoid l — m = w = 0, k — 1, 


‘mW) c 


Similarly for y and z 


965 A Particular Case 
In the case when V\ = Vi~ —Pn— 1 
and a x =a 2 — =a n =a, 

the theorem reduces back to 

Z=jj Jv 1 ®,’** 1 x n "-' l dx 1 dr 2 dx n 

= a .,H,+ JMl's) IW-, 

+^n + I) 

and the limiting equation is 

x Y +x 2 + +x n >a, 

viz the fundamental case of Art 961 assumed 


966 Extension 

If the lower limits had not been zeio in each case, but such 
that s 1 +x 2 + + 2 c n is to be not less than b noi gieatei than a , 
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ie 6<25C r <a, then plainly we must subtract fiom the 
result obtained, the integral found by making 

®i+*a + ~^~ x n ^ &> 

and the result will be 

[a l i^a+ +*»— +tn ] -F ^ ^ ^V tt 

L J r(vt-vt- +i n + l ) 

967 If the difference between a and 6 be an infinitesimal 
difference 8b, then to the first ordei 

#1 + +tn — ^ ln = (b-\-$b) ll + "*' ln — "*" ln 

=-(*i+**+ +0& ,,+ + ‘"' 1 <5&> 

and the result will be 

&’i+*»+ +H-ig6 r ^i )r y r [ t a) r ,^ 

r(\+^ 2 + +0 

For example, to verify this in a simple case, considei the volume of a 
triangular plate bounded by the coordinate planes, and the planes 
x+y+z=b and v+y-\-z=b + 8b 
Here i 1= =i 2 = l3 =l, ^=^ 2 =^ 3 = h 

y =mb l^l =W sb=sl\ 

te the change m the volume of the tetrahedron bounded by the co- 
ordinate planes, and the plane which makes intercepts b on the axes, 
when b increases to &+S& 

968 Lioimlle’s Extension 

If we require to find the value ol 

I=jj !+tt 2 + +x n )dx ± dx 2 dx n , 

subject to the conditions that x 1) x 2t x n are all positive, but 
»i+» 2 + +x n > a an( * ^ &» 
we may then take the case when 

^1+^2+ +^n 

lies between v and v+dv 3 for which 

X \+ X 2+ + T n 

differs from v by an infinitesimal e 

Then for this limitation the integral takes the value 


+m-l 


r(pr(Q rto 


r(«i+ +0 

-*»+*+ 

J v ’ r(* x + +» n ) 
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to the first order o£ infinitesimals And therefore, for the 
whole range of values from v=b to v=a, 

T TMTM r(* — f +*»— 1 f(v) dv 

r(h+*2+ ^ 

969 Exactly in the same way, if we lequire 

i=\\ *-'/((*)%■ +(J) ] dx i dx » 

foi all positive values of the vaiiables such that 

ey+ei r+ +©’'«■ “ j<i - 


w © n+ (r + + ©” 

lie between « and t>+<5v, =u+e, say, where e is an infinitesimal 
Then tor this limitation, 

rWr(i r(a) 

[;r. W */(„+«) W— rSfe — 

L J, Mi T* 1 W 


where 


h= h+h + +£, 

Pi Pi 


and Svf(v+e) diffeis from f(v)Sv by a second-order infini- 
tesimal at most, supposing /(v) and/'(r) finite and continuous 
for the range Hence in the limit, when we integrate with 
regard to v from v=h l to v=h l , 

r r (— ~) r (—') rh 

J_ (h"a^ g£ W VPsl Kfn V _1 /(u) dv, 

Mt P» r(h+h.+ +—) jAi 

Vfi ?i 3V 

where h-±+%+ +± 

This extension of Dmchlet’s theorem is due to Liouville* 

970 An. Application 

As an example of this theorem, considei 

( f f dv 1 dx 1 di n _ 

JJ 

foi positive values of the \aiicil>les with the condition 
»i*+ij a + + r n *=va 2 $>«* 

* Liouvillo’s Jow nal , vol iv , p 231 
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Here 


Then /=“- 


Pl=Pi= =Pn=% *l = *a = =«n=l, 

«i=«s= =a„=a, Aj = l, /i 2 = 0, k =| 




Til 


. r V r _£ 

Jo (W 1 - u V 


' V2 


'° 

%) 


f 0 V V 1 (1 - v 


a n ~ l 
: 2 n 

‘ *1 ' 

r m 

SK 

IJ _a"~ 1 

nil 

t r 2 

ri 

8) 

r 

H 1 

4- co 

r 2 - n 



Th as, fox example, m the case % — 2, 

f f dx 1 dz 2 _a 7T^~ _ 7ra » 

J J Jat—xf - rj ^ttJ 2 

Hence the area of the portion of a sphere a a 4*y a -M* = a a which lies in 
the first octant, and which is 

//»**' te a !I j^=W- =? > 13 =<I T’ 

and the area of the surface of the whole sphere = 47 ra 2 
Again (ft=3), f [ f - _ dx \ dx 2 djc i - 71-2(22 

J JJ\/a 2 — &J 2 -x a 2 — x? 8 

(Gregory’s Examples , p 474) 
and (% = 4), f / [[ - dx^dudx^dx^ a* iA 

J J J J > Ja i —xf — x£— xf—x^ 16 r(4) 12 ’ 

etc 

971 Boole’s Theorem 

Consider / = [[. jj(« 1 ae l +a A + +»„*„) dx» foi 

all real values of x v x 2 , x n negative oi positive, such that 
x i 2 +-^+ > c 2 

Change the variables by the ortho- 


Then J — 1 and the relations of 
the transformation, system are 
£J 2 =1, etc , 


and 


2 lm={), etc, 

rt 91 

S*r 2 =2X 2 > 



*1 

W 2 

«3 



^1 

*2 

*3 


®2 


?n 2 

m s 

- 

*3 

»1 

W 2 

«» 

- 





- 


Gregory’s Examples, p 474 
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and suppose the transfoimation to have been so chosen that 
a 1 x l +a 2 x 2 + +a n x„=ku v where fc 2 =^ a, 2 

Then I=|| ^F(ku^)du x du 2 du n 


(n signs) 


Now for the first n— 1 integrations, u x remains constant, and 
|| |dM 2 d« 3 du„, 

(n-l signs) 

<-t-W S 2 + + U « > c 2 — Wj 2 , 


wheie 


‘ gel , 
2--> r (!!+I)' 


the first factor 2 B_1 occurring because at each of the n— 1 
integrations the lesult is to be doubled to take into account 
the possible negative signs of the respective variables Hence, 
dropping the suffix, we have 


Z=- 


n-l 

Li— P _F(fcu)(c 2 -w 2 p 1 dw 

'71+ 1\ J _ c 


./ g± 

* v 2 y 

(See “Catalan’s Theorem,” Liouville’s Journal, vol vi ,p 81, 
and Boole’s remarks upon it, Cambridge Math Journal, vol m , 

P 277 ) 

972 Consider next the integration 

r_ f f f-F(«i« ; i+ CT a a! 2+ + CT « a? «) fa dx dx n , 

J_ JJ J s U-x'-xf- -xf 

where x*+x*+ +x„ 2 > c 2 , 

for real values of x v x v x n 

Changing the variables by the same orthogonal transforma- 
tion as before, 

r f f f ,d Ul du du n 

(n signs) 

Now for the first n— 1 integrations, u x remains a constant, and 

c n „ n 


HI 


du 9 du A du n 


(n-l signs) 


M , 2 -«n 2 ) 4 


n - w 


2 n “ 1 


r(5 
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by Ait 970, the first factor 2 n “ x being introduced because the 
several variables aie not now lestneted as to sign as was 
the case in Ait 970, so that at each of the (ft— 1) integrations 
the result must be doubled Also at the final mtegiation the 
limits must be — c to -\-c for the same reason Hence, drop- 
ping the suffix, 


7= 



J° jP(H(c 2 



* 


973. Further Generalisation 

We next consider the still more general integral 

Mf \ F(^+ +^)/(4 +A n x n )dx l dx n 

for all real \ alues of x 1 ,x 2 , x n , such that 


*1 

« i 


i 4.±S~i- 

■ 


<V 


[' 


First we expand F(v) m powers of 1— v, say EJ? P (1— v) p 
oi if it be possible to expand in positive 'integral powers of 
1' — we may write 1—v—w , then F('y)=.F(l--“W), and by 
Maclaurm’s theoiem, we may put 


Then we consider the mtegiation of 

II JHS- + A ^'«) dx i dx n 

If I p be the result of this integration, the whole result will be 

X Bplp 

[or I 0 F(l)-I 1 F'{l)+^F"W- +(-iyjf 1 J w (l)+ • 
as the case may be^J 
To obtain ip> first put 

^2~ ^2^2’ fl33 == 0ti3^, X n & n £ n 

Then J=a x a 2 a* and 

It =([ f(l-£ 2 - —inYf{ A l a lil J r +A'fl n £Jd€i din 

a x a 2 a n JJ J 

* See Todhunter, DC , Art 281 , Gregory, D and I 0 , p 474 
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Now make a further transforma- 
tion to variables u 1? u 2 , u n by 
the orthogonal transformation for- 
mulae in the max gm The J acobian 
of this system is unity, and 

£*+£*+ =V+V+ » 

and further choose u x to be 
(A l^li 1+ A 2^2&+ )lk 
where k 2 = A 2 a 2 + + A n 2 (t n 2 

Then I P =a l a»JJ |(1— u 2 — 



v i 

U 2 


u n 

ft 

k 

i ‘ 


Ifl 

£2 

m x 



m n 



, 



f- 






—Un 2 )*/ ( l u L ) du Y du n 


In the integration with legaid to u 2 , u n , the remain- 

ing variable u x remains constant, and 


(j J ( i 

(n- 1 signs) 


— u n 2 ) p du 2 du 3 


(Ill'll, 


1 [r®r P -^ 


(1 — % 2 — zydz, 


if restricted to positive values of u 2 , u 3 , etc , and if the several 
variables may have full scope as to sign between the specified 
limits, each of these v — 1 integrations must be doubled 
The result of the n— 1 integrations is in that case 


r(sT r(’-T i ) r » +1> 

r (i=i) r(s± 1 +y ) 


(l-«i 2 ) 


-+J> 


y fI r(p+i) 


n- I 


(l-V) 2 


+P 


Therefore, as the limits of the final integration with regard 
to u x are from — 1 to + 1, 

n- 1 


Ip—<hfh 


tt 2 rip+i) r l „ 


tt I-!-® 

u 2 ) 2 f{hu) du, 
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it being now unnecessary to retain the suffix of the u Hence 

1 - 0 , 0 , (1 

r(2±i+ y ) J -' 

where l 2 — A + A 2 2 <x 2 2 + + A n 2 a n 2 

This result, pf course, includes formei cases discussed 

974 Extension 

If the limits had been defined so that 

x il a i+ x zl a z + + x nl a n > « 2 (instead of 1), 
we could deduce the new result from the former by writing 
a L a in place of a l9 a 2 a in place of a 2 , and so on, 
and therefoie la in place of 1 , 

and, finally, if the scope of the range of the variables is still 
further limited by 

^i 2 / a i 2 + + x nl a n > a 2 ancl < P 2 > 

we must subtract all cases for which x 1 2 /a 1 2 + +% n z l a n 2 1S > 
and we shall have *-i 

I/*A 2 

=ZB P - P ( 1 — [a n f(kau)- P n f(kpu)] du 

r(!+i +J ,)J- 


975 Deductions 

Compaie with the foregoing results the senes of integrals 
- l x 2 l *~ l dx v wheie x 1 +x 2 =l 9 


J Jajj 7 1 — x 5 c 2 l a - 1 05 s z -»“ 1 dx x dx 2 , wheie x 1 +x 2 +x 3 =l , 

etc, 

IH l ^- 1 V M-1 dx x dx n _ lt where & L + +®«-i + x n=l> 


for positive values of the several variables 

Take for instance the second Here sc 3 =l— x 2i and the 
integration 

Z== [ta ,l “°aV 2-1 (l— x i~~ x d l *~ l dx 1 dx 2 
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s to be conducted tor all positive values of x v as 2 , such that 

l Thl 

rwry r fo+orfo) rMr^rts) 
_ r(i 1 +t 2 j rorK-Hs) rcn+^+H) 

976 Similarly, in the general case, 

f== |j x\ dx n-l 

(n— 1 signs) 

for positive values of x v x z , x n , such that ®i+ +*«-i+ x n= J . 

J=[j jv - 1 -fcn-1, 

(n— 1 signs) 

where scj+^s-f" +^- 1 ^ 1 

r(H)r(P T(V-i) f 1 ? ,n+*i+ +2 ft -i-i(i—^) l, ‘“ 1 (2v 

"T(vh*+ + , w)J« 

r (h)TM r(a B _ 1 ) rfa+a»+ 4-Vi)r(\) 

— r(t 1 + , vt" “t - 1) r(»i+s+ 
nurM r(s) 

- r(t,+ij+- +’») 

_ It 

Thus, J®! 1 ’ 1 x » n ' ldXl dx ’ 1 ' f ° r 

(n signs) 

n 

and B =\\ • x n"~ 1 da: i ^n-i> for ]EX =1, 

(n-1 signs) _ . , 

, . , r r(or(t a ) T(i n ) 

we have KH-»g+ +' l nl A — a r +^») 

977 In the same way, if we require the value of 

I=|| j % ,1_1 £ 2 ’ 2_1 Xn-\~ l x n n ~ V "’ dx \ dx 2 dx *~l 

(ti— 1 signs) 

foi positive values of the variables, such that 
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we have x 


and I 


* -§r- -err 


(n-1 signs) 


whei e 


i -©’- -&'"T ix ' dx ‘ clx -' 

§r+ +^r , » i - 


ih 2Vi 


r /h\ r ^«=i) i»_x 

-W (£«=ll 1 i*-i(l-vY“ 


’(il+ 

Vi 1W 


Ia=i2 (V-Hl- 


-v) p » dv, 


x=- 1 +- 2 + +^ Z -V 

Pl Vl Pn - 1 


r(V)rfVi 


wheie 


T_ Pn <h tl nj* (t n n j£li X2L 

“q/ 7, JhPz 2’« rf^+- a + +— ) 

W ft 2V 

978 E\ Find the value of J J for all points of the 

ellipsoidal iHi/aee i7'* j + 2' 2 / &2 +-V=1 which he 111 tlie P osltlve ocUnt 
Heie ?1 =A, 7 2 = /i, i,= i+l, jUi=i>j=P 3 = 2 , «i=“> "2 = i > a 3~ 0 < 

.^w,. r (i) r ft) r ( I T i ) 


2 a^bw* 1 
2 2 2 


\,4-/x-t-v + l N 
2 > 


Thus, foi instance, 


I ! ~‘ c 

979 Relation of the Integral Forms discussed 
We note then that the two integrals 

J. = jj x^-'dx^dx t dx n , foi 2(^) > 1 

(n signs) 

n 

£=jj dx n _ lt ioi S 1 




(n-1 signs) 


A GENERALISATION 


169 


for positive values of the variables m each case, are so related 
that r/Mpf^ r (— ) 

A i r , a s r n= <^ , l a «- JhL W 

Vp/ Pn PM p» v(%+%+ +£-“) 

\ Pi Pi Pn' 

980 A Lemma , . „ 

In Older to abbreviate the work of the articles which follow, 

let us note that the Binomial expansion 

,»(»+ 1 )_ 8 , ,n(n+D (»+r-l)„ + 

(l_ J .)-»=l+nz+- i yi — + r i 

m v , . r(»+r) 1 

may be wntten as ^K, (n) z’ > where K, — p^ r ' ’ 
and that, writing S+S=fo’ e * 0 ’ we have 

r(u\T(*.+r) _ ro»+r) rwrxv+r) 

K ' T^+ii+r) WhW TOa+r) 

rwiw r(s+r) 

~ r0 2 ) r(i 8 )r' Tin+h) 

_ n T(i,)Y(iz)T(i 3 +r)_Tih±?) 

" ros ,)r< r 0» +r > 

riorwrw r(* s +r) _ r (Q r (*») r&) 

— ro 3 ) r(» 8 )f' r(ti+»a+^) 

etc, 

” d ,ra.m*,+p)r(>,+r)_r_( 2 i±r±£i 

ro.+*-)p' ro 3 +p+r) 

r(t,)rwr(t)+r) r(v+p) = i> i) r(z 8 )r(t»+i ) y, 

= — fo7 +o rW/>' r(t 1 +» 8 +» 3 +»-) 

etc 

981 We piopose now to considei integrals of the class 

x^- l f(^^ x ^) djc i dx i dXn 

1 (X+aA+a^+ +u n *n) 1 ‘ +,+ 

foi all positive values of the vanables, such that 
h 1 <A 1 x 1 +A i x t + +A n x„<h v 

all the letteis involved representing positive quantities 
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Putting 

"^•l*l = £l> A 2®% == £l> e ^> an d ~A^ = ^ 1 ’ ~A. = ’ e ^ C > 

J„=_i ff f in rihd ±MMi *& 

A I iA 2 H - ^n’"JJ J(X + & 1 £i + &i&+ +K£n) tl+ '* + + *" 

Consider first the case of a double integral, 

l= — L . r &r 1 &»- l /(£+&y dA 

a particular case of which is discussed by Todhunter (Int Calc , 
p 263) Of the two quantities \ , b 2 , let b 1 be the one which 
is not less than the other Then 

^ +b i£i+h£i—{^+\(£i+£ i )}-(b 1 —b i )£ i , =u—v, say, 

where v=(b 1 —b 2 )g i Then as X+h^-J-h,^ is a positive quan- 
tity, we have and 

+ \ £t+ i 2 f 2 )“ (tl+l »>= (u— t;)-<»i+»*)=u“(i 1 +t »> ^1 — (l ** 

=U-<ti+i*> 2 Kr ill+ *KK-b 2 y(£f) r , 
a convergent binomial expansion Hence the integral becomes 

- 2 ^t 4 •%«. 

and u being a function of ^+£ it ve have, by Art 968, 

I 2 = W r (t l+ w 6 6 y P^rnyfr) ^ ^+^VQt) , 

0 2 r(a l +i 2 +r) J Al (X+b 1 <) t >+^ +r 

rOi+ij) Jj 1 (X+6 1 t)* 1 +>.{ 1 \ + \t j dt 

= L_ r (h) P(i 2 ) f 4 * t^~\f(t) 

= r(^)r(i g ) r 4 * ) d< 

tvi j-o \ 1 
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982 Next take the case of the triple integral 

i f f f A* 1-1 ^~ 1 ih£~h d£i d £ 8 

J3== 3^3^37= J J J (X + &l^l+ & 2^2+ & 8^3)‘ 1+I|1+,S 

Of these three quantities b v b 2 , b s , let 6 t be that which is 
not less than either of the other two Then 
X+b 1 i l +b 9 J 2 +b^ i ={\+b 1 (i 1 +i 3 )+hi^ 

~(bi-b s )ii, =u-v, say, 

where v=(b 1 - b s ) i s , and is < u and positive Let % x +i^+ 

Then m ^ 

(^i) K r MQ>i-b s y (~ 3 ), 

a convergent binomial expansion 

- (h hV CCC^'^r^ijjZr) 

A (i,-6,) r fff ll — J -1 

h- L, a^AI'AS)) U» 

where <t is, however, X+Mfi+W+W* and is not this time 
a function of the sum of the variables Hence a further trans- 
formation is necessary 
We may write 

«=\+6 1 (^ 1 +^)+b 2 ^=[ x + & i(^i+^+^ _(6 i _62) ^ 
=U—V, say, 

where 7-&-&k)£* 13 < U ’ and U ls a functl0n o£ 

Also, wilting 1,+1,+1, + J “?/ -wheie necessaiy to shoiten 

u« = - l)' U = 7 '* 2A'p ( ' s > (i. - 6i) P (|) P > 

a convergent binomial expansion 
Hence 

r£i 






•1 £ »2-1> 1 

_S2 €3_ 

^l+ l 2+ 1 3+ r 


SIS 1 

- a s & 

- sis % 


1* l^y* 1| 3 »3 + _t p >(&, _ b t ) p (Ujd^ d £ 2 1?| 3 

j7 Ji p=o 

A t, — 1 A tj+p — ' 1* tS+ ,— ^ 1 a 

£p 0j X\ - hf & ^..,3 4-p^ 1 (2 ^ ^ de2 


(ft 


i 
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= <*_Vir K,**<h-vr 


k r(i 1 + lj +t s +r) (x+6 i ty* p=o 


(\+b 1 ty 


VMTMTdt+r) 

r( i i 4 -i 2 + ? 3 + r ) 


r fi 

k (A+ &,*)”' l X+b ^ ) 


r( t< >rfa)rfa+>) * d'-'mdt 

+ J H { \ + b lt f + ^ +r (k + b i t)''’ 


Jy 1 (6.-W M T( h )VMT( n +r) X t± X f(t)dt 

r=o a^a'a? r r(* l +t ! + l ,+>) k (X+btf'+^^+bit) 1 * 

- 1 ro,)rfa)rM p fi-'m %“ * w(V^ r dt 

Ai'AfAf r ( l i + * 2 +»s) k (k+b 1 t)' l+ \\ + b i t) H ,to r (A.+fcji)' 

... 1 rMTC^rp,) X £2 l _m L <kzh 

A^ApA.* r(H+t»+H) -X a + U^+’YA.-t-U)** I. J 


i r<h)r(or(.Q f «* Vffl 

VAj'Ms 11 rOj+tj+H) J», (A+i^^+^A+Jjj)** 

- i r( oro 2 )ro, ) ^ ^(0 A 
AkA^A? ?(h+-h+h) k fax+bjy 

1 

r^TMTOs) f* r'mdt 
r(h+tj+h) A, n(i s A+^) l ‘ 


983 Exactly the same process will hold for a multiple 
integral of higher order, so that m general we have 

T( h )T(i z ) r(Q p- gg* im df 

+*»)J^ n^x+a,*)- 

984 Extension 

The result may obviously be extended to the integral 


'-tf r 


h' 1 ‘ lx k _1 ^"'V ( 2 ■‘W’ - ) dx 1 dx 2 dx n 

-\-a n x n *") L , 


where /„=^i-)-ll-(- +— , 

«1 «2 °n 

all the letteis involved being positive quantities and the 
conditions of the limits being 

h 1 <A 1 x 1 °-i+A i x 2 °*-{- +A n x n ^<\ 
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For putting A l xf'=£ 1 , ^4 2 a: 2 a »=f 2 , etc, b r , ^ 2 > etc ’ 

we have 

T i ff 1 + ±U*£i2L d £» 

n n ¥ JJ J (X + &|^i+ ~\~bn£n) k £l^2 £n 

ILa r A r * r 

1 

1 r (a|) r (a!) p , t^f(t)dt _ 

a i “ 2 ° n r(^i+- 2 4 +- 7 ) Ja, n(-4.X+a,^ 

\a x a 2 a n / i 

Tlius m all such cases the multiple integral is reduced to a 


single integration 

985 Differentiation with regard to a parameter contained in 

the integrand 

In a multiple mtegial 

x n> c) dx n , 

which contains a constant c, differentiation with regard to c 
may he effected by the same rule as foi a single integral, 
provided that the limits of the several integrals are all inde- 
pendent of c That is 



The proof of this is the same as in the case of a single 
integral 


986 Liouville’s Integral 
Consider the case 


r^}-i 

x n h dx^x 2 dx n _ l9 * 
a n 

where tsr,+a: 2 + +*»-i + j Bl x s x n ^’ 

an integral discussed by Liouville 
Differentiating with respect to a, 

i_! ”rl-i dx, dx n - x 

K *n-x %jpc 2 a: n _! 

♦Bertrand, Calc Intiyial, p 476 
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Now introduce another variable x n defined by 
x y x 2 x n ~ x x n =a n , 

i e change to a system 
aP 

£C,=- , %2 = X 2> X Z =X Z> = 

X n 

Then 

o( 3 2 > X n) Vs 


Then t = x 1 -\-x 2 + +% n -\~ 


Vj a? n -i 


is replaced by 


^2+^8+ + X n + 


a n 


Vs x 


=£' say, 


anda^H" -1 fa * is replaced by 

*^i®2 ®n-l 
l 

r rt, n "l n i i “T ”’ -1 dxa dxo dx n 

j [^} *• *- sfc— 


X -1 - 2 -i S-1 


n— 1 


a e (— l) n ~ 1 a 1_n a: 2 ri sc 3 n cc 4 n $ n n dx 2 dx s dx n , 

and m the transformation of the multiple integral the sign 

is adjusted by a proper assignment of the limits 

Hence, as x n is ex? when x x is zero and vice versa , we have 

^=— 7 ia n_1 [ [ a Y - n e~ v x^ l x 3 n 1 £ n n dx 2 dx 6 dx n 

da J 0 Jo 

=—nI (for if a is increased I is decreased) 

Hence — nda r log 7= — 7ia+ const, I=Ce na 

To find C, take the case a=0 
Then I becomes 


f f f 6 -(*i+**+ +*»-i>x 1 n 1 x 2 n 1 i 1 

Jo Jo Jo 

and as the variables are independent and the limits constants, 
this may be written 

[j e-^Xj” x |J e-**x 2 n 'dsj xQ e-^Xnh 
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n— 1 1 

’2 


that is r(i)rg)r(|) r^) or m*W 

lienee C=(27r) 2 n 2 

Hence the value o£ the integral is 

n— l _1 

J = (2tt) 2 n 2 e _na 

987 Liouville’s Method of proving Gauss’ Theorem 
Oonsidei the product 

r^)T(x+\)T{x+l) r(x+^=i) 

Tina may be wntten 

r» f« jj.1 _ i f" 

n dx 2 dXn 

rr r e - ( x l+ * 1+ x:^- 1 ^, a* n 

Jo Jo Jo 

Now change the vaiiables according to the scheme 


*i= 


%2 X 3 X * 

«7l— 1 


X 2 =X Z y x n— x n 


Then J== nz " 1 and the integral may be written 


x 2 x^ x n 


rr r -(»,+*»+ «**i- 

Jo Jo Jo *» 

2 " _ Y~ 1 ^ + "~ lj: / + "' 1 X n x + ^' 1 dzax , dx 3 dx n , 

\x 2 ®, ®«/ 


that is 
n 


f [ f n dzdx 2 dx z dx n 

' J o J 0 Jo 

=n[ (27 t) 2 ~n”^e” n2 2 na5_1 by P iece ^ i:n & article, 

J° v x 

=ni(27rp 1 j e-^z"*- 1 <fo=n 4_n *( 2,r ) 2 r ^’ 


VIZ 


n-1 


«~r W r(, + i) r(, + ”Y)-”‘W * rW ' 

which is Gauss result 
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PROBLEMS 

1 Find the mass of the triangular lamina bounded by the axes of 
coordinates and the line x + y = a for a law of surface density pxPyi 

2 Find the mass of the tetrahedron bounded by the cooidinate 
planes and the plane a-'x+br'y+c-'z = 1, the volume density being 
p=pxyz 

3 Find the centroid of the area in the first quadrant bounded by 
the lines x+y=-h lt x-\-y = h 2 , for a law of surface density <r — fxxPyi 

4 Find the centroid of the volume in the first octant bounded by 
the coordinate planes and the two planes 

a' 1 * + b~ 2 y + c -1 z = Sj , a-h + b~hj + c- 1 z = b 2 , 
for the following laws of volume-density 

(i) p=n(a~h:+b- l y+<r'z), (u ) p = iaPyizr, (m) p = ^ + y n - + z*) 

5 Apply Dinchlet’s theorem to find the mass of an octant of an 
ellipsoid lu which the density at any point varies as the square of 
the product of the distances of the point from the principal sections 
of the ellipsoid 

6 Find the moment of inertia about the z-axis of the portion of 
t e sphere x 4 - y +« 2 — a-, which lies in the positive octant, supposing 
the aw of volume density to be p = ftxyz Obtain the corresponding 
result for an octant of the ellipsoid jp/a 2 + y 2 /b 2 -\- z 2 /c 2 = 1 

7 Find the mass of the positive octant of a sphere of radius It, 
whose centre is the origin, for a law of volume density 

p-p[a, b, c,f, g, h)(x, y, z) 2 

8 Find the mass, centroid and moments of inertia about the axes, 
of the positive octant of the ellipsoid * 2 /a 2 + y 2 /b* 4 z 2 /c 2 = 1 , for a law 
of volume density p = p. [x 2 + y 2 + z 2 ) 

9 Show that the volume of the solid, the equation of whose 
surface is arty +b~iyt + c** = 1 , ls a5c ^ 2 fm)! 

10 A homogeneous solid is bounded by the suiface 

(*/«)* + (#)*■ f-(a/c)*=l 

Show that the centroid of the portion of it m the positive octant 
is the point /21a 215 21cN 

\128 128* 128/ [Oxp II, Pup , 1901 ] 


i 
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11 Find the position of the centioid of the portion of the solid 

bounded by (»/ fl )» + (y/ 6)>» + (*/<■)*» = 1, 

which lies m the positive octant, the volume density being /i/rPyQz r 

12 Show that foi positive values of a - and y, 

such that x 2 + )j 2 $- <?, is 

i c >i+2m r (Q r 0») 

1 V(l + m + l) [ICS, 1893] 

13 Obtain an expression for the value of 

|| S 2(-l y2m-l /(„!! + lyl) de dy 

foi all positive values of x and y, such that ax 2 + by 2 $>c 2 

[ICS, 1893 ] 

14 Prove that the value of the volume integral 

+ fiy + vz) 2n dx dy dz , 

taken through the volume of the ellipsoid x 2 /a 2 + y 2 /b 2 + z 2 /c 2 = l , 
A., fi, v being constants and n a positive integei, is 

±Trabc(\. 2 a 2 + i^b 1 -1- v 2 c 2 ) n /( 2n+ 1) (2n + 3) 


[ICS, 1912 ] 

15 Find the value foi positive values of x, y , z of 

JJjW 8111 ^ ^ V + ^ ^ ^ ^ 

with condition i +y + z< W [ICS, 1899 ] 

poo pco 

16 Trove that l <l J ( r ' + y)^ a y^dxdy 

Jo Jo 

r(tt+i)r(0+i) r f / , 

°~ T (« + /? + 2) 

and extend the theoiem to any number of variables [Coll 7, 1887 ] 


17 Piovo that the area of the curve 

(ar + bi/) 2n + (bz-ay) 2n =l is [r(<^)J / 7l ( a2 + ^ 2 ) r (^) 

[Coll 7, 1891 ] 

18 Find the volume enclosed by the surface 

(x/a) 2n +■ (i//b) 2n + (z/c) 2n = 1, 

where n is an integer [Math Trip , Part II , 1919 

Show that the distance of the centroid of the portion for which x 
is positive from the plane x = 0 is 




178 


CHAPTER XXV 


1 9 Prove that jj ~ p ~ p) /(“ + fi'l) At dy 

= ^ ab r^T) f ' x ( 1 - ty-tm At, 

where k^(a 2 a 2 + b 2 f3 2 )^, the double integral being taken for all 
values of o and y, such that 

v-/a? + y 2 /b 2 < 1 [ 7 , 1899] 


20 Show that, xyzio being equal to a 4 , 

111 g ~^ +y4+gt+i ** ) y ;s2 dy dz = ~j=i • 


21 Show that 
|J| dzdyih 


[Sr John’s, 1882] 


abc 


1 ( p + ax 2 + /?y° + ytPy ® P*J(p + al(x ) ( P + b 2 fd) [p i- 6 2 y) 
where cr, y, z have all positive values such that 
^ 2 /u 2 + y 2 /b 2 + z 2 /t 2 < 1 


[CoLLliGLb 7, 1891 ] 


If 


22 Prove that 
(1 - y- 


(l i dij 


(pi- at + /3?/) i + w + rt + 1 

— r ffl r (m) r (h) j i m v | 

r (l + wh- n + 1 ) tp p 4- «. + p -i- /3 ) i 


p k (p + a) m (p + / 3 )' 1 ’ 

the integral extending to all positive values of x and y such that 

^ + V < 1 [Collec ts 7 , 1891 ] 

23 Show that 


ff fey 1 *;'- 1 .. + + **") & dx (h 

JJ J (\ + a l x 1 'i+a i r 2 "+ +«„r n '»)>* 1 2 n 

^ 1 f 1 /(Q 


h*2 *» r ( n ) ^ (®i - («i - 0 


r\ 

«1 — J 0 


dt , 


^ o A + 

the summation referring to a cyclical change of letters from a 1 to a„, 
and the integration being effected for all positive values of the 
variables for which + z u + i 

24 Piove that, v, r being positive whole numbers, 


it r 

Jo J 0 Jo 


dZj dx 2n 7T n (m-m - 1) 1 ( 27) » 


( 2n s , 

a 2 + 2a r 2 j 


2n+2i + 1 9& 2r ~+ 1 (2/1+ 2 j — 1)1 7 1 


[Math Trip , 1870 , Wolstenholme,] 
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25 Prove that 

f* 1 dx^ p* dx s r*> dx 4 f*" /'(£) d£ 

I n—1 I n-1 n— 1 I n^_ 

(x l -X 2 ) n n (x n -x,\ n *'° ({Ul — £) n 


(*2 " ®s) 


(* 3 -* 4 ) 


[Math Tripos, 1875 ] 


(See Ex 30, Ch XXIV ) 

26 Piove that 

n 00 -(ai+sH—^r) £ ^ dx l dx 2 3 ffl ri/i\r/ »\ 

« v w *1 V -r^ v 1 = 6 r (^) r (T) 

0 *5 


[Liouvili e ] 

27 If n be a positive integer, show that for an integration 
conducted over a triangle of area A m the x-y plane 




y n dxdi/ = &H n 


where H n is the arithmetic mean of the homogeneous products of 
the ordinates of the corners, and find the corresponding result foi 
any plane polygon [Routh, Rigid Dyn , p 425 ] 

28 Show that if the integration be conducted for all positive 
values of x v cr 2 , x 3i x 4 such that x x + x 2 > 1 and r 3 + x 4 > 1 , then 

I Ui %1 ~ 1 xJ f '~ 1 xJ*~ 1 x^- 1 dx l dx 2 dx z dr 4 

=rwrwrwrw/r( h+i2 + i)r(^^i), 

29 If t = x x n + x 2 n + +Xn n and x n = a n , 

evaluate the integral 

2 „ 3 „»- idx±d*% dx n - 1 


n 1 ^1 ^2 &n-i 


O oo poo 

0 Jo 

n n n n 1.1.1. — 

30 If t sSj r + x 2 2 + x? + x n n and ? n ” = a, show that 

foJo dl n-i = ^l [ 


n 1 (2tt) 2 

e 7 M 
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DEFINITE INTEGRALS (I) 


988 It has been stated that when dx can be integrated, 
and the lesult of the indefinite integration is yjsfa), then the 
quantity \fs (b)— \Js (a) is denoted by [ <p(x)dx , and it has been 

Ja 

shown that ^(6)—^ (a) is the result of obtaining the limit 
when h is indefinitely small of 


k[<p(a)-\- (p^a+h)-^ (j>(a J r2h)-\- 4"${(a4 ~( n — 

where b=a-{-nk ) and the process of obtaining the value ot 

I (j>{x) dx has been termed a Definite Integration 

a 

W e have performed this definite integration in many cases, 
first of all obtaining the indefinite mtegial by the lules of 
the eaily chapters and so finding \//-(&), and then inserting the 
values of the limits to obtain the expression y]s(b)— \}s(a) , and 
m doing this our chief attention has been centred upon the 
discovery of the function x ), whose differential coefficient 
is <p(x ) , z e upon the reversal of the general problem of 
differentiation 

It will have been gathered from the last two chapters that 
the value of the definite integral between certain specific limits 
can be obtained in many instances by some artifice, even m 
cases where it is not possible to perform the indefinite integra- 
tion , % e that it is possible sometimes to arrive at the value of 
— ''/'■(&) without finding the form of \fs(: c) at all Such a 

foo 

case was that of I e~ x 'ax discussed m Ait 864, where the 
J o 
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indefinite integration of e~ x ' could not be expressed in finite 
terms, but for which the definite integral from 0 to oo was 

discovered to be -g- It is to this class of definite integral m 


particular that we now turn our attention, and it is to this 
class — viz where the integrand does not admit of indefinite 
integration in finite terms — that the term Definite Integral is 
by convention mainly confined 

A very large number of such results have been found A 
collection of such definite integrals was made by Bieiens de 
Haan, and published under the title Tables d Integrates 
DSJimes (Amsterdam) 


989 The artifices employed are numerous and of great 
variety and ingenuity It is impossible to give an exhaustive 
list, but some of the more common devices are as follow 

(a) The use of a reduction formula connecting the integral 

sought with one or more other integrals already 
found, or more capable of investigation, or with some 
multiple of itself 

( b ) The integral j <j>(x)dx may be regarded as 

(£+f.+JV )fe 

m which the notation will explain itself That is, 
the summation from a to d may be broken up into 
sections, (a to 6), (6 to c), etc , and each part may be 
considered separately 

(c) The expansion of the function to be integrated, or of 

some factor of it in a convergent series, or m partial 
fractions, with the integration of the several terms 
and a final summation of the results 
(i d ) Change of the variable with the corresponding change 
in the limits 

(e) Differentiation or integration of a known integral with 
regard to some constant which it may contain 
(/) A factor of the function to be integrated may itself be 
the result of a known integration between certain 
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constant limits Upon substituting this integral for 
the factor a double integral may be formed, and a 
change m the order of integration or a tiansformation 
to a system of new vanables may succeed m obtaining 
the value of the integral undei consideration 

(g) Investigation ot the integral from the original summa- 

tion definition of an integral 

(h) The application of some general theorem such as those 

already consideied m the Eulenan integials 01 
Dinchlets integrals, or the theorems of Frullam, 
Cauchy, Rummer, Poisson or Abel, which will be 
severally discussed in then propei places 

(i) Seveial of these methods may be combined 

O) The application of Cauchy’s theorem m integrating lound 
some closed contour Contour integration will be 
leserved for a special chapter 

(A.) The substitution of a complex quantity foi a constant 
involved m a known mtegial, and in its lesult, fol- 
lowed by equating real and unieal parts, frequently 
suggests new integials, but the method requues 
gieat caution if it is to be legarded as rigidly estab- 
lishing the values of the resulting definite integrals 
without further investigation But it frequently 
happens that such suggested results can be established 
by other means 


These are the pi incipal dev ices used There ai e many others 
app ica e to particular forms A geneial statement such as 
the above is necessarily vague on account of its generality 
The student should examine the mode of procedure in the 
numerous cases which we shall have to discuss, and note for 
himself the method adopted 


990 Illustrations of Definite Integrals deduced by Change of 
e variable 

X 

1 I= \ 0 lo S sm 6 de [Euler, Acta Peti op,vo\ i,p 2 ] 
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Adding, we have 

(logsm 0+ log cos Q)dO= f (log sin 2d — log 2) d6 

" 0 Jq 

T 

= J o log sin 2d dd— ^log2, and writing x for 2d, 

f logsm 20dd=i f logsm x <7 x =f logsm ddd=7 r , 

J 0 4 Jo Jo 

2/=7-| log 2, giving 7=| log 1 

r r 

HenC6 1 0 logsm 0 (70= J log cos d dd= J log | (1) 

It also follows that 

r » 

(logsm 0— log cos Q)d6=0, le f logtan0d#=O, (2) 
J o J o 

7 T 

and j^logsecddd=J log coseed<Zd=~log2 (3) 

If we write sin we have another foim of the same integral, viz 
Z* 1 log V , 7T , 1 

Jo vrh rfr "2 log 2’ < 4 > 

or again, putting #=e _y , 

( 7=^ T ^y=ll°g2 or l -74=^ log 2, (5) 

or again, integrating (1) by paita, 

^ log sin ^ -J q 0cot 0cZ0=^lo g^, 


or integrating again, 


r t 

£ 9cot6dd=^log2 , 


[? cot *]„ +_('! oosee 2 0^=|log2 

^ jfsSr-™. 

or, which is the same thing, putting cot d=«, 

(cot -1 a;) 2 dx=T 7 log 2 


(6) 


(7) 


(8) 
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2 i = l T Qd6 

'o a + b cos 2 e ’ a and b both Positn e (Poison, Journal de V Ecole 
>lytechniaue. . wn « i 


que, xvn, p 624, case wheiea=5 = n 
Writing T -<j> foi 0, 


i= - r r «n </» 

' “ + *008 2 <jf, T /„ a+b~^Jj > d< l > - 1 > 

Jo jj + cos'<£ " L “ v a +J„ 


2/=^ 
b 


=A 2 ^ 


7 =* te "- 


v? 

Y a 


1 Vf. 

The case a=6=] glves [ 

m In illustration of the method of expansion we n,a y , for the 
same example in thecasea> 6) expand (l Acs’*)" 1 Then 

aii sln ^ ~ ~ ^ hin 0 cos” &+~0iiu0 cos 4 Q - ~Jrf# 

a com ei gent expansion if 6 < a 
But 

I 0^m0co^ n 0d0 ^[ 1 r 

L -2^Tr-J 0 -< /. coa " ,+ ^^=2 re ~ T +0 , 

i=!rri_i * i h 2 -| 

“Li 3a + 5 s r J 

= ^h tan-1 Vo w Giogoiys Senes 
method would’ faif & ^ eXpanS1011 Ubed " 01,1(1 he dneigent, and the 


092 Illustrations of a Combination of Methods 
Let I= )* a ™ n xfo Write x^T-y 

7 ~J/ 7 r ~^ ain "“ydy=Tr p sm n ydu— I 

J o 3 

^~^J 0 Smn!C< ^ =T J Sln " * dx, 

and the result can be written down 

“ , ° t ' gr ‘ 1 " ” ,eful ’ " «“« ^era Ffo) is capable of 
oxpansion ,» po™ of m , *, findmg C ^ 

‘'O 
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-¥-P+Uhl4+*;*UhUb 
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- r V„_i_ lre ’ . 

■ir + u + riv+ 


L- “’+U 

2 4 ¥ 


)- n -r| 2 +?» 4 , 2_4»° i 
2 / L2 3 4 + 3 5 6 J 

= — S111 — i w _ /sin- 1 

2 ( 2 J ( See -°yf CWc , p go, Ex 3, I>,u t ,j ) 

E\ 2 /_ I* _ 9 dv 

1 -Kos a c 

"/. ,(1_C0Sa4> «»+cO3^Slu3j_ )<fe 

= "B"0^«+cos¥^-eosV| +0 o,4 a |l|_ co9 , a 42 + J 

- it [cm a + ? cos 3 a + ~~ cos s a + ] 

♦if 1 + }COs J a + i~ 3 (OS 4 a . 1 3 5 « 1 

2 L 2 4 c°s a +. fl(t + 

Vl - cos-’a + 1 0 ~ ‘ (See Dyf <7 a fc , Ex 3, p «r ( j 

TT 

= -7r£LL* ^ 

aina + 2mn a -,r s¥a (Woi STtNtioLME ) 

T) “ a mte S^ might be heated thus 
Write 7 r — t fox x 

I =[ T -p^- = T r dr 

Jo 1 + coeasm , T /, r+ISsasIiTT ~ * 


/.=r ^ . if 

2 /o 1 + COS a sill i 2 1 

Jo 


^ec 2 ~a?< 


_ v + 2 cos a tan ~ + tan 2 * 

r / * 2 

__jr J /tanl+cosaXr 

1 dn ~\'-^7~Jf o = slI I a [|-u„-.c„ ta ] 

7T -* 


sina^ 9,0 1 (^ dn a)=7r — ^ 
sin a 
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EXAMPLES 

1 Prove that f VOT<fc=i|| + i Iog a 

l [St John’s, 1884] 

ir 

2 IW '»* f + 

3 Prove that [M ira Otoos, 1889] 

. Q , [St John’s, 1882 and 1887 ] 

4 Show that, n being a positive integer, 

<h-i)U 2£* *__L ,_J__ ’ l 

J(1 +a:) n l+s + 2(l +!E )s + 3(rT^ + 


and that 




w J. sh G+J+J+ + i) 

(C) fo (IT^(l°g*) 2 <fe=l 

' TSt Job 


[St John’s, 1882] 


5 Prove that 


[St John’s, 1882 ] 


» 

j 0 ( sm 6 - 008 e ) log (sin e + cos 6) dd = 0 

. ^ [ St John’s, 1884] 

6 Prove that 

j/logsin ^ = yj/*log(V2 sin 6)d6 

7. Prove that [St John’s, 1884] 

M r dx 2 t t 

J— =3 5F(i* +a j + ji) 

( 11 ) f” — dx 2 t l 

J— (s s ± oai + oSi) (x^bz + b*) V3aT(a + i) 

[Colleges y t 1891 ] 
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IT 

8 Show that f 2 

9 Show that [Oxford II P # 1888 ] 

r ,'tan-izy , , 

Jo \~aT~) dx= ^ (3 lo & 2 ~ > 2 ) 

10 Show that IMath Tripos, 1887 ] 

[“smhjwsm — di= - ^sinh^a H - i]fc 
Jo * pV f IV 

r/^t- 

11 Pio\e that 


[Clare, Catos and King’s, 1885 ] 




P sm 2 a;^/ 

1 

fl + WJ -m~ “j 

J o fii '“ x (eos i -m &ni iy 

7 r 

2>//(l f w J ) 

Li— / 2 ->] 

P _ COS 2 ? ^ 

1 


Jo e 2wa: (s]in + /MC 0 S 3 ) 2 

a/»(i + in- 1 ) 

Lrrs' ! +l] 


[St John’s, 1886 ] 

12 Prove that \ — t 

Jo 1 +sm-x 2J2 [Onp II p, 1885 ] 

13 Show that J 

IT 

log (sin i + cos r)d%~ -- i oe 2 
-i 4 [Cor leges, 1886 ] 

14 Show that f* ZL_ 

. 6 r,o,.u,„ J * < '' /,,nhS ' 272 » ■•“I 

[Colleges, 1882 ] 

tlUt £ SM.O, wh.re „ , nJ po,,,,,, 

II P.OV.th.1 [COUEMB, 1882 ] 

i: 


ax lS{ , ^ii+(n-l)(a+b)7 +nab} . j»_i 

6 (*+*)* - Jr ' = 2^TW 

18 Establish the result tST John ’ s > 1890 1 


j t- sin 2i sin ^cos a J ^ 

•'0 " ' lX-TT = _ 


LMath Tripos, 1882 ] 
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19 Prove that 


ran 


Sin£ COS % r dx=--^~ 

X I 4 7 r 3 


4 7 r 3 

[Colleges 0, 1890 ] 


Ti 

20 Prove that j log (1 + tan 6)dd- T ^ 

21 If a be any angle between ^ and - ^ , show that 

| log (1 +■ tan a tan x)dx — a log sec a 

22 Prove that, in general, 

l/{ l0ge IT7 l0g * (-s +!)>/«} ^ (at 1)2 dx = °’ 


[Trinity, 1885 ] 


[e, 1884 ] 


and F is any function 
23 Prove that 


. L_ g_ ^ 

Ve-l’ P 1-s/i’ 


[e, 1 881 ] 


[ log (sm 2 0 + A 2 cos 2 0) d9 — ir log (&>0) 

Jo 2 


24 Prove that 


[Oxr I P , 1918 ] 




99B Integrals of form f 8U1 ^ x dx, {m <£ n), etc 
Jo # 

Consider the integral /— i — ] — — dx, r being a real constant 
Jo ® 

If we write rx=y, Z=f =[*—<£>;, which is 

jo y Jo ® 

independent of r But it is obvious upon changing the sign 
of r in the original integral that the sign of the result must be 


changed, for all elements of the integrand - in — change sign 

Further, when r=0 the value of I is zero Here then is a 
curious discontinuity which must be examined 

The integral is of great importance in the theory of definite 
integrals, and we propose to illustrate by means of it several 
methods of procedure as mentioned above 


i 

t 
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994 Meihod I By breaking up the Integration into Sections 

+ ( + ) + 

\J (2n— 2)n- J (2n — l)ir' J ® 

a notation which will need no explanation 

In these pairs of successive integrals put x—ir—y , 7 r+y , 
3 7T—y, 3t r+y, (2n~ 1 )tt— y, (2?i— \)ir-\-y , etc 

Then 

f ( 2 n-i)ir ama . ro smv 7 f* sin y , 

* ]«(2tt— l)n— y 3/- J 0 (2'n.— l)ir-y 2/1 

- f 2n,r sina: , f Tr smv 7 

J (2n — 1 ) tt z Jo( 27l - 1 ) 7r + 2/ 

Thus, putting 7 i=l, 2, 3 successively, the integral becomes 


1= I sin y 


_i L_+^ 3_ + 

7T — y Tr+y 3tt — y 3tt + 2/ 


=| sin7/|tan^cfa/ (Hobson, Trigonometry , p 335) 
=j o sin2 |cfy=^ ^(i-eosy) dy=| 


995 If we put x=— y it is clear that 


r 8 i^^=_r"?i£i/dy=r 

J 0 ® Jo v J— * y J — © x 

lence 

L^ML+p’^-C-^ 2 i- 


996 If r be positive we ha\e, by putting ix—y, 


J 0 * Jo y 2 


If r be negative we have, by putting tx=y l 


-r=5**~LT* 

-J^-i 
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If r be zero the integrand is zero, and 
f 00 sin rx 


x 


-dx=0 


997 If the integrand be regarded as a function of r the 
discontinuity may be exhibited geometrically by tracing the 

graph of dd, which will consist of 

the straight line 2 /=——, from x— — cc to$=0, 
the point x=(), y= 0, when x=0 , 
the straight lme from x=0 to x=oo , 

and is shown in Fig 323 


7 




7 r 

2 



o 

7T 

~2 

X 

Fig 

323 



998 The graph of the integrand , viz is shown in Fig 324 

The integral I — —dx is the diffeience of the areas between the 
Jo x 

r-axis and the successive portions of the cui ve which lie above the #-axis 



m the first quadrant and below it m the fourth quadrant The successive 
maxima rapidly dimmish The positions of these maxima are given by 
the equation tan 4?=#, and can be determined graphically as the inter- 
sections of the graphs of y = tan r and y = # They occur m each case a little 



DEFINITE INTEGRALS (I) 


191 


eailiei than midway between two successive cuts of the curve y = — ~ 
by the x axis, but lapidly appioximate to the midway as x increases 


999 Method II A Further Illustration of breaking up the 
Integration into Sections 

Since the y-a,x is is an axis of symmetiy foi the graph of 

sm x . , 

we may take 

x 


T f * sin x 7 1 f * sm x 7 

Is J 0 — dx= 2)^—' dx ’ 


21= 


' f>n /•2-ir /^tt 

W- + l + J 


in 

— in 


+ 


(S-*) 


+r +f '+f *+ 

V J — n J —2n J — 3tt J 

In the integrals in the fiist io\v put 

x=y, w- \-y, 2 ir+y, 3ir+y, etc, 
and m the second row 

x= — ir+y, —2 ir+y, — 3-jr + y, etc 

Then 


y t r + ?/ 1 . 

±7r+y 3t r+y 

1 

, 1 1 

1 

+ 

— 27 r + y —37 r-\-y 

1 I 

1 + 1 + 1 - 

. . i c\ l . . n 


]<*</ 


= f sm y cosec y dy= f ldy—tr 
Jo Jo 

T 7 r . « (Hobson, T'txgo'nometiy, Art 295) 

giving I=- as before 

This proof is similar to that of Method I , but makes use of 
the expression foi cosec?/ in partial fi actions instead ot that 

for tan^ 


1000 Method III Illustrating Differentiation under an Integra 
tion Sign 

(1) Consider the integral wheie i is positive and 

Jr any finite positive quantity, which we shall ultimately dimmish without 
limit 
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Then so long as k lies between 0 and + oo , 

8^ f” _*-Sin (*■+&•)*— sin rx dx /"" . , . . , 

& = l e & -J=l e- ta cos(i + ( 9 Sr)if dx, (O< 0 < 1 ), 

= F+F+T¥) 5 ’ (Art 96) ’ 

and proceeding to the limit when Sr is indefinitely small, 

d>T k , _ r sin rx , t 

Tr = ¥+?' whence /s J° e ir^^v 

no constant being needed since each side vanishes with ? 

If in this result we diminish k indefinitely towards zero, the integral 

tends to the limit l a - lla —-- dv ) and tan” 1 7 tends to the limit ^ or — 

Jo x k 2 

according as 9 is positive or negative But if 1 =0 the integral is 
obviously zero 

Hence - 11 ™ 0 01 _?T according as r> , = 01 <0 
(2) As a furthei illustration of this method, let 


TT 

^ n ~fo (ol C03 a 


do 


( acos^+^sm 5 ^)”^ ’ 

a and /? being of the same sign, so that the subject of integration has no 
infinity between the limits 

Let Then A/„= w/ n+1 


Hence 


/,w n 1 '~ etc 


ai „ hi 

P 0 ^ + tan*0 ' a '-*0 2>/af3 


Hence 


Similarly 

/3= i^J^(l + ^ + il)’ and 80 on 

And since 

r l\7JLY 0 -i 


ST® 


2- + * fl 3 2 ^~ 1)(1 3 


_(-X? + «(2p)i(2?)' 1 1 

2»Ip«> (p.)( ? i) V«/3^’ 


bOl 3 
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the general lesult is 


r _s-(-l)V3 , 3 V_i_ 

” +l- 2 „/Sj8 


__ «• ( ~ 1)" 3 nr ( - 1)“ (2 P ) 1 (2y) | _1_ 1 

2 »i f ^ 2 s ’ 1 JoLf3a*p>’ 

te r - * J LvW'W i , 

" " here P + ? = ,i 

Also, since 

J‘ cch* flag 31, .. I T sii^flrffl 

3a Jo (acos, J fl+ / asin 2 fl)" +1 ’ 3/3 ,l l 0 (acos 2 0H-/}Mn 2 fl)* +1 ’ 
all integrals of the forms 


r <20 

f 7 cos 2 0o?0 

f 7 sin 2 0 o?0 

Jo (acos^+jSsm 2 #)' 1, 

Jo (a cot> 2 0 + ft 8in 2 0) ui 

Jo (acos 2 0-hjtf sm 2 0) n 


can be computed, a being a positive integer and a, /3 of the same sign 
1001 Since 

fr- cos i,rfr=e-“^ ln const 

and J" e““sin b%di= - e -0 * ft cos &^H-a sin ft^ + cfmst , 

we have jf° «r-» cos 6# du: - (1),'| 


Jo W.J 

Integrating the first of these equations with legal d to 6 from 0 to 6, 

f° e~ az rf* = tan- 1 & , (; 

'o x a' v 

and integrating the second from c to b (both positive) and 

r __cos bx — cos cv 7 1 . rt 2 4-c 2 , 

e i *—s < 

When a diminishes indefinitely the limiting form of (3) is 
f°sin&r 7r -7T 

lo i~~ dv = 2 0r T* < ] 

aqcoidmg as b is positive oi negative 

If in equation (4) we make a dimmish indefinitely, 

r cos bv - cos cv , , c . 

dx = log , ( 

x *b v 

If we differentiate (1) and (2) n- I times with regard to a , 
f a" -1 ®-" cob bvdv=( — I)" -1 


a being supposed positive 


~r dv= 2 or t« 


where tan 0= 

a 


and ^n-ig-a*! 

E I C II 


sm bxd% — ( — \ ') n_1 ^ — ( }l 

suited -( 1) ^r+ji 

N 


sintt0sm w 0 
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Here ?i is a positiv e integer and a is positive 

Ihe case wheu n is not a positive integer is considered later 

Si^at^nDefiniTon Deductl0n of a Defimte Integral from the 


We may employ either of the tv ell known tngonometucal senes 
~-|=b la ^+ism20+jsm30+ admf (ir>ff>-ir), 

— = sin 0-f -sin 30 + -sin 5#-f admf ( ), 


4 sin 0 -f^sin 30 + -sin 5 #-f admf ( ), 


to obtain the value of 


f ~~ dx = Ltx=<i h (■ 

= /A=o(- 

-24- 


,l \rr + 2 A ^ 

3A + 

/'ssin A t sm 2 h , 

sin3A , 

'V 1 + 2 + 

3 + 

7T~k 7T 


’ 2 “2 


9 , /sm A sm 3A 

sin 5 h 

\ h +_ 3 T 

+ 5 h H 

g^sin^ f sin 3 h , 

sm 5 h 

V 1 ' 3 T 5 T 


n 7T 7T 

= 2X 4=2 

[For the first senes see Z>i/ ft«Zc , p 108, Ex 21 (2) 

Foi the second add to the first |= M n 0-^sin 20+|sm30- , 

or otherwise (Hobson, Trigonometry, p 288 ) 

See Bertiand, Calcul Z>iff et Int , vol 1 , pages 304, 383 ] 

1003 Method V Again illustrating Derivation from the Defim 
tion of an Integral as a Summation 

Consider the senes 

. e~ 2afl ain 20 , g-^sinSfl , „ 

1 "* g 1 g h ad inf 


jet /7- e ?9 coa 0 . e~ 2}9 cOB 20 , e^cos 30 

1 1 3 + 

These senes are convergent so long as q is positive 

C+ uS= 2 — - = - log (l _ 

= - log\/ 1 - 2e~ t9 cos 0 + e~- qi + , tan- 1 e ~ i<>8m t , 

1—e ge co&0 

Cf Sin ^ 

o = tan -1 ~r e - 

e q - cos 6 
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[n the limit when 6 is made indefinitely small, 
S= tan -1 Lt t 

Sow 


cos 0 ..Iff, , 

fl=o — 7a -=tan 1 - = tan _1 o 

6 Q qe qe +am6 9 2 H 


]• 


'e Qh amh t e 2qh sm2h e~ Sqh am3h 


= Lt h=Q p— p— + 


r 8 e 5J! sm a? , 7r _ 

/ ar=- - tan 1 *? 

Jo cc 2 


Now let £ diminish indefinitely to zero, the limit towards which the 
iult tends without limit is 

sin r 7 
— dx=- 
x 2 

e -9 *ain ? r 


1004 The integral I=J^ 

* the case # >r thus , expanding sm j r, we have 

)* 


= tan -1 - may be established 
9 


But 

r •> 1 ? 3 . 1 r 5 , - r 

/= — ^ - ; + r -r- = tan 1 - 

q 3 q* 5 q & q 

This series, liowevei, is divergent if q < i See Art 1000 (1) 

1005 Method VI Illustration of TJse of Change of Order of 
Ltegration 

Consider the double integral 




.J* J™ e~~ xy sin rx dx dy 


Integrating fiist with respect to y, 

ib r^dx 

Jo L x _b=o Jo x 

Changing the order of integration, integrate first with regard to x, 

01 "I 1 

scording as r is positive or negative , 

, 7T 7 

dx = ^ or 


x 2 

ccording as r is positive or negative 
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1006 Method VII The mtegial may also be established by the 
method of contour integration (See Ait 1302) 

1007 The expression for cot z in partial fractions (Hobson, 
Trigonometry , p 334) is 

, i,i ,i.i . i , i , 1 , 

C0 Z z 2-J-7T Z — TT Z-\-2tT z — 2tT Z-\- 37T Z — 37 T 

1 oo 1 

=-+2z'Z ^ 2 2 

z i z 2 —rV 

If 0 ( 2 ) be any periodic function of z with periodicity 7r, le 
such that <j>(z)=<p(z+rT) for all positive or negative integral 
values of r, we have 




f r+r+r+ 

| JO Jr J 2 tt 

fO f-i r f- 2, 


0(g) 




In these integrals, put 

z—y y 7tH - y, 27r+y in the first row, 

and — < 7T+y, — 27r+y in the second row 


rx+y * Jo 


’ W ^$-dy, 
rir+y 9 


Jnr 2? JO 

f- (, - 1)T M dz= C *(y-™> c?y= fill dy 

J-rir 0 Jo y—rir a joy—rir ° 


Hence 


+■ 


2 e 0 (*) cot x dx, where <fi(x)=<j>(x-{-ri r) 

r® tan x 

Thus, if d>(a;)=tan x , I c?cc= I tan x cot x dx=r 

J- 00 z Jo 




tana; 


Also — — is not affected by a change of sign of a?, and its 
graph is symmetrical about the y - axis 


Eence 


tan x , 7 r 

ax=^ , 

a; 2 
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and writing rx for x } 

{ "tan rx j tttt 

ax=n, — jy or 0 as r is + ve , — or zeio 

o X L L 

1008 We now pioceed to consider some consequences of the 

Jo £ X 2 

By the oidinary method of summation, we have 

P G 0 Bin 2px+ p G 1 sm(2p— 2)x+ + p @p- 1 8m 2cc= cos p x sin£>;r , 

I * COB p X Sin px , 1 ir r<on . n rt . | n/y i 7r /- 1 1 \ 

0 x dx= ¥ 2^ #+ ^+ +^-i]=2( 1 -2?) 

1009 In the same way 

^CoSin&pr - 2> C r 1 sm(2/?-2),a?+ + (-l) p_lp (7^ 1 sin 2r 

=(- l)^2 p sin p # sin^a?, (p even) 

p-i 

or =(- 1)2 2 P sm p j cos px, (p odd) 

Hence "[<1 - l) a »-l] = (-!)"+. ' , 


1010 Again, 

I" ^= ~ [ sm (2»+l)a- 2,1+1 Ci sin (2?i - l)t + 

+ ( — 1 ) n a,,+1 O n sin x\ - 

= ( -^£ f (- a, ‘ +1 C , 2 - +(-lf a “ +, C„] 

= §55 1 x coeff of 2 n in (1 +2 ) an+1 x (1 +z) -1 = "“C* 

_rl 3 5 (2»— 1) 

2 2 4 6 2ft 


1011 Let a and b be any two positive quantities (a>b) 

Then r ™ («+»)* fe= I and r smCa-^ ^x 
Jo X 2 Jo a 2 


Hence, adding and subtracting, 

f"sin osccos foe , 7r , 

dx— — and 

Jo a? 2 


°cos a# sin bx 


x 


x 
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We may then state that 

“smwxcosoa; , r* _ , . 

— a- ax=^ or 0, according as p > q or <<? 


Jo a; '2 

both being considered positive 
lip=q, 

"ampxeosqx j _1 f"sin2pa; ^ _ 1 w w 

x <UC ~2 Jo ~ ~ dx ~2 2~4 


1? 


1012 Graphical Illustrations 

Consider the graph of y~^ 3ln ^ CQ3 0_ 

tjt , ,, 1 f° sin(v+l)0 + sm(#-l)0 

We may write this as ?/=- ^ ^ j q — d0 

H(M) =1 
If * =1 ’ H(I +0 ) =1 

If »<l and >-l, =0 

1 /_ 7r\ 7T 

® ,= 2\ ~ 2/ —4 

1 / 7T 7r\ 7T 

y- 2V 2 — 2/ — 2 


If 1 =- 1 , 


If x< — 1 , 

Hence the graph is discontinuous and as shown in Pig 325 

A 


y\ 

Fig 325 

v . ( n am 6 coaxd , n 
1013 Graph of y=J g dd 

_1 r sm(l 4- &) 04 -sm(l _ v ) $ JZ5 

“2Jo 0 d0 
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Here, 


if x>\, 

y=i( 

'7T 7r\ 

,2 V 

= 0; 

*=1» 


» 

7 r 

”4 

-1 < < 1 , 

y-i< 

s+o 

7 r 

“2 

- If 

y=\ ( 

:°+s 

7T 

“4 

A 

1 

y-gl 

( 7T 7T y 
2 + 2, 

)=0 


and the graph is as shown in Fig 326 


Fig 326 

being again discontinuous at ^ = l and x— - 1 
1014 Consider the integral 

P cos z — 1 

Jo « 


-dz, 


and put z—ax and z—bx therein alternately 

h h 

icosax— 1 j {0 cos bx-\ 


Then 


I a C\ja \AJJ L I w \JKJO KJ Kf X f 

dx=\ dx, 

Jo x Jo 


ve 


n 

f 


cos ox — cos bx 


h li 

, pcos bx j f«l, t 

dx— dx=\ -dx=\og 

Jh X J hX n 


Now \^ dx =[^ 11S 1 pBin6c rf 

Ja x Lb a Ah b Jh x l 

a a a } ( 

and when h is increased indefinitely, becomes g 


dt , 


i e 
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and this must lie m numerical magnitude intermediate between 
the results obtained by i eplacing sin bx by — 1 and by + 1 

h 

respectively, %e between oi , 'te ±0 


a 


Therefoie the second integial, for the infinite interval between 

- and \ vanishes, and we have 
a o 

cos ax — cos bx j , b 

dx=\og- 

o x 

This is a special case of a theorem due to Frullam to be 
pioved later (Ait 1183) 

1015 It follows that 


f 


b-a b+a 

; d *=i lo s«- 


* J^° $ x (fc = I log|±| (p > q and both positive) 

We have now considered 

rsm gssi ngs ^li g+g 
/ o x 2 ° p — q 

mnpxco&qx, ir . , . , 

— — ~dx— ~ oi 0, as p> oi <q (Ait 1011) 

V A 

j o — dx is infinite (Art 348) 


and 

Also 


f- 


1016 Taking y= j” AQ=\ or -§, 

as r is positive or negative, or 0 it 7 = 0 , integrate with regard 
to r from r=0 to r=r, 




— cos r6 7 rr irr 

de= T or 2’ 


J o 0 2 

as r is positive or negative, or 0 if r=0 , ie putting 2 r for r, 


( 1 ) 


y=[ 


7T7 7T7 

0 02~dd= T or- T , 


( 2 ) 


as r is positive oi negative, oi 0 if r be zeio 
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1017 To lllustiate this geometrically, consider the giaph of 


-If 


am 2 


dO , 



which consists of the parts of the lines y= ± v which lie in the fiist and 
second quadrants 

1018 Integiate equation (l) with lespect to r between limits 0 and r 
Then f” rd ~p nrd dd = gr 2 or -|r 2 , as r is positive 01 negative 

Thus the giaph of y= -J — — sin ^ consists of the paits of the 

two parabolas y=o, 2 and y = — tf 2 , as x is positive oi negative, winch lie 
m the fiist and third quadrants 



Similarly we might pioceed to further mtegiations 


1019 Graph of 


f sin 2 ( 6 sin 


Since a change of sign of % evidently does not affect tlio value of the 
mtegial, the y axis is an axis of symmetiy 
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Also 

y=asin^ if sm^ be positive and y = — a sin ^ if sin- be negative 
Hence the graph is that shown in Pig 329 

y\ 



Fig 329 


1020 If we integrate { dd — H-? with regard to r between limits 


'o 9 ‘ 2 

q and p (both positive and p > q), we obtain 


r 


r cosqO-cospQ 7A tt, 

Jo 


sm 0 s ' m ?__£ # 

— 3* 


<*0=4(2 >-?). 


01 putting p +g= 2a, p-gr=2&, 

jf" sm a# sin 60 


0 2 


de -1 b ’ 


^here b is the smaller of the two quantities a and b 


1021 Trace the giaph of y = I - 1Q d9 

Jo 

In the first place a change of sign of v does not affect y Hence the 
y axis is an axis of symmetry 
Also we have 

y=\ /„ ^r{MB(x+l)0-< l m(v-l)6}d0 


-u 

■" sin^3in('r-hl)0 
» 6* dd ~ 

1 

2 j 

r sin 
'0 

0sin(r — 


If 07 

>% 

y 

1 

2 

7T 

2 

1- 

1 

2 

- 1 
2 

=0 


If a 

= 2 , 

y 

1 

2 

7 r 

2 

1- 

1 

2 

7 r 

2 

— 0 


If 2 

>X>1, 

y 

1 

“2 

7 r 

2 

1- 

1 

2 

5<- 


-a) 

If X 

=1, 

y 

1 

2 

7T 

2 

1- 

0 


7 r 

“4 


If 1 

V 
** 

V 

c> 

y- 

1 

2 

7T 

2 

1 + 

1 

2 


-^)=^(2 

“*) 

If a 

= 0 , 

V 

1 

2 

7 r 

2 

+ 

1 

2 

7 r 

2 

7 T 

“2 
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The graph therefore consists of 

(o) the portion of the x axis from v=2 to n =oo, 

(b) the portion of the lmey=~-~ fi 0 m c=0 to x=2, 

(c) the portion of from x=~2to v=0, 

(°0 the poition of the x axis from #=-00 to -2 



And the discontinuous natuie is shown in the lllustiation (Fig 330) 

1022 Tiace the graph of y-f (Math Tnpos, 1895 ) 

We note in the first place that a change of sign of a gives a change of 
sign of y That is, the origin is a centre of symmetiy 



Also 


*y = r 

dx Jo 


sin 2 0 cos a.0 

6 2 


from * = 0 to x=2, 
\0 from x=2 to x = oc , 




from x=0 to a = 2, 9 
fiom r = 2 to #=oo, 

where A and B are constants 

Moieover, the difference of adjacent ordinates at x-t, x +«, being to 
the first older 2t[ ultimately vanishes with «, and there- 

fore there is no abiupt change of ordinate at any point on the graph 
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Again, y=0 if x=0 , A=0 , 

and at *=2, A+w(4 2 - 2 2 )/8=J5, B=- 

2 

Therefore the graph in the first quadiant consists of a portion of the 
pai abola y—ir (4# - r 2 )/8 from #=0 to x-2, the \eitex being at (2, 7 r/2), 
and a line, 2 y=7r, paiallel to the x axis from x =2 to x— 00 
And remembering that there is symmetiy with regaid to the ongin, 
the graph is as shown in Fig 331 

It appears that the points P, P* , where two of the discontinuities occui, 
are the vertices of the two parabolic axes, and that at the third discon 
tmuity which occurs at the ongin the parabolas have the same tangent 
The discontinuities occur in the second differential coefficient 


1023 Cases 


off 

Jo 


sm m a? 

x n 


dx 


u m » = J 0 " x n where m is not less than n, and m, n 

are either both odd or both even positive integers >2 We 
have proved in Art 265 a reduction formula connecting 

u m n. M m n-2 and U m _ t „_ 2 , VIZ 

(w — 1 ) (n — 2 ) „ + m 2 « mi n _ 2 — m (m — 1 ) M m _2_ B _ 2 = 0 

Now we have u. 2 =| (Art 1016), 

and tt, 1= r s -^ If *2*1=22 *! [3 _ !]! .? 

Jo ^ 4 Jo X 4 L J 2 4 * 


and from the reduction formula, 
m= 3 \ _ 

) 2 1“ss + 9mj ,-3 2m, ,=0, 

“ J,= T 

0 sin 5x - 5 sm 3# 4- 10 sin x 


2m,,=6 |-9 £=4, 


Ais ° 


dr 


=1(1-5+10)1=11 

Then the reduction formula, 
m=5 1 

tt=3 / S lves2 1^34-25^^5 4^=0, 


and 

whence 


m=5 l , * 

/ g l ™s 4 3tt ifi +25u 63 -5 4^ 3 =0, 

„ _5r 115 

V ° 32 ’ “ ,5= 384 ,r > etc 
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1024 Iu order to generalise these results it will be plmr. 
that it is necessary to express sm 2r ~'x m the form 
4sma:+5sin3a;+Csip5aj+ , 
and then we shall have 


«*+u=j o S ^^ dx =\{A+B+C+ ) 

(see Ait 1010) 

And similarly if we can obtain 

sin 2r - 1 & cos x m the form A 1 sin 2x+ B 1 sin 4tx+C 1 sm 6x+ 
we shall have 



— *=L +H. 

_%S° sm2t ~ lx cos x 

Jo x 


sin 2 


l x cos x 


dx 


= 2 r(A 1 +B 1 +G 1 + )J, 

and the sums ^4+5+0+ , and are easy to 

find (Art 1026 ) 

1025 It has been shown m Art 1010 that 

tv 13 5 (2r— 1) 

2,+u 2 2 4 6 2r ’ 

and this with the reduction formula will enable us to obtain 
the values of all integrals of form u 2n+ lt2p+1 {n p) 


Thus, if r= 3, 
and 


Uj i = 


1 3 5 


57 r 


giving 

Collecting the results, we have 


“ 7,- 64 


'2 4 6 2 2 5 ’ 

2 luj g + 49^ 1 — 42u 5 x = 0, 
4 3^ 5 +49^ 8 ~42w S 3 = 0, 

6 5^7 + 491*7 5 - 42^55 = 0 , 

7tt 77tt _5887tt 

Wt7 23040 : 


“ 7#_ 768 3 


and so on 


% i=2> 
7T 

^ 1 — 4 ’ 


37T 

*■ * — 8"’ 


3tt 

5t 

U5tt 

16’ 

%, ~32’ 

i_ 384 

5tt 


77rr 

32’ 

o, 

“” = 64’ 




etc 


Mr 7= 


58877T 


«2^+l 1 = 


1 3 5 


2 4 6 


23040’ 

(2 f — 7p /*T 

— 2 ^ g, the same result as J I sin*^(? 
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1026 Again by differentiating the formula 
2 2r (— 1 ) r sm 2 ^ = 2 1 (- l) a 2r C g cos (2 r - 2 s)x + ( - l) r 2r G r , 

7=0 

we obtain 

2rsm 2, " 1 a;cosic=^-^zr- 2 (~ l) s (2r— 2$) 2r C*sin (2r— 2s)a?, 
and the sum of the coefficients required (Art 1024) is 

{2r 2r C 0 — (2r— 2) 2r 0 1 +(2r— 4)^0 2 - +(-!)-' 2*0,.,} 


r=j~z {*O r . l -2*O r *+**O r -,- +(— 1 Y-'r»C 0 } 


= 2 * -i r >< CQe ^ of * r ~ l in (l+^x (l+«)“ 
i — xcoef of a 1 " 1 m (1+a) 2 ’ 


(2r— 2)i 


2*“ 


’2 2r_I r {(r— l)i} 2 

„ fsin^a;, 1 3 5 (2 t-3)tt , >£> 

Hence j o 4 6 (2r-2) 2 lf r * 2> 


and if r=l, and if r= 2 


1027 Thus 

7T IT 

U n — 2 ’ u * 2_ 4’ 


1 3 t 3t 135 7r 5 t 

“•"“I - ! 2 — 16 ’ “®”~2 4 6 2 — 32 ’ 


etc, 


the first of these having been found before 
And now the reduction formula can be used, 

(n-\)(n-2)u m1t +m?u m n _ 2 -m(m- 1) w m _ 2 »- 2 =0 (w < ft), 

| 3 2^4 + 16^4 2“ 4 3u 2 2=0 , 


m=6 

?i=4 


| 3 2^4 + 36^2-6 


5ft 4 2 — Of 


} 5 4^6 + 36^4-6 5^4=0, 
etc, 

7T 7T 117T 

gmag u,i= 3’ u> <= 8’ eto » 

and collecting the results, 


DEFINITE INTEGRALS 


207 


“ 61 16 . “•4-g> “»«=-40» 

5tt 

u i 2== 3§> efcc > 


and generally, 

„ 13 5 (2 r-i) tt , rf 

U ‘ rZ ~2~i~6 — (2r-2) 2 aud theiefore = Bin^Odd 

1028 A result due to Wolstenholme follows at once, viz 

f* sin 2 a; (*ir 

J _ oo — x r ^(sin 2 a)<fo= I F(8in 2 s)<fo, 

provided. F(z) be any function of z which can be expanded in 
a convergent series of positive integral poweis of % For let 
F(z) ^ A 0 -{-A 1 z+A 2 z 2 -\- 

Then 

I_/^^( sm2 *)^ =2 J 0 (4*+A vn*x+A 2 sm i x+ )dx 

~2(A 0 u 2 2 -j- A x u 4 2 +-4 2 w 6 2 + ) 

7T 

=2Jo (A q +A t sin 2 x+A 2 sm 4 cc+ ) dx 

7T 

=2 f J , (sm 2 a;) dx= f J’(sin 2 a:) dx 

Jo Jo 

1029 It is also plain that if jF(sm 0, cos 0) can be expressed 
in the form 4smp0+.Bsmg>0+Csinr0+ , 

wheie p , q , r are all positive , then 

or if F(sin 0, cos 0) can be expressed as 

A cos p0 + B cos 20+0003/0+ , 

where p , q, r are all positive, and if A+B+G+ =0, then 
f ” -F (sm 0, cos 0) f 00 4 cos jt?0 + B cos qO + 

Jo W dd= ) 0 de 

_ f°° ^ (cosp0— l) + i?(cos qO— 1)+ ,/j 


= (Ap+Bq+Cr+ ), 

and evidently other propositions of similar kind may be 
enunciated 
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1030 Ex 1 Since Mgr+i i= X | ^ 6 ^ we have 


f . l+wsinaz. dx , _ .. 

log- (n<l, a> 0) 

«.3 


a r f U , 71,3 S • 716 5 , \ 

=2/ -r-sin 00 ?+-^- sin s o;r+-r*sm 5 aa:+ — 

Jo \1 3 5 J x 

n ffi 1 irn 5 13 ff, “1 . /Tsixn t oe\ 

= 2 Ll 2 + 3 2 2 + 5 n 2 + J=«rtW».p85), 


v 7a; 


and if n-=£, 

Ex 2 Since 


f tanlr* 1 (n sin ax) —=~ sin -1 n , 
' x 2 ’ 

jT* tanh -1 (| sin a*) ~ ^ 

I ( r>2 >- 


2= ? 


1 3 5 


‘2 4 6 (2r— 2) 2 

ri 0 g ^-r t («<i,«>o) 

Jo & l-7i sin 2 a# x 2 v ’ 7 


= 2j^^jsm 2 ax-h?j-sin 6 ax+?j sm 10 aa;+ 


=2a l( n+ T 


»’ 1 3 »« 1 3 5 7 
2 4 + 5 2 4 6 8 + 


)■ 


£ tanh -1 (n ani 2 ai) p =^{Vl +n-v'l -n} 


Ex 3 




sin 2 a? 


tanh- 1 


^cos | ain 2 x ^ 


dx 


By Wolstenholme’s principle given above, this integral 

X 

= 2 tanh -1 ^cos ^ sm 2 #^ dx 

= 2 Jo [ cos ]j sm2a5 + jjj cos3 £ 551116 ^ ^ cos 5 1 8in 10 a:+ Jda; 

0 ?r r al l «a 6 3 1 1 , 

= 2 2L COS 2 2 + 3 COsS 2 6 4 2 + 5 COa 


6 a i.7 5 3 1 
2 10 8 6 4 2 + 


] 


Now 0 -,^-(1^ .1444,,+ 

IfT— L_ 

2Jo L/i _,\i 


2 t 2 4 6 2 4 6 8 10 

Uii 1 1 3 5 7 9 * 1 

n* » ft >4 /« o S' * s% r* * r\ * * 


L (1 _^ * 2 z_t “2 4 6 3^2 4 6 8 10 5 

and wilting js=oos 20, this integral 


= _J_(Y_L _J_ 

2n/2^|Vs 111 ^ cos 


\ 4 sin 0 cos 0 
>/ cos 20 


c*0 


c T s ^ T sm l0g COt (l + l) 


Hence putting 4 0 = a, 7 = it log cot 

o 
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1031 If p and q be positive integers and p<tq> the integral 
dx may be investigated by a method which does 


r-f 

Jo 


sin*’:*; 


not entail the successive calculation of previous results of the 
same form leading up to this integral, as was done in 
Art 1023 


Since 


i 


z%~ 1 e~ xz dz= ^2} , 
X 2 


we 


have f dx= f f z^ 1 e~ xz sm p a? dz dx 

Jo & (g-lJUoJo 

Now, p being taken gi eater than unity, and a positive 
f e~ ax sm p xdx=^£- — e~ ax sm p ~ 2 xdx (Art 104) 

Jq p ~\~CL Jq 

— ON2 -i — 7 2 , oa T - if p be even 
p — 2) 2 } (a 2 +2 2 )a r 

if p be odd 


f; 


Hence 
* sin^ac 


x 3 


dx- 


'(a 2 +p 2 ){a 2 -t{p- 

. £l 

> a +.p 2 ){a 2 +(p-2) 2 } (a 2 +l 2 ) 

z<’~ 1 dz 


21 r 

?-!)' Jo 


and 


21 f 

1- i)'J, 


(9-1)1 J 0 z(z 2 -j-2 2 ) (z 2 +4 2 ) (z 2 +;p 2 ) 

z®~ x dz 


if p be even 
if p be odd 


— 1) ’Jo (z 2 +l 2 )(z 2 +3 2 )(z 2 +5 2 ) (z a +p 2 ) 

The integrand can then be put into partial fractions of the 


form 


p even, 


i 

s 


A, 


+ z 2 +(2/c) 2 
(i q even) 


*±I 

2 


p °dd, 


B 2 , 


or 


or 


i 

S 


A atZ 
+ z a +(2/c) 2 
(9 odd), 


P+1 

2 




ij Z 2 + (21c -1 ) 2 ~ V + (2fc - 1 ) 2 

(g odd) (g even) , 

and their coefficients have been found m Arts 162 to 165 
In the two cases p even,'! p od&,\ the integrals are of the 
q even,! q odd,/ 
inverse tangent species, viz 
dz 




■. iT - i -, 

nj 0 n 2 


but m the remaining cases the integrals are logarithmic 
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1032 Particular cases are simple 


3 f 

i 

% 

- 3 rr 1 1 i 9 1 i 

2». 

Jo (* a -H a )(* 2 + 3 2 )" 

Jo L 8s a +l a 1 8z 2 +3 a J 

3 r 

5 tan -1 % — tan -1 *;"] 

i^=^, 

8L 

.3 3 J 

0 8 u 72 8 ’ 

3» 

r zdz 

-6 f ( l 2 1 2 V 

1». 

lo (3 2 4-l i )(c 2 + 3 2 )" 

Jo V8* 2 +l 2 8* a + 3V a2 


3 If *2 + 12-1* 3, 3. 0 

=4 2L lo S?+jJo = 8 lo S 3= 4 log3 


1033 The geneial result is not difficult to obtain , the integrations 
ha\e alieady been performed m Arts 162, etc 


*810^ , p i r 2? 2 dz /peven,l , . \ 

(S' — l) f io (* 2 + 2 2 )(* 2 + 4 2 ) (* 2 +jo 2 ) \g- even J an 

and by wilting q -2 for 2 < 7 l 1WAN - . . 

j - rT r in result (A) of Art 162, 
and p for 2nj v ' ’ 

E+y 

1 ^[’ , ^- 1 - y C' 1 ( ? >-2)«-*+ +(-l)?- 1 *C f _ l 2»-i] (A) 

And if p be odd\ , 
and q be odd/ 

r dx= p ' r ^~ idz 

h & (j-l)'Jo (3 a + l a )(3 a +3 a ) {z*+p*Y 

and writing g-1 for 20 1 , . 

and p for 2n-l) “ result ^ of Alt 164 ' the mte g I ‘ al 

q-p 

= ( ( 9 i\ r P - *C x (p - 2)’- 1 + ^C 2 (p - 4) ,_1 - +(_l) e rrc? ! -il«- 1 ] (B) 

If p be even ^ 
and s beodd) and P*?> 

r* upv^. r 

Jo & (q-l)'lo (* a 4-2 a )(* a -|-4 2 ) (z*+p*)’ 

and writing q - 3 for 2q i 

and p for 2 nj m reBu ^ t the indefinite integral is 

['CoP 1-1 log (j» +*> 2 ) - 2)»-Hog + (p - 2)2} + 

+( - 1 2 5-1 log ( 2 2 + 2 ! )J 


(?-!)' 


P+2 - 1 r- 

blLZir, 

2 P L 


Now in the expansion of (e* - e~ x ) p = (2 a + y = 2 V + there ai e no 
terms of lower degree than & Hence, if q be *p, the coefficient of 
^ 1 is zeio , le the coefficient of afl~ l m 

J, 0 , fl eP*-PC7 1 6(?-2)*+pC 2 filp-«i)* - -f (- e 2Le +( - iy**C 

I -1 £ 

+ (-l )^ +lj, ^ P e-^+ +*0,«-** 

T+ 1 
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is zero , and p being even and q odd, 

r C 0 p t ~ 1 - *C x (p - 2) 5_1 + »C 2 ( ? - 4) ,_1 - + ( - 1)* ' 'V 2,-1 

vanishes identically Hence, multiplying this expression by log z 2 , and 
subtracting it from the portion of the indefinite integral in squaie 
brackets, we have 

^- 1 log(l+J)-^ 1 (p-2)«-Mog{l+^rf-*} + 

+ (-l)*- 1 «'C | _ i 2«- 1 log(l+J), 

which vanishes when z is infinitely large 
Hence 

P+g-H 

jf ^[*C 0 p-Mog p-’Ctp - 2) ,-1 log(p-2) 

+«C 2 (p-4)*- 1 log(p-4)- +(-l) ? "'»<7,_ i 2«- 1 log2] (C) 

Finally, if p be odd 1. 

and q be even J r 2 

f sin p # , _ p 1 z?~ 2 z dz 

Jo xfl -(q-l)'Jo (z 2 + I 2 )(z 2 + 3 2 )(z 2 -h5 2 ) (z 2 +p 2 )’ 

and writing g-1 for 2?+l| m reau it(D)of Art 165, the indefinite 
and p for 2?i - 1 J ' ' 

integral is 


(?-!)' 


g-p-i 

(-D * 
2” 


[*<?„ p*- 1 log (z 2 +p°) - ^(p - 2) 9-1 log {z 2 +(p-Zf) + 

+ ( - 1 )*£ 'Oj.-il'-'log (z 2 +l*)J , 


and in this case (p odd, q even) we have, m the same way as before, 

PC c pt- 1 -’C^p - 2) ,_1 +’C 2 (p - 4) 9_1 - +( - = 0, 

2 

an identity Multiplying by log z 2 and subtracting from the portion of 
the indefinite integral in square brackets, we get 

’C^-nog (l +^) -*C,(p - 2) ,-1 log {l + (£z_ 2 ) 2 | + , 

+( - lp~ l ^ il« J log(l+ J), 

which vanishes when z is infinitely large 
Hence we get 


jf"!lJfcte=^^^[^ 0 p 9 ->l 0 gp-^ 1 (p-2)»- 21 og(p-2)+ 


the last term vanishing 


+ (_!)% I'Cy-ll*— *l0g l”|, 
2 -* 


(D) 
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Hence, summing up, the foui results may be written as 


„(-D~ 


sin^ , _ 

a* (j- 1)» P 


r-i , P(P~ 1)/ 


-L^" 1 “ " 2 ) g ~ 1 +^ f 2 1} (p - 4)*- 1 - ] 


2 01 ^ erms > if P — 2 be even, or as 


p-g-i 

[? ,_1 l°g P -pip - 2)*- 1 log (p - 2) 

+ £^£_1) ^ _ 4 ^_, Iog J 

, P V- 1“ 1 

t0 2 01 ~ 2 ^ eims J if p — 2 be odd , ^ being <4: 2 

This generalisation is due to the late Prof Wolstenholme 
It will be noticed that more is effected by the tieatment of 
r sin*#, A , A , , 

Jo ~&- dx m fchls drtlcle than 111 Ait 1023, as the limitation p, q , 
even oi 6ozJA odd, is now avoided 


1034 Thus, for instance, 

fo f *= ( -3r| [ f >3 - 6 4 3 +15 2*]=- rF(-48)=| 3 =i> 

f 8in 5 jp ii 

^“* = 3' P {5Slo « 5-8 ® 3 *°S 3} 


EXAMPLES 

1 Show that 

[Math Tripos, 1884] 

2 Prove that (1) 1 3 (8»-l) t 

' Jo * 2 4 2?i 2 ’ 

(2) 1 3 (2w-3)(2«4-1) tt 

Jo 0 s 2 4 2» 4 

[Trinity, 1889] 

3 Prove that f* — dx = f* dx=- 

JO x Jo x 2 [Math Tripos, 1887 ] 

4 Fmd the value of P ( smz+sin -) — 

Jo\ x) x [Colleges y9, 1888 ] 

5 Trace the locus y = f - os _ sin8 &Q 

Jo ^ 
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6 Describe the discontinuous surface f — n x L cos ^ 

2 Jo 0 

7 Show that [Trinity, 1888 ] 

| o {$0-atyl+asty3-etc }dx = $ir<j>(- J), 

and apply this theorem to find P ~ n —dx 

Jo « 


8 Discuss the locus 


[Glaisher ] 


p 00 

Ho 


(2x-n+l)0 ne 6 dQ 
“ n 2 8m 2 cosec 2l 


where n is a positive integer 

9 If 0 < a < 7r, prove that 

/.\ Pi 1 + sin asm a; dx 

(l) Jo 10g I ^n « S mi I = TO - 

10 “"••Jl.JSSSfc*-'**-!) 




a 2 +5 2 


r=je~ ax sin 5a dx, 

(a + ve ; 

x p n ^ 

a 

and l/J = 

1 1 X 1 1 — 

L Jo 

a 2 +6 2 ’ 

and r/.T- 

b 

L 2 Jo 

a 2 +5 2 


Integrating each with regard to a, from a=p to a=q, 

poc 

Jo 


-er-v-tr** 1 p 2 +b 2 

cosbxdx= glog^Jp 


r 

Jo 


0 X 

e~y x — e~v x 


sin bxdx= tan- 1 2— tan- 1 % 
b b 


( 1 ) 

( 2 ) 


The case »= oo ,1 

f-0 


gives 


poo 

Jo 


sm bx , 7 r 7 

— - — ax= ±77 as b is + ve or — Te 
x % 
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1036 Again starting with the same integrals, integrate 
with regard to b , then 

£ smgs-amgg 3, (8> 

(4) 




da;=tan - 


1037 Consider the Integral I 


i i> 
^ /-£ 


vers 7>% £ x 1 
3 ~2 

e~ x * cos a# dx 


<k=^log(l+g) 


(Laplace, Nemoiies de I’Inshtut, 1809, p 367 ) 

Differentiating with legard to a, 

dl I*” . , re-** 7 af“ , 

^=— e-^xsmaxdx—^-^-smax^ — e~ x cos ax dx 

= --I 

2 ’ 

I=Ae 4 where A is independent of a Putting a=0, 

fa=o=j o e~ x, dx='^—, A = ~ Henc e/=y« 4 

The proof is that of Legendre ( Exercices , p 362) 

1038 Laplace established the result by aid of the integral 


viz 1 = 



J o x tn e~ x ‘dx= 


r e w 

1-—A 


- Y 

Jo* V 

2 i ' 

41 



=Al. <£ 1 3 \ 

. 2 V 2'2 + 4i 2 2 ) 

= ‘JjL( 1 « 4 1 a a , \ 

2 \ 4 i 'l 2 4 2 123 4 3+ J~ 


s hr - a 4 
~¥ 6 


1039 Differentiating I n times with respect to a (DC 
Art 106), 


= ( - l V ^ 4,- r/( 2g ) n «(»-!) (2a)- 2 , n(»-l)(n-2)(«-3) (Sap- 4 
2 L 4“ 11 1^=5-+ 2l 
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1040 Integrating 1 with regard to a, from 0 to a, 
f* sinaa:, Jir f° ~~ , Jtt f° /. a 2 la* \, 

*-rV ,4 — rJ.O-s+r.p- > 


n/tt/ a 3 
“IT 4~3 


+JL AL. 

3 '2 ' 4 2 5 


3 1 4 3 7 


)• 


a rapidly converging series for small values of a, but not 
capable of summation by means of the known algebraic or 
tngonometnc functions 

f j- _W* 

e~ a ' xt cos 2bxdx— — e~ a * follows immedi- 
26 

ately from the form of Ait 1037 by writing therein — foi a and x^=ay 

It should be noted that the process of differentiation m Art 1037 is legiti- 
mate though the upper limit u infinite (See lemarks m Ait 356 ) 

Foi, taking the present form, the integrand e- al - e * cos2 bx remains finite 
for all values of & Change b to 6 + 56 Then 

/+8/=^° e ~ a ' x 1 cos 2 (b + 8b)idx 

Hence 



_ flli , c °s2(& + S&).27-C0S2fol J 

e m ax 


- 2 1 sin 2bx+e}dv, 


wheie € is a finite quantity which vanishes in the limit when 8b is made 
infinitesimally small, 


x e 


Sb~ 2 io 


a e~ atx> sm 2 bx dx + € 




e~ a%xX dx 


If e l be the greatest numerical value of £ in the range of values of x 

/*°° r 

fiom 0 to oo, the second term is numencally <e : J q e~ a%x% dji ;, i e <€j 

and therefore vanishes in the limit when € is infinitesimally small 
The process of differentiation is therefore justifiable 

Proceeding as before, ^=-^/, °' , 


and putting 6=0, /=jf" e~ a * xt dx = ~~ , A = 

and /=^e «■ 

2 a 


* Memovree de Vlnstitut , 1810, p 290 
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1 Show that 


EXAMPLES 


f~ _a} 

sin ax dx ^ — ~e 4 a 
o 4 * 


f, 

| o xre~ xt cos ax dx = ~ e ~ T ^1 _ 9 

J 0 a;4e “*' cos ax dx = ^ e ~* ^3 - 3« 2 + , 

j 0 %h ~ x ' Sln (l5a - 5o 2 + j'j , 

and show that we can calculate 

J 0 O (a- 3 ) cos ax + *p(a?)x sin aa]e~*' dx 

when and ^(z 2 ) are rational integral functions of t 2 

[Legendre, Exercices, p 363 ] 
2 Show that if J*» J «-**sin ax dr, then 


1 a * m a* 


) 


3 U 5T5 6 7' 
j __a* a i [Legendre,^] 

3 If /=- 4 J o e 4 da, prove that 

p > J 0 

e~ x> x cos axdx=\-l a j 
Jo 2 2 9 

j o ^ 3 COSOTfe = l ^_ l / ( g a _| S ) ) 

I ^^«&=| a -?! + l / ( 3 _ 3 a2 + J ) ) 

[Legendre, %bid ] 

I JO 

0 a sm ai + xcosax)dx=i , 

^ Jo 6 ~ X ^ ~ ~- al ~ ^ 2 ) 8111 ax <?r= -\a 


4 Show that 
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1042 The Integral J= f — Z 1 

. , U W+x^itf+x*) 2 ab{a+b) 18 

userul m a certain class of Definite Integrals, ( a and b both -f ") 

qIjjqq __ 1^1 l ^ 

{a 1 +^W+x i )~W^W+^~¥+^) > we have 

1 B P~P \ ~ tan_1 r tan- 1 f T = 1 (1 _ I > = Z 1 

® a ‘-® a b Wo b 2 —a 2 la b) 2 2 ab(a+b) 

f tan- 1 - 

am ’ ,£ “ = J 0 5,(44^)^’ («. J both +"), 

*f— 5^ ; i a- / l n 

Jo (a-+s 2 )(M+jpi) 2 ai(a + i) 2fi 2 lct+6 _ a/’ 

„ 7T , <2 + 6 

“= inkg— +^, 


-2p lo e~ 

where A is independent of a But when a=oo, u = 0 , A — 0, 


f" tan -1 - 

J» ^+p)^=ii io g( i +3 


a) 


i 


* tan- 1 (-tan d) 


tan ( 


Putting x=b tan 6, we have 
b f 

or wnting c for jTcot Otan^ctan ^)^=|log(l+ c ) (2) 

The particular case c = 1 gives jT 0 cot 9 d 6 = | log 2 (3) 

Integrating by parts, [fllogsin (S'jf-jf’logsm 0d0-|log2, 

* 

I logainiJ^-llogi, (4) 
as in Art 990 J 

f tan -1 — 

1043 The Integral /= J — -===~dx, (b $> a), is of similar form, 
J0 xs/fr-x 2 9 

but best evaluated by expansion Put x=b sin $ 

'-r~e-'L IP/, b 1 sin 2 # Ms, mu x 
jo ^ a Jo V ~ + a* 4^" )<** 

=r/*_i Ii\i_3 1 6 s \ ir , fb\ 

26\a 2 3a J + 2 4 5 a 5 /~26 Slnh 

*' fo cosec5Un "K^me)^=|sinh-> C =|log(c+Vr+P), 
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or, for the case e=l, 

~ 1 - a J 6 ,! f ^ r^'^Wj^l-s'i 11 j[l-«h] = j^, 

0 (a, 6 each being taken + w ) 

Hence 7=-^ log(l + a5) + ^, where 4 is independent of a Also 7=0 
if a=0 , A =0 , 

It follows that f - °^y ) & -r 

| + flog(l + 9=|lo g(c+6 ), 

, , (6, c each -f T *) 

And wntmg #= 6 tan 

log(c z +b 2 ta,n 2 0)dO=Tlog(b + c) , and adding^* logcoa 2 0<70=7rlog£, 

r 

j[* log (b 2 sin 2 0 + c 2 cos 2 6)d0=ir log , (6, c +”) 

1045 Again, taking the expression for m pa.r tml 

fractions (logarithmic differential of cos a; expressed m factors), 

VIZ tan x_ ” 2 2 2 

"aT - 2 ( 2r ~ ] ) 2 x 2 - 22 * 2 ’ 
put x = tt 1 czl , then 

'7rtanh'7r&z “ 2 2 2 


kz 

0 tanh irkz dz 

=Z 

1 

oo 

_ V 

, (o 2 +z 2 ) « 

i 


00 

=2; 
i ‘ 

tanh 7rlz dz 

( /Tr 2 1 /v2\ w 

4& , 


2dz 

(a2+z2 H(%r) 2+ ~ 

7 T 

2r— 1 /" , 2r— 1\’ 

^rl a+ -irJ 
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Thus, in the case a=k= 1, 

/' 00 tanh 7rz dz .fill -i 

Jo (1 +8*) z "" Lr3" l T5 + 6 _ 7 + ad %n f J 

2 Ll 3 + 3 5’ f 5~7' f J =2 ’ 
or taking a= 1 and h any positive integer, 

f° tanh Zsttz cfe _ r i j , 

Jo (1+**) « Ll (2^+l) + 3(2A+3)"*"3(ijfc+5)"*’ J 

“ 2 [(T - 2 Fn) + ( 3 - 2 F+ 3 ) + ( 2 ZTT~iITl) + ] 

=2 (l + W + +2Z3 t) 

and if a, k be any two positive integers, the series will terminate as m 
the last case 

f x 'ta f nhJc7rz dz 4k JL ^ f i i ^ 

Jo *(a 3 -l-£ 2 ) z ~~ a 2La * \2; - 1 ~ 2ka + 2? - 1 J 

a 2 C(l 2ka+ l) + G ¥ka + ^) + + (iZaTT^Sa+l) + J 


= 2 Q h 
a 2 Ll 


- 2r T+i+i+ +! 




3 t 5 t " r 2Za^ 

If = | and a an even number, the series will also teiminate 

Thus 


r 


If <7 = 2n, this becomes 


tanhV , 

2 d» = 2_ /_i 1 \ 

(a 2 +z 2 ) j& a 2 \2>-i a + 2r-l/ 


1 


tanh^ 


I oann , 

. !!K 7 Wr 7 -E=[(i-STi)+a-nyo ] 

= u?(r + 3 + + 2 ^t) 


I 


} 


But if a be odd, — 2n + l, the senes does not terminate 

tanh^ 

2 ^ dz_ 2 ffl 1 \ (\ i \ 

(Pn+TT+P) Z (211+l^Ul 2?i + 2/’ l "\3~2ji + 4/ 

= (2iT+!)^[ lo g 2 - | -|+i+ +gj 

"iSTiFD°* 4+ T + i + 5 + +3 

Similarly if 2 1c be any odd number =2jo + 1, i e k — + \ 

-j .. 2 2 "Q l ^ 

(“ 2 +* i ) z a 2 \2r-l (2jo+l)a+2r- 1/’ 


/" 
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and this will terminate, 01 will not terminate, according as a is even 
or odd 

If a be even, =2?i, the result is 


2ti 2 L(i 2fl,(2p-hl)+l, 

-L/I+1+ 

2?i 2 \i 3^ 


Ml - 

=1} 


2 n (2p + l) + 3 


i) + ] 


2w(2p-fl) 


If a be odd, =2?i+ 1, the result is 


2 

(2?i+l) 2 


1+I+I+ 1 1 

2 + 4 o + M2 »i+1)(2j> + 1) 


n] 


1046 Let I=\ e r '^' +x '^ dx (a+ Te ) 

Jo 

[Laplace, M6m de V Inst , 1820, for the case c=l ] 
The integrand is finite for the whole range of integration 
Change a to a+Sa 

r _ c , 1 l 

Then !+<«=] e 

Hence S=J 0 r ‘ V { e ^(-T) +£ }*' 

where e becomes infinitesimally small and ultimately vanishes 
when Sa is indefinitely diminished 

^=-2<?aC ^e~ e '( x,+a ^ dx+ f\ e-°‘*'dx 
da Jo & Jo 

Let e x he the greatest numerical value of € in the range of x 

1 00 * Jtt 

e~ cix 'dx 3 %e <e x , and 

uinmaceiy vamsnes witn da 0 

Hence the process of differentiation with regard to a under 
the integration sign with an infinite limit is justifiable 
In the first put x=ajy 
Then 

2c 2 J° e"** dy=- 2c 2 I , I=Ae~^' a , 

where A is independent of a 
But when a=0, 

I a ~ o=| e~ c ' xi dx=^-, . A=^ f c being supposed + ye 
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Hence 


/==j^e ( dx=^^ e~ 2c%a ^or — ^~e _2c * a ^ c “"’ ve ) 

Laplace’s form, viz the case c=l, gives 
f°° . «* .fcr 

J e x x t dx=-^-e~ 2a i (<x+ ve ) 

If we replace a 2 by b 2 a 2 and c 2 by we have the form 


r -*(5+5)^ n/ 5F a 

e '' a * X, 'dx = — - ,-e 

Jo VA 

(i) 

where a, 6, i aie positive 


This result may be written 



(2) 

1047 Cor 1 If £=1 and a=b, we have 


/,./v® + a A . ^ 

(3) 


Cor 2 If we differentiate I x with respect to a , we have 

S-f©-SK 0+S) ^-#^ 

” I. (£-$)• •*«*-■ <<> 

Differentiating (l) with legard to and then putting £=1 and «=&, 

/o” S *-^ + ^ch=^ae-* (5) 

(4) and (5) give 

/o ^ a ' +x '* d*=i^ae-2, (6) jT (7) 

Cor 3 We albo have 

[ ~ L & ~ k ¥) j Jjra f -2A^ -21-A 

Jo e a * -« x J dv — — r=le a -e « /’ 

2v£ 

and making a indefinitely large, 


r° / , V 


, V\ 
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1048 Let ^ positive) 

We have f 2 \ze^ at+z ^ z * dz= - 

Jo a 2 +a? 

Then 

I=\ cos rx 2 ze~{ a '+ x *) zl dx dz 
Jo Jo 

=j^ 2ze- a>z *(^ e- x ' z * cosrxckcjdz 

=|” 2ze~ aH * (j* e~&) dz=Jrj\~( a ' zt +£)dz 

—'Jt ^~" e_rtr or ^ ^ **”*, as r is positive or negative 

t f COS TX j 7 T 7 r 

1 ~“J 0 f^ flto== 2a C or 2a^ r,asr 18 P 0S1 ^ lve or negative 

This integral is more commonly written as 

r cos rx , 7r 7 r 

l+£c 2 ax ~2 e or 2 ^ aS r 18 P 0S1 ^ lve or negative 
This result is due to Laplace ( Bulletin de la Soc Phil 1811) 

1049 Both results may be expressed m one as 

r cos rx T f f , e~* ) 

Jo i+^ ar_ 2 tr+iF + r+n'f 

for 0 is zero or infinite according as r is positive or negative 
This form was given in Crelle’s Journal , vol x , and is due to Libn 
(See Gregory’s Examples, p 486 ) 

1050 Differentiating with regard to r, we obtain the integral 

(a+ ve ) 

P°ajs mrXj it w 

J 0 tf+x 2 ax ~ 2 e ~ a ' 01 2 e *'’ as r 18 P osl ^ lve or negative 

This integral vanishes if r=0 

The differentiation under the integral sign may be shown 
to be justifiable, although the upper limit is infinite, in the 
same manner as m previous cases 

1051 If we integrate with respect to r between limits 
and r 2 (both positive), 

f° smr 2 a?— sinri® , tt , 

J. ) 
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If 71=0, we have 

f°° sin?# , __ 7T , 

J 0 cc(a 2 +x 2 ) 30 2a 2 e ^ 

a result given by Laplace ( MSmoires de VAcademie, 1782) 
If we wnte t = tan 0 m the integral 



according as i is positive oi negative 
1052 Graphical Illustrations 
c.p.,0, 

We have y=e~ x 01 y=e L , according as x is positive or 
negative, the y-axis being an axis of symmetry 

The logarithmic curve is traced in I) iff Gale , Art 442 
The graph now required consists of the two portions of the 
above curves which run asymptotically to the x-axis fiom their 
point of intersection upon the y-axis (Fig 332) 



1053 Graph of y-|j[" ™ a f + ^ 3a6 dd 

The y axis is again an axis of symmetry, 

J,- 1 r<*a(i + a )0 df} 1 r C 08 (x,-a )6 _ in 
’'-irk *o+-J a ~TT ¥~ d0 

If a be regarded as a positive constant and x > a, we ha\e 
\\ « _(x+a) -h^ e -(*-o)J =C0S h a e~ x 
If a > v > 0, we have 

V = “ «" (x+a) + 1 J = cosh x e~ n 

The graph therefore consists of a portion of a catenary fi om % = 0 to x— a 
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and a portion of tlie logarithmic curve from x to a = oo , with the image 
with regard to the ^-axis of these portions ( Fig 333) 



Fig 336 
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1056 Another mode of discussing the integrals of Arts 1048 
to 1051 is as follows 

Lefc U== \> da*+% dX> («P oslfclve > 

rpu ^ du f^cosra?, d 2 u C^xsmrx, 

Th “ ST-J.sq?*- *i—J. 

ftu ,, 2 *. { a 2 \sinra;, f x sinrx , 

=— -r/2, 0 or + 7r/2, as r is + ve , zero or — >e , 
u=Tr/2a 2 -\-Ae~~ ai -]-Be ar for any positive value of r 

(I G for Beginners , p 250), 
where A and B aie constants as regards r 
But u is finite when r is infinite, B = 0 Also there is 

obviously no discontinuity in the value of which is also 

finite for all values of ?, as r diminishes through the value 
zero and becomes negative, for a small negative value of r 
f ^ qos rx 

gives the same value to I z , ^ dx as an equal small positive 
ha+X dx 

+fl3 2, ' le 2tt 


value, and when r is zero the value is I — y 

Jo a 1 

Therefore — Aa,=irj2a and A = — w/ia 2 , u—-^-Jl — e~ ar ) 


f oo 

. 


cos rx 7 7r 
~~n ; — 5 dx^jr- e~ a} 
a 2 +x 2 2 a 


poo 

Ho 


x sin nx y 7r „ 

— 21 2 -dx~-zfi- a 

o a 2 +x 2 2 


( a+ '°) 

\r+ T v 


The collected results are for the various signs of a and ? 



84- 

* 4- 

a 4- 

? - 

a — 

r+ 

a - 

7 - 

A 





A 

_7T_ -ai 

2a 

T Jtl 

2a 

TT at 

2 a € 

_ 1L P ~ ar 

2a 

h 

W — ar 

2 e 

TT Qr 

~r 

7T ar 

2« 

7 r —a? 

~ 2 * 
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1057 

Let 


A Reduction Formula 

cos is 




“ d 2 ”»r ( 

Therefore the successive integrals for the cases ti= 2 , w= 3 , 
etc, may be calculated by the rule I n+1 =— — L_ ^ 


In each case ~ e ra will appear as a factor Let I n =^A n e- 


Ti, » 

Hence the form of A n may be calculated by successive 
applications of the formula 


An+l =i [ r d 4r] • where A ^ =a ~ 1 

Thus 

^ 3== ^ [^«“ 3 +3ra-4 +3or s ], 


^ 4_ 2 3 3 1 4 "^^ ?2a 6 + 15?a 6 -fl5a -7 ], and so on 

So that if 

An= 2F* fc-i) i [^ n " 1 a- n + ^ 2 r«“2 a -( n +i) +Z 3 r n “ 3 a-( w +*)+ to w terms], 

^"+1=2^ jp [^ n «" (n+1) +^2 r,wl a~ (n+,, +X3r n - 1 a-f n+8 )H- 

+ wiT 1 r n ~ 1 a-< n+> > + (w -h 1 ) JS' 2 r”-*a“( n+a ) -f ], 
and the coefficients in A n+l are 

-£i(=l), K 2 +nK u ^ 3 +(tH- 1)^ 2 , X 4 + (72 4-2)^3, etc >(2n-l)K n> 

and the law of foimation of the successive sets of coefficients is easy 
It may be shown by induction that the general foimula is 

[ rn - lq - n + — V 1} ’ n -*«- ( " +11 


, (n+I)n(n-l)(n-2) 


2 4 


^-* a -(n+*j 


4.fe±a)(»+I)i>(n-l)(n-g)(»-8) r . rn+ -J 



DEFINITE INTEGRALS (I ) 


227 


r C0S»J7 , IT e~ ar r « 1 r, . Vtln— 1) „ « , ,v 

Thu ’ Jo (Mr d *=^(^T)' [ 5 l “ + ^- , a 1+11 

_^ (n + l)>i(^— l)(n — ?),n-a a -(»+»)+ to n teims”) 

2 4 J 


T r® Asmjj? , 7 r e“ ra , 

In the same way j # ^p^pjs ^ = 4 ’ 

or we may deduce the result from the former by differentiation with regard 
to r 

1058 Consider the Integral J=f ^ )+ S 0 t 8a+ a i) 

We have 


dl , 

r cos rv dx 

d' 1 

r -xsmrxdx 

dr~J 

o a 4 *H 2a 2 ^ cos 2a 4 -a 4 ’ 

dr* -J 

o ^ 4 4-2a 2 J7 2 cos 2a + a 4 

*L_ , 

f 8 -a 2 cos rxdx 


r T^sin rxdz 

dr*-) 

o t 4 + 2a 2 ^cos 2a + a 4 * 

dr'- J 

o 4- 2a 2 # 2 cos 2a + a 4 


Hence, when the first of these integrals has been found, the other four 
of this particular class follow by differentiation Adding the fifth to 
( - 2a 2 cos 2a) times the third and a 4 times the first, we have 


d 4 / 0 2 _ dU 4r 

j- T -2a 2 cos 2 a^-? + a A I = 
dr 4 dr 1 


sin ra; , 7r ^ 
dx= 0 or 


7T 
2 * 


accoidmg as r is positive, zero or negative We shall assume r positive, 
for the case r negative will be at once deducible fiom our result by 
changing the sign of r We also take a positive and a an acute angle 
The differential equation is of the ordinary class with linear coefficients 
(I G foi Beginners , pages 244 to 263) It may be written 

[ { Z> 2 - a 2 cos 2a} 2 + a 4 sin J 2a] / = ^ , 
and the general solution is 

I = + c“ a ’ cos a {A 1 cos {at sin a )+A 2 sm (ar sin a)} 

+ e ar 008 a {A z cos (ar sm a) + A 4 sin (ar sm a)} 


Since an infinite value of r does not make I infinite, the last two teims 
must vanish, te A z =A i =0 And when i is diminished indefinitely to 

zero, 1 should vanish Therefore we have A t = — ^ 

To determine the remaining constant A 2j we may differentiate with 
regard to r , we obtain 

- a cos ae” a? 008 a {A j cos (ar sm a) +A 2 sin (ar sin a)} 
ar 

— a sm a e” ar cos a {A x sin (ar sin a) — A 2 cos (ar sin a)}, 


and when r is diminished indefinitely to zero this becomes in the limit 


UX A , 

— — — a cos a Ai + asina 
dr 
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But when r is diminished indefinitely to zero, we ultimately have 
dl_ r° dv T 

dr Jo xt + 2aV cos 2a 4- a 4 "” 4a* cos a ( see P 159, Yol I), 

asma Aj-acosa A x = 2 V 


% e 
and 
Hence 


'4a 3 cos a* 

asm a A 2 =-~ cos a + — ^ — = 
* 2a* 4a* cos a 

^ 2 = — ^5 cot 2a 


4a 3 


T—JL n p -~ ar 


1 {cos(ar sin a) + cot 2a sin (ar sin a)}] 


cos a sin (or am a+ 2g] 
sin 2a 




t e we have for values of r > 0 

r ^mrxdx ir_ J , _ „-ar cos a sm (ar sm a + 2a) \ 

Jo x(x* + 2a J x J cos2a-ha 4 ) 2a 4 \ sin 2a /’ 


r 

r 


cos rxdx 


ns 4 4- 2aV cos 2a + a 4 

ssmrsda; 
f o ^ 4 +2aVcos2a-l-a 4 

a^cosnccfc 


’o ^ 4 + 2a^ 2 cos2a+a 4 

a^sinraefce 

a 4 H 


_ rr_ -ar cos a Sin (a +ar sin a) 
2a 3 sm 2a * 

_ jr_ -a? cos a sm(arsin a) 

2a 2 sin 2a * 

_ jr ar cos a sin (a -ar sin a) 


"2a 


sin 2a 


4 + 2a 2 x? cos 2a + a 4 2 


- - fiT ar cos a sm (2a - gram a) 


sm 2a 


1059 Taking for instance the case when a=^, a=c\/2, so that 


flsina=c, 


r 8111 rX dx 7T f, _ r „ f TT\\ IT . 

Jo ijy+4?)- 8?{ 1_e sm ( r6 + 2j} = 8? (1_e cos,rc )> 

r cos rxdx 7T ( 5tt\ -tt 

** + 4c* =_ 4?71 e sm ( r6 + T) = 8? C ~’ C(slnrC+C0SrC )’ 

r xamrxdx tt _ 1C / . 8tt\ tt 

L x*+4? - 4? e Sln [ rc+ ~4j = 4 P« Sinrc 

(» , c + ^ : ) =^e -re (co?rc-8infc), 


r 


zPco&rxdx 

a 4 +4c 4 

a^sinncda; 


— e rt sm( 

2cV2 


^+4^ “~f e rCsin 


(-♦*) 


71" 

= 2 e cos rc 


1060 Consider J= f r pos,tlve > \ 

Jo x(ocP+a ®)^^ a positive J 


dl 

5^ 


We have f «!!*, 

ar Jo #®+a® 

a? 2 cosraj 


dx , 

^ 


a positive 
<ff/_ _ [* x sin r# 
dr 2 Jo #®+a® 
d l I r #*sin r# 


dx , 
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<pi = r %^_ 

dr 5 Jo cd 


cos rx j d 5 I _ _ 

xfi+aP ax * dr 6 


& 6 sinr<; j 

f o + ’ 


d°7 r/ a 6 \s»inra , f^sinrx , it 

b- M —L ^ + 7)VT^ dv= -J o — dr =-I 

Solving this equation, 


I = £r*+ 4 i e ~ ar ’ hA > e 2 cos(^+^ 3 ) + ^ie a, + R 2 e 2 C0S (^+ 5 ») 

Now, since the mtegial obviously remains finite when r becomes infinite, 
the terms with positive indices in then exponential factois must disappeai 
Hence 1^=0 and B t =0 , and the form of the integral reduces to 

i +A 1 e~ ar +A 2 e 2 cos + 


/= 


2a 6 


Now I , ^jrj, ultimately vanish with r 
These considerations will deteinnne «4 2 5 -4# 

Now ^=^ 1 (-a) n e _a ’ +4„a n « 2 cos.^^+-4«+«^), 
we therefore have 


°“2^ + ^ Li +^* C0Si ^8’ 


0= +^ 1 a 2 + -4 2 a 2 cos^ 8 *h^, 

0= +A l a i +Aza*cos(A*+^y J 
Hence, for values of r > 0, 

f ^l£££_^=JL r 3 -e-“' -2^ 003^1, 

Jo &(x*+a*) 6a 6 L 2 J 


whence -4#=0, 


^2-2^!--^, 


rss* -m 

-B.C 


a 3 sm ra ; 
f o 05® + a 6 

^cosra: 


o &® + a® 
^sinra 


da, 

** -&[ 


0 tf« + a® 
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some of which Admit of a little simplification, but are left m their present 
foim as exhibiting the general law followed by the seveial members of 
the group 

1061 The same process may e\idently be extended to any integral 
of the class ~ smrccdx 

Jo x(oc? n + 2 a n a^ n cos na + a in ) ’ 

and its family of 2 n other mtegials may be obtained by differentiating 
27t times with regard to r But we exhibit another method of procedure 
m Ait 1067, which avoids the labour of determination of the various 
constants 


1062 We have seen that 

cos ixdx _ 7 r 
0 x 2 +a? — 2 a 6 


7T „ 

or ~e a 
2 a 


according as r is positive or negative, a being supposed positive 
If a be negative, since the integrand is unaltered, the result 

will be ““ 2 ^ ar 01 ~^ e ^ ar> accor( iing as r is positive or nega- 
tive (see Art 1056) The result must be positive m either case, 
and the index of the exponential must be negative, for the 
integral does not become infinite when v becomes in fin ite 
The four results are therefore 


~e~ ar 

( a + n ) 


2 a ’ 

' \r+ T V 1 

2a • \r- n )’ 

— ( 


——e~ ar ( a ~ \ 

2 o ’ ' 

+ Te / ’ 

2 a ’ \r— Te / 


Taking the case a and ? both positive, it is clear that the 
integrand is not affected by a change of sign of x 
Hence 


f° cos?®, Tcosr® 7 , r 

)-„&+& dx= \ 0 tf+z dx - and ]. 


( 1 ) 


with the modifications above specified, if a or r or both of them 
be negative 


< 2 > 

for elements of the summation represented by the integral, for 
which the values of a are equal but of opposite sign, cancel 
each other 



DEFINITE INTEGRALS (I ) 
1063 These facts enable us to calculate 


231 


j=r -2 
1 j_(»- 

For, putting z=b+z, Z=J 


cos rx 


y dx 


(x— b) 2 +a 2 

cos 7 b cos rz — sin 7 b sm rz 


=cos rb 


L 


cosrg 

z 2 +a 2 


dz—amrb 


L 


z 2 +a 2 
sin rz 


dz 


dz } 


*ie 


r _se 

j-x (®— 


C>2) 


(£B _5)2 +a 2- — '—A, (3) 

It will be observed that this is independent of the sign of 6, 
but subject to the same modifications as before with regard to 
the signs of a and r 

Differentiating (3) with regard to r, 

L [x™y+a* e ~ aY (a cos br +b ambr)> (4) 

and integrating (3) with regard to r from r= 0 to r= 7, 

where each formula is subject to the same modifications as 
before with regard to the signs of a and r if they be not 
both + ve 

Putting b=pco$a i a=^p c Jina, a<7r, p positive, Me lmve the mtegials 


r ; 

J-co X(X 1 — 


sm rxdx 


ccosa+j? 2 ) p 2 p 2 sina 


8in a binGpr cos a- a), 


co^ rxdx 


2.pxcosa+p 
x sin rxdx 


_JE_ e -PT sin« cos ( os o)> 

p sin a 


— eln “ sin (pr cos a + a) 

sin a 


r 

J — » a: 2 - cos a +£> 2 

which again can be readily modified as before foi the cases in which 
any of the constants involved have negative values 

1064 Again, differentiating £ dx = 0 with regard to r, we have 

r xcosrx, A 

J-m 

and from this we may obtain the value of the integral 




(x-b?+a? 


dx 
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Putting x=b+z, l 1 — (b+2)cosrjb+z) ^ 

_ r° & 008 ^ cos fg+g cos br cos rg - 6 sin br sin rz — z sin 6rsmrg 

J-« ~ ~~ *^-l-/y2 


g 2 + a 2 

=h ' ir C S3*- - ™ 6r , r, ?£?*■ 

since the other two integrals vanish, 

= & cos Jr ^ e -or - sin ^ttc” 0 ’ , 

r ^cosrad a; tt „ 

J^( v - b y + a 2=a e (bcoalr- osin&rj, 

and 

r _ ^cosra;c?i tt ain „ 

J-.a’-Spicosa-t-^"!^* cos(yr cos a+a), 

wheie i>=jpcosa, a=j>suia, and it is understood that a is positive, 
p positive, sin a positive, and the formula can be readily modified as 
before to meet othei cases, and other integrals may be deduced by m- 
tegration with regaid to r 

1065 The integral J= may also be ob- 

tamed in the same way Put x=b+z 

t f kin br cos r2+cos br sm rz , 

J — W+tf dz 

- s '" fa L Sq5 *+•» *£. «, fcf 

for the second integral vanishes 
s, “ 

Lem**- 

I X vcosrv , t r _ a , 
l-«(I^byTa iUz = a e (&cos&r-asin£r) , 

f 11 rs t 7r . 

/-»(*- by +a jdv ~Z e ( a COis ^ + 6 sin &r), 

it follows that by differentiating »-l times with respect to a* we can 
obtain the following mtegials 

cosra? i D f* 01.S-V. 

^dx—pQQ^br. / 

{( * . 


/. 


..{(i_j)i +a i}« c 


•{(7^6)I^2}n^ = Psin6r, 


r rcosrx T 

{(^_^)2 +a 2}n dv=Pb cos br — Q bin 6 f , 
f” Asinr^ 

J-« {(#_ cos 6r+P6sm &r, 
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p^ t-ir-v / * \ (i—\ c- (- l ) n - 1 * { ± \ t c -«r\ 

(» — l) 1 \2 ada) \ a / v (n — 1) * \2ao?a/ ' ' 

1066 It follows that if f(x) and <j>{x) be lational integral 
algebraic functions of x , of which the degree of f(x ) in x is 
lower than that of <p(x), and if the roots of <p(x)=0 be all 

unreal, then since may be expressed as the sum of a set of 

partial fractions of the types 

Ax+B A'x-\-F 

(x-bf+a v {(x-bJ+a'Y’ 

the latter only occurring in the case of <p(x) having repeated 
imaginary roots, we can obtain the value of any definite 
mtegial of either of the forms 


r m 

J_«, (blx ) 


sin rx dx or 


r f(x) , 

or I cos rx dx 

J-« <p{x) 

-V 1 r 22^2- dx-e 


cos rx d x ^ 1 

( v* 4- a 2 ) (v 2 + b 2 ) (z 2 + g 2 ) ~~ " (a 2 - b 2 ) (a 2 - c 2 ) J 
sin rxdr 


J-- U 2 +a‘ 


(x 2 +a 2 )(z 2 +b 2 )(r 2 -\-c 2 ) ^ 


1067 Integrals of the class I 2 n V *2 n ma y a ^ so be 

J q 00 -j \~ctt 

conveniently treated as follows, without the formation of 
a differential equation as used in Art 1060 

Putting - 2 * 2w into partial fractions, we have 


x in +a 2n 

1 


<z— a; cos a x 


x* n +a 2n na 2 *- 1 fa (x— a cos a x ) 2 +a 2 sin 2 a x * 

2X4- 1 

where a x = - ^ 7r, and a x is less than tt for the whole range 

of values of X from 0 to n— 1, and sin a x is therefore positive 

f cosrs , _ 1 f“ (a — x cos a x ) cos rx dx 

-oo cc 2n 4-a 2n X ~~na 2n ~ l " J_« (x—acos a x ) 2 H-& 2 sin 2 a x 

= >lg a a . 1 ^ e~ a ’ 8m a \ {cos(arcos a x )-cos a x cos (ar cos a x +a A )} 


_ ^ e -a, flina x sm ( ar cos ax + ax ) , 
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and since the integrand - g * is not affected by a change 
of sign of *, we have +a 


Therefoie 1 


7T 11-1 

2na 2n ~ 1 S 1 


f 00 coarx , If* 

Jo * an +a 2n ^ a5— 2 JJ„ 

_ f” cos rx j 

~Jo x*'+a*« dx 


'sm( 


coarx 

x 2n +a 2n 


dx 


_ 2X+1 
2n 


ar cos 


2X+1 2X + 1 


2u 


t 2X+1 _X 

ir ~^ 2tt~ V 

lhe other membeis of the family of integrals obtainable from this are 
/" binn? , 

/o ^ integi ation with regard to r, from r=0 to r=?, and 

r rs>mfg ,7 r ^ 2 cosrr , 

Jo a; 2n + a 2n ’ Jo . a 2n^> 


^ 3 sln n? 
& an + a 2n 


dx, 

the latter system by differentiation with xegai d to r 
Since 


a 2 ”" 1 sin ? v 
fo a 2n +a 2n 


dz, 


we have 


_ c -r» sina sm ( ar cos a + a ) =ae ~^ sin a Bm ^ cog a+ 2 a + 0 


Jo ^ 2n ^-a 2 * 


where k$>2n-l, which gives all the integi als fiom 

r x sin r x f < ifl " 1 binrr , 

Jo r 2n -(- a 2n J x 2n + a 2n 

The integi al J^° lb 0 f the foim 

4 + | e 2 " ’ rsln ( <lrcos ^l^’ r -f)> 

wheie A is a quantity, independent of r, to be found 
And since the mtegial vanishes with r, 

r smrj, x x V - arain g4±l» / 2X + i \ 

Jo x(&»+a m ) 2a >n ~to^ t* coa[arcoa—^-xJ 
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1068 Those interested in the history of the subject may 
refer to an aiticle by Poisson in the Jour de l’ Poole Polyt , 

I 50 COS TX 

1 + ^2 W 1S discussed, 

and to articles by Catalan m the Journal de MathimatiqueSi 

J °® cos rx dx 

o (1 +X 2 )* 


1069 In the same way we may evaluate the integial 


r cos rx dx 

la> 0\ 

Jo - 2a 2n x 2n cos 2 na + a 4n 

\a <7 r) 


with its attendant family of integrals derivable by differentiation and 
integiation with legal d to r 
Foi 

1 11 ^ asm 27&X“ 

x Kn - 2a an #* n cos 2rca + a in = 2 n sin 2na a 4 " -1 " (a - a cos x) a + a*siu*x ’ 

where x=a+— , the summation being for 2 n consecutive integial values 
of A. n 

And it is to be noted that x 13 greater than 0 and less than ir (and 
therefore smx positive) foi values of A such that A — > — a and <x — a 
i espectively, 

* na , n ^ na 
ie A> and \<n , 

7 T 7T 

%e for K=-k, -l+\, whete k is the greatest integer 

m f aU (l that smx ia negative for values of A from X = n-k up to 

7T 

\ — 2n-k-l 
Now 


L 


coarJ!cfa , — , e - aramx cos (cm cos y) if am X he +" 

-oo (^-acosx) 2 + a 2 sin 2 x X 


and = - as ^ — e ai fain x cos (a? cos x) if X he ~ ”, 

and 


L 


x cos rx dx 


1 (j?-acosx) 2 +® 2 sm j! x sin X 


=— — e~ arBlux cos (ai cos x+x) ^ sm X he +T 


and 


= — e ar81ux cos(a?*cos x~x) sin x be - y 

sin x 


Gregory, Examples , p 486 
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Hence 2 n sin 2na 


a 4n-i 


'L 


cos rxdx 

x* n - 2a 3n # an cos 2?ia -h a* n 


e ~ arsin x 

“ -j, C sm 2?l X «* (« cos X ) -- sin (2« - i) X c° S (ar cos X + X)] 

»?* "^^-[ S in 272.xc°s(arcosx)-sm(2^-l)x co s(a? cosx“X)] 

= 2 e - a «“>x cos {ar cos x - (2» - 1) \) - ” 2 e” 8ln * cos {a? cos x + (8n - 1) y} 

n—k 

where l is the greatest integer m — and y = af ~ 

it A n 

Also, since the integrand is not affected by a change m the sign of *1 , 


cos i % d% 


fa x* n — 2 a ln x 2n cos 2wa + 


__i r 

a ln 27.00 


cos 


r 4 ” — 2a an «? 2n cos 2?ia + a in 


Wie attendant family of integrals formed by diffeientutmg 4 m - 1 times 
with regard to t can now be written down, and aie of type 


4?ism 2?za 


a m-v-i 


a* cos 




k"> - 2a ! ”r 2n cos 2na + a 4n 

= 2 e~ ari “*cos ja» cos x - <2»- l) X +p(|+ X )j 

~ % « ar8mx cos{®cosx+(2 } i-l)x+p(|- x )}, 

meiti to r fiom 0 t0 ’ fUlmdleS the 


4?ism2wa — 


n-k-l 
= 2 € 


SI YU Veil 


ir Jo 7J& n _ 2rt an ^ 2n C os 2 /ia + a 4 *) ” 2n Sm 2na 

-« "*“*«*{• cos X-(2»-l)x-(|+x)} 

_ J; e“ rs “*cos{arcos x +(2 »-l) x _g_xU 

«-*— 1 

= y *“<W‘SMv / 2 m— l—l 

h ‘ x sin (ar cos x - 2?ia) - jg e“' 8ta * S m(arco 3x +2»a), 

X and X *>eing as defined before 

1070 It will be noted furthei that the integial 

r cos rx dx 

a- + va™ r»«cos 2nfj+ a * 

«. ... — W», tear .1 >*«.* . u a, , tal0 

ramilv by wilting a=~_# 

2w, ^ 
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1 Prove that 


PROBLEMS 


3 Show that 


4 Evaluate 


’™^ = ±i 62_5 

* 16 og 17 


[£r-co.fa*J ‘♦CT. e -<ra sin bx dxX » e-2 »*/(a 2 + J 2 ) 

(V, 00 J [7,1893] 

2 If«»=| *tr~dx, show that u n = ^lu n _ 2 

JiCL 

Hence calculate u n where n is any positive integer [Trinity, 1881 ] 

3 Show that rg gfe j J.62B 

J° * 16 [ft 1891] 

4 Evaluate -bx+c)^ x 

[Colleges, 1879 ] 

5 Deduce from the integral f 22!** the result 

,« Jo l+x 
( Sin rx - 7T /A, I ve\ 

Jo X(rfi + x'-) dx== 2 ipt 1 ' e ~ m ) > (r + «) 

6 Fmd the value of where . 13 a 


[ft 1891 ] 


integer 


7 Show that I* ™gg«nhgs 1 

Jo (cosh gx + cos qx) 2 2 q 

8 Show that f smh jm sin qx q_ 

J o (coshj?a; + cos qx') 2 p^ + q 


[Math Trip ,Pt 1, 1890 ] 


V, 1891 ] 


jo vcosn^a + cosg'z)* pz + q* 

9 Show that, if p be a positive quantity, 

r^/ 1 1 1. p 2 + a 2 

Jo x \cosh px -f cos ax cosh^a + cos bx) x 2 p 2 + b 2 

1A „ [Math Tripos, 1890 ] 

10 Prove that 


t sm x cos x 


4 l0g3 ' <*> 


r? i l 

11 Prove that (cos»^ + sin»(9)- 2 "^i9 = ! 

. Jo ' n(n+ 1)( 

where n is a positive integer ^ 

12 Prove that | ^ e -** C os 2 nx dx =^e~«' 

13 Prove that f" “ - ooshaig j3; _ coir i(S^l \ 

Jo * cosh*!! \smhrj 


(»-!)’ 

»(»+l)(»+2) (2»— 1)’ 

[Math Tripos, 1889 ] 


[e, 1883 ] 


cosh a; ^ 

z 


[a, 1885 ] 
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14 Prove that f C0S — tanh ^dx=\os( eoth^ 

Jo * 2 6 l 2 ) [Colleges, 1879 ] 

15 Prove that J“ - fr ~ \ )n - J * (» cos 6 +■ 

if ( e cos 8 + 1) (e cosh u— 1) = e 2 — 1 [Math Tripos, 1885 ] 

1 a t> , i , f x cos 4Lz tanh % 7 

1 6 Prove that dx = log, coth hr 

Jo x 

[Math Tripos, 1889 ] 

17 Prove that, if a lies between -tt/ 4 and tt/4, 

d® 7T cos a 

o 1 -2sin2a cos 6 + cos 2 0 “ ^2 cos 8 2a 


18 Prove that 


19 Prove that 4 

20 aluate 


C 1 dx _ 

Jo (1 - x2n f ~ 


2 n sm ? 




2n 

Jo (l-* 2 ) 1 


[Math Tripos, 1885 ] 
[ft 1888 ] 


<2«-)* 

[Trinity, 1889 ] 


(a) « * , J o *%»*<&, (5) « - *J** s **Va; J 

(c) e~*[ X tfe*dx, (d) xe-*'\ X e*dz, 

- Jo 


where m each case a becomes infinite 


21 Prove that f jr 1 

Jo sinha te -2 C0thi: 2 _ 7 

22 


Shoiv that r “££ &= r cos®_ jr cos a- 

*’° 1 + * Jo(l+^ 2 ) 2 7j 0 (TT^ rfr 

[Math Tripos, 1876 ] 


f * cos mx 7 

J — l+i + a**® 


[Math Tripos, 1892 ] 


23 E\ aluate 

24 Pro\e that, if w he positive, 

r COS 7713 - , 7T 

iTTO 4 & = 3 «- iW2 s in o+^) 

[Math Tripos, 1892 ] 

25 Show that (,) r^fc-r f , 

Jo 1+** 2^2 l C ° S ^ + Sln 3} 

(n) r cosa&_ w -i LArLACE ’ Jfem * VIntt > 1810 1 

; Jo &Tiat 8^T ( cos a + sm a) 

[Math Teifos, Pt i, 19143 
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27 Show that P a,gn ^ e ~ b - e~ ab /a + ' e \ 

Jo (1 +x i )(a*+zy x 2 a*-l ’ {b+'‘J 


[St John’s, 1883 ] 


28 Prove that 

x m ~ l d i 


r. 


(T+2x COS a + A a ) m ( I + a:’ 1 ) - f „ ( iTWZos fW)m 

== 2«sin a ’«- 1 a } 0 (cosas-cosa)*"-!^ 

1 f 1 d _' a . \ 

2 m (m - 1 ) 1 \ sill a da) VsuT^y 

[Wolstbnholmb, Educ Times ] 

Prove that f ~^ ln wX d x=7T 

Jo a-(l - * 2 ) [Math Trip , Pt II , 1919 1 

30 Prove that 

f J~- e ~” a ~ g 7 i 2 12 I 

J- 2a + nV (2^Trf + (2^T™T 4 / a PP roxlmatel J 

31 Prove that «-«*eo.» slI1 ( a 2 sln 6)dx = ^ sin - 

Jo 7 2 2 [Coll, 1892] 

32 From the integral J' e~ X '~*‘dx - J V? «r*», show that 

a* cosec 1 fl 

r drd6 = Tre~ 2a 

[Trinity, 1886 ] 

33 Express the sum of the senes 1 + •W r +a^'+W’ + ml inf 

unitT anS ° f 9 definlt6 lntegra1 ' * be, "g a real quantity less than 
J * - [Trinity, 1896 ] 

34 Prove the formula 

f” e _ oW sm(2?H-I)iT V^r 

J-» see — ^=—^+ 2^0 -j 

[St Johm’s, 1881 ] 


i m ~ 1 dx 


29 


0 JO 


35 Prove that 


rr 

J 00 J 00 


dxdy 

, ry { x + y ) 


“log 


((a + 6)“ +1 > 


1 1 
ah* 


[Trinity, 1886 ] 




36 Show that f tan-* - tan-* - — = - W 

Jo a b a 2 2 1 ^ i l 

aH * 

[Bertrand, Calc 7n*,p 200 J 
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37 Show that j* <f> <f> (j^j d t - log \ b) a * h <t «/> 

where ° *(r)- T" 

^ w Jx U [Mat 

38 Prove that J g-luM uW K ( f u , */2ir r Xari , 

/_l\n c n d n 

and deduce e uxS \ 1 du 

JS( 2 A)*J-. (/ " u 


[Math Tun* # 


39 Having given that 


(Ht John*'*. tHsi.’ j 


[Cor«r*K<» r*», 1 HhJ ] 


prove that f tfe~*~ x '<h- - 'V’ r 

Jo 4r* [Cor*r#vc<» rn, IHhJ ] 

40 Having given that [ *-«Vr * J"', deduce tlic of 

r» Jo « v a 

I e~ ax ‘ cos bvdx 

Jo LCoM.fc.uis. I H 7 » ) 

fJO 

41 Prove that e-*’cos ax {(a 2 - 6) t, - 4 r 8 } d\ - 1 

42 Find the value of J e-i*‘ cos xt/r, 

and prove that f «-J**sm x L = -H ’ c^Vy 

Jo VfJo [«r Johm’h, 1«h« | 

43 Prove that f" sln ^ nx n hi nil n , 

integer Jo slnr 1 +&•'’ smli 1’ ” 

44 Starting with fVda^-L deduce f l '!Lj? dr l oje /' ♦ 1 

Jo i>+l’ Jn logT “K/ f l 


Putting p = W - 1 and q - fc/Z l, deduce the value*, of t he uitr^i '«!■. 


and venfy your results by a ngoious mdopondont method 
Sk„th., 


45 Prove that 


JN'Kl^ 1 -* , ) 4 -i»d- 2 {i - J J, *«!-•■•} • 

) . -yff i y 

r*i U(? + 1 )J [St John’m, 
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46 Prove that (e '*• _ e“2*) =*Jw(q-p) 

47 Prove that 

J*^ ^(sin 2i)cosxdx = | cfi (costs’) cos x dx 


[Math Tripos ] 


[Besge, ZAouvilUs Journal, xviu J 


48 Deduce from Laplace's Integral 

’i*.- (••+%.£ 


poo 

Jo 


= e -2 a 

2 


the results * 

l 0 cos (^ + S)^ = T cos (i + 2a )’ 

Jo sin (-S 2 +^fix=~- sin + 2a) , 

J 0 e ^ cos | (i?- + sin 6^dx = ~e-‘ la co89 cos (za, sm 6 + 0 

J o e ^ Vn-jY^-l-^sin tij-dx - c0 ’ 9 sm (2a sm 6-t-^) 

49 Prom Laplace's Integral 


P 00 

e- a ‘x’ cos 2 ixdx = ^ e 
Jo 2 a 


[Cauchy, Mem des Sav Et ] 

" 2 a 6 ’ 

deduce* [ cos a¥ cos 2 ? x dx = ^ cos , 

Jo 2a \4 av 

f sm a 2 a? cos 2 ix dx = ^ sm (7 - — 

Jo 2a \4 aV 

[Fourier, T de la Chcil ] 

50 Prove that if /< r * («)=(—) /(^), and all the differential 

coefficients up to the (r-l)* 11 inclusive remain continuous from 
z— - 1 to z= 1, then will 

j* / (cos a;) sm 2r &<?£== 1 3 5 (2^ — 1)J" /(cos a;) cos ?& da; 

[Jacobi, CreUes J , xv , Gregory, Examples, p 501 ] 
*Sce remarks on the use of lmaginanes (Arts 1189 to 1201), 



242 


CHAPTER XXVI 


51 Prove that 

C~ a /I d \ m + x 

a J (t 2 - a 2 ) m cos tx dt - 2 m m * cos ax, 

m being a positive integer [Cullen, Educ Times , 14808 ] 

52 Prove that 

) »eo (ITT \ 

Sln ("2 + a V , (» - 1 )(» - 2 ) (» - r ) t a ”-'- 1 

~ ax ~ I» “ JET’ 
o 2sm y 

r being an integer and 1 > n> 0 [U C Ghosh, Educ Times , 14954 ] 

53 Show that if 

^ = j* e-* 1 * 1 cos bz 2 do. i B — J* e~ ax ' sin bx 2 (a > 0), 

then A 2 + B 2 and 2AB can be expressed in terms of elementary 
functions [Math Tripos, Pt II , 1914 ] 

54 Show that J (———j = § 7r ( 3 log e 2 

[Math Tripos, Pt 1 , 1887 ] 


55 

If 

z 3 

smz = x- — + 

afi 

5' 

+ (-!)* 

k ._ 2/ * x 

(2 ny* 

and 


. a* 2 

cos rc = 1 ~ 2 t + 

a; 4 

4' 

+ (-!)’ 

t ^ 2n_1 V/ 

(2w-l)» ’ 

prove 

that 

n* 

7 r 

ns:* 




Jo x 

’ = 2 

Jo f 

[Math Trepos, 1875 ] 

56 

If a 

and y be positive, 

prove 

that the 

value of 


f°° sin (yg) cos (ax) ^ 

Jo 

it Jar or 0 according as y is gi eater or less than a 
By multiplying by e-tocos cy and integrating with respect to y 
from a to oo , or otherwise, piove that 

f ( a2 + 62 -c 2 )cosaa; f 1 „ B Scos ac-csmac 

Jo (* 2 + 5 2 -c 2)2 + 45V c!x ~2 > 

a, b, c being positive constants [Math Tripos, Pt H , 1920 ] 

I* (ir - 4 6) tan 9 

J-f 1-1 


57 Show that 


-tan 6 


-dd- 


r ( lo g2 - j) 


[Tein Halt , and Magd Coll , 1881 ] 
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58 Show that if a is positive and less than 71 -, 

r, (1 +sin a sin ^) 1 - 8lnasln0 ^ / 

Jo °^(1 - Sill a Sin flji+smattn* 0 Sm 


59 Prove that 


a - 2 sm a log cos 
[Math Trip , Pt II , 1884 ] 


r'logsm^J* log 
Jo vsm 6 Jo v 1 4 


4- sm 2 6 


(ri)M2 1 2 6 1 2 6 10 1 

4 n /^13 + 2 3 7 + 3 3 7 11 + / 

(For other similar results, see G H Hardy, Educ T , 14055 ) 

60 Show that 

jo “ a: )' i_ y ( 1 - y ) 1 '- 1 dx dy = ^ ^ f(z) O.-zy+'-Hz 

[Math Tbit ,Pt I, 1894 ] 

61 If 

X n f X ® 1 

/ »(*) = 2 n r (, l + i)( 1 "2(2» + 2) + 2 4(2»+ 2)(2 jh-4) — J’^ >-1 )’ 

viz Bessel’s function, show that 

(i) T n (i) = - yzJ- -f cos (x cos <£) sin 211 <j> d<f>, if n> - i 

2. n *j7rT(n+ I) Jo 

i r 

and (n) J n (x) = - 1 cos (ncf> - x sin <j>) d </>, where n is a positive integer 
v Jo 
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DEFINITE INTEGRALS (II) 


LOGARITHMIC AND EXPONENTIAL FUNCTIONS 
INVOLVED 

1071 In the class of definite integrals we are about to 
discuss, it will be convenient to remember the result 


I 


o «»(]ogg)*to-(- 1 ) B ( ^ ' ji)n+l 


This is the result of integration by parts, 

J o XP (log x) n dx = [|£j (log £ XP (log a:)"- 1 dx 

71 

= — ^zpi J Q ^ ( lo g «)” _1 

= ( - 1 ) ! Jp +1)* j 0 ^ ^ log a: ) n ” 2 dx =efcc 

- 

v > (p+l)"+i 

Or we might obtain the same result by the transformation x=e ~ v 1 vi/ 
l ^(log -z) n dz=J a )")/« ( _ e~V) dy =(_])« r y n e-fr+V* dy 

V 1 (p+l)»« ' '> (y + l)»+l’ 

including the cas e£ (log.z) n dx=(-l) n r(n+l)=(-l)”n' 

1072 Again, let F(x)^A 0 +A 1 x+A s x?+A ll z?+ be sup- 
posed a convergent series for all values of x between 3=0 and 
x~ 1, and such that 

14-1 .F(*) (log iy is zero or finite when x= 1, 
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so that even when the senes for F(x) ceases to be convergent 
when x= 1, the final element of the summation indicated by 

the integration j V(») (log dx will have no effect Then 

we shall have, by putting x=e~ y , 

j-J 1 ('log 1) V(z) dx=^y»e-yF(e-*) dy 

=T(p+l) 2p+1^~ 3p+i'*‘ )’ 

and therefore I can he expressed in finite terms whenever F(x) 
is such that this series is capable of summation 

An extensive class of definite integrals arises from this fact 

1073 It will be well to recount several previous results 
obtained We have now used the symbol S p to denote the 
complete senes 

s +1 1 +A+ od'inf (?>>!). 

— pp * %p * 3p~4^~ o p 

and the numerical values of S p "up to S 35 are tabulated m 
Art 957 2 xZ 

Also, if seca:+tana5=l+-K'if,+ -^2|i+ ir 3^1+ ’ then 

Kn ^" +1 = i + ( - 1 ) «+i + (i)^ 1 + ( - ^ ) n+1 + ( ff)" +1 + advfl f' 

and ruleswere given (Dtf Calc, Ait 573) for the calculation 
of K„, the results being 

J^-l, JT.-1. *V= 5 > 

A 6 =61, If 7 = 272, A 8 =1385, AT 9 =7936, etc, 

K being the n th “ Eulenan ” numbei =F 2n , whilst 18 

UB1 & ^ 2 2n (2 2n — 1) D 
the » th “Prepared Bernoulhan” number = ^ 

-Ban-i being the n th Bernoulhan number itself 
Also we have seen that 

7T 2 " ^ _ 1 , 1 , J_ , J_+ 

^a» s =2(2n— 1) 1 (2 2n — lj 2n-1 l 2n ' 2 2 ”^" 3 2n 4 2n 2(2n) 

1 7 T 2b+1 


D 2n—1> 


I -^ 2»— 1 > 


r 2n+l 


2 2n+2 (2n) i ^ 2n = l 2 ^ < 5 2n + 1_t '5 2 « + ' 1 7 2n+l 


+; 


= 2 a "+2(2n)' 


A, 


246 


CHAPTER XXVIT 


and we have the paiticulai iesults 
1 


-1+1 

3 + 5 

-f (Eulei) 

4V + 

1 4 ^2 4 ^3 4 + 

JJ (Kulc-n) 

-1+1- 
» 3*^6* 

”51 (Tchebechef) 

J+i + 1 + 

- (BuIm) 

1 1 + 1 
* 3* 6* 

( ^hebechef) 

l 4 ,* 4 ^5 4i 

■K, (Kulei ) 

L +1+1+ 

*2 a 3 a 

=£ (Eulei) 

1 8^3 4 

t- - log 2 


_ 1 1 1 1 

/ 1 \ > 



V- jl/>+ 3 ji+ 5 V +ijpi» + 

= ( lr 2V S "l 



- 1 1 j- 1 1 x 

/, 2\ t , I 


°V ~~ \p • 3^ “ 4P “r 

J 



1074 One class of senes of this natuie will not bo obtainable 
from the tabulated results of Ait 957, viz 

_L_JL JL i Lj. 1 

]2n ^2n"'~g2n Q2n — *tin> 88»y y 


and so far as the author is aware the values of this seriCM Fot 
various values of n have not been tabulated, and it would 
appear that there is no method of obtaining the values exc*i*|>t 
from the senes itself or from some tiansfoimation of it to 
render it moie rapidly con vei gent The most tioublenome 
case foi direct calculation is the case when n— 1, on account 
of the slow late of convergence But in this isolated case, vi/. 

a 'JL-I - l 1 - 1 , * 

2 3 2 ^P * 

the value has been shown by Mi J W L. Glaisher to be 
091596 55941 77219 01505 
{Proceedings of the London Math Soc , 1876-7) 

Mr Glaisher arrived at this result by means of the identity 

sin t cos t ~ sec> *-$*»*** secl t + i tan 4 1 hoc* t - , 


a form of Gregoiy’s senes, which upon integiatum yields 


tan & - ^ tan 3 a 4- i tan 5 a - 


f* Sit 
lo sin 2* 


dt 


*f„„V r 


1 PT, _2T» 27* 

2 Jo L ~T , —ir ,+ T*-2‘or , ~ 
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and expanding the fractions in powers of T and integrating, 


where crxn — 4 »* + (j" 2 an )^' 2n, 

whence, putting ^ for #, Mr Glaisher obtained the remarkable series 
2 

t “T"i tarf T + 5* t “ , T" -j[*+| <r*»+| *»■«••+ ]. 

, , , 1 1,1 1, irri.U, lff 4 1 

and putting £, =J*“ 31+51-7*+ “5 Li + 3 2* + 5 2* + J 5 

whence the value above given may be denved The details of the 
calculation are given in Mr Glaisher’s paper ( loc at ) 

1075 It is to be remaiked that in approximating to a case of the 
general senes ^-^+^+^- , if we letain any specified numbei of 

terms, the error in rejecting the remainder of the series is less than the 
first of the rejected tei ms Eg if 


# 2'-p-p+p-p + * Sa ?> 

then £ “§i ~ (ip “ y#) “ etc > and 13 < §5 ’ 

and since e = (p ~ ip) + (lF s " Ip) ‘ + > 14 13 > °> 

and the error in taking 4 terms lies between 0 and fa Similarly, and 
more generally, if we retain r teims the error is less than the (? + l) th term 
The series for s 4 ', s 6 ', etc , are much more rapidly con vei gent than that 
for 8 } , and therefore the calculations duect fiom the series are much less 
laborious 

For immediate convenience we may note that to six figures 
s 2 '= 915,966, s 4 '= 988,944, 

s 6 '= 998,685, s 8 '= 999,850 


1076 The integrals which follow are arranged in groups according to 
then foims Where it is thought necessary the working is fully given 
In some cases two or three of the steps aie given, and m other cases 
meiely the result is stated It is intended that these should be worked 
by the student for ms own practice In some cases it will be seen 
that by treatment of the same integral by different methods various 
identities may be established 
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1077 Group A Examples op Integrals of form 

IV 


JO 1-+ .7? 


dx 


l±x 

f l0 si 

1 I—J 0 Cutting sc=e~* i we have 

I=fy(r'+rHrH )*-p+i+J+ =? 

f l0g ”* A 8W i< 

J # l+* & V 1 2 2 / 6 12 


2 Show that 

3 Show that 


pAiy 

J. ^rf-‘ te = 2 '(r3 + p + i + )=2^3 = 2404U 


4 Show that 

5 Show that 


6 Show that 

fNr 4>l ., ro**r 

i ** — *r B2 ”-" Jo — t+s — c 


fK)' 3. 

Jo 1+57 ^ 2 Si 

3 l-r ** 15’ Jo “T+7 d *~UO 




7 Show that 


PW)“ r'(iog~y 


2 2"— l __ i 

- dx= _ wr-Sn ft 

9r> 77 • L> Si»*— 1 


l+C <*» — (*»)' “gA, 1 -Sjn+X 

It is to be noted that integrals with integrands of the same character 
as the above multiplied by rational integral algebraic polynomials 
present no difficulty, thus 

fi log i r 

8 Jo X m dx =] 0 y<r*+r+ +t -*+ )dy=i+I+ 


log - 

9 Show that / sr 2 - — 

'o 1 - x 6 l 2 2 2 

10 Show that 

n log- 

/ (“^+^+c) r -£«i l =( a+ 6 +c )l!_i±. 6 _fL 

Jo '1-x v T 6 l 2 2 2 


7 T 2 1 1 
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1078 In some of the simpler cases, viz -when the power of 
the logarithmic factor is the first, we way write 1—y for x, 
and expand the logarithm 
Thus 

J 0 i — x Ji y Jo tj 

= — j # ( 1 + |-l-|-+ — (p + p+p+ ) =— IT 

Examples 

A dx 7T 2 C\ V_1 v dx 

1 Prove that j, tanh l x- =J Q *»uh aa 

2 Deduce from (2), Art 1077, by putting jj=tan ! 9, 

/•? tj -2 

I tan 6 log cot $dd=* 

3 Deduce from (6), Art 1077, by putting a=sin a 0, 


J* tan 9 (log coaec 9) 2 "~ 1 = ^- #* 


4 Prove that 


X oi»«— i — i 

J o tan 6 (log cot tf)”" -1 d6= 22 „ + — — -ffm-i 

1079 Group B Examples op Integrals of form 


! N)’ 


Jo 1 ±£C 2 


Prove that 


. f log *rf« = *! f ^l£ii:=g.'= 915966 approximately 

1 Jo rr? 8 > Jo i+^5 2 

rfiogiy ^ r( lo *S\ or* 

2 J o i T _^i < 2r=2(l-i)53=2 103599 , Jo-T+^-^-ie 

4 ^-4'(l-l)s,-s*10es7 , i ',4^ 
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119 842 


1W-4 f 

f'KJ 

Jo 1_^ 

[ KJ 


2 n 


Tr 2n (2 2n — 1 ) 


' ^ — 2-S>.+2 ^in » 


^0 1 + ii 

and in the same way as 8 , 9, 10 of Group A, prove that 

n Io S~ ^ 

8 Jo X ~ dx “24 C EoLi ' R . Cow Pei, vol xix ] 


n l0 2- 


10 f 1 rs !^ll f _V 3 1 J 

Jo i — 24 4 > anr * 30 on for similar cases 

11 Putting -s=sin 8 in No 7 (1st part) and tf=tan0 in No 
art), show that, if n be a positive integer, 

0) l sec 6 (log cosec £)-”-> d(9= cosec 6 (log sec d)*-i dfii 


QJn -i 


(1.) f (logout 

1080 Group C Examples of Integrals of type 

f **(‘»s)’ 


; 
v 0 


(1±IB)4 

pand g being positive integers (p<q) 
1 Putting z=e-v, we have 


dx, 


rfaiy 

Jo JT^ZP **={ y p (e~*+‘le-*+Ze-*y+ ) dy 

2 3 \ 

r (in-i‘*"2i4-i + 3m + J=P' S r (p>i 


(2nd 
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Prove that 


(p> 

ro ° g i) p dv _p' {S +S) 

Jo (L-x) r dx ~Y^ (^ + jS jJ 

r(' ot iL.. ti 

a a ® 3' 


1) 3 


r io *i 

Jo (7+^* = 


loge2 


(^p-2 + 3>Sp_i + 23 p ) 


fYiog -Y 

6 Jo (1-3)9 dX = (q-Tp (^M+2 + A*V-9+3 + + Pq-2 S p)> 

-where is the sum of the products rata time of 1, 2, 3, (#-2) 

fYiog JY 

7 Jo (i +7)i~ iT= (f^Ty < ' <r ' , - 4+J + ' Pi ° r M+3+ +-p»-jov), 

where o- r =p-Y+Y- =( 1 -|?)' S r 

8 r^T!T^^ =3 ( 4 ‘-S 

9 [ % 1 Jl° td 7 i u d&=l0 S 2 (Put *=tan0in 3) 

Jo (sin 0 + cose/) 2 tt 

IT 

10 F sin 20 log cot 0 d# = J log 2 (Put ar=tan 2 0 m3) 

Jo 

1081 Group D Various Forms containing Radicals 

■ )* 

1 1 1,13 1 13 5 1_ 

= 15+2 22 + 2 4 3 2 + 2 4 6 4 s 

Again putting z=sm 2 (9, 

/= -JF log sin 2 0 2 sin ddd=-iJF sm & logsinfldtf 

[ 6 ~~ft 

- cos 0 log sin 6 + log tan ^ + cos 6 J q 
= -4 [cos 0(1 - log 2) + 2 sin 2 1 log sin | - 2 cos 2 1 log cos |] 
= -4 [log 2 - 1]= 4 log | 
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Thus we have the result 


,, e 1 , 1 1 , 1 3 1 1 3 5 1 , _ ^ 

4l0g 2 P + 2 2^ + 2 4 6 i+ 2 4 6 a(i ™f 


2 /= 


^ ^ a log x 
s/l-x* 


dx 


[Euler, Nov Com Petropol , xix , p 30 ] 


T It 

Put #=sin $, sin 2 0 log sm 0^0=^ 1 logsm Odd 

—$1 lo S sin cos2 ^^ 


7T , 1 , 7T 7T, € 

-4 lo ^l + 8"8 l0 «4 


3 Pxnd the values of 

I=j^ cos 2nd logsm Odd and / '=^ sm *" 0 log sin 6 dO 

Since 

sm 0jg|0+sm20 + £sin40 + jsin60 + 

+^-j-si n (2?i-2)^/ + ^sm 2n0j =sm 2/i0toa 0, 

we have 

Ln2ndcotddd=0+8m26 + » in40 -+ ^ui (*>i- 2)0 m^nO 

J 2 n - 1 2n 

also J sin 2 ji 0 cot 0 rf0 = sin 2^0 log sm 0 - 2/i j cos 2 n 0 log sin 0 dO 

Hence /=^cos 2^0 logsm 6d0 — (/i>0) 

Again 

Binln ^=^ {* n ^« - 2 cos 20+2 *" C ^ cos 40 - + ( - ])*2 c os 0} 

i r 

l' = f 0 sin ln 0 log sm 0 c?0 

Putting sm e=x, we have the value of /’ . ,,n J (| g V, 

JO 

f* 1°6": r°> 

4 /= J» 

= i + I 1 4. 1 3 1 
l a 2 3 3+ 2 4 P + 
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Again putting «=ain 9 , 

f lc) g^ 


I 


^ dx= - f Iogsm0d0=|l°g2 , 

Jo n/1-^7 2 Jo 

'whence it appears that 

l 1 1 1 3 1 , 13 5 1 . 

I log 2 -p+f 3l + F4 7^ 

iftS2 ORODP E Oases in which the Algebraic Factor ns the 
1082 uROUP Ji i'* 00 a fiTieg whose Coefficients are 

Generating Function of a Recurring Sen 

Powers of the Natural Numbers 

■ £ )* 
= j ~y*(e-* + + 3 2 «- 5 ' + ) d V 

-.’■(M*** )- $- 

Prove that 

* f Xu^W *’■*’*' 

r 1+eM A 0 (? lV n+l <to =^±- 1 (S« - l)ir**N*»-i 

Jo ( 1 -x 2 ) 3 l B ^ 2 

p a+r)(l + 10«+4g) /wlY^cte 
4 Jo (T^ v 6 *' 


5 

6 JT> 1 +2te+66s 2 + 2gg±jL (log iy J.r=2« 7 n 4 

8 £ !+i£+£(log L)* #44 < ir=(n+l)(2»+lK 27r )“- 82 »- 1 

9 


2tl— 1 
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10 If a 0 , «j, a 2> a n _ l be defined by the equation 

<W=s"- n+1 tf 1 (s-l) n +«+ 1 (7 2 (s-2)«- +(_l)*-i «+!(?,_! i» 

for all values of s from s=l to s=n, then 

r a o +a 1 x+a^+ , 

Jo (T^’ipi l l0g v) dx 

1 (n + 2m — 1) » /C) \ am j> 

2 (2m) T {27r) 

It will be recognised that the several equations defining the letteis 
«oi a u fl 2» «n- 1> V1Z 

«o=l", a i = 3 n — (n+l)l n , « 2 = 3" - (n + 1 ) 2" + ( ■ ”* 1”, 

etc , 

*.wi=»"-(re+l)(»-l) n +^y^(»-2)»- +(-l)"- 1 ^ 1 +I 2 )ra l”, 

aie the results of equating coefficients in 

050+^+^+ +a n _ 1 ^ n - 1 = (l« + 2 n Ji:+ 3"^4* irc/)(l - ar)«+* 

up to the coefficient of r”" 1 And it is known that 

(» + r)»-«^(»+r-l)»+ + ( _ ] )n+i n+l^ (, _ 1 )n 

vanishes for all values of r fiom 1 to oo , being the coefficient of t n in 
rfr-Dz^^ijn+i ie ln [l+(r-l)%+ ](^+i_ ), 

m which the term of lowest degree is # n+1 

He nC e „ the generating function of the 

recurring senes l n +2*r+3 n .z 2 + 


2 n 3 n 
2n+2TO+ 


=/‘ 

=(iH-2m-l)i[—^ ii 4. 

=(’ l+2OT -l) , [^»+i+^i+ ] 


1083 Group F Gaps m the Development of the Algebraic 
Factor 

Let a and (3 be any two prime numbers 
In the series foimed by the development of 

X of T& 

I -x ln ascending powers of x 


DEFINITE INTEGRALS (II ) 


255 


. i ~2 a i «3tt i from — — , % e the coni* 

the subtraction of ~— a , *« ^ + * +* + ’ Irom 1-*’ 

plete senes 4 

a + -M‘ + r“ +1 + +a; !! *+ii: Sl+1 + , 

lemoves all terms whose indices are multiples of a 

The subsequent subtraction of removes all those terms which 

lemain, and have indices multiples of % restoring with the opposite sign 
such tei ms as have indices multiples of aft 

If we now add — — — « we are left with the complete senes with all 
1— 

teims whose indices contain either a or /3 as a factor removed 
Exactly analogous to this is the effect of multiplying the series 

s =T> + b + b‘ + h + b + ’ (2 ’ >1) ’ 

(1) by l-i-gp, (2) V 

Yov S-- p -4- p = the complete series S fiom which terms in which the 

denominators arl multiples of a and ^ have been wnuxwd, b«t those 
whose denonunatois contain both a and 0 are restoied with the opposite 

bign, whilst in the case s(l - i)(l - no terms occur whose denomi- 
nators contain either a or /3 as a factor 

(if r *• J YlnffiV" -1 — 

Thus /=/ o ( i_^A lg J * 

= (2m- 1) 1 ^pi+2Si+3iS+ 

by putting *=<r» as usual, wheie the double bracket indicates that from 
the senes included all terms have been removed which contain « and not 
ft or j8 and not a, as a factor, whilst teims with both a and /3 as a factor 
occui with the negative sign 


(2»-l)' 



/ 1 1 \ 

= (271. — 1)' 


/ X _I_ 


A a® 

]S r J 4» 
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It may be noted that 

f 1 of /, lY^-itfr 1 r l y f. l\™-i dy 

Lr^r**) *=H i^( 10 ^) j 

_ J_ /•’ X /, 1 V"- 1 ^ 

a m J„ l-jc\. % v) x ’ 

and therefore 

r l (x Px* Qjf llrf-* y, lyn-irf^ 

Jo U-* l-a* l-** + l-aW\ log «] r 

= A _ £__£ , * A (2ir) ,n 

l a*» a s » y 8»; _ 4n~ *‘- 1 ’ 

whatevei numerical values may be assigned to P, §, R 
And more generally, if a, /5, y, be any prime numbers, and if A^(r) be 
the function of x which would be formed by first developing 

(1 — id)(l — 5)(1 — C)(l — /)) as 1 — (A+2?+ )-f-(A.Z?+ ) — etc, 

and then leplacmg 


lhy tt Ahy l . 


5 by ^ etc, 


iB by 


\-afP 


ABC by 


af* 

l-a a ^ 


and so on, 


then F{x) consists of such terms of the series x + of of v 4 - as 
aie left when all those are removed which have a, /?, y or any combina- 
tion of them as a factor of their indices , and then 

f ^ ( io s r t =r +*-"<+ ) dy, 

where the terms in the bracket are such that those whose indices are 
multrples of any of the prrmes a, /3, y, are missing, 

• ' f -i) 

If we press the theorem further, and remove all the terms fr om - 
except the first, then if a, /3, y, he all the prime numbers, 1 — 

/T_£ t r * t ***!_^ s'™ , ,"|/ 

l 0 Ll-*-# 1 -of l-x*P i _ jfPv+ ~ i _ ad inf J^log— y 

=(2?i— l)i (by Raabe’s Theorem, Diff Calc , p 109, Ex 29) 
And this result is a prion obvious, for the integral is merely 

f l lV" -1 cf< r 
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Examples 


1 Thus we have 

C l r ? i 2 r 3 xP , r 8 t 10 ^ l6 *» “| 1m 1 cfar 

J 0 Li-^t i-^"i3^ _ rzi6 + i^ + rzyo + rz^i5”rz^oj lo g^ ■j 
-fr IVt IVi L\g!i!j.» § ** ^=§1? 

\ 2Vv 3VV 5V 4 1 4 9 25 6 75 


2 Prove that 

f 1 1 + j 


, , r' 1 + i , 1 , 4x 2 , . r l 1 -x , 1 , 2ir* 

0) l fT? 1 *;*- 27’ (U) 1 T +P 1 °S5 cto= W 

(lU > i T+P( 10 8S) 2tT3*“ 

(lv) Jo rrp( log 9 ,n ^=( 2m )' (* - p^+iX 1 -i) s *»» 


3 Piove that 


i 


■* 1 + v+a* 4- a 3 
1-s 5 


(leg 


4 Show that jf (log^ rfx = ^(l-^ 5 )(2x) ,n 5 2 ^_ 1 

5 Show that 

l a-r^N) ^ = i( i_ ^) (27r),ni32n - 1 ’ 

where p is any pi line number 

6 Show that 

1084 Limits 0 to oo 

So far in this chapter the limits have been from 0 to 1 In 
some of the cases considered the integrations might have 
been taken from 0 to oo , e g in the examples of Group B, 

r l ] 

=(J' +/”)frp dl ' In tte seoon<i “teg™ 1 P ut 


riogi r !°gj x 2 x 2 

Jo r^ &=2 Jo n^= 2 8=4 
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kdx—i I + 


i JI+&* 


dx The second integral is 






_ir sn (2 s "-l) D 

o„ -°2n-l 


'(»!)• 




E in , and so on foi other cases 


1085 Group G 

Integrals o£ the class 


: tne class r°° / ]\« 

Jo \x—lJ J 0 (l-®)» 


dx, n> 1, 


form a group of some interest (Of Group C, Art 1080 ) 

We have I=( P +f V^ £L f') dx, and putting x=- in the second 
of these, U k Ax ~ lJ 'J 

(F»ox-p)*-r (isw-r esr«~*. 

I= Jo (x-l) n < ' logX ) ndx ’ and putting *=e-*. 


r -j£ a»{l+e-l"- 2 )‘}| 


^ + ne-* + ?^>e-» + 


the expansion being convei gent as e~ z is < 1 foi all values of z between 
0 and oo , 

J^r(tt+1)[~— + --^- + r h( n + 1 ) 1 | n(w>+l)(n+2) 1 

v / Li n +!^ i 2 n+1+ 1 2 3*+i + 1 2 3 4w+i + 


"(ft — l) n+1_r T 


1 , ft(ft+l) 

• T «n.4-l i“ to 


^+l)_ 1 , n(m+l)(iH-2) 1 

1 2 (m+l) B+1+ 12 3 (n+2)"+ 1+ 


_» TO i , r( w +i) i , i>+2 ) i 
L 1 1*^ 1 2 2» + 1 n 3« + 
r(n-l) I» 1 r(n+l) 1 , T(a + 2) 

(yi— ' 2 ‘ 1 O /- i 1\«T l n o j 


1 2 (n + l)” T 1 2 3 (m+2> 


h2)» + ] 
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And if n be integral, 

. T2 3 (»-l) , + 

h 2 n 3 n 


1 2 f»-2),2 3 (» — 1 ) , 3_4 n "1 

-r - (»-\r + — i 5 + (»+i) B+ -i 

’^ (r+l>(r+2) (r±nz2) + n -f fr-l)fr j^LJgzfer3» 

==n r-n-1 7 


"K*fr+tt(r+S) fo-m-81-t-fr-lKr-a) (f-»-*) (A) 

r=n 2 

The casTof this when » is even is given by Wolstenholme, [Prob 1919] 
If S„=I + I+i+ and P, stand for the sum of the products p at 
a time I tJ fiZ »-2 natural numbers, this result may obviously 
be written 

I=2n(5 2 +/ > A+-^A+'^ > 0^8+ )» 

/IT 2 D rr>p IT 8 ■p _3^_ + ^ (See Ait 879) 

te +-P-ijQ +■^♦ 945 '*" ° 6 9450^ 8 93555 ) 

In the case when n=l, 

r s*Kf + »- 

-rs fc -r^f' 

-f £S*+f (^i-i) 108 * 41 
- 2 f 

of which the second portior is infinite 

7T 2 _7T 2 

The first part is finite, viz 2 -g— 3 

Examples 

x = [ ^( 2 ){e-'+ 2 e-^ + 3e- to + 

/I 2,3, \_27t_ 2 

- 4 (l« + 2* + 3 s+ / 3 

2 Prove A 

f(S-t)‘' fa - e (T + w)-»’ 3+ 

aid so on (Of Examples 1, 7, 9, Group E, Ait 1082 ) 


8 

45 1 
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1086 A General Principle 

More geneially, it is an obvious principle that if F{pc) bo 
any function of x which remains unalteied upon changing 

x into its leciprocal if F(x) be a symmetnc function 

of x and then, provided remains finite from x — 0 

to x = oo inclusive, 

For 


dfo 

x 


and changing x to ^ in the second mtegial, 




Hence 


Similaxly if F (±) = -F(x), J” F(x) 0 

1087 Again, if the value of any definite integral of the 
r w fa 

above form, viz I = I F (x) — , has been found, F (x) being 
Jo ^ 

a symmetric function of x and the value of J'= f — 

J x Jol + £C n * 

can he at once obtained, where n may have any value Foi 
in this integral put - foi x 


V 


Then 


f rF 0 ( u dy ri»F(x)dx 

J l+y” ' } y Jo l+» n * ’ 


7 = 
27 


F(x) dx 


A 


x n F(x) dx 
o 1 -\-x n x 


-r 

Jo l+£C n X 

ri+x- dx r FM dx T 

= ) 0 T+^ F{x) x = ) 0 F{x) x =I 

r=H 


Hence 



e I a 
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1088 Similarly, if F(x) be a symmetric function of - and 
, so that y 9 

m-r(a D-r(. 


then putting x = 


te 


y r* f (-\ 

r F{X) dx_ \ \y) , ^ d V 

» 

1 r y* Fjy) dy l x n F (a) dx 
= a*Jo a n +y n y ct n Jo a nj r% n % 5 

"""J a n -t-x n ' % a n Jo x 

r Fix ) dx_ J_ r F , x) te 
Jo a B +* n T 2 a”Jo 35 


1089 Again, if #0) be symmetric in - and - , so that F(*) J ’( x )' 

For wilting ^=z, we have 
Putting 2 =— in the second, 

r«t*-jr j c>*- f yw » 

We note also that it is therefore proved that 
Again, taking £*(•)* if we put j, we have 

j*]p(x) with other similar results 
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1000 

Mined C — i-r 1 

,. U ,n 

dx r 

if/ 1 a ’ 

it follows that 



Jo 

* 





J 

" de 

r 

i 

dx 

i r i 

dx 

L 

(1 t «')U » »*) * (' 

i < l )(i t i 

: n )X 

a /« 1 1 1 ' 

[ t 

Hmuhul>, hlu< o 







r • 

dr 

ruhdi ir 


7 r 


»v ■ r 

Jo * 4 W< 

!o a 1 { i 

i 2L 

« j j„ 

f ’ 

wo luvt 

■ iv, 

1 rfi 
< n ^'.T 2 i 

1 IT 

4 ’ 











that is 


i d< 

\ i n ) 

7T 1 

8 «*»•» 





1091 It lollowH fumi Ait 10K7, that tuneo the expienninn 
. . ih unaltered hy writing \ loi Jb, wilting j - tan || , 

1 + UT & ** 


/ f y (»+»’) </» > r F ( **■ ) <fur 

1 Jo L+ac n X 2 Jo \1+*V *■ 

"£'( 1+*) J -J/'l™"', 


a traunfox mafcion giwn by Wolnlonholnit* {Hdue Times t MMl) 

Wo may also w*« tho tiuth of this tosult by dilloi initiation with liquid 
to n, wlmh tfmn 

r»( * ^ 

dj I U + *V m d* 1 * I r> 

dn ) (I | r»y/ ' 1 ( ,«ndwntmK | f*« 


f '(nV) * 

J, irar 1 ' . 


d* (II 

t dn 


ai ()> and I m thoiofoio independent of n, anti thtuufoie tho samo an 
dn 

if n 0> t e 


j f i r r ( *i y 

Jo ' r bi »v 


Putting 1 fill ), it followH Unit 


-k ±j2l dl 'I F(m>0) 

a n 1 i n * a n h) h 
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1092 Thus, if F(z)=z, we have 
dx 


rv 


i at 


«£+* a )(a n +* 5 ) 2a"+ l 2 4a n+1 ’ 
oi if F(z)=z p , p being a positive integer, 

r ** - dx L_r nr#-' edd 

Jo (a a +x l y(a n +* n ) &<***] o 

1 1 j)-2 y-4 2/ 1 *1 as p 1S even or odd 

— yav+n p-l p-3 3\ 2 2/ 

1093 Consider next the value of -? n =| o ( log tan ^) 4n ^> w ' iere 
n is any positive integer Put tan d=x 

Tb» 

In the second integral put #=-> 

In ~ 2 £ u^=s(~ er ‘ )dl ’ where x=e ~‘ 

__2 J°° # n (e~ z - c” 3 *-!- e"* 8 * — ^“ 7 * + )dk (0<s<co) 
=2lX2w+l)^p^~3i«+i + 55n+i“ 3 


E (t Y n+1 

i2r(2w+1) where *. » the Enlenan number, 


ffi 


'2n» 


and the values of E M being successively . 

*-l, E,= 5, l?o=61, ^ = 1385, etc (see Art 1073), 

we have 

t 57T^ 

f* (log ten O)*d0=j , J7 (logtan^dd =-32 . 
f*(logtan d)'dd=^> £ (logtane)»^=^ L .etc 

J ° Td 2 * ae C *l 

1094 Since A Jn =coef of m the expansion of sec Z ,i e [_ 
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w 

109fi Tin* mtegial / j Q (logUn (J) m * 1 <W \ Mushes 
Foi putting 0 l J i J- 0 

Heme j o (logtau Oy<W (^j * Hp «>i 0, avoiding an p is even m odd 
Also log <ot0 -logtui0, 

I f* (log < ot 0) v d0 (o) H ftp 01 amndmg aw p ih even oi odd 

w w 

Honeo I (log tiiu 0) V <W and | (logout OydQ have lieen computed foi 
till positive mtogial valuenof p 

1096 Let (logsinO) a /W--f (log cos0)Vtf, 

Jo Jo 

rf 

and / 2 s= (logsin6^)(logcofl^)<W 

Jo 

Thun 

rj /I 

+ j (logHIU 0H logU>H0)"</0 | u (logHUlSi# -log2)V0 

tt /J /* 

- l o (logHi»20)\M 2 log 2^ lugsiti20(/0 * (log2) J ^ 1 

Wilting 2# - </>, 

(log mu % 0 ) x d 0 y f n (log sm </>)*(/</> ^ (log mil 0)V0 I n 
and j log sin 2 OdO ^ logHin </> r 7 </> ^ log mil </>«?</> ^ log ^ 


a/iia/i Ji -ai€» K a ]pog‘ *(iogay£, 


Again 


AHSli ’Jd»Ki!) a 


2/j (log Hill 0 - lag i OH OydO (log tun 0) J (W ^ 

1,(2/, J (log 2)0 

A-/. ^ J 

solving, I, I* (log sm 0)' J <W jfj (logins 0) J <M ^(I<‘K8) J ’ 

rl 


(A) 

(») 


fl 

/ 2 ~ J log sin 0 logcos0r/0 


a Cog ay ;; H 

TIicho losults aio duo to the lato PiofeHHoi Wolnlenliolxiie 
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Obviously it follows tliat 

log sin 9 log cos 0 d9 = | jf* log sin 0 log cos 6 d6= £ (log 2) 2 - ^ 

1097 We may wnte the expression for cosec z in partial fractious 
(Hobson, Trigonometry , p 335) as 

* 

(A) 


cosec z= +- 


1 -+1- J-H 1 


z — tt^z z + tt z + 2tt 5 
it being understood that this doubly infinite sei tes extends equal distances 
to infinity on eithei side of the cential term - marked with an asterisk 
A similar expression for cosec 2 z is 

* 1 

00860 * 2 = + ( JZ^ + (^y* + ? + (I^ i + (i+l^ + ’ (B> 

with the same undei standing as before [61 4, W olstenholme’s Problems ] 
The latter is obtainable from a consideration of the factorisation of 


cosh v 4- cos 6 

A J 

2 cos 2 - 


£{*+ 


a? 


(2»+lx + 0> 




[vi/ equating coefficients of i 2 in the expansion and wilting tt 2 z for &\ 
Differentiating these expiessions respectively 2? +1 times and 2r times, 

and then putting * in each, we have 

1 /tt \ ar +* r d ^ / cos z 

(2r + l)'W L^ ar \sin 2 2 . 


sl, 


* 

1 , 1 ^ , ■ _ 

+ (2n^'l )* r +* “ (» - l) ,r +* + l* r +* (n+l)* ,+ * (27i+l) lr +* 

— i— r — m- vi 

( 2 r+l)<W Lrf2* r \sin 2 2/J«=; 


- , (AO 


* 

1 


+ (2it-V+ a + + r^« + + (2« + i) ir+J + 


(BO 


Now considei the integral 

0 1 
In the second integral wnte r=- 

Then 
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rf 1 1 - ("—»/, l\ w + l , r -8 (■-«» , 

Wo “ 1 + 7 " ( 1<>K ,) rf,= “io ,y '!+«-»» <*''> * '**> 

jf“ _ ( 1 -nv + 8 -in v _ f -m» + 

ftinif i _1 * 4 * 1 , 1 

' (sS# l)* ,,, ■ , (»-l)* r l-* i l« r +* (2;Hl) ,r M 

A) r4 . n , 1. /ir\' r »rd> T {<hmz\ 1 


1098 Again, if 


/' 


[/>/.•] wr„„ 


putting * m the hwoiuI mfcegial, 


t) <l,= L ' l -t '/ whom » 


-i 


n + *n-i 
lo 1 - i n 

?y* Hi f <f“* 4 - H n " 1,y } { 1 ■+* t~ nv 4 { } </// 


=- [ // Jr +M 4 - < »~- 8 n “^ 4 -<»-n-iy + 5 -y 4 c -f» 4 iy + <r -Jnn »4 },f v 

f 1 111 1 

(2M 1)'| + ( a «-l)' r + J f (H -l)»r+J + i4r(j ' ( M ^ l)*!-' ( (SJ« | } 



' ’-'ll ( 

>y*T rf,, 7 i \ 1 

W Lrf^ r ' 


,«/ L^^Vhih 2 ./ | ( 


Thus 


r «r . /^.r^AosA-. 

J 0 H i« rf ' W LMm.V JJ,_. ’ 


j \^r )-i " [ pinvided n "> 1 

I kl— LZ j f*-Y r+ T <*‘7 • \1 

J o l-<? n \“J Ir’ 

u r» 

Thcftc icHulta aio duo to WoUtonhohno # 


1090 Group II Legendre’s Buie 
f 1 /jr m - IV 

^ "Jo \ loor x J J,n ~' <h ‘ ^ Euler ) 

Integrating tlio insult P i n <?u - * with uigaiil to « holwmi limits 
0 and n, wo obtain Jo tl + 1 

[ <u -i«g(n») Co 

* Piohlemn, 1919 , 41 and 42 
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£ 


Z™-% n 


dv 


_ r ) fe — log i±« 


=f 


(2) 

(3) 


log Jo log * 1 / & 1 +71 

Jo logo; Jo log i7 *\ nj 

\r) be any polynomial m which the sum of the coefficients is zero, 
= AoZ n +A l i n - 1 + A*i n -*+ + A n _ 1 x+A n , ±A r =0, 

+A n -i{x- 1) 


dx = ^4 o log (ti 4" 1) 4* i log n + ^ a log(7i- 1)4- +-4 fl _ 1 log 2 

log x 

= log (?i+ - 1)^ 2 2^* _1 (4) 

A he an operative symbol defined by 

Av„=*Wm-- v « 


3 n equation (3) may he wntten 

7 X = A log n 


(5) 




^? = 2 [ L ^ = 2 [log (2m + n) - log (m + w)] 

o?m 7o log z 


tegratmg with legal d to m from 0 to m, 

= 2 py ^ log (2m + ») - ^y^]™ - 2 [(m + ») log (»» +») - (« +»)] o 

= (2m 4- u) log (2m 4- ?i) - 2 (m + w) log (m 4- n) + n log = A 2 ?i log n (6) 

nularly /.-^AVtogii, etc (7) 

ome of these integrals weie established by Euler ( Calc Int , iv , p 271) 
general rule was given by Legendie ( Exercises , p 372) 


100 Kummer’s Integrals (Cielle, T xvn , p 224) 

’iom equation (2) of the last aiticle, 

n x n -y b _J_ 1 1 (^ a -i-A &-1 )( 1 "■ rC + 2 '° C- )l3sr 

J "~J o 14 -^° log x x >° K l0 £ r 

a a4-c , « + 2c , 6+c « + 2c * + gg 

=log^-log^+log^2- c “ _i0 °V& a+c &4-2c a + 3 ° 

ri za-tf 1 dx, fa Ct + c a + 2g « + 3c \ 

l/_ ioT^F logo; * S U &4-c fe + 2c 6 + 3c ) 


)■ 


the same way 



CHAPTER XXVII 


Putting c=l and «+&=»! in (i), 
1 X ^ 


I+X log X X 

= f L af^ l -or a dx -\ 0 ( a S*Hf 1 a \ 

Jo 1 + r log? l+« d-u 3 f ^ ) 


—JLt nm .Aa 


1_^ i _£ i__ir 


- ■*' jgjOl 1 ST H (2n) J I I 

! 7? i jg , <* 1 i 3 J (il/t i) 2 y/M t | 

l 2 3 2 (2/i-l) 2 1 "sJji-t 1 I 

=1 °g@ tan T x l) =lo « tan l 

Exampmb 


1 

o«n 


rSf , 

Deduce the integial j # logsm 0<*0 - 5 log * from the thmem 


-^-y=^ jr *_2a;cos^+lj^-2rocm^ r +lj |< j -2)ooh^' 1 l} 

[Lpslik Ellis, Cam Math Join , vol vu , ji 2H1! ] 
5 

2 Show that jf sin 0 log si n 0 c£0 - log, ^ 

3 Showtliat [*sin a 01og8iii0d0=--|log,^ 

[EuLKit, Noe Com Pet) op , vol xix , j> 30 ] 

4 Piovethat(‘!2fO+l)*.-, og . 2 

5 Prove that J^Iog (1 + tan 0)c*0=| log. a 

6 Piove that / tan 0 log cosec 6 dd** 77 * 

JQ 24 

7 Piove that j^sin 20 log (l+coa0)(/0»J 

8 Prove that if a be < 1, f log J - + — ' 1,1 r HU ,-, „ 

[OXKOMI, II I», 18KH ) 

9 Prove that [ (M rfr=2 f ^ 

o \1-®/ Jo\\ + tJ 3 [Nt J oh n’h, 1881 J 

10 Prove that 

T 

£ am * l° g (l-smamnz) dv= £ »in-TUii->(lana«m»),/, wtan" 

A 

[»St Joiin’h, 1881 ] 


[OoLMiura ft, 1H1H) | 
[Tkinitv, )8hr» J 
[Till MITT, 188 » J 
[ PlUNITV, 1880 J 
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11 show that 

Jo l+i 2 2 Jo 1+a 2 16 

12 Prove that ]° hog (1 - r )d^~ [Oxford, I P , 1889 ] 



[Colleges 8, 1883 ] 


14 

15 


Prove that 
Piove that 


log! , 

S X , 1 

(1 + 1) 4 ^ - 2 

f 1 j 1+2? cosa + t 2 dx_ 
lo & 1— 2^cosa+tf 2 v~ 



I * 7T 2 

16 Prove that J q log ^ log (1 - x)dx = 2 - 

17 Show that log a ^=0 

18 Show that 

h sm ^ o 


[Colleges y, 1882 ] 

where 7r>a>0 
[Colleges y, 1882 ] 
[St John’s, 1885] 

[Colleges 8, 1881 ] 
[Colleges c, 1881 ] 


19 Show that 


f ,og 


1+COsS<? ,d»-Jlog.* 


n /1 + Jcos^ 4 


7j-2 

20 Show that J q tan 0 sec 20 log cot 0^0 = 24 


[RP] 


[St John’s, 1882] 


1101 Group I Derivations from 

f 0 dx= r ^^^ d^coseca., (l>a>0), Ait 871 (1) 

Jo 1+x Jo 1+ct 


Put a=?/", a=^ Then 


Jo i+?/»^ /o i+r 7 

7T P?T 

= - cosec ■*- — , 
?i n 

(n>p>0) 

The case w=2 gives 



r^dx- r -r+r* 

Jo '1 + r 2 Jo 1+^ 

7T P7T 

= 2 00360 2’ 

(2>jo>0) 

Putting jp =01+1, we have 



**+*?&. 

Jo 1 +#* Jo 1 +a 2 

7r mtr 

=2 se °-r> 

(1 > 771 > -1) 

Put p = 1 in (2), 



r <*■ 

7T 7T 

= - cosec-, 

(n>l) 

Jo 1+ic” Jo 1+a” 

?i n 


( 2 ) 

(3) 

( 4 ) 

(5) 
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Pllty= l^ m(2) ’ 

f-^ 

J, a-*”)" 

Put p = lm (6), 
f 1 dv 

Jo Of 1 -%» 

Fiom (4), f 1 — 


jo 4- T r " 1 J i 


(»>?-> 0) • (0) 


--OOSGt 7 ^ (»>1) (7) 

n n y v 9 ' ' 


7T W7T . , ^ . v 

-HCO-, 1) 


This may be written as 

r cosh (m log j) dv w mw n ^ /tl . 

-^iF(bgVT = f 8e< ‘ *• (1> " l) W 

Put x=e~* i , q positive, mg=j9, and leplace 2 by i, 

jTot?* t«'i» •/> « 


(«*>;>> - 7 r) (10) 


=7r& rt ~ l coH<H tf7r, ( 1 > nr > 0) (11) 


Put?=,r ’ ~I a0C 2’ (*■>!» -») (10) 

Put #=| in (1), 

Tv 0-1 

Jo bTy dl/ =irb*- l uwM air, (1 >nr>0) (11) 

Diff i - 1 times with respect to 6, 

[ (^r d ^- ~ a) iT ) I, lT) 1 ~ a) r8 ^‘ t 0Bet ”■ < 12 > 

Integrate (11) with regaid to b from to b 2} 

r- 1 log dy=n c°sec aw, (1>«>0) (13) 

Write x =by m (1), 

r y*-i 

=7ri-» cosec air, (1>«>0) (11) 

Diff j - 1 times with leBpect to b, 

la (V-\-by) rdy g — !^±L_£) J— r+i c0fi0c <(7r> (i >„> t >) (m) 

Diff (10) with regaid to p, 

r smh px j 1 p n 

=4 seo 2 tan 2’ (ir>j»-ir) (16) 

Integrate (10) with regard to p between 0 and p, 
r smh px doc | . tt+jo 

Jo cosh irx ~x -log tan -jX, ( 7 r>p>-ir) (17) 

Diff (1) with regard to a, 
f° x*logx dx 

Jo ~T+7" ¥ == ~ 7r cosec aTr cot air, (l>a>0), (18) 

etc Thus obviously a large number of such results may bo derived 


(7T>£»-7r) (17) 
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1102 Group J 

Next consider the similar integral 

sc 0 - 1 


r° a?**- 1 

Jo 1— a; 


dx (l>o>0) 


Here the integrand , has infinities at a;=0 and at x=l 

1 — X 


At a;=0, since a is positive and <1, the limit of 


a?- 1 


pa 

Joi 


-X 


dx, 


when e x is indefinitely diminished, is zeio (Ait 348) We 
have to examine the behaviour of the integral m the neigh- 
bourhood of #=1 Consider the integral 

(r+rjs* (i> “ >o) ' 

where e and rj are small positive and arbitrary quantities 
In the second integral put a?=- 
Then 

f ^Ldx=[° (~y->) dy=- dx 

Ji-hI-z J 1 1-2/- 1 * Jo l ~ x 


1+TJ 


--(IT+DS* 

And in the second of these let cc= 1 — ^ 

Jl-« l — X J« f 


-JT(W 

a convergent senes, since £<1, 

= log" 


oo+l ^ , 
'12 {+ 


)dt 


-(*-)- 


'*(1+1) 

and if rj and e are made ultimately zero m a ratio of equality , 
the limit of this portion is zero, otherwise it is of arbitrary 
value 

Hence we shall take >?=e, and then 
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ib m tlio limit the same as 

Jo 1—05 J() 1 —as 

te the Principal Value of 


fV-> ,, p-x ®- 1 x- 

I , 005 IS Lt, 0 I - 

J» 1 —05 Jo 1 - 


dx, 


the General Value being an arbitral y quantity depending 
upon the relative mode of approach of < anil »i to then limits 

Now m f fan the limit of ^ . * , when x ib 

Jo 1—3! l~x 

unity, is — (2o— 1), and ia therefore finite, ho that the last 

element of the integral when exploded as a summation irom 

a;=0 to o;=l, contributes nothing 

I I -« %a~l — x~ a y f 1 SB®"" 1 — • SB~® j 

0 ' i_a, *»“-], i-x dx 

P(SC- 1 -lB-<«)(l 1-35 + 05*4 35®+ . 1-35" h y “) 


)dx 


1 l-l " a 


1 1 

2 — a 3 — a 


1 ^ 
n - a 


n 


1 - + r 

-at 1 1 Jo 


jWi-X — %~a 

x n+l - -=’ dx 

1 — SB 


»«. 1_J_ 1 4 . l . + _l_L 
t_ l+a i "2+a .3 4- n+a , 

Now in the limit when n is infinite, tho portion in the 

brackets is ultimately equal to w cot aw 

i 

The limit of the term - , , is zeio , and m tho mtegial 

n — a t“ 

the subject of integration is ultimately zero for all values 


of a?<l, ^e 


Lt n 


fl-« SB®" 1 - - SB""® , 

, J CB n+1 ; — dx^-0 


1 — a? 


And for the remaining part of tho integral 


f 


, X®" 1 — SB~® , 

x n+1 — , dx, viz 

0 1 ~ x 


lr<-. 


i 

■ dx, 


we may remark that, the integrand being finite, if we take 
P and Q as its greatest and least values in tho region between 
1— « and 1, this integral lies between 


pf 1 dx and of 1 dx, 
Ji-« Ji-« 


te between Pe and Qe, and therefore vamshos in tho limit 
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Hence, summing up, the Principal V alue of the integral 


r ®“- 1 . 

1 - dx is 

f l x a ~ l — x~ a 

dx. 


Jo 1-* 

Jo 1-* 


and is equal to it cot air 

(l>a>0) 


(i) 

1103 In the derived results which follow we 
integrals which occui as Principal Values 

shall regard all 

the 

Stai ting with Pi in Val of 




r %a ~ x ^ f 1 %a ~ l - ^ 

dv= 7 rcot ai r, 

(l>a>0), 

(i) 

Jo l-X —Jo 1 -x 



we pioceed as in Art 1101 




Put x=y", a =| Then 
l m £ldy - P ' r \~' , '7- 1 d >J 

o l-y" J 'o l-y 

7T , J07T 

— — cot > 
n n 

(?i>29>0) 

(2) 

The case » = 2 gives 




r-£u_ r 

'o 1-jH o 1 - a- 

7T . 297T 

= 2 COt 2’ 

(2>p>0) 

(3) 

Putting p =m + 1, we have 




J 0 -l-^ '0 1-4 

7T , ?)17T 

, (1>wi>-1) 

(4) 

Put 29 = 1 m (2), 

r^_ 

7T , 7T 

= - c °t 

(?i>l) 5 

(5) 

Jo 1 -a,” Jo l-^ n 

n n 


From (4), | q 

7T , 9717T 

-? tan T* 

(l>»t> -1) 

(6) 

This may he written as 




f 1 sinli (wilog %) dx 

7T , W17T 

= - tan - 77 - > 

(1 > wi > 1) 

(7) 

Jo sinh (log x) x 

2 2 

Put q positive , m q-p y 

and replace z by x, 


r s^£*at 

1 o smh qx 

= — tan 

2g 2^ 

( q>p>-q ) 

(8) 

_ r sinh px , 

Put <7 = 7 r, — — — flg 

* ’JO Sinh 7T.27 

1 , p 

-2 Un V 

(7 T>p> -7T) 

(9) 

Differentiate with regal <1 to p, 




rcOBbpx^ 

Jo sinhu-tf 

I 

= 4 b6C 2’ 

(r>p>- 7r) 

(10) 


Integrate (9) with regard to p flow 0 to 1, 

C W smh^ 

— -Sl0g sec ^> (7T>^>-‘7T), (11) 

J 0 sinh 7 rx v 2 i 
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01 between l> and «, 


£ * oosh a i tosh ft > ih 

HlUllYTt t 



, (IT .1 h T ),(»-') 


and it ih iiH befoie obviouH that many fnitlim dodm turn • *»a\ h< m td» 

1104 Lemma Wo ahall icqunv trim iurtomution »d 

| cohIi pit 

M | (V U ( i * 

cosier feoHh w commit | eosiwr 2 <•< >m %> /r con , n 

snfi (“•"JVi (“ ) 

VV (2r | l)v\ (2r|l)*V 

2U[(2r | 1 I «)* f i’ 8 ||(2r | I «)" I H| l‘i? • I )* 

0 

Logarithmic differentiation with icgaid to u and r j»i\ » s 


/ Sr | 1 I u 
V '3r l l l m|* i 

' 2V S'(‘2r I- 1 I ul ’ I 


/i\ ‘A ( 11 , 

v ; COSU7T feoahtwr '2r I 1 I m|* I tf 4 2r i I « 4 • r 4 

7T Hlllh 1J7T „ -*l% / 1 . 1 \ 

(2) r v - -2«>!L L. . . 


‘ co.sM7r | eoshwr -V w (-1 | it|’ | ti‘ lir i l u ‘ ‘ r ' 
1105 (Jitoui* K 

Type f-sj sinh('/'' BinMJ ’^ r ’ etc ('/ positive, />' ] </ | 

lloro 1= jf f v | e •*' < a f,, /i ( )mit vn <0, 1 1«‘ uni 

being finite foi all positive vuIuch of i and the houoh « mn el pent » 

I -/“v[ ( . {(» I %))->■ |, {UH1W J-}< | 

/ 0 0 

vf w , "< I 

rL{(a; 1 ))?l jn}‘l//i- {(ii! I 1) Y V y \ m* I 

, 7/17 r 

Hinli 

"Iq JT 1 ■ w ’ bv (1 “’ < v » 

1 <oh r 4- COHO 

$ being positive and p mtm mediate between q and </ y itn 1mm c 
Similarly 

f S S~«. /„(<■'’•’ <* '")(<* »' f « >«* I )l‘IM »l 1 it I 

'O' e {(’’ ID.; I ,/, 

(* * Oy /> 1 1 )y » /< | 

o *-{(2/ t l)f/ p }- 1 m* {(.’> ) 1 ) 1/ ( ^i) [ rn 1 I 
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Wilting 2® for x in (A) and p+|,p — 1 m succession for p, and 
ibti acting. 


P cosh + 7>* ~ cos ^.(-iP r_g)f 3ln 2 m* dx 

/o 2 sinn q% cosh qx 


v W7T 

sinn — 


, WTT 

sinli — 


(-sin^+cosh^ sm^+coshyj 


»7T , m7T 

^ ^ sin*-— sinh— 

r sln - r - ^ sm 2 mxdx=£- J ^ 

Jo 0O8h 3^ 2 ? cos y^!:_ sm 2 £I 

2 2 

»7T , 7W7T 

sin — sinh. — 


(^) 


= ff 2jD7T , , 2mir 

* cos-*- — I- cosh— — 

9 9 


and replacing 2 p and 2??i by p and w, 

«7T , niTT 

sin V- sinh — 


f sin m% dx=- — — „ l7r 

Jo cost qx 2 cos^+cosli — 

9 9 

Ti eating (B) in the same way, 

r sinh(2p+ g )*-t.inli(2p-<z)* c09 2mJ . ^ 
Jo 2 sinh (7 3? cosh gs 


2- — sinh -r— 

2 3L_ positu e, p z > ? 2 ) (C) 


VTT 

cos*— 

X 


prr 

-cos*— 


= 4 Vsin^ + C0S h^ sm^+cosh^j 


»7T , 7317T 

cos — cosh — - 

r E£^P* COS 2 m xdx=£ a — fa — J 

'o cosh ^ 2 2 cogi^ - S in 2 < 


>2 cosh2 ^_ sm ^ 

cos ■ cosh 
7T 9 g — 

2m?r 

9 




and replacing 2p and 2m by p and m, 

pir i W7i- 

f coslxyx coa _ C0S ^ (5 positive, p 2 > 2 2 ) P) 

Jo cosh, gas a 


' eoB-^+cosh^ 
2 2 
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“We thus have (jo 2 > g a ) 


. 7717T 

smh — 


rsg—*- - 5 =^=- 


r s JE^H oosmxd z= 

Jo sinhg*? 


pir 
sm — 


r 


29 C0s £r +C03 h^ 
2 2 
®7T , W7T 

sm^— sinh-^— 

— 4? i’ 

coshja 2 cogET + oosh— 


2 ' " 2 

237T , WIT 

COS V- cosl1 7TT 

r^oos*^— ^ 

Jo cosh gu q „ na EE 


2g 


® cos— +cosh — 
2 2 


(A) 


(B) 


(CD 


(») 


1106 Special Cases 

to Pub 2 =*> ‘hen (p 2 sln Bltl „ . 

f”cosh p-x , 1 sinhm f° sinhc# 7, 

Jo ~ 2 C03 p + cosh in Jo c^h ^ sin ’« d « cos p+ cost 


Ismhf 


m 


COS X WOU < 

rss"”~ to -L-s 7 T 4 c-.' 

( 11 ) Put then (4p 2 ;}>ir 2 ) 


? cosh 


m 




/*" cosh ya? 

Jo 

J <0 ° sigh 'poc 

0 smh T : 


S1U ITUJb d% = 


cos mxdx = 


smh 2m i 

r°° sinh 

cosajp + cost^Trc, 5 I 

I cosh T 

sm 2^ 

f “ cosh 

cos 2^4- cosh 2m.’ 

mi 

L c ° s1i t' 


si a m.xdx —2 


1 p smh 


cos 


„ cos p cosh m 
cos mx dx =2 ^ ' . „_u e»l 


^ cos •+ cosh 2m 


/.» 

Jo 


r 

r 


coshgs 2g 2g 


cos mx , 1 , i» 
— r — =xsech-s 
cosh 7Ti7 2 2 


(in) Put p=0in (A) and (D), 

sm mx , 7T , , mir 

r — da. =— tanh -x— , 

smh 2g 2 q 

(iv) Putting q—ir in these results, 

r smww? j 1 , r«i 

— r dv — x tan u — , 

smh tt 30 2 2 

(v) Putting m = 0 in (B) and (D) g 2 ), 

r!2%P£d*=fsecp 

Jo smhgr 2 g 2 g’ Jo coshgj; 2 g 2 g 

(vi) Putting g=ir in these lesults (p ! >ir 2 ), 

rS 2 k£f rfj 7 =itan£, rcoahpr^ =5 sec | 

Jo smh to 2 2’ Jo coshirt: 2 2 
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(vn) Putting m (v) (4 ^>tt i 2 * * ), 


J * 00 sinh pv 

n sinh£2 
o 2 


2 

dr=tanp} 


cosh pcc , 

*-—dsc=secp 


J r* cosh jo# 
0 coshf 


(vm) Putting p—qm (A) and (C), 
coth qi smmxdv = ^ coth ^ tanh gs&m mcte=^coaech^ 

(ix) Putting g=7r m the latter, 


coth ttx sin mxdv = \ coth ~ 


2 ’ 


r 


tanh nu sm nu. dr = 1 cosech ? 


11&7 Otter Modes of Derivation 

Besides such integrals as those indicated, which are merely 
particular cases of one or other of the four formulae A, C, D } 
many definite integrals may be obtained by differentiation 
oi integration, between specified limits, with regard to one or 
other of the constants p } q or m 


Examples 


1 Takine f - 3m — dx=\ tanh?, wute 2ro foi m and integrate with 
p lo sinh 7rx 2 2 

legal d to m fiom 0 to m Then 

jT cosech ira [ - = 1 log cosh m ' 

that is £ cosech irusin 2 nu;^ = | log cosh m 


2 Deduce fiom 


r 


^dr=i,ech§\ 
coshn-P 2 ^ 




f cosh ci , 1 smhro 

— sin mi ax- | c0SJ , +CO3 h?n’ 

r , l / cosg+coshwA 

(«) J cosech ir v cosh am -g- x — 4 10 o ^ i + cos p )' 

i 1 sinhmsin p 

(&) J o i - * nh ^ sinmrdi =2 ( cos p+ cosh my’ 

1 1 4-cos© cosh m 

(c) [‘ « = 2 (cos JH- cosh m) 2 
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4 Deduce from 

f 


/. 


’ sinhjw? 
'o sinhint? 


COS TflCC dx—~ 


smj? 


sinh®# dx 
— sm mx — = 


*o smh ttx ' 


2 cos p-\- cosh m? 
tan” 1 ^tanh ^ tan|^ 


And it will be obvious that a large number of such results may be 
obtained The results of putting 0 will m many cases lead to 

integrals obtained in a different manner earliei 


1108 Group L Poisson’s Formulae 

Let f(x) be a function of x such that Taylor’s Theorem 
gives convergent expansions for f(a+u) and /(a+u- 1 ), where 
u=& B Then expanding 
f{a+u)+f(a+u~ 1 ) 

= 2 [/(«)■ +f\a) cos 0+~f(a) cos 2 0+lf"( a ) cos 30+ ] 

Multiplying by 

l-c a 

l~2c cos 6+ c 2= 1 + 2c cos &+2c2 cos20+ , if c 2 < 1, 
or by 

c 2 -l 

r-2ccosd+c 2=1+2c_lcos 0+20-2 003 26 + » ^ c 2 > 1 , 

and integrating between 0 and tt, we have 

= i~^2 /(«+«)» if c 2 < i, 

0r =£i{^) +c - 1 /'(°) +C 2?/"(«)+ } 

ifc 2 >l 


1 


Examples 

Show that, u standing for e l9 , 



M=- e {/(a+fl) -/(«)} 


(if <?<\) 


or =-j-{/(a+c-i)-/( a )} (if c 2 > 1) 

2 Show that 
f w 1 - c cos 6 

'o 1 -2c cos 6 -he 2 + + dO=Tr{f{a)+f(a+c)} (c*< X) 

°r =w{/(a)-/( a+c -i)} > 1) 
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3 Show that 
sin 6 


4 Taking /(#)=r n , show that 


f (l + 2acos0+u 2 f„„„ 

(n tan-i 8111 9 „] 

1 7\ i — COS 1 

J 0 1-20 008 0-1-^ 

^tan a+cos q] 


5 Show that 
am 6 


r i- 2 i^ (i+2ae ° s sin (* tan_i ^^)^ 

= — {(a + c) n —a n } (c‘<l) 

JiC 


d9 


6 Show that 

I; a rsSww p + *“- ' ' ,+ “’ )S ' " (” 

-«!P7S*« ,+ ‘ r ‘ <*' <1) 

7 Deduce known i esults from 4, 5, 6 by putting n — 1 

r £ max coa(fc sing) ( k, =l _g_ e *° (<*<!) 
a rrove J q i_2ccosa+c^ 1-c 2 

1109 Group M Abel's Formula (See Bertiand, Calc I'ftt , 

P 1^1) . 

Supposing F(o-\-a) capable of expansion in a series ol powers 

of e- in the form A 0 +A 1 e-+A i e~^+ , whethei a be real 

or imaginary, then putting i/3t for a, we have 

A 0 +A l cos p+A, cos 2 fit+ =i<7 *&» 

It follows that 

r He+tBt)+F(o-iPQ it 

P+? 


Jo 


_0 r/J*_4A«“£+4*“i*£+ .)* 
— ^ J 0 \fc 2 +r b i +t i + bH# ' 


=^{A 0 +A 1 e- i ' , +A i e- tb f , + } 

=^F(c+b/3) 

In Abel’s Formula b is taken as unity 
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Examples 


1 Talcing F(z)= 2 T n ) 

F(c+ipt)+F(c-il3t)==(c 2 +ft 2 t 2 )~* 2 cos tarr -1 ^, 
:os (ri tail ” 1 ^ 


dt 


2 Deduce the foi mulae 

<*>r 


[c 2 +f3’ty 

dt 


b i +t 2 ~2b( C+b ®~ n 


(&) 


(c 2 + aH l ) (i b 2 + « 2 ) 26 c c 4 - a 6 * 

r cos ncj> co h n <f)d c}> 7 r c* 1 " 1 

a 2 < 


[Bertrand ] 


; 2 cos 2 $+c 2 bin 2 </> 2a (c-f-a) n 

3 Show that f — ‘ (g / In 

Jo b*+t* 26 

1110 Group N A Set mainly due to Cauchy 

The integrand of I — z — (a>0) has infinities at a and 

J o ® 

at —a The latter lies outside the range ot integration 
Now 

P"* dx , r dx _lr a+si-, 1 T, x+aT 
Jo « J -^ + Ja + ,a 2 -^~2^L° g ^| + ^L l0g 5=iJ a+ , 

1 i _ 2a e 1 i 2a-|-»7 1 rj 2a — e 


= 2a log 


•log- 




£a * rj 2a J "' i=> e 2a+tj 

If tj, e be made to vanish m a ratio of equality, this 

vanishes 3 the Principal Value of f is zero 

J 0 a 2 — a: 2 

1111 Consider next the Principal Values of 


Li 


dx 

T | 

f 50 x 2 dx 



1 

Jo ( a — 

■a?)(x 2 -\-p 

2 )' 2= . 

l 0 (a 2 — a; 2 ) {x 2 +f-) 


j L_ 

r dx 

+ 1 1 

r dx 

-0 1 1 

IT 

7T 1 

1 a 2 +j)* , 

ioo 2 -^ 

+ a 2 +p 2 J 

l 0 ^+p 2 ~ 

a 2 -j-p 1 

II 

2pa?+p 2 ' 

I = 0,2 

r dx , 

_ V 2 1 

- dx 

-o v 1 

7 r 

TT J) 

2 a?+f , 

J 0 a 2 — a; 2 

a 2 +p 2 J 


a°-+p 2 

Tp~ 

2 a 2 +p 2 


If then <p{x) be such a function as can be expressed m 

partial fractions of the form <fi(x)=2 —g^ we have as 
Principal Values, a ~ x 
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t J’iM. dx=— e -A_ =— ^(pV-i), 

Il= Jo !>*+& 2p a*+2> 2 2p 9KF 

j , rV0(a t),_ » ^ _ tt p. /ri) 

Z, -J 0 ¥ « 2 +/ 2 * 

where F(x)=x i <j>(x) > provided l4=« |i^| be fimte 

[The results obtained in the following articles to 1118 are all Principal 
Values of the several integrals discussed ] 

1112 Thus, for instance, since we have 

, «o n “ (-l) r - 1 (2r-l)ir 

(2r-l) 2 ^— W ’ secaa; - 4 ?(2r-l) i ^-4a^’ 

1 *° ax? ^ i V 1 ( — l) r 2aa^ 

a; cot aa; =-+ 2 ^ _ r s ~s ’ a;cosecaa:— - + 2a a i x a—^^’ 

it follows that, considering Principal Values, 

ptana® d® w tan iqp = -2f,tanhaj>, 

W l 0 —r pTP “2p if 2^ 


sec a# 




= sec 
2p 


^sechap, 


(A) 


«r .. 

(m) fxcotax^p -£»«*«* =|cotha P , 

(iv) JT * cosec «* - £ * coscc iap =| cosech ap 

111 B Again, it is clear from the expressions for sin 6 and 
cos & in factors, that the fractions (a < b) 

am ax cos ax sings xsinax a; cosag 
smbx’ cos bx’ a: 60 s bx’ cos bx ’ sin bx ’ 

are expressible as the sums of an infinite number of Partial 
fractions with pure quadratic denominators (eg see Ex 52, 
p 169), and therefore, when a <5, we have immediately 

F sin ar dx x sinhop f” cosox _d£_ = jr cosh^ ) 

« f iI5TI S5T# ( } Jo COB bxf+tf 2p cosh ftp 


sm a# cfo? 


( U1 ) jo° cos 2p 2 cosh bp 

. . r cos aa? &dx cosh ap 
Jo sm6a7p 2 +^7 2 2 sinh&p 


X sihhap ,„ A psina£_£fte_ = _w sinha£ ) 
l = coship’ ) Jo cos bx p‘ + 0 ? 2 cosh ftp 


(B) 


282 


CHAPTER XXVH 


1114 In the limit when a= 0 , we have cases (1), (m), (iv) giving a zeio 
lesult, but fiom (11) and (v), 

f sec bx » t" * t j f* x cosec « 7 r 1 • //^\ 

^ 2 *=- sect ip and c^cosechip (C) 

AJso in the case when a = 6, we have, 

(0 and <n) become 

(lU) r S^) = p tanh5j> (fl ° mA(l))l 

/, w \ f artan&i^. r ftan6t ^tanSa:) , ir f, 1? 

(1V) i. y+^ dv= i {—■ “5(F+?5/ rfr "5-i tanl,ip 

(see Ait 1007), 

( v ) f <*®-f cotli ip (from A (m)) 

1115 The cases in which a > 6 can leadily he obtained by means of 
the following identities Let a = 2rb 4- c, where r is an integer and c is 
positive 01 negative, but numerically less than b 


P) 


( 1 ) 2 {cos (a - b)x + cos (a - 36 )a? + -f cos (a - 2 r - 1 b)x } 


sin ax sm ox 
~ sm bx sm bx * 


(2) 2{cos(a-i)#— cos(a— 3 i)®+ +( -l) M cos(a-2r- 1 i)x}= 52 i|?;_(_x)r 


cos cx 
cos bx 9 


( 3 ) 2 {sm(a-&)#-sm(a- 36 );r+ +(-l) r " 1 sin(a- 2 r-l = sm ^ 7 -'- sm 030 

( 4 ) 2 {sin(a- 6 )a;+sin(a- 3 &)a;+ -f sm(a- 2 r-l b)x } 


cos bx 

cos bx ' ^ cos 6a?* 

cos cx cos aa: 
sin 6a: sm bx 


Now I ” * Smu & — V 

Jo ^-hx 2 2p ’ Jo p 2 + x‘ a 2 9 


h 


smrx , 7r /_ , 

( p 2 +r 2) ) (r>0,i»0) 


Therefore 


c&r 


2 cos (a- 2: - 1 b)x - T ~ l — 5 
0 1 ' 1 jp^+a^ 


£ 2 ( - ly-^cos (a - 2» - 1 b)x 


dv 

<p 2 + 3? 


~ — {e-(a-S)p _|_ e -( a - 3b)p 
_ 7T _ ^ ~ ^~ aJ> 

~4p sinh bp 1 

_tt_ e~ ap -(- lye-*? 

4 p cosh 6p ’ 


to r terms} 


fix- 1) M sin (a - 2r - 1 i)* - 7 f* „ = JL 
^ 1 ' ^Cp^+a? 2 ) 2p 2 \l-(- 


-(-l) r e-or-t-iye-** } 

1) 2 cosh bp y 


0 1 


2( - l) r_1 sm (a - 2r - 1 b)x 


xdx 

p 2 +ofi 


J^°2sin(a-2? - 1 fyx-p- 


dx 


7 r e~ aj) -(-l) r e- < y 
4 cosh bp 9 

r r e-^-e“»p 


2^+a^ 


4 smh 6p 
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Hence, if a=2 rb+c, c 2 < 6 2 , we have 

f® sm ax dx ~ T t a 

1 § — z) = 2 Scos(cs-2? 

Jo sin bx p 2 + v 2 Jo i ' 




Bin cx dx 
sm 6a; p 2 -far* 


_ 7 r e~ c ^ - 7T / sinh qp 

— 2p smh bp +2* \sinh 6p 
accoiding as 0>< 2 >6 2 , or c = 0 or c—b 

1116 Thus we have the several cases 


, 0 or U 


. . v r° am ax dx _ tt smh ap 
' * Jo sin bx p 2 -f a^ 2p smh bp' 


2 p smh bp ’ 

£ 6- «•- e— ' ; X ainhcp t coshty-e^ 

2jp 2 smh bp 2p smh 6p 2p sinh bp 

= 2 £ £^H£T +Q =£ X - =f£ t a=Zrb,c=0, 

2p 2 sinh bp %P sm ^ kP 

„ ir e-^-e- ap , ir 7T cosh ip -e-^ a=(2r+a )ft, 

2j> 2 3inh bp + 9,p 2p smh bp c=6 


V 1— 6~ OJ> 

" 2y sinh 6p ’ 


, R \ f c 2i^ fjg _ 7r coshaff 
' Jo coabxp^+x 2 ~~ 2p coBb bp’ 


_ £ e~ ay — ( - l) r e~° J , , , f j£C08h^ 

2p 2 cosh 6p v ’ 2p cosh ip 

it ( — 1 V sinh ey + e~ al> 

— 2y cosh 6p 3 

= 2 e aJ> ~~( ~ — iNr^Lgpr.'h hp 

2 jp 2 cosh bp 2p 

7T e~ op 
2;p cosh ftp’ 

_ { . iy f 

^ 2f> 2 cosh 63) 2 2> 

7T (-irsinh bp+e~ ap 
~ 2p cosh bp 


a =2?6+ c ) 


a = 2? 6, c=0, 


a=(2r + l)6, c=6 


r Bin ax dx _ 7r smh ap 
Jo cob bxx(p 2 +v 2 ) Bp* cosh bp 


(p 2 4" u 2 ) 2p cosh ftp’ 


_ 2 jLfj-^H-C^d^g^l+o 

2p 2 L 2 2 cosh bp J 


“ 2 2 2 cosh 6p 

--^-fl 1 

2p 2 L cosh 6uJ’ 


2^> 2 L cosh bp- 


a—2rb, c=0, 
']+(-l) r i^tanki ? 

a=(27+l)6,c=& 
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<»f 


sin a# xdx 


cos bx pp+a? 


7r smh ay 

— 2 cobh^’ 

= o ?r e-* p -(-l) r e~^ , 1 v r ?r sinhcp 
J 2 2 cosh bp ' ' 2 cosh6p 

7 r e~ ap - ( - l) r cosh cp 

~~2 cosh 6p 1 

= , e -.,-(-i)^ r r^-C -iy a = 2r&, 

2 2 cosh bp 2 cosh6j) c=:0 


a<b, 


« = 2?6 + c, 


2 2 cosh bp 


+(_ 1 )r (I“I tanlli,p ) 




cos a# tfc&r 


sin 


a=(2>+])6, 

c=b 

a<b. 


a = 2r6 + c, 


2 cobh&p’ 

_7T COfall ctj? 

~2 smh 6#’ 

9 7T e"^ - e~ a? 7r cosh o# 

~ ” 2 2 smh 6p z smh6ff 

7r sinhcff +e- qp 

— 2 smh bp * 

= -2 E^Z + | C08 echJ P =f-£^-,«=2r&, 
2 2 smh bp 2 * 2 smh 6ff c= _ 0 

= -2 g^-^+gcrtJUy 
2 2 smh iff 2 

tt sinh bp -f- e~~ qp 
”2 smh bp 3 


1117 Adding the lesults of (D) to p* times those of (C), 
2 ' 


r 


““7=°. |{i-(-in |{i-(-mor| 


COS 6^7 57 

CL < by 


2 


a = (2r+ 1)6, 
c—b 

according as 


a = 2?6 + c, «=2? 6 or a = (2r + l)6 

If a=6 we have dx—\ as established in Art 1007, and used 

Jo a? 2 

above The majonty of these lesults aie due to Cauchy [Mem des 
Savans Et , T I ] * 

1118 Some of the general results above (a<6 or a=26+c) may be 
derived from others by differentiation with regaid to a , bearing in 
mind that if 6 be kept constant da=dc 
Differentiation with regard to 6, p or p 2 , or integration between 
specified limits, will furnish othei results For example, taking a <b 


and starting with ■ 


sm ax dx 


Jo sin i^f andintegratlDS Wlth rega,d 

to 6 between b x and b 2 , we have 


r tan 

sin ax log — 
tan 


6^ 


dx 


Op) 57(p 2 + 57 2 ) 2 ff 2 


= S3 8lnha P lo 8 



♦See also Legendre, Exercices, vol 11 , p 174 , Gregory, Ex , pp 491 499 
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or, differentiating with regard to p, 

m ax da E — ( sln ^ a P ) 

Jo im bx (p i +x i f 4 p dp \p smh bp' 

Again, since [ dx=\ cosech p (from Art 1114 ), we have 

r r v -\Pl T 7T 7T fi_ eP -l n Pl 

i cosec * [tan L 8 e^l-Jp, 


Un -i&_ta„-^^=? 
X 


-) 

x/ 


sin # 2 


log 


or 


« 


tan" 


X , , cfo? 7T 

-i — - tan” 1 — I = ~ 


Pi P 2 

and so on for othei cases 
1119 Since 


\ (fa? 7T -I 

2 )sin^ _ 2 ® 


tanh^ 

tanh y 

cotli y 

cotb y 


2* 2 22 2 

Z cosech 2 = 1 - -rr- »+" 


2 2 2 


^PP + 2 2 + 2 2 7r 2 > 

(o' = 15 + ^ I 

and when b is an integral multiple of t r, =wr say, we have 


s z cosech z - 1 / 1 \n 


f 


l + 2 3 + 




1120 Some Special Forms given by Leqbndre ( Eiercices , p 243) and 
Landen {Math Mem , p 112 , etc ) 

Taking +.i;W=4^+ff*r** 

write l-x=y in the second integral Then (% < 1 ) 

rw. 

and if d.(n)« — 1 i*, we bane 

7r a 

<#, (a) + <#> (1 - «) = log a log (1 - °) — e > 
and <#.© = i(log 4 ) 2 -S> (“ =i) 


(0 

(») 
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Also <£'(tf)={log(l -#)}/•*, and 


_1 log ( 1+1 -j - 1 - 1 W-i- 
— 3 * a-*v 01 -* 

\-x 

-r(; + rb) >•* ft -> to ~ +» + w* (I - ^ 


Let x=y/{l +y\ then 

<K-y)+<1>( jfp)=Kiog (i+^)} 2 . 

>• *(-*)+*(lJi)“ K 1 °g( 1 + »)>* (in) 

Again <£(*)=/ 0 !2£fi— _(£+l + ^+ ) , 

< M' t )+ < K - *) =-2 (f§ + i2 + g3 + )=i‘M a ’ s )> 

-#t) + W(«*)+^(rfj)“-Hl°g(l +*)> 2 ( v ) 

(Legendre ) 

In the case ifi a?(i+l)=l or - -a, say, 

1 + v z 

5</.(a»)-^(a) = l{log(l+a)H 
t« 3<£(1 - a) - </>(«) = j(log i)* «*J(log a) 2 

But <£(1 - a) + <£ (a) = log a log ( 1 - a) - ^ = log a log a 2 -^- 
=2(loga) 2 -^ 

Hence solving 

^(l-a) = (loga) 2 -^, <j> (a) = (log a) 2 — , 

wheie a= ^ 2 ^ =2 sin (l-a) = \/a 2 =^2sin^^ 

Thus 

S’a^-O**." hhw r (*«"©'-* 

These curious 1 esults are due to Lauden They are quoted by Bertrand, 

Calc Int , pp 216-217 

The series ad mf is therefore summable in the 

four eases x=±l, x=\, r=2sm^, a?=^2smyQ 
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PROBLEMS 

Prove the following results 


JL 4 rr 7 tt4 

j cot 9 (log sec 0 ) 8 dS = 2 j tan 9 (log cot 0) 3 d6 = jq20 

r , 87 r 6 t f 1 ^ 2 — x -{- 1 t 1 ^ 3T 2 1 

J.Trr-*-6s * ],-r^- l0 *J*-6-j 

X 

J” (cos 4 9 + sin 2 6 cos 2 9 4* sm 4 9) tan 9 1 
„ /x pi+a. 1 , 7T 2 -3 

(n) | tan 9 sec 2 9 sec 2 6 log cot 9 d9 = 


271*2-3 
= 48 


?r 2 — 3 
12 


2ir 2 + 5 


7 8 pe^kjll,- 

Jo !-* 6 ® 12 Jo 2 '- 1 * 

„ r 1 a 3 1 1 j 6 tt 2 - 49 

9 J 0 — , l0 Si & 36- 

10 po + «i* ± ± ^‘-i yn ~ X +a " rn log 1 dx 

^2 « 1 « 1A 

f l 1 _ x n 1 1 , W7T 2 71-1 71-2 71-3 1 

„(1 -xf l0g x dx -~6 I 5 " 2 2 3 2 "(n-1) 2 

fil _(n+l^a n + ru: n+1 , 1, n(n+l)x 2 ( to - 1)(to + 2) 

12 J, (T^ l°g-<te=-T 2 2 l 2 

(to — 2)(n + 3) (to - 3) (to + 4) 1 ^to 

2~^ 2 3 2 2(to - l) 2 

13 (1) |'log(sec(9)^ =y. (2) f 0 ( lo S seo ^ 8 sml = T6’ 

(3) £ (log sec ey ^5= ^ > ( 4 ) } o 0°g sec 0 ) 7 iSTe =_ 32 


14 




lo g^ 


- , 7T 2 j_ 1 1_ 

8 12 32-52’ 


(2to- l) a 
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15 1 °g^ <fe= ( 0 ' t ' i+c )'8 ~~Ts~ 3 2 


16 


£^^-¥-¥ 1! 

18 &£(-£* t 1 

c+w+^ lcg iy J ,. ( ._, 4 .« ) jj +s(> .. )+ |« 


19 


. 


0 1+** 

- £HSK>-£i 


T 8 9. 

""27 

2 37T 3 106 


r 1+^ A lV^_3jf_106 
2 * J 0 (U-® 2 ) 2 V OS J 16 27 

22 j T (1 + tan 4 0 + ten 4 9 ) (log tan0) 2 <^=Y6 + 27 

23 (1) J I (logcot6) 2 ^ = ^. (2) |* (log cob 9)* d6 = 

(3) £(logcot0)M0=^r 

24 Prove that J* (sln l°|+ ^ = V log 3 

25 Establish the following results 

f TMogtan^ = 4g, 


5^ 

"64 


(1) 

(2) 


R log tan 0 "l 2 

f ij b£ten6 K ogew = 2W2i 

Jo l sln ( e “i)j 
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26 Show that 

i 


'^1+ 4 sin 8 6 + sin 4 6 tan Q (log cosec 

008 ^ _ (n+l)(2n+ 1) ^ in jj 

8 


2n-l> 


where B ln ^ is the 71 th Bernoullian number 

. n \ ^cos^sin^ 

27 Evaluate (*) J o logcosec^ ’ W Jo (log cosec 0) 

p cos 7 9 sm”"’ 1 0d9 
J 0 (log coseo Vf~ 

28 (»<““> 

I I log (1 -x) ^ 

0 ”2 - I dx ~ _12 ’ 




17tt 8 

32 


30 Establish the results 

W a; 2g 2# 

^ = fsec^ (2 >P>~ 2) 

^ )o^ + x ~ x ^ 

(•1 ^-1 ^l-a , _ TT . ml /2 > a > 0) 

31 Establish the result i- X 2 2 * 

oo x> +w = logtan^T^ (ir>2)>-’ r )> 

32 Prove that K 6 4 

33 Show that (ir ><*>-*), 


Q ? + COS ft 


•7 u 

-oo l 1 sin ft 

(2)j ikhlS 003 ’ a ^ = 2 cosh r + cos a’ 

w CS5*- i “ 5, 

r a _co^ & = l s^s 1 

WJ 0 sinh7ra; 4 ^ 


[Gregory, jE7tc , p 495 ] 
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31 Show that 


cosh£ cos ^ 


COSh (13J j / i 

r — cos rxax = r — ; lir> a> - 7 r), 

cosh tjt cosh ? + cos a v 


COS 7 £ 

cosh Tra; 


<»£ 

'‘•Ew*- 108 - 4 - 


35 Show that 

p a + bx + cx 2 


lo 


dx 


[Gregory, Ex , p 496 ] 
= ^ [a + Mog 2 + c (log 2) 2 + — J 


, 1891 ] 


log 


36 Show that _[ —^^=^(1 + 1 + 1 + + -i- 2 ), 

n being a positive integer > 2 

37 Show that the integral f — D 2 has the value ^ - in - ^4 

& J 0 sm bx 1 + x 2 2 sinh J 

if a be < 6, but has the value ^ - ° S ^^ g if a > ft and = 2r5 + c, 
where r is an integer and c < b [R P ] 

38 Prove that the coefficient of x n in the expansion of sec# m 
ascending powers of x is equal to 

1 /2\ n+1 P , 

) Q ( lo ^ nx ) ndx 

[Math Trip , Part I , 1888 ] 

39 Show that j** ~ + ^ 5 (log x ) 4 dx = 2tt 2 

40 If X (x)sa; + p + |! + f show that 

(“) x(ic)+x (r Ti) = i + l h z x lo era 

(m) X (tan g) = j - i (log tan ~J, 
and that the value of the series x(a) is known in the four cases 


z=l, $=s2sin 


10 ’ 


z=\Ji-2 ) 2 = tan J 

o 


[Legendre, Ex , p 247 ] 
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41 If A(x) = x + j 8 + p + ~ + , show that, <f>(x) being as defined 

in Art 1120, 

(i) + + 

= A(l)-log® (a;) — log (1 — »)<#>(1 — «) 

-log < t’(~]Ti) + 1 08 ® l°S s ( x - x ) “ y ^°8* 0 ~ *)* 

(li) *A(1)-A(*) fjlog2-^(log2)s, 

(in) A(l) -|A(4 «n*Jj) - j l°g(2 sm j) + f log 8 (2 smf # ) 

/ \ 1 . 1 .1 + 2_+ =^ + ^+^ + ^+ , where 0 = 2smir/lO 

( lv ) p + 33 + 3i + 4S + l 8 + 2 8 3 s 4 8 ’ ' 

[Landen, Math Mem ] 


42 Prove that 


f; 


Tr2 


logi-^ ^-*log (s/2 - 1) log{2(V2 - 1)} -i(log 2) s -JJ 
1-| * [Mobley, $ T , 9224 ] 


43 H/M-fl°>W<<»+ 

be a positive proper fraction, show that 

rf M (0x) r(n+i>r(r) ff^M dx 

J o - &~ d I>+») Jo & [M Trip , 1883 ] 

44 Prove that £ sinx»<fa = ir(l + 1/ft), (»>1), where b is the 

real coefficient of the imaginary part of ( - 1) 2 ”, and hence find the 

value of the integral to four places of decimals when « is 2 or 3 

[Sanj^na, E T , 13,609 ] 

45 Prove that 

' l tan -i 2 ™ C0S -1 dO dm = ^ — 2 log 2, (0<«<1) 

m [Sanj^na, E T , 13,636 ] 


0 


46 Prove that [T cos‘(0 + <£) aec 2 <f>d6d<t> = i 

[W J C Milleb, E T , 13,784 ] 

47 Prove that the value of 

jjz*-i r'^dxdy is i ^(« c - 1 )> 

the integral being taken so as to give the variables all positive values 
consistent with the condition x + y>c, (0<h<l) [Ox II P , 1886 ] 



CHAPTBtt xxvn 


N 

4H Show that jj js/Adj^ <h x tU n — - 


■'Oi* 
'■(;) ' 


whwn j u j„ iUO (ho toot* .uid \ (ho disdinmunt of Out 

equation r n | p v > n 1 ( ( Vn-\% * /'» <>» 

tho l n togral luung tiikcu o\i*t all ) hIuoh of tho x ai milieu such that 
tho Hum of tlm r lh povnrtt of the roothi lent* m this equation, "'Inch 

art) all positive, tlot'H not exceed a given quantity n 

1 IMatii. Tan , 18 Kt ] 

r | 

(pohx- oo* a) m dr and J* mu «mii „ ^"» I >,ov< ' 

(!) m! n l (2m l)t>oK«/ m ., (m \)mx\d n t 0, 

< U > J * M 'Ul at/O" («««)' 

no If f(x) bo an oven function of x, and 

hn dr, J ln j j& n t(r)dx, 

i i r r .(»! 1)» /. (»H 2)( w ^ J A i 4 

allow that Iy,n J o j 2 1 *J 3 4 f ^ * n 


Uho the oxpanflion of ln powoia B1U ^ 


[Caw in 


f>l If f{z) ho an odd function of z> and 

h„-i jV*v(' l)'/*. J'ia-l 

show that hn - 1 ” J \ + + 3^3 1 ^ 

+ (u h2)(n H)»(» l)(n 
1 i I) 

[Ui«AiHixm *1 

52 If f(z) be an even function of z , »how that 


show also that / (x - ^ dz is independent of a 


[Ol.AIAHJCK .1 


* Comb l’h\l Nor, 1 K 70 


CHAPTER XXVIII 

DEFINITE INTEGRALS (III) 

1121 The Three Integrals, 

J 1= =| cospO cos q6 d6=0 (p^Q)) or 2 

J 2 =| sin pO sin qO d0=O {p=hy) s 01 % 

1,=^ sin p9 cos qB d6= 0 (p+q even) , or (p+q odd), 

where p and 3 are integers, are of very special importance in 
the Theory of Definite Integials 

(,) z l= j' cos pdcc, S q6dd=\ f’ [cos (p+q)6+^{p-q) 0] dQ 

ir sin(jP + g)g sin(p-g)0 T 
— 2 L jo+g -*o 

=0, if p and q be unequal 

Butifl>=g, iip-4=o[_ p_q J 0 L Jo 

/ 1= 0 if p + q and if P=i 

In the latter case, viz p=q, we may obtain the result directly without 
taking a limit , for 

pr „ „ ri + mfyO j a _lra±*™M7 =? 

Ii=J Q cos 2 p6dd—J Q 2 dQ 2l^ + 2 P Jo 2 

(n) In the same way 

J t = f sin^tfsm g0d0=O if p=fc 4 01 — 2 ^ ^ ® 
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(m) Finally 

sin p$ cos qd [sm(jj+g)0+sm(p-<f)0] dd 

lr cos (p+g)fl cos(p-g)fl “j* 

— 2 L £>-2 Jo 

_1 f l-(-l)W 1-(.1)3MZ | 

21 p+q. 2>~2 j 

H-l^f _1_ _1_1 for (— l)* ,-e = (— l)*’*' 4 , 

2 \p+<T *-Sf 

=u-(-i 

=0 or A, 

p l —q L 

according as is even or odd, andy), g unequal 
And if p-q 1 

/,.! , tag «. »*g« 

1122 Important Applications 

If then F(6) be a function of 0 capable of convergent 
expansion m a series of sines or cosines of integral multiples 
of 0, say, 

F(6)==A 0 -\- A 1 cos 0+ A 2 cos 20+ ++ n cos7i0+ , 
we have j 2^(0)003^0 dQ= A n - and j F(6)dQ=A 0 Tr 
For upon multiply mg by cosn0 and integrating between 
limits 0 and w all the terms vanish except A n l cos 2 n6d0, 

7T Jo 

which becomes A n ^ 

When therefore such an expansion for F(9) is possible, this 
result gives a means of obtaining the several coefficients, viz 

^ 0 =lj F(6)d9 } JV(0) cos n0 0 

Similarly, if F(0) he expressible m the form 

F(6)= B x sm 8+B 2 sm 20+ + B n sm nQ+ 


we have B, 




sm nO d6 
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oo 

In the same way, if F(6) = J 0 +2^ r cos rQ, 
then Jo F{6) cos m$ cos nf) dd = ~ F[&) J[cos (m -f n) 9 4* cos (m — ?i) $\ d6 

1 7T 

= 2 2^ Tn+,l "^^ T7l “' n ^ J m= ! =n ) 
and JJ F[6) cos 2 wi0 d0= i ^(2^4 0 + J 

Again fj F(ff) a m2mdde=^ Ti A l +^^ i A 3 + : ^ Ti A i + 
and so on for other similar applications of the rules 


1123 There are then two cases for which the rules are 
particularly useful 

1 When F(0) is a known expansion of one of the forms 


A o -f y)A r cos r 6, 2 ^ sm r &> 

i i 

le such that the coefhcients A 0> A 1} A 2 , or £ lf B Zf are 
known, the method may be used to obtain definite integrals of 
the foims 






2 Convex sely, if F(S) has not been alieady expanded in such 
form, i e m a convergent senes of sines or cosines of integral 
multiples of 0, and if such expansion he possible, and it it 

F(0)cosn9dS, or of 

I F(d) sm nd d6 , the values of the seveial coefficients may 

J ° 1 rir 

then he deduced as - F(6) dd , 

A .= - fV(dl) cos nd dd, B n =-[ F{Q) sm nO dd, (n > 0), 
x Jo X J0 

and the expansion thus obtained holds for all values of 6 
between 6 — 0 and 6=tt 

1124 Again, if theie be two convergent expansions of the same 
kind, viz 

F(V)=A 0 + J 1 co80+2t,«*20-M,coa30 + , 

f(6) = C tt + <7 1 cos0 + C r 2 coa20+C it cos30+- , 


be possible to obtain the value ot 
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then plainly, upon multiplication and integration between limits 0 and tr, 
A t C t + A x C l +A t C i +A z C i + f*mF(6)M-AA 
and as a case, if f(6) and F(0) be the same senes, 

A t *+Af+AJ+AJ+ =| j'lF(e)ydt)-A 0 * 


1125 Further, if 

<j>(v)E=A 0 +A l %+A i xP+A' t a*+ , 

\P[su) = Cq+ + f 

then writing u=xe l6 , v= ve- 1 - 6 , 

<t>(u) + <j>(v)~2(A 0 +A l ACos9 + A Ji 'i i QO'i20+Ait :i (m&04 ), 

\p(u) + (v) a= 2 ( C 0 + Ciscos 9 + C^r 2 cos 20 + tf,® 3 ton 30 -f ) » 

A 0 Co tt+aa^I+a^I + aa^Ia 

C <f > («)+<#>(») \H«) 

-Jo 2 2 '■ 

=i f [*M++M1WM+*M1«W 

and as a pai titular case, if </> and \p be identical, 

^ s +A,V+A/i< + /l t V>+ =^jTW») + #’)]W - U", 

te when the several teims of a series can be summed, we can express the 
sum of the squaies of these terms in the foim of a definite integral, and 
the sum of the squares of the coefficients will be expressible by means of 
the same mtegial, putting ®=1, provided the senes is tonverguit fot 
that value of ? e 

At i + A 1 1 +A i 1 +Af i + + 


1126 Ex Thus foi the senes (1 + r) w , w being a positive integei, 

AJ + Ai‘+A*+ =J~J’ [(1 +e‘«)’ l + (1 + a -‘«)"]V<9 , 
- c jf(.. + rv)U +r d <u)-i=r~ f’(^u^,to 

Similarly foi the series ^=1+^+^+ , wo liavo 

ad mf= T7T to + " l ^ d0 1 

^ L0,9 ( os^(sm 0)(W 


1 
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1127 Again we may express as a definite integral the sum of the first 
t terms of any series, 

<£(#) = A i >+A l x+Atfi?+A z 'i(?+ ad inf 
For wilting as befoie, v=xe lQ , v=xe~ te J 

q. a lX cos 8 + A cos 20 + A ^ cos 30 + 

to an infinite number of terms 
r9 

Sin 2 (r-l}0 

Also cos - — g — = 1 +cos 0+cos 20 + + cos(r— 1)0 


Multiply and integrate from 0 to ir , 

A 0 + A 1 x+A 2 x 2 ±A 3 x 3 + +J r _ 1 # ,wl 


2 r w <t>(u) + <j>(v) 
irJo 2 



s 

sm- 


cos 


0 - 1)0 

2 


dO-A 0 


1128 If we take as our auxiliary series, 

i0 

sm T 2^+r— 1 

——cos 0 = cos IcQ + cos (£+l)0 + cos (&+2)0 + to r terms, 

sm 2 


we have 


A*x t + A k+l v k+l + 


+ A k+r .^-i 


2 r r <fr(&) + </>(?;) 

ir J 0 2 



2£+r-l 

2 


0 tidy 


ie the sum of r terms of <j>(z) starting fiorn any particular term, £>0 
Obviously othei modifications may be made And provided <f>{x) 
remains a convergent series when #=1, we may put 1 for x before the 
integration is peifoimed if it be required to sum the seveial coefficients in 
any of the above cases 


1129 Examples of Integrals derived from the Foregoing Principles 

jt—n — i 

Since 2 an cos* n #=2 2 2n Cp cos (2n-2p)x+ in C n , 

p = 0 

2*n+i CO s 2f H-i r = 2 2 In+1 Cp cos ( 2?i + 1 - 2 p) v, 

p=0 

( - 1 )" 2*» sin tn x=2 "£ _1 ( - 1)<> tn C p cos (2n-‘Zp)x+(-l)’" n C n , 

p=o 

and (-l)»2 , «+ l sm , "+ 1 «=2 *2* ( - 1)” ln+1 Cp sm (2?i + 1 - 2,p)x, 

psssO 
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we have, by aid of the pluvious ax Ik It 4 , 

j (»OH ,n MOH 2/tuh j i OS* n I VOS (2/7 -V>) / t{ I ^fVwTn* 

. * 

I o<m ln * e<wm rff 0 , (j / 0), 

'o 

wheio 7 ih odd, ox even ami not lying within the lango from tin to V« 
mel waive (A) 

f t os in *•* i oos (iiw tl ) m/i fc> in a ’ 

j o(w ,#+, moh(S!« } I -Si ,in»o 

'ii 

| < 0H ln * 1 < eos m if i 0 , (/ /< 0 ), 

whoxo ; ih oven, ox odd and not l>mg within the xange from I 1 to 
( 3 « b 1 ) imluHtve (B) 

f am 1 * ) eon tin m/i ( l ) n 
0 " 

/ Hm* n M’0H(tin Sfyd i tf i ( l) n,, ' lT ^kJ n » 

Jo 

I Hin ,n i eon 7 fd t 0 , (/ / 0 ), 

Jo 

whose ; ih odd, 01 even and not tying withiu the nuige ftoui to s!« 
uulwHive (O 

f Hin* w * l t Hin (Sia t l)i tit ( l) n k ,*^ M > 

Jo 

r sin* n *-*i sm(2n { i Si >p)t<U ( - 1 )Mj> " t , 

jo 

I Hin^Huiimi/i (), 

Jo 

wheie 7 is even, 01* odd and not lying within the tango from V» t 1 to 
- {&n -j- 1 ) ltuluHiv e (l>) 

All hix Htatementa m (A) and (B) may he Hummed up in the u >ult 

eiM^i coh/ij <fr (/I / 0), 

wheio in the numbet of (omhumtioiiH of A things ^ at a turn 
7 A 4 

and is maty when u A, 01 /010 if A k> he not a pontive mtegi 1 

z 

The thiee HtatementH in (l 1 ) may he Hinulailv mmmed up *u 
/ r Am 

I Hin^i di H\ 0 -* (A even, /j / 0 ), 
jo 2 

and the tlnee BtatenuntH m (U) may ho Hummed up u< 

,r *-M 1 

/ Hlll/Af r/t Vx M ^( 1) 

'0 ^ 


(A odd) 
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?^j dx 


1X30 Similarly, (1) 2 2n jJ cos 2n x sm 2 sx dx 

= / 2^ 2 2n C p co<i2(n-p)xsm28X+ 2n C n am2sx 

Jo L p=o 
=0, by Art 1121 (m) 

(2) 2* n cos 2 * 1 # sin ( 2s + 1 ) x dx 

= PT 2 3, T 1 cos 2 (w -p)# sin (2s + 1) a + * n C n sin (25 + l)a?l dx 

Jo L j>=o J 


®=n-l 

= 2 2 2n <7* 

p - o 


2 (25 + 1) u an ^7 — 

(25 + l) 2 -(2w-2p) 1_r n 25 + 1 


(3) 2 2n + 1 J* cos an+1 #sm 2sxdx 

= r r 2*fT * n + 1 C!p cos(2?i + l — 2p)x sin 2s#l dx 
Jo L p=o J 




(4) 2 2n+1 J* cos* w+1 ^7 sm (2s + 1)# cfo? 

•= rr2 , S an + 1 Gj)COs(2?i+l — 2p)#8in(2s+l)ff \dx 
Jo L p=o J 

=0 

(5) (-1)»2 *JT' sin 2 ”# sin 2 s^ 7 cfa 

= PTs* 2 1 (-l) 3 , 2 n CpCos( 27 i- 2 ^)'? 7 Sin 2 s^+( -l) n 2 n <? n sin 2 s# | c£r 

Jo L p =o “* 


= 0 


(6) (-l) n 2 tn jj sm 2n #sm(2s+l)# dx 

= J* [V”2~ 1 (-l) p m Cp cos (2tt-2p)a;sin(2s + l)as+ (-1)* 4W C v n siu(2s + 1>TJ tf# 

■>T ( - l)y,ngg (l^FT^? + ( - 1)nMg "*Tr 

( 7 ) ( _ 1 yn gsn+i sm 2n+i l cos <% sx rf x 

= [ " f 2*2* ( - 1)» *»+ 1 Cp sm (2?i + 1 — ■ 2jp) x cos 2s#)l dx 
Jo L 2=0 J 

p=« 2(2?i + l-2n) 

= 2 p 2 ( - i) p Cp 

(8) ( - l) n 2 an + 1 f* sin an + 1 77 cos (2s + 1 ) v dv 

= r T 2*2 ( - 1 ) p 2n+1 Cp sin (2ti + 1 - 2 p) v cos (2s + 1 ) x~\ dx 
Jo L p =o - 1 

=0 
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Thus we have considered in Arts 1129 and 1130 all cases of 
J" cos x x cos fix cL) cos x x sin fix dx , 

J" sin x x cos fix dx ) f* sin x #si nfivdx, 

for which A and [i are integers, A. being positive 

1131 The eight expressions 

cos ,n x cos 2&r, cos ,n + 1 #cos(2$4-l)i?, cos an #sin(2$4-l)#, cos 4tt + 1 47Sin2^, 
sm an a? cos 2sx ) sm an + l a cos 2sx, sm an # sin (25 + 1)#, sin 2 *^ 1 # sm (2$ 4-1) 
have the same values when we put ir - x in place of v 
But the eight expressions 

cos an x cos (2s + 1 ) r, cos an +i ^ cos 2sx, cos an #sm2 sx y cos a *+ 1 .a;sin(2s4-l) 

sm an x cos (2s + 1 ) r, sin an + 1 x cos ( 2s 4- 1 ) x, sm an x sin 2&r, Bm afl + 1 x sin 2$a, 

change sign if we put ir — x in place of x 

From these considerations the integrals from 0 to ^ of the eight in the 

first group are each half the result from 0 to ir 

And the integrals of the eight m the second group fiom 0 to ir all 

vanish This is m conformity with the results found 

The integrals from 0 to J of the eight in the second group must thei e- 
2 

fore be found by another method, viz the reduction foimulae of 
Arts 249-257 

1132 We have also, by putting foi sin an a; its equivalent in a series of 

n 

cosines of even multiples of x , say -4 0 4-2^2r cos2A27 > 

j* x sin 2w & dx= J" x(A 0 4- A a cos 2x 4- A 4 cos 4x 4- 4- A 2n cos 2nx ) dx , 

and therefore integrating by parts, 

/» in j f ( a . A sin2t , A sin 4 a , . . sin2?i^ln ir 

J Q xsitfnxdx^x^AQX+Ai-Y- + ^4 — —+ +^ta — 3 — }J o 

r j x 2 . cos 2v "l 71, 

-P-- i 


-A L 2 — V - A *na = 

2/ 2 2 2 an n 2 an + 1 («») 2 ’ 


with other similar results 
This may be obtained othei wise, thus 

jf xam 2n xdx= - J^(ir-x)sin M xdx=J^ (ir- r)siu an £ dx , 


j xam in x dx=~J 7r sin 2n %dx 


2 n- 1 2n-3 
r 2 n 2n-2 


1 ir a (2 ?i)» 

2 2 T 2* n + 1 (n ») 2 
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1133 The former process may be extended to find [" 
where p and n are positive integers 1° 

Thus 

“ Jo p?i + [** f 4f r “ l 2 ^-^ p - 1 ( - i^coss, 

+p(p - X)^ 2 ( - 2 ^ sin 2 t^ - _p(j) - l)(p- 2 )*J>-» 2 cos 2 « a + 

+( ~ W cos (sbx-fTl |)J 

ijplJ+i n /I i 

= J o^+l+i w ' ,_l 1) (p-2)^> 2 jgfi+ , 

and^? being integral and positive the senes will terminate 
Also 

A o=Zin tn C n , -p5=r ,n C„-i, ^ 1 =235=I ,n ^-i> etc, ^ 2 ,=^^*"^ 

Hence 

r ■z p un* , 'xdr= ---J l ij _ | _-, r ;p-i y ( ~ 

Jo 2»»-i\2y + l in ~ r 

-p(p-l)(p-2)^*2^*»C^ r +. } 

“We may obtain similar results for 

f 0 ^ J> sm sn + 1 j;<ir ) J”x»coa ,n xdv, j" x" toa 1 "-^ 1 xdv, 

or m fact for any integtal of form j"sPF(x)iic, where F(r) can be ex- 
pressed as a senes of sines or cosines of integial multiples of x For 
instance, 

jf *»co8iti?S^±llf ( i J;= jr ®i*(l +eO9 3 fl;+0M 4 S+ +OTfl 2»M)ai 

1 }F r w* Jo 

7r p+l t 1-1 ” 1 . ... v v-i » 1 

= ^n + -p ^3 -|p-j»(p-i)(^-2) - 34-2 £+ 

1134 Results deniable from Well-known Senes 
Many well-known series are established in books on Trigo- 
nometry whose terms involve sines or cosines of integral 
multiples of 9 And such series furnish many definite 
integrals by the application of the rules of Art 1121 
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Kor convenience wo quota a number of tho mmo impel taut 
1 


\ 2ucoh0 4(H 


Hill 0 

1 2<UOH0 4« J 


1 it c'OH 0 
1 2a c oh 0 4 (t : 


OI 


•1 


COM 0 

1 - * la coh 0 4 a* 


1 4 i l<t cos 0 4 2rt*ec>H 20 4 2a h os 3 0 i i 
- - 1 - ^ ( oh $ \ < os 20 ~ cos 30 » 

mn 04 << Htn 20 4 a n m\\ 3 0 4 , 

\hiii 0 f mn 20 \ \ mu 30 4 , 

o’ o* 

1 \ a com 0 I n i ( oh ‘-20 4 o 1 1 oh 30 4 ) 

- 1 coh 0 - \<oh 20 \ cos 30 , 

a tv <r 

t ^ , 4 ! "* rt . (coh 0 4 (t t oh 20 I <t'\ oh 30 4 ), 

1 - a * 1 a 1 


1,1 5^T"l) 1 i J - 1 (‘ ,,H 0 1 1 POH a * * i‘ ,m A0 * ■ 

5 log(l» 2 <«coh 0 4 tt a ) -2 («(<>h0 4 J<H<oh204 ^o 1 <os30 1 )» 

<tt log« s - ^(hoHlH J^uwa# * iL {tm ^ 1 )’ 


n . . amn0 

a Kin 0 t*}rf 3 Hin 20 4 Jo 1 

1 hio 30 4 , 

ox 

ir - 0 -Qmn 0 4 ^ 2 hiu 20 4 ^i Hlu 1 

and m <>a<h of those c«ihch a may ho changed to - 
We alno have 

a 

7 log ^2 coh ^ 

(oh 0 urn 20 4 j« os 30 

, ( 7 T «« 0 4 xr) 

ft log (2 mn 

- COH 0 * ( OH 20 - \ COS 30 

2 <1 

, (O<0* 2tt) 

0 log(2wm 0) 

- ( oh 20 - \ cos 10 - ^ ( oh 00 

, (O<0- 7T) 

»! 

Hin 0 - gHin 20 4- j win 30 - 

, ( 7T<0*^7r) 

u '/ 

Hill 0 4- g Bin 20 4- ^ Hill 30 4* 

, (O<0<7r) 

12 * 

mn 04** sin 304-r hui 50 4* 
3 6 

, (()<0<7T) 

It will bo noted that if 71 < 1, 

log (1 - n t oh 0) ih a case of log^l - y com 0 


« J <1, 
< r "* 1, 
a * / 1, 

( t i >\ , 

«*<], 

« a > 1) 

«kl, 
)> « J >i 
«-< i, 
« a >i 
<«■*< i, 
a*> 1 


tho value of a being given by 1 -4 a* - - > 


oi putting rt=*tan 


— a 
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1135 Derivation of Other Senes 

Other senes may be obtained by differentiation with regard 
to 0 

Let u=l—2a cos 04a 2 
Taking the series 

— - J 2 =1 4 2a cos 04 2a 2 cos 20 4- 2a 3 cos 30 4 (1), a 2 < 1, 

and ^^=a9in 04a s, un 204a } sin 304 (2), a 2 <\ 

Diffeientiate (1) with regard to 0 , 

S1 ^ - = 2a sin 044a 2 sm 2046a 3 sm 304 , a 2 <l, 

te (1 — a2 )“p^==kin042asin2043a 2 sin304 4wa w " 1 Bin n04 (3), a 2 <l, 

and differentiating (2) with regard to 0, 

+ a ~ — cos 04 2a cos 20 4 3a 2 cos 30 4 4rca 7l ~ 1 cosn04 (4), a 2 <l 

Equation (1) may be wntten, 

- — — ’ — — ^ cos ) _i 42 ac03 042a 2 cos204 42a w cosri04 (5), a J <l 


Multiply (4) and (5) by 2a(l - a 2 ) and 1 4 a a l espectively, and add, then 

- ^ = 1 4a 2 4 4 a cos 0 4 2a 2 (3 - a 2 ) cos 204 2a 3 (4 - 2a 2 ) cos 30 4 

42a n {^(l-a 2 )4(l4a 2 )} cos%04 (6), a*<l, 

and so on with further differentiations 
And similarly when a 2 is > 1, we have 

a = 14-cos 04-^cos204^cos304 , O') 

11 CL CL CL 

asm g = l am 1 sm -L sm 30 4 (20 

U CL Cb A CL 

Differentiate (l 7 ) with regard to 0, 

2a(a 2 - 1) sin 0 2 a , 4 .,,6 oQ 

--- x 1 = -sm0H — 3 sin 204-5 sin 304 , 

u 2 a a 3 a? 

or (a “ O 8111 ^-.^ sin 04-^sm204-^sin304 , (3') 

mfi a* a 3 a 4 

and differentiating (2*) with regard to 0, 

(I4a 2 )cos0-2a 1 * . 2 fldl 3 0 a . tA a 

= ~2 cos 04^5 cos 204^ cos 304 , (40 

and equation (l 7 ) may he written, 

(a 2 -l)(l — 2OCOS04® 2 ) , .2 2 . 2 * 

v ^ s ' = 14- cos 04-5 cos 204-5 cos 304 (50 
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Multiply (4') and (5') by 2 a (a 2 - 1) and <j 2 + 1 respectively, and add, then 
( ^W + 1 + 4 O cos04£^>cos20 + + W-l) + (a 2+ l)? eosn g + ^ 

etc 

1136 Successive Derivation of Further Senes 
Again we have 

1 d mB&mQ mBco$6(A-{‘ficosd) + m(m + l) B 2 (l-cos 2 0) 

(A+Bco&6) m+ * 


d 2 


dd l ( 4 + 5 co 3 6 ) n ~dd (J+Scos^H 

_ k+n(A+B cos fl) + y(A+i!?cosfl ) 2 
(A -f B cos 0 )™+* 


say, 


where A.+/iA+vA 2 =m(m+l)J? 2 ) 'j giving X= -m(ra+ l)(A 2 -i ? 2 ),1 
nB+ 2 vAB=mAB, [- /i—m( 2 m+l)A, J- 

v= -m\ J 


vB 2 — — mPB 2 , J 


_ m(w+l)(i a -5 2 ) m(2m+l)A , m 2 tP| 1 v , . „ 

^+2 where ^=A+^cos0 

Hence when senes for ~ and — in terms of cosines of integral 
multiples of 0 have been found, a series of the same kind can be deduced 

for — L; 

74«H-2 

Thus, putting A= 1+a* and B= —2 a, we have 

rafm+l)(l — a s ) ! _»n(2m+l)(l + a-) m* cP 1 ... 

u m + 2 « m +i M n> rf#» «,* W 

Putting m=l and taking the case a 2 < X, 

1 201-a 2 ) 2 1 3 (1+a*) 1 cP ( ,\\ 

S u' ^-^( ex P ansion oi u) 

= [[(1 + a 2 ) + S 2« n {(?i + 1) - (n - 1 ) a 2 } cos nO J 

- Y -a 2 C 1 + ? 2a ” C0S n ®\ 

+ ~^2 [^2 27i a a n COS 

=2(1 (l-“y a) + ? 2 “* [ 3 (l- + aV {(W+1) ~ (n “ 1)a2}+ S] cos ^> 

** — ~T^ =(l+4a 2 +a*) + S^nCOS7ig, 

W 1 

where A* = a n [(1 - a 2 ) V +3(l-a>+2(l+4a 2 +a 4 )] 

And further applications of the formula (1), viz putting m— 2, 3, etc > 

will furnish successively the series for — A , — , etc , and similai ly in the 
case when a 2 > 1 u u 

1137 Moreover the differentiation of any one of these series furnishes 
another, eg furnishes the senes for in terras of senes of 

sines of integral multiples of 6 , as was seen m equation (3) of Art 1135 
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Thus, since 

^~f^ 3 = 1 + a 2 + S 2a" [>(1 - a 2 ) + (1 + a 2 )] cosnd, a? < 1, 

or — =a‘ , + l + 2 ^ [)i (<t 2 - 1) + (a 2 + 1)] cos nfl, a? > 1, 

we have, by differentiating, 

SJ ^r = 2 [ ,l ( ' 1 ~ ® 2 ) + ( 1 1 + a2 )l am n9 ’ “ 2<1 > 

or -i [»(a 2 - l)+(a 2 + 1)] sm nd, o?> 1, 

and so on 

Again a series foi may be found in terms of the series for -i* and 
i " “ 

cos_g _j. l + a’-M l + a 1 11 1 

J1 u m 2a u m 2 a u m 2 a it 171-1 

1138 Other poweis of bin 0 or cos 0 m the numeratoi may be readily 
ananged foi 

Bln ft 1 oo 

Thus, since ~T = 1 “i sin ?i0, (a 2 <l), we have 

^ = a 77 ~ — 2 \ 2 ««" _1 2 sin 6 sm nd 

u 2 2(1 -a 2 ) I 

= 2 ^ * ^ 2 na^Hcos (« - 1)0 - cos (n + 1)0} 

= \ y~] [1 + 2a cos 0 + (3a 2 - 1) cos 20 + (4a 3 - 2a) cos 30 
+ (5a 4 — 3a 2 ) cos 40 4- ], a 2 < 1 

And if a* > 1, a similar leault may be obtained These results are 
mainly intei esting from the definite integrals which may be obtained 
from them by the aid of the results of Ait 1121 , and to this matter we 
now turn 


1139 Definite Integrals immediately derivable 
By the application of the rules of Art 1121 to the series of 
Art 1134?, we have at once the following definite integrals 
Put 1 —2a cos 6+a 2 = u, and consider m each case n to be a 
positive integer 


rde = _ JL _ 

W Jo u 1 - a 2 


,jr COS 710 




"1 

mjT 


cos nd 


dd= 



7i r _1_ 

a 2 - 1 a w . 




a 2 < 1 


a 2 > 1 


fiom Senes 1 
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<*> 

«> 

f»sii£0 jr_ 'I 

li5) Jo w 2 a 2 | 

., A [* 8111 fl sin nd _tt 1 _ ) 

M L u 2^J 


- flora Senes 2 


^ /o u = 2 ^) J 

.. [" 1 - a cos o JO \ 

( 5 H -Z—M-* I 

(6) £ (l-cccosj) cosnd de = * an (n > 0) J 

(M_-«cose rf$=0 
V 7 lo u 

[* (l-«to.fl)cqs»g ^ » 1 (» > 0) 

J J o " a 

(7) r^ d8 =™ 

<’■) » 


from Sei les 3 


from Sei .es 4 


(9) J o log m <20 


(10) ^ cos n0 logic d& 

(9-) [ logM^e 

(10 7 ) f cos nd log ud9 
>0 

(11) J logwcft? 

(12) f sin ?&fl tan -1 ■ | - 3 - n - 

v ' Jo 1-ac 

(13) f sin tan" 1 8in ^ 

Jo a- cos 


- — - a n t 


=ir log a 2 * 


■ fiom Series 5 


= 0*, when a = l, from Senes 9 


- £1 Sill P j /i 7T a i ^ 

fi; 7 >dd=jr a , a 2 <l 

1 — a cos 0 2?i * 

a , hfiomSenes6 

_8in^_ 


HU1 (7 j £ 7T 1 9 ^ , 

2 j dd = s — - , a 2 > 1 

a - cos 0 2n a n ’ 


* Poisson, Journal de TlScole Polytechnique, xvn 
| Legendre, Exercices , vol n , p 123 
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(14) J q cos nd log ^2 cos dd = ( - l)*” 1 ^ , from Series 1 

(15) cos n$ log ^2 bin dd= - ^ , from Senes 8 


Illustrative Examples 
1140 Denoting 1 - 2a cos 6 4- a 2 by n 

1 Deduce from \ogud$—0 or Trloga 2 , as a 2 is < oi > 1, by 
integration by parts, 

or (ai<1) 

2 Deduce from Series 3 and 3', Art 1135, 

io t/^ = (i-^) 2 ’ ( “ 2< 1)1 or (^-l) 2 ’ ( “ 2>1) 

3 Show by direct integration that 

[ dd = 2a(»-l) {(a— l) 2(n_1) _ (a + 1 ) 2 ("+')} + 

r!HLf^ = il 0g l±? (a2<1 ) 

Jo it a & l-a 7 


4 Prove that 


=Ilog|±i K>1) 

f r sin 9 sin nO iri mr a n ~ x 


(« 2 < 1 ) 


(a 2 >l) 


k -d xi, . [ dO l+4a 2 + a 4 , - lX 

5 Prove that / - ? = 7r— 7= rrr- (a 2 <l) 

Jo u z (1 - a 2 ) 6 ' 


6 Prove that 


«^ |{( i- (( l)V + 3(l-^n+2(l + 4tf + ^ (a 2 < 1) 


7 From the formulae of Art 1137, deduce 
I" 8in 2 9 1 

Jo ijr dd= i(T^ 

_ir 1 

1 _ 2(^T)3 


(« 2 < 1 ) 


r sin 0 sin 7i0 7r net,*- 1 r , 2N1 , . 

3f ^ = i(rr ^[«(l-« 2 ) + (l + a 2 )] («»<1) 

(a2>1) 
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1141 Senes for Evaluation when the Integral is viot expressible 
in Finite Terms 

Again we may obtain the values of many definite integrals 
of this class m the form of series which, though they may not 
be capable of summation, will nevertheless serve for their 
numerical calculation 


For instance, J* sin 29 log (1 — 2 a cos 9 d& [ (li ^ 0 

= — 2 J sin 29^« cos 9-|~ a 2 cos 26+^a z co& 39+ ^d& 

r 4 a 1 Js^.l "1 

“ ” 2 jjpITp"o 2 2 - 3 2 5 2 2 - 5 2 J 

j a , a 3 , a 5 , cd , - a _ 1 

" 8 LFi)i~* f r 3 i + rr 7 + 5 7 9+7 9 ir J 
1142 Again, since sin (y+l)0— sm(p— 1)0=2 sin 0 cos p9 
we have 

j-' am (p+l)d de _ j' sm ( s ^~g -- M = 2 j' cos p9 &6 = 0, 
when p 13 integral 

That is, putting «.,=j we have 


U'jj+i — Wp— i — Up — 3 etc j 
r sin 20 
sin 0 

• U- 2b = 0, U Jn+1 =7T 

Again, p and q being integral, 


, f'sind,^ f' sin 20 f r 

9 “Jo 


2 cos0<?0=O, 


f"' sin p6 1 P sin (p+<?)9+sm(p— g)g 

l^d coaq6d9== 2l SS* 


d0 


= 0 if p+9 he even, or if p+g he odd and p<q, 

— v if p+g he odd and p > q 

Hence if -F(0) he a function capable of convergent expansion ab a 
series of cosines of multiples of 8 , say 

Ji'(0) = Ao+-‘fiC< ) s0+.A 2 c o s20+ +A r cosj0+- , 

r^M-F{8)dd^{A 1 +A 3 + 

Jo sm 7 

f ' sm (2 p + 1) 9 = (io+ j a + i 4+ + A Sp )ir 

Jo sm (7 
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Illustrative Examples 

1143 1 Thus, since 

cos an l Q 2n C n + 8n £ n+1 cos 20 4- * n C n+ 2 cos 40 + + * n C 2n cos 2nd J, 

we have, if p > 71 , 

fj sm ( 2p + 1) g coa8tl q _g_ [1 »«g n+ *”(? n+1 + +»<?J 

=^[“<u sn <u + 2n ^„]=^„a+ir=^ 

whilst, if JO < 71, 

^si n^-f 1 ) g eoa2n g^ = _»_ [l , n Cn+ ,» g ^ i+ +»C« +J ]=^T»C f 


2 Apply Art 1142 to show that-, if 71 = 1 - 2a cos 6+ a 2 . 


1. 


ir sm27&0cos0 7/ , l + a a 1-a 21 

— au = 7r 


sin 6 
3 Prove that 


1 — a 2 


(a* < 1) 


["am 2nd. „ f a , a 3 a 5 a” 1-1 ^ , , 

Jo ■wr u ** dfi —* r \ I+3 + 5 + + 2^ri} 

1144 A Reduction Formula 

Let m s 1 — 2a cos #-fa 2 
We have seen that 

^-J, « -1=3 <* <" “ d 3=1 (a >1> ' 

p being a positive integer 


Then 


rf/n „ rcosp0 




j- (cos 0 — a) dd 

rcosvQ 1 — a 2 — w ™ 1 — a 2 T n, 

= n — ~xi ad— 71 I n+1 — i n , 

J 0 u n+1 a a + a 

J n+l=r=p( Zn + n'aa n )’ ** 2n+1== T3^S^n( an/ «)> (U 
an equation by means of which the successive values of 
Z 2 , J 3 , Z 4 , etc , may be deduced 

1145 We have 

r_ 1 ^ ^ aP+1 

"* 2 ~ 1 — a 2 da^ l) 1-a 2 ^ 1-a- 


"(l-^ 


:K 2i wheie ^ 2 =(p + l) -(^-l)a 2 , 
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1~— • cc 2 clcc? ( a2 ^s)j ^hich after a little reduction takes the form 

1 TVd V ^ w 

2'(1 -a 2 ) 6 ^ 3 * wtere ‘ S: 3= : (2> + l)tP+2)-2(p+2)(25 -2)a 2 + (p-2)(p-l)a 4 , 
^ 4 ”l - a 2 ;o( a3 7a)} which after i eduction becomes i .. j 5T, , 

o ' (1 — £&*)' 4 

wh ere JST 4 = (p -h 1) + 2 ) (jp + 3) - 3 (p + 2) (p -f 3) (p - 3) a 2 

+ 3(p + 3)(p - 3) (p - 2)a 4 - (p - 3) (p - 2) (p- l)a fl , 
and so on, the law of formation of the successive values of K n being 
obvious, and it may be verified inductively by substitution in Equation (1) 
that the general form of the lesult is 

'.-0 

a form due to Legendre ( Exercices , p 374) 

If we replace b> its equivalent (^+^-1) ^ 

same formula, with the sign changed and -p written for p, will suffice 
for the calculation of the corresponding integrals in the case when a*> 1 

1146 As particular cases we have, if a 2 < 1, 

I tS-p O C 1 + r/j, «■] - fjjJp [(f -f-1) - Ip - 1)„-], 

= 2l (i_ a 2y>£CP+l)0P + 2)-2(p + 2)(p-2)a a +(p-2)(p-- l)a 4 ], 

and if a 2 > 1, 6tC ’ 

r cos p$ 


f cosp# xa _p 

~ 5*~ ~ f^ipK 1 -^p) + (! + 4 >) a2 ] > 

r 


2 » (a 2 - 1)5 K 1 i 5 ) ( 2 - i>) 4- 2 (2 -p) (2 +p) a 2 + (2 + p) (1 +p) a 4 ], 
etc 

1147 Some Special Cases 

The special cases when p = 0 and p = n- 1 are mtei estmg 

ifp-o, 

[ w d8 ir 

Jo ^ = ( F-a^an-i [1 + "-'CV a 2 + »-iC 2 W + "-^V + ], 

the several coefficients being the squares of those of the bmomial 
expansion of (l+s)**-! 
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f'd$ = 

7T 

Jo u 

! 1 -<z 2 ’ 

t*dd = 

7 r 

Jo V? 

u-«v 

[ w d0 = 

7T 

Jo u z 

(1 - a 2 ) 5 

[*de_ 

7 r 

Jo 

(l-ay' 

1 

1 

*• , 

Jo u b 

(l-O 2 ) 9 ' 


dQ= — in-in 

aa n _o. 212 n-x °n-l 


OIA 

If p=n- 1, we have 

r 2 „_ 2C 

Jo U n (l- a 2)2«-l 

Cases wheie a 2 >l Take foi instance I 2 —f ~ 

2 Jo w 2 

Heie -P = 0 and / 2 = - (1 +<0 = (i +a?) 

Agam, / 3 =f ?=(^a(l + 2^ + n etc , 

and it will appear generally that in the case of p=0, the only change 
necessary m the pievious results will he to replace 1 — a 2 by a 2 — 1 

1148 Extension of the Reduction Formula 
It may be remarked that any integral of the form 


Jo un 


is subject to the same reduction formula as that used m the 
last article, viz 


^ n+1 ~ 1 — a 2 da n ^ a "^ n ) 


For §= 2M £S® (cose - a)d<,=w I 


F($)l-a 2 -u 
u n+1 a c 


-I --I 
n+1 a n ’ 


giving, as before, I„ +1 = T ^^(a»I„) 

Hence m all such cases, if I I can be obtained m finite terms, 
so also can all the rest of the group Z 2 , Z 3 , Z 4 , etc 
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1149 We shall show for instance that this is the case with 
the class of integrals 

In=\ o d6, p being a positive integer 

To do this it is only necessary to show that is expressible 
m finite terms, and we shall find that 




( 3»-i_a-(p-i) a p-3- a -(p-s) p-5 _ a-(p-t) 


1 T 3 + 5 + 

t0 1 01 1611113 - (a p - a~ p ) tanh -1 a (l),(a s <l) (1) 

Take the case p odd=2A + l, say, 

l -a* [* sin(2A + l)0 r » . . . . . 

2 Jo u d8= Jo am (2A.+ l)0[^-}-acos 0+a 2 cos204- ] d6 

= §X+I +2 ( 2A+1 ) [(2A+“l)^-2i + pX+TpZ42 + + ( 2A+lV(2A.)J 

_ a/a , ,„r a 2X+2 a 2X + 4 

1 L(2A + 2) 2 - (2A + 1) 2 + (2 A + 4) 2 - (2 A + Ip + ♦*/ J 

= lX^-[° 2 (r^-3^) +a4 (ra-6T2A) + +a2X (^T-4XTl)] 

-[a^+2(I-_L_) +0 ^+*Q__l_) + 


a 2 * . a* 




a 2X-l a 2X+l 


, i . i , a 4 a“ 

1 3 + 2\-l + 2A+l + 2X+3 + + 4XTT 

-^a 2 * +1 tanh -1 a--jjjLftanh -1 a-^ — 

L o 2X+1 V 1 3 2A-1 2A + 1 

, f r Bin (2A+1) Q a^-a-^ 

a j, i — + — — + 




~4A+l) 


+ " ( a2X+1 - “~ (2M 1} } tanh -1 o 


And m exactly the same way, if p he even =2 A, 


l-g° Sin 2Afl ^ ^A.— 1_ (2X— 1) a 2X-3 _ 0 -(2X— 3) 

2 Jo u ” 


-4- + 


a-ar 1 
2A-1 

- {a 2 * - a” 2 *} tanli _1 a (a 2 <l), 


which establishes the result stated 
If we write o=e“ Y we may exhibit the result as 


to f 01 '^Y L tenns J > 


according as p is even or odd 
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1150 Particular Gases 

The particular cases when p = 1, 2, 3, etc, are 


r^idd 

2 1 

Jo U 

l-a 2 > 

r* m * d de= 

2 

Jo u 

1-a 2 

r am * e de= 

Jo u 

2 

1-a 2 


etc 


1151 General Conclusion derived 


It appears then that £ dd 1S in all cases, when p is a positive 


integei and a a < 1, of the form 

P+Q tanh -1 a, 

where P and Q are known algebiaical functions of a 
And m any such case the reduction formula 

• r "+ i= r^d^ (an/ ") 


may be used to determine J,, / 8 , I 4 , etc 
It will be observed that the first case of this result follows at once 

from the series for^— (No 2 of Art 1134) 


Poi Jo = (sm 04 -asm 204 -a 2 sin 304 - )dd (a 2 < 1 ) 

=2 ( 1 + t + ? + ) = I wnh_la 

If a 2 be > 1, 

f ^^-d0= [ (- .sin 04--\sin 204-~ 4 sin 30+ ^)d0 
Jo u Jo \a 2 a 3 a 4 J 

=2 (^ + Ii + si + ) 


= - tanh*" 1 ^- cotlr^a 
a a a 


The general case when a 2 > 1 for f sin ^ d 6 may be investigated as 
in the case a 2 < 1, using the senes 0 
a 2 - 1 


1 -2a cos 04- a 2 


= 1 + - cos 0+-s cos 204- 


and it will be clear that all that will be necessary to modify equation (1) 
of Art 1149 will be to replace 1 - a 2 by a 2 - 1 on the left-hand side and 

a by a” 1 on the right, which leaves the formula for f - - - - dd 

Jo m 

unchanged, except that tanh -1 a will bo leplaced by coth _1 a 
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3 14 

Thus, in all cases whether a 2 > or < 1, and p a positive integer, we have 

l -a? [* cP-'-ar*-" { q^-a-o-*) f 

2 Jo u 1 3 

to | or tei ms - (a p - or p ) AT, 
where A r =tanh _1 a or coth' 1 ^ according as a 2 < or > 1 


1152 General Formulae 

Let the expiessions C °^~ dd and £ J£~ dd he respectively 

called C(p, n) and £(#, n) 

Then 

cospflcosgfl ^l f* cos (p + q) 6 + cos ( £ -q)6 ^ = lj- c{p^q, n) + C(p-q, w)l 
u n 2 Jo w n 2 

smpthmqd jg \ f w Z^l^±M±^PzSM d&=l[-0(p+g, n)+C(p-q, «)], 
u n 2 Jo U n 2 

cosffflsin qO de _l [* «n (P + g) j Z 3in il “ SOI =I[ S(p+q, n)-S(p-q, «)], 

u n 2 Jo u n 2 

smffflcosgg 1 f" Bin(p + q)d + sin(p-q)d ^ _Jr + w) + £(p-ft *0] 

u* 2 Jo u n 2 

Hence all such integrals can be computed, p, q and n being positive 
integers 

1153 Integrals of the Class j’VcospdtW (Legendie, Exer- 

cices , p 375), n a positive integer 
We have 

u n = (1 - 2 a cos 8 + a 2 ) n = (1 ■ - ae*) n (l - ae~ l6 ) n 

= (K a +K l e«+K i e™+ )(K 0 +K 1 e-«+K t e-™+ ), 

where K f =(-l)*a? '^=^ ( ^~P+i) and K 0 = 1 

The coefficients of e*' 8 and e"® 18 in the product are each 

Kj l Kf ) -\-Kp +i K 1 -\-Kp + 2 E i -\-Ep^K i -\- , 

giving rise to the term 

(K P K 0 +E P+ 1 K 1 +K P ^K,+ )2cos pO, 

and in the integration this is the only term we shall require, 
for all the others vanish by virtue of the theorem of Art 1121 

Hence 1=1"* u n cosp 6 dd=Tr(E P K () -\-Kp + 1 Ki-\-K p+ 2 E i -\- ) 
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7 , K r ^ n-v X B+2 Jn-p){n-p-l) , 

Now zf =_a ^+i’ 17 - fl ( P +i)^+2r’ etc ’ 


and 


77 w 






(i) 


. ^(ra-i) (7t -j))(»-y-i) t . ”1 

+ 1 2 (p+l)(p+2) -» 

1154 Tie Particular Case p= 0 gives 

7 = ir ( AV + A r 1 2 + Aj 2 + /iV + ), 

te r u »dd=r(l + «Ci«a* + n CM + "CiV + ) 

/ 0 

We have seen (Ait 1147) that 

r J*L = L_(i+n(7 iV + "C 2 V+ n (Va‘+ ), 

J 0 m"+ 1 (1-^)*+^ 

whence it follows that 

£ u n d9 =(1 -a 2 ) 2n+1 J° ( aee ^- lfc II 55 ) > 

and more generally, since 

r"cnspddt) ira? (p + I Kp+2) ( p+n ) 

Jo ii n +‘ - (l-a0 2n+l 12 3 « 

X ( 1+ I ^i a + -T^- (p+THp+ 2) a+ > 

by writing n + 1 foi 71 in the formula of Art 1145, we have, by comparison 
with the result proved above for u n cospfl d&, 

prcoapfl (-1)* (n + l)(n + 2) {n±p) [* u n c0 ^ p9 d6) 

Jo w n+1 (1 — a 2 ) 2n + 1 1) (/ 1 — p + 1) Jo 

or 

< s > 

In the value of J* u n cos pd dd established in Ait 1153, it is to be 

noted that p has been assumed not greater than 71 

If p be > 71 no term containing cos pd would occur in the expansion 

of u n , f u n cospddd — 0 (p>n) 

Jo 

If 7i =p, we have ^ 'U n cos?i0d0=( — l) n ira 1t 

The lesults of this article are due to Euler (vol iv, Calc Integ , 
p 194, etc ) The method of pi oof is that of Legendre ( Exercices , , p 576) 
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1155 The Equation f w n d0=(l-a i ) 2fl+1 f r ^T i maybeestab- 
Jo Jo U 

lished directly by the transformation 

(1— 2a cos 0+a 2 )(l- 2a 2 cos 0'+a 2 )=(l-a 2 ) 2 , 
which has an interesting geometrical interpretation due to the 
late Dr N M Ferrers* 

Moreover, so far it has been assumed that n is a positive 
integer It will be seen fiom what follows that this limita- 
tion is no longer necessary 

Take a circle of radius a and centre 0 and a point B within 
the circle at a distance b from the centre 



Fig 336 

Let PBP' be any chord through B, and let the portions 
PB, BF subtend angles 0, & at the centre , then 
PB 2 =a 2 +b 2 —2ab cos 6, 

BP' 2 = a 2 + 6 2 — 2o6 cos 6\ 

and 

(a?+b 2 - 2 db cos 6)(a?+b 2 — 2a& cos 0')=PP 2 BF 2 =(a 2 —tf) 2 
Also, if QBQ: be a contiguous position of the chord, the 
elementary triangles BPQ, BQ'P' are similar, hence 

dB PO r .BP BP /a 2 +b 2 —2ab cos 9 \*_ a 2 -6 2 

Z; W~ U FQ'" Lt BQ / ~BF\a 2 +b 2 -2ab cos O') a 2 +b 2 -2 ab cos 6 n 

(a 2 —b 2 ) 2n l cl 2 b 2 ) t 

(a 2 +6 2 -2a6 cos 0)» d6= - (o4+ ^_ 2aJcos ^y„ tf+W-2ahio^ d& 

(« 2 ~^) 2n+1 d& 

(a 2 +& 2 “ 2a6 cos 0 / ) n+1 

♦See Solutions of Senate House Problem ? and JRiden , 1878 Edited by 
Mr J W L Glaisher 
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If the chord be allowed to rotate so that 0 increases 
from 0=0 to 0=7r, then 0' decreases from 9'= ir to 0 ,= O 
Hence, integrating and replacing 9' by 0, 

I n- r* d9 

0 ( a2 ~ 2ah cos 6 + b2 ) n dd =( a * ~ 62 )* n+I J 0 (a2-2o6cos0+6 2 )" Tl 

Taking the radius a to be unity and replacing b by a, we 
have the equation established otherwise by Euler and Legendre 
above 

Writing c cos c sm ^ for a and b respectively, the equation 
A A 

may be thrown into the compact form 

J ff id 

0 (1 - sm « 009 0 )" d6= ( cos a ) 2n+ ) 0 (1 -sin a cos 0)^ ' 

1156 Another Interpretation of the Integral 
The integral may also be mterpieted in connection with the 
angles known in elliptic motion as the Tiue and Eccentnc 
Anomalies 

Let S and G be the focus and centre of an ellipse, A the end 
of the major axis most i emote from S , and A the neaiei 



end, P a point on the curve, NP its ordinate, and Q the coi- 
responding point on the auxihaiy circle Then ASP is the 
supplement of the “ true anomaly” and SCQ is the “ eccentric 
anomaly ” Let these angles be 0' and 0 respectively 
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Then, from the polar equation of the ellipse, 

04(1 -e 2 ) , 

gp — L =l-ecos0, 

and also SP=CA—e GN=CA(l—ecos6) 
Hence (1— ecos 6) (1— ecos 0')=1 — e 2 , 

and if we write sm a for e, % e 


e=, 


2 tan - 


2ab 


2 a a 2 +6 2 
1 + tan 2 g 


( where tan ^=-Y 
\ 2 a / 


we have 

(a 2 +b 2 — 2a6cos 6)(a 2 -\-b 2 — 2ab cos 9 / )—(a 2 —b 2 ) 2 as before 
The case when n = \, viz 

dO 


o (a 2 — 2a6cos 0+6 2 )^ 
dO 


dO, 


2 —4iab cos 2 


6\ V 


2 / 


I \Za?—2abco$d+b 2 dQ=(a 2 —b 2 ) 2 [ 

Jo Jo (a 2 — 

may be written 

| -\j (a+bf— 4o& cos 2 ?cW= (a 2 — b 2 ) 2 f - 

Jo ^(a+6) : 

or putting and 

J ° ^®+ 6/ Jo(l-Fsm 2 0)* 

IT 7T 

that is, 

and is therefore Legendre’s Elliptic Integral formula of trans- 
formation, Ex 1, p 399, with the superior limit - 

2 

1157 A Group of Integrals of Different Form 
Generally, if we have a known series of one of the forms 
/(x)=A 0 +A 1 coscx+A 2 cos 2cx-hA a cos3cz+ , 

F (x) = B 2 sin cx+ B 2 sm 2ca? + B s sm 3cx+ , 

we have, hy the integrals of Arts 1048 1051, viz 

p sincg . t f” cos ex, tt 

Jo *(1+® 2 ) ^ X ~ 2 ^ 1 — e >• Jol+^^2 6 ’ 


I 


x sm cx , w 

0 W &= 2 { " 5 ’ 
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where c is positive, 

[ T+j* dv ). 

[T+$ dr =1 lB l e-+B,,r~+B t r*+ ) 

Accordingly, taken m conjunction with the paiticular class 
of senes given in Ait 1134, we obtain another numerous 
group of definite integrals 


Illustrative Examples (c positive throughout ) 

1158 1 Since ^^=sin cz + a sin 2cjc- 3 r a* sin Zcx+ (a 2 <l), where 

t = l — 2acoscr + a 2 , we have 

r v sin cr , x , „ 

— - — « l= / 0 Y^p^2(sincA + asin2ra:4-a z sin3ctr+ ) av 

= ^ (e” c -f- ae~ 2c + a 2 e~ 3c 4- ) 

_ 7 r e~ c 7 r 1 

21- ae~ c ~ 2 e c -a 

[Legendre, Exeicices , \ol n, p 123] 

2 Show that f _^V = - r , _ |±^ (a .<i) 

Jo (1 -hz 2 )w 2 1 — a 2 1 - ae c v 

, r _tt 1 a + e~ L 

IcP-la-e-* * >l * 

3 Show that f° 2 7 t — ~ ^ (« 3 <1) 

/o (1 4- t 2 ) ?4 a 2 1 - a h (1 - ae~ c ) 2 v ' 

4 Show that 

r° dr 7r 1 H-a 2 4-(2a-3a 2 )e" c -3a 2 <3” at ' + 8a 3 e“ 3c , 2 ^ 1V 

Jo (l + i 2 )w 2 “2(l-« 2 ) 3 (1 - ae~ 1 ) 2 i a < i ) 

5 Show that / y- ? a tan -1 a SID cr ~ log (1 - «e“ c ) (a 2 < 1), 

Jo l + i z 1 - a cos c?? 2 6 v ' v 7 ’ 

F x ± sinca? , -jt, 1 . * 

/ T ■ tan 1 cfo == - olog(l--e“°) (a 2 > 1 ) 

Jo 1 +3T a -cos or 2 a ' v ' 

6 Show that ^ log(^2 cos^o?r = ^ log (1 +e~ c ) 

7 Show that ^ log^2sm C j)dx=^ log (1 -e-*) 

8 Show that ^ ^“^flfo=7rlog (1 - ae~ c ) (c 2 ^l) 
r =7r log (a - e*"*) (a 2 >l) 
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9 From the last example deduce 
ca ? dv 
2 1+^ 2 


f 


. . u</ v IT 1 1 

logtang nT75= 2 log 


1+fl" 


[Georges Bidone, M6m de Twin , \ol xx ] 


Examples 
/“«■ dx 14- a 2 

1 Show that J o ^=^(1^)3- 

where w = 1 - 2a cos x+ a 2 and a 2 < 1 

2 Show that f — 2 > - 3 {(ft + l)-(?&- l)a 2 > (a 2 <l) 

Jo » n 


3 Show that 


f * sin A 31 

Jo t* 1 


sin ft# , « 

-dx~- 


(1 — a 2 ) 3 
7r fta*” 1 


4 (1 - a 2 ) 3 


{(/i 4-1) - (ft - l)a 2 } (a 2 < 1) 


4 Show that 


'» cos nxdx _ 7r 1 (1 -a 2 )e-* & -2a w+1 sinh 6 


Jo (6 2 4 -#*)u 2 &l-ci 2 1 — 2a cosh 6 + a** 

5 Show that <fo=^log tanh e 

_ , f ff cos ft 0 7r /3\ n 

6 Show that l -——M-J (;) 

7 Show that log (25 — 24 cob 0) tf(? = 4ir log 2 

8 Show that (a) JJ % lo g 7. 


SID 0 


^ jo (25 -24 cos 0) 1 

9 Show that f a 

Jo 5 - 4 cos 6/ 


24 zi-l ( 1 4y n_1 ) 


» 0 sm 0 ,,, ir , 3 

^=2 lo S'2 


10 Show that 

11 Show that 

12 Show that 


sin 9 _ ]Q 2 

4 cos 9y at/ ~9 


f sm 08in n0 jn_n (3» 4- 5) 7 r 

(5 — 4 cos 0y a ^~ 2 n + 3 27 

/** sm 2 0 

Jo (8-i 


-3oos(*) 3 ^~ 2 7 


13 Show that f am p9 log u c?0 


= _ii a n[i_(_ 1 ) 1 , +n ]_^_ 5 (« 2 <1) 

or = 1 - COS JJT t 2 _ | 1 [1 _ ( - 1 )m-n]_gg_ (a 2 > 1), 

3? 6 i na nL v 7 J p 2 -ft 2 v y ’ 

where the term foi which n—p is omitted in the summation, p being 
a positive integer 
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14 Show that 

(a2< 1 ), 

the term where n=p being omitted in the summation (Art 1136) 

1159 On the Transition from a Real Value of l to a Complex 

Value of k in the Formula for | e ~ kx x n ~ 1 dx M Serret’s 
Investigation J 0 

In establishing the result 

j* e ~ kx x n - 1 dx=^^- } (n> 0), (Art 864), 

it was assumed throughout the proof that k was real We 
cannot therefore assume the theorem as still true for complex 
values of ^ without further investigation We consider the 

integral r°° 

1= J e“( a “ l ^ x £C n “ 1 dx, where *==\/— 1 

Then I will be finite if a be positive 

Since e“(«-"‘&)«=e»- a ®(cos6a;+t smbx) the integral consists of 
two separate integrals, viz 


335 cos bx x' 


: n “ 1 <£r + z j< 


e -ax sin fa x n-l fa 


Let j R, $ be respectively the modulus and argument of I 
Thus 

Re‘*=^ e -(a-tb) Xx n-l dx 

Let b= a tan <p, <j> lying between — ~ and so that 

r<x> 

Re l<b = I e _0 *6 iaa: tan 4 > x n '~ 1 dx 

Jo 

Then differentiating with regard to 0, 

sec 2 </>j* e~ ax e taxiiuci *x n d% 

Integrating by paits, 

f e -(a-ib)x x n fa = I” — L? "I _| f e -(a-ib)x x n-l fa 

Jo L -{a- lb) Jo a-ib J 0 


and the portion between square brackets vanishes at both 
limits, a being positive 
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I'd log R 

1 ^ JL T? />«.$ 

ne \ 

l 30 +I 3 <t>) 

| " " /tUiowb ©It v 

a— -lb r 



=n(i— tan <j>)Re l * } 

3logjR 

= — n tan 0 

and — =-w 

30 

d<f> 


log B =n log cos 0+ log A and $>=n<p-\-B, 
where A and B are independent of (f> 
le R=A cos n <fi, $=n<p+B 

But "when <j> vanishes 6=0, and the integral is 

J e -ax x n-i(i x=z VJ^l an( j $ vanishes 
o an 

Hence B=0 and , hence 72= cos n <£, 3>=n0 

d n CL 

Hence 

r r(w)cos n 0, , , IV r(n) r(n) 

I= a* (° 08 ^ +tm ^ = #FSf=(M« 

So the theorem J e~ kx x n - x dx=^j^ 

still holds when h is complex, provided the real part a of the 
complex is positive * 

If n he a fractional quantity, - , (a—ib) n will be susceptible 

of q values and no more, if its argument be unrestucted m 
value We must then obtain the argument of (a—ib) n by 
multiplying by n the argument of a—ib taken between the 

limits —j and ^ 

1160 We then have the two integrals 

I e~ a * cos bx x n-1 dx = cos n (j> cos n<f> = -sM sm n <p cos n<j>, | 

J 0 a o l 0 

| e~ a ® sm bx x n_1 dx — ~^r cos n <f>smn<f>= sm n <f> sm n<f>, j 

i e f e- ax x n - x cos bx dx = ■ - cos ( n tan -1 

J 0 (a 2 +b 2 j* ' aJ 

f e- ax x n ~ 1 sin bx dx= n sm (n tan- 1 

Jo (a 2 +b 2 )* ' aJ 

* See Serret, CaXcul Integral, p 193 
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These results (A) are then so far established on the under- 
standing that a is a positive quantity 

f 00 

1161 When a vanishes the integral I e ibx x n ~ 1 dx may still 

Jo 

be finite if n be a positive proper fraction 

Consider either integral, say e~ ax sin bx x*" 1 dx ( b , + ve ) 

Jo 

This is equal to 


ir 2 ir Sir 


6 -h| 2 6 + + j b + J e~ ax sin bx a?”- 1 dx 

1 T T 

(r+ l)ir 

j* J 2 I 

Let (— l) r w r = I e“ oa5 sin bxx*- 1 dx , and write — g-^ for x , 

T 

/ r - a ^T / I \ /^ + ^7r\ n " 1 C?2 

(~l)r Wr= j^ 6 sm(*+f7r) g— j -g-, 

1 -T(z+rjr) . , . , 

^6 Wr= 6”J 6 ^ amz ( 0 +‘ r7r ) n ~ 1 ^ 

and the whole integral I e^srn bxx^dx is made up of such 
Jo 00 

terms as this with alternate signs, viz ^ ( — 1)%., % e 
=u 0 -u l +u 2 -u, z + , 


which is convergent if a> 0, for the terms dimmish as r 
increases and are of alternate sign But in the case when 

a=0, u r becomes it/==g^ sm z(z + r 7 r) n ~ 1 dz, and when r 

becomes indefinitely large this does not ultimately vanish 
unless n<i 1 When this is so, the series 

is convergent, and its sum will be the same as the sum 

for the value a=0, n< 1 

For if 8 =u 0 —u x +^2 ~ u s + a d %rfl f * 
S'=u 0 '-u{+u 2 '-u z +' , 
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and S m , S'„ be the sums of the first m terms and R m , R m the 
remainders respectively, 

^ S-S'=S m -S m +R m -R m 

w hen a= 0, and R m , R m separately dimmish 
indefinitely as m increases indefinitely Hence S—S'—O when 
a=0 and 

Hence formulae (A) become, when a=0, and therefore <p=- , 
<•» 2 

a!” -1 cos bx (fo=-v^ cos — ) in\ 

Jo 6” cos 2 (■“)> where n is a posi- 

f” , , PM v> •>*- I tive proper fraction 

J^a: n sm bx dx = sm — , j (6 positive) 

1162 Putting x=z K and nX—j>, we have 


f z^ 1 cos bz x dz = — L C os§r, 

Jo £ 2\ 

(B')> where p<X and 

© both are positive 
(6 positive) 

■ -a uxvz-'az= . S in^, 

K xii a 


lira w r W r, i-„),_l_., a,, „ tegtale (B) may b . 


written 


f a;"- 1 cos bx dx = — — 1 

•>o 26 n r(l— n)’ 


i*oo 

I x"- 1 sm bx dx = — — 1 

Jo „ nw 2b n r(l — 


J# eos ^ 26nr ( 1 - w )J 

1164 M Serret points out that the latter integral remains 

<to ““'" d to **• “ d »• 


(■“sinfa T 

Jo ~v ~ <te_ 2 P° 8ltlve ) 
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1165 If we wnfce 1 —n=m, m being a positive proper 
fraction, the formulae (C) take the form 


3 cos bx , 7r 
— — dx— 


b™- 1 ] 


cos 


* sm bx 
x m 


dx—- 


mir 2T(my 

"2" 

7 r 6 rn ~ 1 


sm 


mw 2r(m)’ 


1166 The case m=^ gives 


0 <m< 1 

(6 positive) (D) 


f °° COS bx , _ 7T _ N / 7 r 

Jo ^ * _ cos^ 2r & r ^’ 

4 


I 


00 sm bx 
Jx 


dx= 


sin 


__ b~^ y/ 7T 

r 2 r(i)“^ 


(5 positive) (E) 


Putting a=z 2 m these integrals, 

Jo cos bz 2 dz=j sm &z 2 efe==i^/^ (b positive), 
and if we put &=?, we have 


r ^ r 

I COS — r- ^2= 

* J 0 


7TZ a 1 

8in T *“2 


(F) 

These two integrals are known as Fresnel’s Integrals, and 
will be considered more fully m Art 1169 
The groups of integrals of these articles are due to Euler 
(Calc Integral , vol iv , p 337, etc ) They are also discussed by 
Laplace, vol vm , J ournal de VEcole Polytechnique , p 244, etc , by 
Legendre, Exercices, p 367, etc , by Serret, Calc Integ ,p 193, etc 

1167 Further Results 
Returning to formulae (A), viz 


r 


e cos bx dx = ~^r c°s n <£ cos n<f > , 


a n 

f Q sin bvdx = cos”<£ sm n<j> 

and putting n—l, we have the well-known results 


where b=a tan <f>, 


r 

f 


e~ ax cos bx dx = 
r fl *sm bx dx— 



a* + b* 
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A g..m remembering that 6= a tan <f>, we have & m =a"*tan m <£, and 
keeping a constant, 

r 6 b™- l db = a m tan” 1 " 1 </> sec 2 <#> d$ 

Hence multiplying the integrals by the sides of this identity, and 
integrating with regard to b from 6 = 0 to 6 = co, and theiefore with 

regard to <j> from <£= 0 to <£=-g, and taking l>wi>0, 

r? r /*°° 

r(»)a"-"J 0 sin m - 1 <l>cos n - m - 1 <j>coan<t>cl<l>=J i> j 0 e-^x^b”- 1 cob bxdxdb, 

3 r w 

T(n)a m ~ n J 8m m - 1 <f>cos”~ m ~ 1 ‘j>smn<f>d4’ = J 0 J 0 am bx d% db 

The right-hand sides of these integrals are respectively (taking n>m), 

Mcos^d* and ^dx 

by formulae (B), 

.. Ifc-! r W ™,=r „d Jfc=!r ( »)»=, 


whence we obtain 


r , ,, T(m)T(n-m) raw 
sin” 1-1 cos”-” 1-1 <f> cos n(f) d(f> = cos ~~2~* | 

r* , , , , T(m)T(n-m) mw 

J Q sm” 1 - 1 ^ cob n - m ~ 1 <f> sm n<f) d<f> = V sin -y 5 

=m+l, 

H 1 71W I 

J o sm w — 4> cos n<pd<p=^—^ sin -y» 

ft or , 7J 1 Jiff 
J 8in n ~ 2 9 sin n<pd(f)= - ^__ yC 08 J 

Replacing <£ by — — <£ in formulae (H), we derive 


j. l>m>0 

(G) 


and taking %=m+l, 
r* 


(2>n>l) 


(H) 


f cos" -2 < j> cos n<f> d<f) = 0, 


J* cos* - ” 2 ^ sin n(j> > j 

that is the formulae (G) still hold good in the limiting case m— 1 

1168 Since T(?n) T(l-m) = — - — formulae (G) may be written 
' ’ N 1 sm raw 

n \ 

j ^ sm 1 ”” 1 <j) cos’ 1 - 1 ” -1 <p cos n<j> d<p = 


(I) 


J ^ sin m — 1 <f> cos n-wl— 1 < p am 


- m) raw 
' 2 sm -s- 


Tin-in) w 

= roor(i-^) 2coa ^ 

2 


(l>m>0) 

(J) 
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When m diminishes indefinitely to zero, the limiting form of the first 
of these integrals is infinite The second takes the limiting form 


( cos* 1-1 cf> - 1Dn ^ d<p = ^ 
Jo ^ sin<£ r 2 




It will be noted that the integral (K) is independent of n 
These lesults are given by M Serret, Calc Intig , pp 199 to 201 
Differentiating the equations 


£ e-“ x coabx da = I», 
£ x n ~ l e~ ax sin bxdx = T (n), 


where r=*Ja*+b 2 and Q = tan -1 


b 


with respect to n f we have 

JT^^— COBtelo g^= C -^ ^ ( 0BlPnfl + MSnfllo g r) r {nl 

l^ + (^-Qg^-^^log y ) rW , 

and eliminating 

a z*” 1 e~ ax sm (nO - bx) \og^dx=~T (n ) , 

and if ?i=l, j” e~ ax sm(d-bx)log^dv=^ 

where r—*Ja 2 + b 2 and 0 = tan -1 - 

a 

Also could be approximated to by means of the tables foi 

logT(^) if required 

These results are due to Legendie (Exercices, p 369) 


1169 Fresnel's Integrals 
We have met the integrals 

poo poo -p 

J cos ^ sc 2 $£= j sm~x 2 dx=^ 

known as Fresnel’s Integrals, in an eailier chapter, viz in the 
tracing of Cornu’s Spiral ks*=\[s (Art 560) They are of 
importance m the Theory of Light Students interested m the 
employment of the integrals in Physical Optics are referred to 
Verdet’s (Euvres , tom v , or to Preston’s Theory of Light , where 
the various methods adopted in the construction of tables for 
their values between limits 0 and v will be found explained at 
length 
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Preston gives in the form of examples with hints at solution 
a very excellent condensation of the chief results aruved at by 
various investigators — Fresnel, Gilbert Cauchy, Knockenhauer 
and Cornu (Preston, Theory of Light , pages 220-223) 


1170 We may consider shortly some modes of calculation 
of the more general integral 

j^cos <f>(x)dx, where ^(a)=^ 0 cc n +^ 1 ct n " 1 +^ 2 £c w - 2 + 

Take first two near limits, a and a+h, w heie h is small 

ta+h rh 

Then cos <p (x) dx=\ cos <f> (a + y) dy , by putting x = a+ y , 

rh 

= cos{ <f> (a ) + y <f> (a) } dy neai ly, 

Jo 

since y lies between 0 and h, and is therefore itself small, 

_ sin{,ft(a)+M'(a)} — sm^>(a) ne&rl 
r P'( a ) 

Hence, by taking the limits successively, 0 to h , ti to 2 h, 
2 h to 3 A, etc , and adding the results, we may obtain a close 

rnh 

approximation to cos </>(x)dx, provided, of course, that <f>(x) 
is such that (p'(x )= 0 has no root between 0 and nh 


1171 A closer appioximation may be made as follows 
Since F( t i+ 1/ )=F(n)+yF'( l x) + ^ j , 


we have, by integration between limits -§ and 
h 


A 

r. 


and if 


F(v) = coscf)(i), and 


ra+h p - 

j cos<£(a:) cfr=J ^ cos<£(/r+y)d?/ 


— Acos^>(fi)+i i- + I ^ | ? eo<«^) + 

^3 

—A cos <#»(m) - jy [cos^) <£' 2 (p,) + sin <^(/*) ^(/x)]+ , 

from *lncli lesult we may pioceed as before, taking limits 0 to A, A to 2A, 
2A to 3A, etc , and adding the several results 
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1172 Fresnel’s calculations weie based in the manner described above 
upon a piehminary consultation of the integrals 

r + * irH. /**» „ t i 

J. cm - 2 -<*<> l »m ~ 2 -di, 

wliei© the interval h is so small that its squat e can be i ejected 
In this case, putting z = v + z, 

fv cos lf dx= f Q 008 f ( v 2 + 2w ) [[am I* (v a + 2t>&) sm ^ J 

and 

[ nn^dx = jf am £(«*+&»)<&» -1 [cos \ (v* + 2vh) -cos *£“] 

Then taking as intci vals and making v m HucccHHion 0, 

ily? j the values of the mtegials weie approximated to 

1173 The integrals 

f~r* [ mn ir ,fv 01 C coa it dv ' i am ~£^ v 

may each be expiessed in the foim A' cos j r Hin F?* ) w i,eie X and Y 
aie senes of ascending poweis of v, m mtogiating fiom 0 to », <n 
descending poweis of v when the integiatioii extends fn.m v to infinity 
In both cases the mtcgiation is peifoimed by “ Pai ts ” 

In integiatiiig fiom 0 to i> we piocecd as follows 

If--?*. 


etc 

— IT 2 


Hence multiplying by l T - T 3 - , EL. . ^ 

andaddmg, 1 3’ 1 3 5’ 1 3 r> V i 3 ft 7 U’ lt< > 

P cos ^ civ = cos -PP - , + 1 

h 2 2 Ll 1 3 5 f l 3 6 7 9 J 


-L Sin -~r — - Ti ° 7 . 7r ° < ’ u "1 

a Ll 3 1 3 5 7 + l 3 5 “7~9 11 “ J 


r 7TV* , tr g 

“•A cos - A + I sm ■ 


> fla-y, 


0 ) 


and pioceeding in the same way with / * nm 

Jo 2 


chapter xx vm 


and the sum of the squares of the integrals (which gives a measure of the 
intensity of illumination m a certain case in Physical Optics*) is P 2 + Y 2 
It is intei eating to note that the series A, 7 satisfy the equations 

f +™ F = i> 

*• \T&£) x ^ x =-b and 

or [(s*) - 1 'T] Z=_ i [(^) + ?] F= S 

1174 If it be desired to express the integrals with limits v to co in 
descending powers of v, the integration by parts must be conducted m 
the opposite order Thus 

jfcos + fi am if dv ' 

[t? am ir dv= I! i(™ sm x )*“[■ i cos xl' 3 f i 003 ?*- 
f i «" x * ■ f i (" 008 in) * = [i ain xl +6 f i 8in x^’ 
f i -**-f i(” sin x)* = ["i cos xl ~ 7 fi cos x 

etc 

Hence multiplying by 1 , 1 , - 1 3,-1 3 5, -fl 3 5 7 , etc , and adding, 
r v 0 , wvV 11 3 1 357 \ 

J. cos X^= 9 in xt-^ + ^ J 


W^/l 1 _ 

1 2 VrV 7 


35,13579 


= X' cos - 


t» 7ry" 

■F say, 


1 3 5 , . , 1 1 3 , . 

7 - 7 - + etc and 1 '= ^-t-etc , 

*■*«' 7 rv ttxt 


and similarly j sin dv = Y ' cos ^ 4 - X' t 


And, as before, the sura of the squares of the integrals is X' Xj r Y' 2 
Also X\ Y f satisfy the differential equations 
dX' _ dY' 

xr = -” 2 ’ 

We also obviously have 


7rv a 7 

cos — av= 


r *** 

■■ I coa-z-dv- 
>o 2 


TV * J 1 V TV * rr 7TI)* 

cos "g" ^=2 - ^cos — - r sin -g- , 


*See Preston’s Light 
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and similarly 

T*" 

Also 

[* 7TV 2 , 

cos — av= 
Jo 2 

r* ti? 2 , 

/ sm -pr- au = 
Jo 2 


9 m £*-jT ■»=£ *=I+roo S ^-Zsm^ 

ooa cos rfj; = ^ - i" co=i ^ +■ F' am ^ 

am f*~r Bm X <ft ’“I -3r/ c 08 X _Z '® Il l 


1175 The expansion (1) in ascending powers of v is due to Knocken- 
hauei * The expansion (2) m descending powers of v is due to Cauchy t 
For the student of the Integral Calculus, perhaps the most interesting 
of Mi Pieston’s quotations is one which expresses Cauchy’s series of the 
last article in the foim of definite integrals These expressions are 
quoted from the investigations of Gilbert, published m the Mivnoires 
couronnds de VAcad de B? uxelles , tom xxxi , p 1 

Writing y = w, we have 

[ v TTV* , 1 [ u cos u , f v TV 2 , 1 /’“Sinw , 

1 i ™ir d *=jmL ~jz du 


Also 


/%■ 


■ie~ uz dx =^) = ^ , 
ui ^ 


f c ° a ? r co3 “ a/; sm 

i r f 

7Tv/2Jo -/o 


e"”* cos w 




dudx, 


or changing the order of integration, which does not alter the limits, 

= ^mL 


_ 1 r 1 r cos a -sin M“l“ 7 

“wsi. 7iL“ e 1 +** J,^ 

_ 1 f 1 r v v cos u - sin u~\ T 

~Wli. TsLl+g'^ -n-** J du 




l+tf* 


dx- 


&-***] % , /*" e - "* 

- n . » dx+Binu -t= 

1 +«* Jq Jv(1+x 2 ) 


P — COS M | 

Jo 

^° W X* 1 ^ tau ^7 putting r=tan 0, 

«■ 

(VtanflWcot 0)o?0, 
by Ex 8, p 162, Vol I 




* Knockenhauer, Die l/ndulattonstheone des Lichti, p 36 , Preston, Theorv 

of Light , p 220 

t Oauehy, Comptes Bendus , tom xv 534, 573 
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Hence 


and similarly 


dx ) 


n> -r«,2 1 m? 1 J irv 2 1 f° xie~ M 

J^«in T rfD T co8 T ^L~U^ rda Sm 2 vt JiJo l+* a 

where u=^\ which express Cauchy’s senes X', 7" in the respective 
2 

definite integral forms 


■, ir*» 

irs/ZJQ 1+# 2 


--U* 1 

dx and 7' s ■ 


e~ v 

TJiJ* l +* t 


-dr 


1176 Several other interesting relations amongst these integrals are 
given by Mr Preston, to whose book the readei is referred 

A. table of the values of Fiesnel’s integrals, as given by Gilbert, is 
quoted in Ait 1177 fiom Mr Preston’s book The table is carried up to 
v=5 0 The oscillatory character of the results is exhibited in the graph 
of the Cornu Spiral in Art 560 


1177 Gilberts Tables op Fresnel’s Integrals 
Preston’s Theory of Light 


v J 

r Ty2 j 

| eos dv 

P TO 4 . 

J„ “T* 

* I 

0 1rv2 J 

cos dv 

) * 

00 

0 0000 

ooooo 

26 

0 3389 

01 

0 0999 

0 0005 

27 

0 3926 

02 

01999 

0 0042 

28 

0 4675 

03 

0 2994 

0 0141 

29 

0 5624 

04 

0 3975 

0 0334 

30 

0 6057 

05 

0 4923 

0 0647 

3 l 

0 5616 

06 

0 5811 

01105 

32 

04663 

07 

0 6597 

01721 

33 

0 4057 

08 

0 7230 

0 2493 

34 

0 4385 

09 

0 7648 

0 3398 

35 

0 5326 

10 

0 7799 

0 4383 

36 

0 5880 

11 

0 7638 

0 5365 

37 

0 5419 

12 

0 7154 

0 6234 

38 

0 4481 

13 

0 6386 

0 6863 

39 

0 4223 

14 

0 5431 

0 7135 

40 

0 4984 

15 

0 4453 

0 6975 

41 

0 5717 

1 6 

0 3655 

0 6383 

42 

0 5417 

1 7 

0 3218 

0 5492 

43 

0 4494 

1 8 

0 3363 

0 4o09 

44 

0 4381 

19 

0 3945 

0 3734 

45 

0 5258 

20 

0 4881 

0 3434 

46 

0 5672 

21 

0 5814 

0 3743 

47 

0 4914 

22 

0 6362 

0 4556 

48 

0 4338 

23 

0 6268 

0 5525 

49 

0 5002 

24 

0 5550 

0 6197 

50 

0 5636 

25 

0 4574 

0 6192 

00 

0 5000 


Quoted fiom 


irv 2 j 

1 am -2 dV 
0 5500 
0 4529 
0 3915 
0 4102 
0 4963 
0 5818 
0 5931 
0 6193 
0 4297 
0 4153 
0 4923 
0 5750 
0 5656 
0 4752 
0 4205 
0 4758 
0 5632 
0 5540 
0 4623 
0 4342 
0 5162 
0 5669 
0 4968 
04351 
0 4992 
0 5000 
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1178 Soldner’s Function 

The integral » known as Soldner’s Integral It 

is denoted by the symbol h(s), which is Soldner’s original 
notation The letters li are suggested by the phrase 
‘ logarithm-integral ’ 

It is obvious that the integrand has an infinity when x—1 
Hence, in accordance with the theory of Principal Values 
(Chapter IX ), when the upper limit is greater than unity, we 
shall understand this integration to mean 

(r + L)if L »- 

where e, » are made to diminish indefinitely m a ratio of 
equality 


1179 Properties of the Function 

Hence 


d 1 

It follows that gr ll {%) = 


d . , (m +!)&"* 
55 1 '^ )- iogt”+ l 


a"* 

■log*’ 




log e x ~ 


^h(a+M- log{o 6 + jJ). 

d , , —e~ x _er a 

d5 ll(e • 


"-igsr .' ete 

Hence conveisely we may expiess ceitam integrals in terms of a 
Soldner’s function, viz 

=li(®“+ 1 )+U, or between limits £ ^. dx =h (o m+1 ) - h f^ 1 ). 

, , .. ...» pi dv li(g+ipi)-h(g+6p>) 

\wm J — F M + C ' > -between hunts EgTJ+ET 6 

J^dv =h(e°)+C, u JT£«fo- h( e <*)-li(Aandsoon 

1180 To enable the authmetieal calculations of such results to be made, 
Soldner constructed a table of the values of li(*> to seven decimal places 
for values of *, from *- 00 to *-l 00, at the latter of which the function 
is infinite, the values being negative , and a furthei table of the value 
of lia, giving the values to seven places, for 1 1, 1 2, 1 3, 1 4, wmc 

are negative, and 1 5, 1 6, , 2, 2 5, 3, 4, 5, , 20, which aie positive 

and at certain intervals from 22 to 1220, all taken to eight significant 
figures 
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It w umi(‘u»HH«wy to give tin* tables hm a They will !«♦ found I « |u < hIih * *1 
m Do Morgan’# lUff and Int ('at* nfut, pages 002 uni f»t; t \ fe* extracts 
from these tables will indicate the* nhapo of tlu* graph 


X 

U (j*) (—) 

r 

H (x) ( ) 

i j t <r»( 

00 

(KK) 

00 

51/ 

mi ; » 

06 

013 

70 

7 HI 

11 11 *nU 

10 

0 12 

80 

i 134 

I 1 1 0<»3i 

16 

06b 

IK) 

I 770 

13 , 0 1M> 

20 

085 

05 

2 14 1 

11 1 0 1 h 

25 

110 

08 

3 315 


30 

157 

00 

1 ChM 


to 

253 

1 00 

«/> 


50 

371) 





X 

»(*)(8) 

# 1 

XiU) < t > 

l 5 

0 125 

20 O | 

0OII5 

1 6 

0 351 

30 0 1 

I 13 023 

1 8 

0 733 

100 

16 810 

2 0 

1 016 

KK) O i 

30 120 

2 5 

l 007 

200 0 i 

: 60 io * 

3 0 

2 101 

looo ! 

1 86 t 

40 

2 008 

000 j 

it? 0 

5 0 

3 035 

1010 

1M 1 

10 0 

0 100 

1220 

21? 1 


The march of the function can then bo «een to Ihi lUiijm a nted b\ the 
accompanying graph 
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1181 Method of Computation 

We proceed to show how these values were computed 

J *o 

■= — 
o logtf- 

can be thrown into the foims — I e~ y — or I e v ~- 

J-ioga y J —oo y 

Now, so long as n is greater than zero, we have by expansion 

V n + 1 ■y T *+2 


-c~~\ 


v «+3 


(* + 1)1' (*+2)2 '^(*+3)3' ’ 

where C is to be found The series is convergent foi all positive values 
of v and does not become infinite with v Also, when v=0, the value of 
the integral is r(n) Hence < 7 = IT (ft) 

v n -h 2 


#n-i e -xfa = r(n) - — + * n+1 


Hence 

This may be ananged as 


n (n + l)li (n + 2)2 » 


r 


1 _ i v n+\ 

x^e~ a dx=T{n)---- * 

w n n (n + 1) 1 


_ r(n + l)-l v n -l v ^ 1 

n n (w + l)!' 


v n +2 

{n + 2)2 »“ 
— , etc 


v n — 1 T(n+1)-1 

Now, if we make n diminish indefinitely, Lt ^ = log v, and Lt — 

is the limit, when n = 0, of — — f or fch e value %— 1, le 
J n 

SwL " m 

01 as r(l) = l, this is the same as r — loe r(:r)l , i e - y, where y is 
Euler’s Constant Ldx * 

Hence £ tl dx= -y-logu+j-^ , (A) 

Hence we have, putting v=loga, 

‘■(D- W+ 

Again, by expansion, 


(«> 1 )> 

(B) 

(®>1) 


and 


-fir* 7 -r+^-rWa'- 


and upon addition, diminishing € and rj indefinitely m a ratio of equality, 
the Principal Value of li(a) is given by 

li(a) = - f - — dx = -Lt( f +f cto, where <=77=0, 

J — logo 3? \J— log a Jlf J & 

-v+**<>* «)+r¥+^+ ! S?+ (»>« (O 
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As there is manifest discontinuity when o=l, and the Pimcipal Value is 
taken in mtegiating over the discontinuity in the second case, formula (C) 
will not be derivable from formula (B) by putting \ for a in the formei 
It will be observed, howevei, that the two senes then only differ by 
log(-l), which is the effect of the discontinuity 
By means of the expansion of 
I 1 1 

log (i +x) x \ 

1- 2 + 3 

=r-'+K 1 +K 1 x+Ky + K i z*+ , 

wheie the coefficients may be calculated either by actual division or by 
multiplying up by x(l - 1 ■ + ) and equating coefficients, giving 

Ai=i, 2T a =— ft, R A r 6 =— sSJlii, etc, 


we have, a< 1, 

and by Art 944, putting e-0=t>, 


whence 


K K 

2^6-l(h6-log(l - &)} = Lta—o {li (1 - a) - log «} = ^ + "3“ “ 


li (I - a) = y + log a - K&+ d 

J rl+« dz t> xr r f a dz 

„ ki~Z V ° j-llOg(l+2) 

= Jj{,-o[(y + log6-A 1 c + l!-K'>e a - ) 

+ {log a - log c + (a - <) + ~ e2 ) + H > 

a 2 

li (l + a)=y+log<i + Xi<x+.K',-|-+ 


(D) 


(*) 


Also, by Tayloi’s Theorem, ^ ^ ^ 

li (a + x ) = h (a ) + r (log «) -1 +^ (log a ) -1 §T + ® (loga) 1 V + 

Othei lesults will be found in De Morgan’s Differential and In* Calc, 
pages 660 to 664 By aid of these series Soldnei calculated the numeuca 
“ e r a doc 

values of the table for the function li (a)s J q 

"We may therefore now legal d such functions as 

1 e* c osh v e x ^ 

log T 1 log#’ & £ + 0? 

as integrate in terms of Soldner’s function, and theiefore their integials 
calculable by means of his table, for assigned values of the limits 
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1182 Frullani’s Theorem Elliott’s and Letjdesdorf’s 
Extensions 

Suppose F(zy) a function of the product xy of the coordinates 
of a point in the plane of x, y lying in the legion bounded by 
the 2 /-&xis, an oidmate at infinity and the two straight lines 
y — a, and y = b parallel to the cc-axis Let a and b be supposed 
of the same sign Let F{i) and where z — xy, be finite 

and continuous functions for all points m this region and also 
along the boundaries 

Suppose also that F(xy) takes definite finite values at 
x = 0 and at x= oo from the value y — b to y = a inclusive, and 



denote them by F( 0) and F( oo ) respectively Consider the 
surface integral of F'(zy) over this region This is expressed by 

j j F\xy) dx dy, or, what is the same tiling, j j* F\xy) dy dx 

The first form of the integral is 


Jo & Jq x 


The second form of the integral is 

= [J’(x)-J’(0)]log5 

Hence it appeals that 

j" dx = [F(oo ) - J’(O)] log 5 


X 


( 1 ) 
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Similarly, if we integrate over the region Ixmnded by 
&= — oo, x — 0, 'if = <t, j/ — b, 
we obtain m the same niannei 

J°_ w * )i i * (2) 

provided i^cr?/) takes a definite value ^ T ( — c© ) at r - — ^ 

In cases where ^ oo )- 0 oi ^(0) >0 the theoieni takes the 

simpler forms J -F(0) log^ oi /'’(*> )l ( >g^ 

respectively 

1183 We may examine these losults horn another point 
of view 


Let u ._J“^i±)_£( () ) (/< Then, putting ,n 

= f* F(< /)~F(Q ) 

Jo )/ 


and u 


y 

dij , and is thoiefote independent of a 


Hoace f-®“!=.W) dr .(WO- I’M,,, 

Jo Jo V 


pm rfx 

J Q *lr J A b J Q Jt 

b 

Therefore J" i Ml IL b ±) J“ Wf» ) d p . . *. (0) 




Now, in the second integral, vis; f~ — ^ ^ di t both hunts 

J k l, 


become infinite, when h is indefinitely increased, l>ut tliey me 

separated by an infinite intoival Hence it 

cannot be assumed that this intogi al vanishes, and it must bo 
investigated in each case 

If, however, F(bx) tends to take a definite finite value F(cc ) 
when a; is increased indefinitely, let its value lietween the 

limits j and - be called F(x>)+ €f where e is ultimately an 
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infinitesimal, and let e 1 and e 2 be the greatest and least values of e 

h 

for values of x between \ and - Thus f a F (p x ) ] ie8 b e t W een 

b a J h x 

b 

(F (oo )+ £l ) log ^ and (F( oo ) + e 2 ) log \ , 

Uj (Jb 

and therefore m the limit becomes F(oo ) log - , and the theorem 
becomes a 

f — ) ~ J?,(to) dx = [**(» )-*<<>)] log? 


But supposing F(bx) not to take up a definite limiting 
value such as has been described, it may still happen that 

h 




Jh x 

b 


dx assumes a definite value — K, or it may vanish 


In the former case f l^ dx=K—F{ 0)logr 

J Q X 0 

In the latter case f F(ax)-F(bx) ^ = j b 

J q X CL 


The formula f — ^^dx=F(0)log- is known as 

J q X CL 

Frullani’s Theoiem According to Dr Williamson it was 
communicated by Frullani to Plana in 1821, and subsequently 
published m Mem del Soc Ital , 1828 
The more general form 


J” F (ax) Fmog “ 

is due to Prof E B Elliott [Educational Times, 1875) * 


1184 As examples we may take 

1 J 0 — aa ’^ tan te di, = (tan- 1 co -tan->0)log|=|log| 

2 i” l0e frfi ZS §= (1 °S ^ 3 = log (l -1-2) iog \ 

These two examples are given by Bertiand, but arrived at m a diffeient 
manner 

* Both references are due to Prof Williamson, pages xi and 156, Int C ale 
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3 f ^ • ta ”‘ 

quantities 

4 j*“ = log-, which has been discussed eailier (Ait 

1041) ° 

1185 It will be observed by reference to the article cited that in 
Ex 4 the second mode of discussion was adopted Ibis was necessaiy, 
for if we attempt to apply Prof Elliott’s extension the debateable value 
cos oo appears 

As to the values of cos oo and sin oo , which we have in all cases 
avoided, the student may refer to a remark of Todhuntei , Int Calc , p 278, 
and may also consult Memoirs XV , XIX , XXXII in Vol VIII cun 
Phil To ans, there lefened to 

In cases where the evaluation of dx involves any 

doubt as to the definiteness of the value of F(xy), when * becomes 

r F(bx) , 

— cw?, 

another method of investigation must be adopted 
5 Thus, in the case 

f 00 / 1 + 2 m cos ax-\-n z \dv 

Jo \1 + 2 n cos bv + n*J x ’ 

we may write the mtegral (by Ait 1134) as 

JT 2 1 ( - X r )r ~ - ^( e -g 3 - mr ~ CO - 8 --) ix, (» a <l), 

01 f (n2> 1}) 

Jo 1 9 tiT\ x J 

= 21og^|(-l) r - 1 ^ r , (« 2 < 1) , ox 21og|i(-ir^, (» s > 1) > 

= log£log(l-Hx) a , (« a <l), or log^ log(l + ]-), («*>*) 

1186 In cases where F( oo) and F( 0) both vanish, the xesult is of 
course zero 


Thus, 

But 


r 

i: 


-dv=0 


X a 


1187 Other forms of the general result may be obtained by 
tiansfoimation 
Thus, .replacing % by of 1 , 

r r «-w fe= i [f(0O) - F(0) ] iogf, 

Jo v nj 0 V n v 


[ 


dx=[F{<x>)~ F(0)] log p 

OP 
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Ol again, putting y= log j?, the foimulae 

jf dy={F(* ) - F(0)} log - b , 

L F(ay) ; FJM ^(m - n - * )}io g | 

respectively become 

f- l°g? 0 ~f (1Og ^ ^={i f, 0og CO ) - J’Oog 1)} l0 g J, 
and j* Jdog^-Jdog^) ^ ={f(logl) -ff (logo)) log?, 
and, writing F (log z)sf(z) i 

f-Wt-ZOKWr?. 

,na j [eiuott] 

Again, if we write a = e a , 6 = e^, a = 6 y , 57=0 gives p= - oo , & = ao gives 
y= oo , and if j^(cz) be replaced by /(z), we have 

JT -J^ eVdy = [J( e a e v )y=a - J’(eV) i ,=-»] log j, 

* « J ^ [ /(“ + 2/) ~/(/5 + 2/)] % = [/(“)-/(-“)] lo S | 

=[/(®)-/(-“)](“-|S) [Elliott ] 

1188 Elliott’s Extension to Multiple Integrals 
Professor Elliott has extended the general form of Frullani’s 
Theorem to the case of ceitain Multiple Integrals m two 
papers in Vol VIII of the Proceedings of the London Mathe- 
matical Soczety , and a supplementary papei on these extensions 
was published by Mr Leudesdorf m Vol IX of the same 
Journal The singular elegance of the lesults ai lived at will 
commend itself to the attention of the advanced student who 
should consult the original papei s We have no space here 
for more than a brief indication of the method followed 

Adopting the notation used by Mr Leudesdoif, let #(p, q) denote any 
symmetric function of p, q which does not become infinite for any positive 
values of p, q from 0 to oo inclusive Denote 

f by [a], f fs(ax, by by [a, 6] 

JQ % JQ Jo J ‘V 

Let a=e*, b— e p , c=e y , d=e s 

Then Elliott’s form of Frullani’s Theorem may be written 
[a] — [6] = [$(co ) — $(0)] (a — fi) 
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Now, euitHldm tin Uitop.il (<w| [tx\ [or/ 1 \ [M|, <u, ah it UUV l«* 

wntteu fm shoit, [(« &)(<* d)\ 

Ry two applioattonH of the above tin mi iti thitbeionu » 

I " ( [N(ui f t/f) <'/) *///! 1 MK 

h ’o * 

j"(u lh\ W(«,«v) ^..rvir'; /()!«(' .'fv) .^0,rf./)|'J 

(« /a f t«('.fv) <« /(>/„’ i«(".<v) m*/*)]'}' 

(« /i)(y o)|.V(< , *) «</,<>) I ('< /*)(/ ' ) W'"U 

and ah $ ih a Hvmmetiu fuwtiou N(/ , <>) ^ ) 

Hoik e, wo oht uu 

0* /*>(/ AS(/ , O) I Wtt», oil, 

which) lot shoit, may ho wnttui (»* //)(y 

Hoik o, tho e*t<owion to a double tulegial nuv hi wntteu 

|(u h)(t f /)| *V(r <>)> /#)(y o) 

In tho pajiou tiled, tho icmlt ih « \ti mled to multiple mtegndi of a 
hitfhoi mdei Tho student dnmld have no ddhiuity m doing this fm 
hmmolf 

l Ihu On tho Transition from Beal Constants to Complex Con 
Btantfl in Eesults of Differentiation and Integration, 

hot um plenum* that, n» tho leimuki following tho vumbto r* a ioal 
<mo t vi/ i, th.it tho path of nitegiatimi nalmi** a pmtnm of tho t a\w, 
that tho limit t of any uitopalo mnming an nal ipiantitu * f and that 
the ionatanti ueummg an* independent of tho limit* , aim that 
tho function* dealt with ate hmto and lontimmiM, and m«h *< to 
poHHCHH di dm out ml » oelln tout i 

l HH) Lemma L 

Ixit Uy and u« lm two leal fum ttoiui of * who h o«mtmuallN appimioh to 
and ultimately dtilei hy leal than hiiv awtgnahle ipmutitn i fimn dt Unite 
hunting valuoa i\ ami v A iiopeetivelv a» « «outmudh appionhos a 
definite value a Wo tm\ thou put e» t * x and «* v* t <*. white < t 
ami 4| ait* (jtmnt item which ultnimtelv iaiii« 1 i when i appio,uhe*i 
indefinitely (lonely to rf, to that « t f u a aim ultuimhH um hi s white 
t hUukIm for J \ 

Then «* U«i v t t n» 4 1 «* 1 *«i 

ami /^(wj ♦ tti s ) t*i I w* t M<t 1 “i) 7 \ 1 *t*4 ^ Uj 


lim Lemma II 

If, upon putting i \ h for i, and w*tako tin valuen f\ and f^ieipoo 
tiu ly, it follow h thntw* \ iu A takea the value r^, 1 if 7 ,, and thetefme 

r . (ffiliff.) («t.Uw.> n f f i «* 4 l r/ r * ^ 
o 4 w A ^ ' 


t r 


</ 
</ 1 


(«* I ^n) 


</«t . dUa 

rf« 1 
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Hence, when a function of x containing a complex constant p + iq, but no 
other unreal quantity, can be separated into its zeal and imaginary parts as 
p+iq)=F l (x, p, q)+iF t (ai, p, q), 

th ®“ Tv F(v,P+iq) ~Ix Fl ^' p ’ !) +l ^ F>(s ’ P> 2) 

1192 It has been desirable to consider these lesults in detail, though 
they might be thought obvious Foi in our idea of a limit we have 
had constantly in mind some real quantitative arithmetical or algebraical 
result from which the function under consideration could be made to 
differ by less than any assignable real quantity by making the variable 
approach nearer and nearer to its assigned value , and it has not hitherto 
been necessary to considei the case where the function involves unreal 
constants 

1193 It is well known that the separation of a complex function into 
its real and imaginary parts can be effected in all the ordinal y cases when 
the function is of algebraic, exponential, logarithmic, circular or hyper- 
bolic or inverse circular oi inverse hypeibolic foim, such as 

(p+iq) n , [p+tq) a+lb , a p+iq , log (p + iq), sin (p + tq), tan-^+ig), etc, 
as well as m any combination of such functions 

Lemma III If F(z) be any function of z expiessible as a power series 
with leal coefficients, viz F{z) = YA n z n ^ with ladius of convergency p, then 
F{p + iq) = YA n {p + iq) n = YA n r n e^ wheie r = \Ap 2 + 3 2 <p, 0 = tan ~ l qfp 
= X + iY , say, 

where X='2A n r n cos n9, Y='2A n r n sin nO, and both these series are 
convergent if 2 A n r n be convergent, and then X + tF is convergent 
We then have X-tY=YA n r n e~ nLd = '2A n (p-- ^q) n =F(p-iq) 

The separation into real and imaginary parts is then effected by addition 
and subtraction of the equations 

X+iY=F(p + iq), X-tY=F{p-iq\ 
giving 2X = F(p +iq) + F(p- 1 q\ ZtY=F{p + iq)-F(p-iq) 

1194 Lemma IV 

When F(x , p+i>q) can be thus separated into real and unreal parts, as 
F(r, p+iq)=F 1 {v, p, q) + iF i (v, p, q), 

Fi and F 2 , besides containing v, may be regarded as conjugate functions 
of p and q, and therefore 

dF 1 _ dFj dF\ dF 2 

'dp ~ dq ’ dq ~ dp ’ 
and differentiating with regard to x, 

d _ ? (dFt\ 

^dpxdx) dq\d&)' dq\dx ) *dp\dvr 
dF dF 

% e and are also conjugate functions of p and q , 
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,e which is equal to^ + i^, besides 1m ol vi ng a, involves p aucl 

q as a function ot p+^q, and = <£(?, p-H#), say 

It might be said that tins also is a self evident fact aiismg fiom the 
principle that the piocess of diffei entiation with legal d to % takes no 
cognisance of the paiticulai values of any constants involved But as oui 
experience of this fact is based upon the behavioui of functions containing 
only leal constants, it is desnable at this stage to make this point also 
clear and to establish it explicitly 

We have then 4 - F(%, p+iq) of the form <£(*, p + i#) foi all leal values 

CbV 

of a, p and q , and we have to identify the fonn of this function c p 

Now the farm of a function is meiely a means of defining the particular 
manner in which the several variables and constants are involved in its 
construction, and is independent of any paiticulai values assignable to 
those vanables and constants 

Suppose then that it has been discoveied in the case of a leal constant 

p that F(v, p) takes the form f(r , p\ a known fonn say, foi all values 

ci 

of sc and p , then since, when g = 0 we also have j^F(i, p) = <l>(v, p) for 

all values of ^ and p , we must have c />(*, p)~=f(x, p ) , that is, the foim 
of the function <j> is identified as being the same functional fonn as that 
obtained m the diffei entiation of F{i, p) for a zeal value of p 

1195 It is assumed 111 what pi ecedes that we ai e dealing with a function 
F(sCj p) which is continuous and finite foi the whole of some lange of 
values of sc within which v lies, whatevei leal value p may have, and that 
the differentiation of F with legal d to % is a possible opeiation , and 
that these suppositions will not be affected if we change p to p + iq 
Furthei, that F x and F 2 are continuous and finite functions of 7 foi the 
same range, and that differentiation with regard to 7 ) p 01 q is a possible 
opeiation Under these cncumstances we may infer that if 

where p is a real constant, we shall also have a lesult of the same foi in 
when p is a complex constant 

If then it be distinctly undei stood that the definition of integration 
used is that it is the reversal of the operation of differentiation , 1 1 the dis- 
covery of a function F(x, # + 13), which upon diffei entiation with icgaid 
to x shall give rise to a stated lesult /(r, p + iq), it will follow under the 

limitations stated above ) that if J f(r, p)dt = F(z, p), wheie p is a leal 

constant, we shall also have Jf(r,p+iq)dv=F(v f p + Lq), wheie p + iq 

is a complex constant, and the integials being indefinite a leal arbitraiy 
constant G may be supposed added in the first case, and a complex 
arbitrary constant C x + iC 2 in the second 
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1196 As examples of these facts, let us cousidei 

(1) the differentiation of where jp and q are here, as always, real 
We have 

T % w +La =Tv^ e ‘ ql08x ^jb [ ^ {c0S (? log + 1 Sln & 

^ {cos lo £ *»1 + 1 25 [2?P{3111 lo S *)}]> by Lemma II , 

= cos (q log x) + - 2^ am (q log 

+ 1 |j* i*" 1 sin ( q log x) + x v cos (q 1 og x) J 

= (P + W) ^ [cos (q log x) 4* t sin ( q log x)] = (p+ iq) lo ? * 

= (p + L q) v P+‘<l~\ 

as might be expected from the principle of permanence of form stated 
above 

d 

Hence the rule =**»-* holds whethei n be real or complex 
Conversely, [ x p + l *~ 1 dx—— +LQ , 

J p + iq 

and theiefoie the lule for integration, viz j v n ~ 1 dx=— ) also holds 
whether the index n be real or complex J n * 

(2) Consider 

CLV 

This is e px loff a [cos (q i log a ) + 1 sin (q z log a )] 

= ^ ePX l0g a cos 1o S a ) + 1 ^ * vx log a Sin (qv log a) 

= (P + H?) log a e? x l °8 a [cos (q x J og a) + 1 sin (qx log a)] 

— (P+W) log a £&(*+*«)*, 

which 13 the ordinary lule for differentiating a nx when n is real 

Hence ^a na5 =?iloga a nx whethei n be realoi complex, and conversely 
r a nx 

J a nx dv= ^ log a whet5ier 71 be real or complex 

(3) Consider ^log p+iq x, 

t& d lo S^ - 1 d i 1 1 

~dz \og e (p+iq) log,(p+ t? ) d> L0 Z V - V lo g,(p+iq)' 

which is again the ordinary rule for S-\oe a K viz - 

dx Sft ’ x log e a 

(4) Consider -^-tan _1 — — 

av P+tq 

Lefc tsLn ~ 1 ^T^ =sX - L7 y and therefore tan-*— — =X + ir 
P + L Q p-iq 
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That ih, the ordinal v lule fm ddtoi initiating 


tan 


Uu 


a a 1 i r 


holds whether « ho real or complex 

It &Ul) follows tllAt ( j ut > <» "’ l ‘ 1 m 

complex 

( 5 ) Similarly, wo might go on to dnwiHH the other Htamlard cases Hk* 
wtudent may ver dy those for htimiolf 


1 \ »7 Essontial Difference in the Two Definitions of Integration 

Now the mmmatum doll mt ion of integratum hwes rt« moaning when 
tho integrand boeotneH infinite ot diuontiuuouK bet w een oi «it tho lumt'i 
of integration I Hit < c ho a \nlue of i at which the integiand Women 
infinite or diwontimimiH Thru, if the integrand ho reg'uded a* tho 
differential coefficient of nemo Firm tion of i, nay y, thon ma dimontmmty 
m tho value of di//dt for the value i < And to miei piet the Humiliation 
definition it has been «een in rhaptei I \ how ('atichy has given a new 


Humiliation definition 



)<fi, vt/ the hunt of the nomination 

)dt* r < )<t* t 

JC l >J 


wheto «, and y are to be dimimnlied indefinitely m a ratio of equality, 
obtaining what Cauchy (alia the Principal Value of the Integral In 
thw way tho dwontmuitif itwlf t* atoaM H m approached indefinitely 
ohmoly from oppomto aides, hut the dimontmuouN element u omrtted 

Thun a geometrical moaning is given to the nymliol £ ( )c/i, which, f*<mi 

the Mummatum definition, would tm otherwise moamnglcwc Hut t cgaiduig 
the integrand m the ddfeiential coefficient of the function y, the dm 
continuity itself i* an mcntial chtv a< tmttic of that function lienee the 
two dofimtumH do not ngieo if such point h um the one undei comuderatron 
o< c ui within the range of integration Hut it has lieen sec n earlier that 
in the alwonce of track caw* occurring lietweeu the hunt* of integration, 
the to ih agreement between the two definition* 
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y In the general theory of Definite Integrals, le of those mtegials 
between certain specified limits whose values may be sometimes found, 
as has been seen m the last thiee chapters, without any knowledge of the 
function which forms the indefinite integral, the indefinite integral is an 
unknown function of x i generally not capable of expression in finite terms 
by means of any of the known ordinary Algebraic, Exponential 01 
Logarithmic, Cncular, Hyperbolic or Inverse Functions 

1198 If then f(&, c ) be the known or unknown function of #, whose 
differential coefficient with regai d to v is F(x, c), we have 

l F ( x > «)<*»=[/(», 6)] s =f(a, c)-f(b, c)=x(o, b, c) say, 

and the two definitions, viz that of inverse differentiation and that of 
summation, agree except m the case where F(x, c) assumes an infinite 
Value or becomes discontinuous between the limits x—a and v=b , and 
this will hold when c is changed to any other value, say c\ so long as 
such change does not make F(x, c') become infinite oi discontinuous for 
any value of x lying between x— a and x = b } or at either limit 

It will follow that whichever definition may have been used in obtaining 
a specific result such as 

jT F(r, c)d-c = x( a > b, c), 

where c is leal, that result will still hold under certain conditions when a 
complex p+iq is substituted for c, that is, 

£ F(,x,p + iq)dx=x(a, b,p+iq), 

that is, provided that none of the stipulations with regard to F and x have 
been violated by the transformation 

This entails that F(x, c ) shall be finite and continuous for all values of 
x from x=b to x—a, inclusive 

That F(x, p + iq) shall be separable into real and imaginary pai ts as 

*1 (*> P> P, 4) 

That when this separation has been effected both F^x, p, q) and 
Pj Q) shall be finite and continuous functions of x for all values of x 
from x—b to x—a inclusive 

That x(a, b } p+ iq) is likewise separable into real and imaginary parts 
Xi(a, h 7 P> 0) and x 2 (<*, Pi 0) 

That when any convergent infinite series has been used, or its use m 
any way implied in the establishment of the primary result 

f t F ( x , c)dx = x(a, b, c), 

or in the separation of F(x, p -f iq), b, p+t,q) into their respective real 
and imaginary parts, the coDvergency shall remain unaffected by the 
substitution of p-\-iq for the real constant c for all values of x from x=b 
to x—a inclusive , and further, that when this convergency holds only 
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within definite limits of the values of p and q, the tiuth of the penuaneiite 
of form of the result can only he mfened between such limits 

That the path of the original integiation foi values of v from a point 
x=b to a point x=a along the a axis shall not have been altered m any 
waj by the proposed change from a leal constant c to a complex constant 

P+‘2 , * V 

With such stipulations, we therefore have 

j[“{i f ’i(*.p>2)+‘^(*»y> b > P’ ?)+%(“> b >p> ?)> 

whence j“ P> <l) clx =Xi( a ’ 2) > j[ ■**('> P< i) dl = Xi( a ' b ’ P< 

1199 If F(c, c) and x( a > b > c ) be such that J t F ( r ’ r ) rfl = X( tf > b > 0 fo1 

all real values of c, and that F(i, c) is developable as a senes of positive 
integral poweis of c uniformly and unconditionally conseigont between 

A % 

specific values of c, for all values of i fioiu h to a , so that J ^ F(v t c)dt is 

capable of teim by term integration, and is also developable in a like con- 
vergent series, and if x(«, <0 be also developable m a senes of positive 

mtegial powers of c convergent for a specihc lange of values of (', the 

coefficients of like powders of c m J c)di and x( a > 0 Al ° C( l ua l ^ 01 

all values of c for which each senes is convoigent And provided that 
this convergency lemains in both senes when we substitute a complex 

value p+iq for c, the equality of |* F(i, p + tq)dr and x(«> P + L( l) 

still hold good for such values of p and q as do not dwtui b that con 
veigency and do not cause F to assume an infinite or discontinuous value 
for any value of ^ between b and a 

If it be proposed to conduct the tiansition fiom c to p + iq by a pie 

r<t 

lmunary change to p + q, we have J ^ F(i , p + q)di = X( a , &» P + %) » llnt * ^ 

expansions of F(x, p+q) and \(a, b, p + q) be possible m senes of mtegial 
powers of q , each uniformly convergent between specihc limits of </, the 

coefficients of like powers of q in the expansions of j" p + q)dt aud 

X(a, b, p + q) will be equal, and tlioiofoie, provided the convergency of 
these series be maintained when a change from q to iq is made in them, 
and provided also that such changes have not caused F to assume an infinite 
or discontinuous value for any \alue of v between i=b and ^ = a, we 
may infer that the transition to the complex p + iq is legitimate 

1200 In the use of the method the piecautions necessary befoie the 
results obtained can be accepted as ligoiously established, aie somewhat 
irksome, and this has caused mathematicians to look askance at the 
process In fact it has become usual to legard it as a method of 
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suggestion of new integrals to be verified by other methods rather than 
as a mode of investigation For instance, De Moi gan lemarks “ It is a 
matter of some difficulty to say how far this practice may be carried, it 
being most cei tain that theie is an extensive class of cases in which it is 
allowable, and as extensive a class m which either the tiansfomiatioii, oi 
neglect of some essential modification incident to the manner of doing it, 
leads to positive enor It is also ceitam that the line which separates 
the first and second class has not been distinctly drawn ” 

De Morgan, aftei citing seveial instances of the success of the method, 

gives as one of failure, the case of f [tan”V]=:^" 

By putting y v^T in place of x, he obtains [ f\-^L an a 

J 0 1 + ^ Jo 1 — v 2 

remarks concerning thus that it is “an equation which we cannot either 
affirm or deny, since the subject of integiation m the second side becomes 
infinite between the limits ” 

We may, however, note with regaid to this, that it apparently escaped 
De Morgan that having put x=\/^Ty, the lange of values of y over 
which the integration is assumed to be conducted is not a uxnge ofieal 
values, as was the case m the integration foi the range of leal values of x 

from 0 to oo In fact y ranges fioni -j==. to -j — _ , corresponding to the 

leal range of % fiom 0 to oo, and all the values through which y passes in 
this lange aie imaginaries, so that y never passes through the value 1 at 
all, and therefoie the subject of integration nevei becomes infinite as De 

Morgan asserts As a mattei of fact, if we wnte , foi the upper limit, 
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and when k is oo 


=^log ( - 1) = \ log [cos (2» - 1) ir + 1 sin (2a - 1 ) r] 


=l\oge‘V n ~»' = ^ ~^ ’ 

where n is an mtegei 
* 

Hence J'-i jf has one of the values of -(2ra-l)|, wheie n is 

an integer The value »i=0 gives the particular value which we have 
assigned to the left side, viz P AL 
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r dx 1 

But if m the formula I j-— tan -1 cx, c be replaced by tc, we have 

f ^ 1 — = - tanh -1 cx Both the right-hand side and the integrand 

J 1 - c 2 # 2 c 

become oo at x—c -1 during the march of x from 0 to oo Therefore, with 
those limits, the change proposed is inadmissible We defei the con 
sideration of the use of a complex variable to the next chaptei And it 
is to be understood in all the remarks made in course of this discussion, 
that the march of the variable between its limits is not to be intei fered 
with by the substitution of a complex constant for a real one, % e that 
the change of c to p+t-q is not supposed to be one which can be bi ought 
about by a change in the variable , as is done in the case cited 


Illustrations 

/ x n 

x n -^dx --^ , write n=a + ib 

Then J ^ x A <&-*“+*/(<» +ii) [Art 1196(1)], 

te J X s - 1 {cos ( J log j-) + 1 am (& log a;)} dx 

— \x a cos ( b log x) + iz a sin (6 log x)] (a — ib)/(a 2 + i> 2 ) , 

whence, writing x=e 6 , 

j e a> cos b9 dQ = e a< - c ° 3 ftff-Jlp? 111 — , j>%m = 2+=*™**, 

which are the well-known lesults pioved elsewhere without the use of 
complex values 

(2) In the integral /= ( & — = riog(#+c)l =log^i- C , put c—qe ta 
Ja x + c L _Ja ct+c 

Then * _ * = v + ( I e ‘‘ La _ x+qco8a -tgsm a 

x+c x+qe ta aP+Zqx cos a+q 2 x 2 +2qxcos a+q 2 

and 

log^! = l W ^+% c OBa+g , + /^ .ysma _ ^ gama_\ 
a+qe M 2 a 2 + 2agcos a+ q 2 V 6+2 cos a a + qcosa' 

Therefore 

r x+q cos a , __1 , fr 2 + 262cosa + <7 2 \ 

x L + 2 qx cos a +3® X ~~2 a i + 2 aqcosa+q 2 I 

and f* ? 31n a dx ^b+qc^a «±gc 08 a [ 

Ja x i +2qx cos a +(£ 2 sina gsma J 

results which are obviously true otherwise 
The process is valid, for all the conditions laid down in Art 1 198 are 
fulfilled 

(3) In 7= e -** cos bxdx-- ^-^ write a^ce 1 *, 

*° a («, c both + ,# , a, acute), 

f (.“C® 008 * uSESina , z j ciJfie UL +(?6 La ) 

!• " ' 1 d F+ 2bV cos 2a + c* 
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Equating real and unreal paits, 

= /V- •o* * cos bx cos (« w a) dx = , 

* /o ' 6 4 + 26 V coa 2a 4* c* 

/ s = r e -e**o.a (SOB baBm {cxsln a)dx= c^-p^ 

Jo 6 4 + 26V cos 2a + c 4 

The change fiom a to ce ta> does not affect the path of mtegiation with 
legard to % from 0 to oo , the integrands remain finite and continuous 
thioughout the lauge, and though the uppei limit is infinite both 
integrands are zeio ■when & is infinite, and the conditions of the validity 
of the process are all satisfied Hence it will be fair to assume the 
results correct They may be i eadily verified otherwise 

r t — 

write a=ce‘“ (a and c +”, a, acute) 

Then f e -rtt*(coea l +t 8 m2«) jv 

Jo 2c 

Therefore jT e - '’*' 008 20 cos (c^* sin 2a) <tx=~cos a, 

[ e — <J * ,cos2a sin (cVsm 2a)<te=^ M n a 

The new integrands satisfy the conditions under which the transition 
is permissible 

Putting a=^, we have Fresnel’s integrals of Art 1163, viz 

cos cVdlr= -^=, 

2cv^2 

sin c 2 a 2 o?r = -^^= 

2c V2 

(5) In /s^ e~ a ' x ' dx=~ , write a=m(l + a), (a, + ' rB ) 

Then f° 

J-™ m(l + a) 

Both sides are capable of expansion m powers of a, convergent foi 
values of a which lie between -1 and +1 And both senes remain 
convergent when we replace a by an unreal quantity with modulus < 1 
Hence, wntmg /W- 1 for «, wheie /? < 1, we obtain 

£ e -m*(l -P)*( COB 2m i l3x i - i sin 2m 2 ^) dx=— — l —£ 

m l + m 1 + /5 2 

0»<i)p 


f< 

f- 


whence 


r. 


0S<1) 


m 1+/3 2 ’ 

e “j» 1 (l-P , )«* slQ 2m 2 f&d#=— _A_ . 

^ m 1+/3 2 

[Serret, C/oZc Jn* f p 140 ] 
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(6) Taking the mtegial 

/- Q*_ 

Is r e~ v ^cosh 2 qx dx=-£- e v% 

J-co P 

we obsei ve that cosh iqx and J 5 can both be developed m ascending 
powers of q which are both convergent series, and that if we wiite i? for 
the convergence will not be affected 
Hence, we may safely infer that 

/ — _ 

J° e~ p, ^coa2qcclx=-^ e p , 

and as the integrands in these integials are not affected by changing the 
sign of x in either case, either integral may be taken from 0 to oo, and 
the results are still tiue, provided in that case the light hand sides be 
halved 

(7) In I s e~ <f ^ + ^dx=-£e-^ a , wnte c = fce“ 

r -l » e 2la (*>+^), s/ir la 2at*e”“ 

Then J o e v *' dx =J£ e e 

JV* , (* , +S) 00, \os {s*(^+g)«n 2a} d, 

= 008 2« cos (a + 2afc 2 sin 2a), 


JT* e _ **(* ,+ ?) “V [»(*+*)***) dx 


Jz^j- e - 2 ai»cos 2a bin (a + 2afc 2 sm 2a) J 

[Cf Cauchy, Mim des Sav Etrangers, 1 , p 638] 

(8) Taking Laplace’s integi al jH e ~ a '^ cos 2bv d% = ^ e a , wi ite 

nr 

a=ce* , then a 2 =c 2 e 2 = ic 2 and e~ a ' x ' = e -1 '*** = cos c 2 a 2 - 1 Bin cV 
Therefore (cos cV - i sin cV) cos 2 6a <to = -^ e ^ ^ , 

whence cosc 2 a 2 cos 2&j (to — cos ("4 _ ^)’ 

f \^7T /t Z> 2 \ 
bin c¥sm 26# cto?= sin ^ ^ J, 

results due to Eounei * 

* 7Vai^ de to Clialeur , p 533 , Giegory, DO,p 485 
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1 Show that 


r 


PROBLEMS 
cos 9 * ^ cos n% ih = ~ n 


[Coughs, 1892 ] 


Show also that J cos” 9 cos (n -2 i)6dd = n G , ~ 

2 Evaluate | ^1 - jjp % n - x th, wheio n is positive and L a 

positive integer L& T John’s, 1892 ] 

2 (*"■ ,n 

3 Prove that - e c 008 31 sin (c sin %) sin n% ch=— t 

[Matii Tripos , 1872 ] 

4 If m be a positive integer, prove that 

IT 

J (2 cos sm (m+l)xd%==-£~ 

[CoiiLPGi,s e, 1883 ] 

5 If n be positive and less than unity, show that 

r COS IX, __ 1 n ~ l 7 r ?i7T 

J 0 2 SeC T [Colling i s ft 1889 ] 

6 Show that 

r COS 2^cos^ ^ = 7r / 1)9 2P _ 2 jl(jj+l) 0> + *-l) 

J 0 cos? 9 ^ r \ j 6 i > 

where is any negative quantity ot any positive piopei fi action 

[Colt i oi s 7, 1888 ] 

7 Establish the lesult 

_[ cosh (jj log r) log (1 + a) ^ - I ( a -ZL- -l ) (p*l) 

[Corn oi. s 5, 1883 ] 


f 2 " sin 

J 0 1 -2 sin a 


sin 2 


8 Evaluate i ; — 

i sin 6 + sm 2 9 [Colliuoi s ft 1890 ] 

9 Show that the product of the two integrals 


JV 


-a? x 2n - 1 t li an d 


\ 0 e ~ x ' x '~' 


Zn dx is 


4 sm mr 

[Coi 3ji «ks a, 1890 ] 


ir 

10 If e&dx, show that w 2 = |* (e^ soc ° 0 - 1)^0 


[Coii.f<ii«s o, 1890 ] 


1 1 Show that <^ = £log{i(l- c-*«)} 

rCoLijffiUFS, 1892, etc I 
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1 2 Show that 


£ urri i ^ - 2 (° + 32 + 5 * + ) if a<i 

• /0 rx.r . _ ^ 


[Math Tripos, 1882] 


13 Piove that 

/•2i r 


j. 


2 ^i fljr 

cos 7 ic 0 log ( 1 + 27 ?i cos c ^ + »i 2 ) dO— - — m n or — m n , 


according as n is even 01 odd (1 > m>0) 

asm 6 


[B P] 


14 Find the value of I sm nd tan -1 




1 - a cos 6 




where - lead and n is an integer 


[Oxford II P , 1900 ] 


15 If m, % being each less than unity, and sm x = n sin (x + y). 


show that 


Crr 


asm ydy 


7T 1 

2 = ^ l0 Si 


2 m cos y + rrP 2m 6 1 - mn 


[St John's, 1891 ] 


16 Show that 

r 


n&L — = Ca- 2(fc + 1)n + 2wi+1 ^ cosec 
0 (a^ n +a 2n ) i + 1 2 ti 2n 9 


where m, n and h are all positive integers and men, and Q is the 

2m+l-2n 

coefficient of c* m the expansion of (1-c) 2n m ascending 
powers of c [Colleges a, 1887 ] 


17 Prove that 


i 


dx 


6 + d 


0 (1 +z 2 )(l - 2a cos a; + a 2 ) 2(1 - a 2 ) e-a (^ <a<1 ) 

[Colleges y , 1888 ] 


18 Prove that T ^L d 9 ~ where a>1 

J o a-cos0 (a 2 ~l)^ 

[St John's, 1881 ] 


19 Prove that 


( 19 , 


r f g+c ° 8 ^ v 

Jo (1 + 2scos0-i-e 2 j 
according as $<1 or e>l 

aPdx 


ir 2e 2 -l 
or ^ 


2(1 - e 2 ) 2 e ? (e 2 — 1)’ 


[R P] 


20 Show that 




* sm na 


2x cos a + x 2 sm m r sm a 


an integer and *r>a>0 


, where n is not 
[St John's, 1891 ] 
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21 Show that f — - = — cosec— if n> 1, and thence show that 

£ , Jo 1 % n 

if n he positive, J0 

J 0 log X log (l + dx — *® cosoc ^ ^log * — ■ cot ^ — 1 ^ 

[Math Tripos, 1883 J 


22 Expand the definite integral 

Jo (l-«r)v 


j: 


in the foim of a series of ascending poweis of n, and thence or 
otherwise find the relations which must subsist between a, /3 , y and 
the indices a\ ft' , y of a like integral, in ordei that tho two integrals 
may be to each other in a ratio independent of u 

[&Mirn’s Pri/i , 1875 J 

23 Prove that 


1(1 -2a 


sin 2 r dx 


tei} 


- 2a cos »+ 0^(1 -2icosa+i 2 ) 2(1 -ab) 

[C 0 LLL.CIFS 7, 1893 ] 

24 Point out the fallacy m the following tram of reasoning. 
By putting ax=y , we have 

Show that the value of the latter integral is log^ 

[Trinity ConnauB, 1882 ] 

25 Deduce from the expansion of log(l +x) that if j; > 1 

a 2 x* xP x* 1 r 

T 2 + 2* + §2 + 42 + ^ J 0 [ lo gO + 2x cos O + x^fdO 

Deduce Euler's series 

1 1 1 1 _7T 2 

1 2 + 22 + 3‘2 + 42 * “0 

26 Show that if 7 r = J sin ? 6 cot | d$> then I f = 7, M 
Hence show that I, =w 

h 

27 By differentiating u=J g — dx with regard to a, show that 
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Hence deduce 


r *Mz±M dx= (a-b) r^d*- 4>'(0)[a loga - 6 log 6 - o + J] 

Jo Jo 25 


-(a-b)Lt h ^y®, 

h 

on the supposition that <f> is such that I&-. £ vanishes 

4 

, , , cos ax - cos lx , 7r /t v 

Apply this to show that 1 ^2 dx — -^{b-a) 

[Beetrand, Calc Int , p 226 ] 

28 Prove that if m, n are positive integers whose HOF is ?, 
and m=rft, n = rv, and p, q numerically less than unity, then will 

C* dx _ it 1 +p v q* 

J 0 (1 - 2p cos mx +p 2 ) (1 - 2 q cos nx +g 2 ) (1 -f) 1 -JP’T 

, f cos rx , 7 r f Vl - - IT 

29 Show that £ rT7 ^ i & = ;7 ===[ 7 J 

[Colleges 5, 1884 ] 

30 Evaluate j sinolog tanzdz 

31 Prove that if n be a positive integer, 

7T n* 

( 1 ) J cos 2nd log (sm 6) d6 = - ^ , ( 11 ) J ^ cos nx (cos s) 71 ^ = 

32 Prove that, n being a positive integer, 

IT 

7T 

cos 2710 log sin 6 dO = - ^ , 

tt 

( 11 ) | cos27i0{log(2 sm^)} 2 ^ = 7 r^ n / 2 ?i, 

(m) £ {log (2 sm 6)}*dd=i rS/288 + ^ *r 

where ^„=l + ^+g + j+ +^Z\ + 2 n [Sr John’s, 1891 ] 

33 Evaluate T /1 xsmx dx (a< 1 ) 

J Q (1 - a cos a ) 2 ' [Colleges, 1890 ] 

34 Prove that if n be a positive integer and 7 r /2 >a>0, then 

r d ± _«**** *- 13 5 (an- 3) la 

J 0 x (1 - sin 2 a sin 2 £c) n 2 n (w-l)i 

[St John’s, 1887 ] 
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35 Show that 2 j* sec x log (1 -H sin a cos x) dx = )ra - a 2 

Hence deduce [ — 

Jo l -® 2 


[Trinity, 1884 ] 


36 Prove that if x< 1, 




, 1+ascos 9 dd - 

log z 2 3 = 27 r sm” 1 # 

0 ° 1 - X COS 0 COS 0 [COLLrGES a, 1891 ] 


’1 - x cos 0 cos 0 

37 If u + v — 4, u - v = 2 sin 0, show that 

r, «• <20 7T 2 , / ft a ir\ 

Jo 1,,g ^ t= 3 - ,rlo g( 2cos n) 

38 If wi and w are positive integers, prove that 

’ cos (2m + l)fr- cos (2n+ \)x ^ __ , ^ * 

oi n /v ' • 


j; 


39 Prove that 


[Oxford II , 1890 ] 


IT 

r TT CL 

j (tan-katana) - tan" 1 ^ tan a)} (tan ^ + cota)<fc = ^ log 


where a and b are both positive 


[Oxford II , 1886 ] 


40 Show that 
a and b be positive 

41 Prove that 


non 

Jo 


e hx sin Bx - e~ ax sin ax , - , a b A , 

l- <2r = 0 if — — = 0, and 

x a /3 ' 

[Clare, Caius and King’s, 1885 ] 


Iff 


Ix + my+nz 


dx dy dz extended over the volume of 


the ellipsoid a 2 /a 2 + //6 2 -f s 2 /c 2 = 1 is equal to 47 rabcje, a being equal 
to Ja 2 l 2 + b 2 m 2 + c 2 ti 2 and 7, m, n being direction cosines 

[Coi leges, 1886 ] 

42 Show that 

r fe~ ax -e~ bx , / r,er* x \j , . b 

J 0 V ? +(*-!>)— }dx=b- a- alo g-, 

where a and b are positive quantities [Trinity, 1892 ] 

,0 t> ,1 . f 7 {0 -tan -1 (n tan 0)} sin 26d6 it , 1+h 

43 Prove that 1 r — 1 = — -log— ^if ? i 

Jo 1 + 2?icos 20 + ft 2 4 ti & l+n 2 

be less than unity 

Determine also the value of the same integral when n is greater 
than unity [St John’s, 1891 ] 
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44 Prove that, for any value of n, provided a be between 0 and * 

poo 

Jo (TT 


dx 


and 


i 


SC n )(l + 2aj COS a + X 2 ) 2 sin a 

(1 ±x 2 )dx n 

o (l+£ n )(l -2£ 2 cos2a4-fc 4 ) 4sma 

[St John’s Coll , 1881 ] 

45 Prove that if c "be positive and less than unity, 

I sin2n<f>\ e-a.c*sm»^cos{ca;sin 2 </>(l -ccos<t>)}dxd<j>- 2 TrCjy ^^2 

[Math Tripos, 1886 ] 

46 Prove that 





,c pi+^ 5 r' /c# " y, " af 


Jo Jo 


f X \ +V \ + %J*dydx= 

C 2 +v 2 +2 2 + 4 c 2)4 J 


1 2000c 2 n/T+wT 2 
[St John’s, 1885 ] 


(a: 2 -f y 2 -f z 2 + 4c 2 ) 

47 Show that 

j* J /(mcos 0 + w sin 0sm <£ -l-psin 9 cos <l>) sm 6 dO d<j> 

[Poisson ] 

48 Prove that if n be a positive integer, 


rs. 


49 Piove that 


sin 27l + 2 x { sm 2n + 2 y - sin 2ft + 2 s} , , 

sm 2 2/-sm 2 a- ^ 8 

[St John’s, 1888 ] 


rs. 


m 

(1 — sin 2 w sin 2 0)’ 2 sm n+1 (odd aw 

[Math Trip , 1895 ] 


eZ<9 


is a symmetric function of wi and n 

50 Prove that 

[Ox II Pob , 1902 ] 

51 Prove that 

\ l a £ («”) ■ dx- ( - 1 )%/S «* T 

52 If u=(ab' -a'l)*# + (ac' -a'c)xy + (bc' -l’c)y 2 , prove that 

n r® ir 

where J57 = 4 (ah' - a'&) (ic' - b'c) - (ca' - c'a) 2 , provided 

4 (5 2 - ac) (5' 2 - aV) > (2 lb' -ac f - a'c ) 2 [St John’s, 1886 ] 
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53 Show that 

f f e ~a%*- 2< Xi/-by* fa dll = COS'” 1 

Jo Jo 2 Jab-c* Jab 

if a > 0 and ab - c 2 > 0 [ICS, 1897 ] 

54 Show that 

££,oo.h**. «*-*» dxdy = 

if a, c aro positive quantities and ab -6 2 > 0 [ICS, 1897 ] 


55 Show that 


»r y 

j" J* F( 1 - sm 9 cos </>) sin 0 d9 d<j > = i 77 J F( u ) d u 


[St John’s, 1891 ] 


56 Trove that 


|°° | ^ j>(a*j? + Ptf)dxdy = ^(x)dv 


57 Calculate the \alue of 


ff 




JJ ? 1 ? 2 


taken throughout the ellipse 


iV 2 =i 

whore and ?, are the distances of the point a*, // from the foci 

[CoUjKGIS a, 1889 ] 


58 If ra8injp 1 08inj» i 0 smp a 0 sin^ 2 n+i^ where jp x , p 2 , j?2«+i 

are any positive integers whose sum is odd, prove that 

rvde_ r V(ie 

J 0 9 ~ Jo sin 6 [St John’s, 1892 ] 

59 Show, by means ot Landeri’s Transformation 

tan (<9-4>)=®^tan d, 

rw <16 n- <1$ y 

t at Jo (a 2 cos 2 0 + b 9 $m 2 6)* J° (af cos 2 </> + b L 2 sin 2 ’ 

where and b x are respectively the arithmetic and the geometric 
means between a and 1 

Point out the value of this result in the calculation of the 
numerical ^ lue of the definite integral [Math Tripos, 1889 ] 
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60 If p be the length of the perpendicular from the centre of the 
ellipsoid ^+^+^ = 1, on an element dS of the surface, prove that 

dx 


jff {j7H * dff, + ji)} £ JU 
£ 



61 Show that 


5 sin r6 sm n9 
6 sm 0 1 


=* a* 


provided n is an integer and i any quantity > n - 1 

[Math Trip , 1873 ] 

r x 


62 Prove that 


63 Prove that 2 


f 0 

Jov4a;-a; 2 

[Clare, Caius, Kino’s, 1886 ] 

TT 

^ log ( l +sin20)d0 + 7rlog2 = O 


Hence, or otherwise; find the value of 
1 , 13,135 

2 2 + 2 4 2+ 2 4 6 2 + [Ox I P,1900] 

64 If v, v! are essentially positive quadratic functions of x } A, A' 
their discriminants and H the invariant intermediate to A and A', 


prove that 


I * , xi dx r , 

v-Ja 108 


E 4 - 2 VAA' 


4A~ 


[N anson, E T , 13406] 

65 If V a n x n = 4 (x) and ^b n x n = >p(x), 

$==0 n =0 

show that 

= {<j>(xe ld ) + <j>(xe- l6 )\ {\l/{e L6 ) + ^(e- L$ )} dQ-a o b 0 
If also V c n x n = x( x )y show how to express ]>} a nK<hi^ n hy means 

n ~0 n =»0 

of a double integral [Smaasen ] 

66 Prove that 

px ufa* uW 
1I2 1 2*4:* 3*6' 

cos cos (fx sm 6) cos (sjx sm IK 1 
[W H L Russell ] 
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67 Show that 

rr 

l-^cos 2 ' 1 * dx = ( a s + 2*)(aJ + 4S) {a 2 + (2«) 2 } a 

Hence prove that 


(2n)' 


2 smhY 


- x x 2 cc 8 

+ ¥+2^ + {a* + W) (a 2 + 4 2 ) + (a 2 + 2 2 ) (a> + 4 2 ) (a 2 + 6 2 ) + 


= |cosech^f~ jr 6 n, cosh («/s cos 0) 

"2 

P 

f 00 ®*' Iw 1 

68 Show that J 6 4 (e* _ cos £) da; = 4 y - sinh - 


[W H L Russell ] 


69 Establish the results 

(,) fo / ( a! + S 10ga ? = ° 

(u) j ; ^ + s) ^ = i- j; /(* + § ? 

70 Establish the results 

<■> J>N)rh^j>K)? 


[W H L Russell] 


[Liouville ] 


Too 

<”> Jo (1+a 


da; 


7T 

= 4 


a; 2 )(l+a;*) 

[Glaisher, Messenger of Math , No 70 ] 
71 If J n (x) be Bessel’s function, show that 

"(t) 


j: 


0 % n ~ m 


dx = 


x n 


V7r2«r(7H-i) n ^_m+2^ 


(2n + 1>0>7??> -1) 
[Math Trip , 1898 ] 
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VECTORS THE COMPLEX VARIABLE 
CONFORMAL REPRESENTATION 

1202 The Operative Symbol t 

Let , be defined as an opeiative symbol which, when applied 
to any straight line of given length, and lying in a given pine, 

, " , 16 ® 60 0 urnln g th at line m the given plane about one 
its extremities through a light angle in the positive direction 

clock wise 11 ' ' L 6 aCCOr< ^ ln £ to cus tomary convention, countei- 

Then, if OP be any length measured along the positive 
direction of the x-axis, iOP will be an equal line OP \ measured 
along the positive direction of the y-axis 


Fig 340 

oJ° W inP’ l 8 We may wnte ln anal °gy with algebraic 
custom i i OP y may be intei preted as the result of doing to t 0P 

what , ha, done toOP,%e OP ■ has been itself turned counter- 
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clockwise to a position OP 2 lymg along the negative direction 
of the oj-axis, the absolute lengths of OP 2 and OP x being each 
equal to OP 

Again, l{l(iOP)}, le iOP 2 or i B OP has turned 0P 2 to the 
position 0P 3 lying along the negative direction of the y-axia, 
the absolute lengths of 0P 3 and OP being equal 
Finally, /[i{i(iOP)}] ; le iOP 6 or &0P y has turned OP to the 
original position OP 


1203 Interpretation of \J — 1 

Let us next consider for a moment the symbol oi, as 

it is usually called, “the square ioot of —1,” an expression 
with which the student has grown familiar m algebia, m the 
solution of quadratic equations, factorisation, etc 
Now all arithmetical quantities are either positive, zero or 
negative There are no others Their squares are all either 
positive or zero There is no arithmetical quantity whose 
square is negative But the definition of »]—l is that 

1 = - 1 , 


or conforming to the usua l notation and language (n/— l) a = _ ] , 
and^ the square of J— 1 ” is —1 The logical inference is that 
v— 1 is not quantitative 

But it is customary nevertheless to discuss and use such 
expressions m algebra as they arise there, and as they obey 
the same fundamental laws of algebia as aio obeyed by 
ordinary arithmetical and algebraical quantities, viz (1) the 
associative or distributive law, (2) the commutative law, (3) tlu* 
index law, so long as they are combined with quantities which 
nave magnitude only and no directive piopeity 
Now, according to the usual Cartesian convention of sign to 
denote the relative direction of lines, if OP be regarded as a 
line drawn m the direction of the positive dir ection oi the a-axis 
and UP 2 an equal line m the opposite direction, OP 2 = — () p 
Thus MP=-OP=(J=lfOP 

We may therefore properly interpret 7-1 as being identical 
with the operator ,, and therefore regaid which i* not 

quantitative at all, as being operative and having the piopeity 
that it turns any line to which it may be applfed through a 
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light angle counter -clockwise about one of it h extremities 
It ih not thoiofoie commutative ns itgnrds Mich expressions as 
have dnection as well as magnitude, / r such expressions as 
aie known as “vectors,” m distinction iiom those* which have 
magnitude only, to which the* term “scalar ” is applied 

1204 Definition of the Term “ Vector ” 

The teims “scalar” and “veetoi ” me dm* to Su \\ illuun 
Rowan Hamilton 

The definition o£ a “vector" given by Kellnnd and 'Tmt 
(' Quaternions , , p 6) is, “A veetoi is the represent due of 
txansfeience through a given distance m a given dueefiou “ 

In the consideiation of such opeiative symbols and vcttois 
we retain, as is usual, tho oidmary teuns addition, subtiaetmn, 
multiplication, division, though the mtciprctation of the 
results will (litter m some lespeots from tin* lesults of the 
corresponding common pioc(*ss(*s as applied to s< aim quautit u»s 
If a rigid lamina be displaced without, lotation fioin one 
position to another position m its own plane, points d, H (\ 
of the lamina are tianslened to new positions A\ f*\ , 

such that A A', JUl\ G0\ etc , me all equal and pmalhl A 
knowledge of the length and dueclioti of any one of them 
would he enough to fix the second position of tie* lamina 
relatively to its original position They aie all \ee(oi quart 
titles and equivalent That is, they me represent* d by the 
same veetoi A vector incompletely defined when its mngnt 
tude and its dnection aie known No account is taken of its 
position In this respect a veetoi tlifleiH ftom a foiee which 
needs fiuthor description, vi a a specification oi the point of 
application 

Hence a f oi ce is lully defined by (I) its point of application, 

(2) its i opresent ati \ e vect t « * 
In the case of the axis of a couple the only elements neces- 
sary fox its description are (1) its magnitude, (2) its dnection 
Hence the axis of a couple is a pun* vector and needs no 
further description, the veetoi being specified 
A vector is therefore represented graphically by di awing 
any straight line in the specific dnection oi tin* vector mid of 
the specific length indicated m tho description oi tin* vector 
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And all parallel lines of the same lengthy from whatever points they 
may be drawn, will equally represent the same vector 
Thus, the force acting at a definite point, a velocity, an 
acceleration, the axis of a couple are familiar examples of 
vector quantities, whilst speeds, moments, energy, horse- 
power, are scalar quantities 

1205 Laws of Combination of the Operator i 
The operator i obeys the “associative ” or distributive law 
of algebra For if we apply it to the sum of two lines OA, AB 
(Fig 341) which lie m the same direction, say along theas-axis, 
it is immaterial whether we first add the lines together and 
then lotate the sum through a counter-clockwise right angle, 



or whether we first rotate OA through a counter-clockwise 
right angle to OA' and do the same with AB, br* ^mg it to 
the position AB V and then transfer the result AB X parallel to 
itself to the new position A'B' Thus 

i(OA+AB)^LOB=OB'^OA'+A f B'^OA'+AB^tOA^LAB 

1206 The same is obviously true if the operator i be 
applied to the difference of two lines or to the algebraic sum 
of any number of lines m the same direction 

1207 Again, if a line be doubled or trebled or halved, etc , 
and then turned through a right angle counter-clockwise, the 
effect is the same as if we turn through a right angle first 
and then double, treble or halve, etc, i e i(pOA)=pi(OA), p 
being numerical, so that i obeys ike commutative rule as regards 
numerical, that is scalar, quantities But it is not commutative 
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with legard to the subjeet oi ltsopeuitmn, i e we cannot wide 
lAH as /1/ii any inmo than we <an wide log i as / log 

Finally, t satisfies the intlet law of tiltpha Koi t<> turn n 
line n times m succession through a light angle m a iount»*i 
clockwise 1 dneetion bungs it. into the same position a it would 
have had li tanned m the same dnedion thiough a light 
angles at. a single operation, 

? c i n () i tii to a opeoitnms O t 

Thus i sat. tshes all the lundaimntal laws ot algebiute mue 
bmation, except that, it is not eommut it i n « with legal d tounj 
vector quantities upon which it is opuative 

1208 The s\mbol A ft, as dt noting a line Mm tin;; ti«»*n J 
and teiinmatnrg at. H t diawn m a definite direction, nw\ he 

considend us a ti nnsh lenei 
ot a point fiom a p<» *it ton A 
to a position /*, and maj l*e 
regal d« d as a \« etoi , oi m I net 
it sol i as an opci,di\c .yiuKtl 
w lm In when applied to a unit 
line, vi/< tH( I ), » Mend * that 
unit III the » pet died till eetion 
m a numeneal i.ifio oi tie* 
absolute length of All to unit V 
When ( is applied to l/J, t to 10 i* iuithet tin lot at ion 
thiough a (lock- wise light, angle 1 to the pout ion AH 

II AH he itsell unity, then \B' * (I) t, **ay, and < nm\ 

itselt he regarded as a \eetot 

1 20‘) Vector Addition 

The gencial idea of a \eebu he mg that it ti an op* Mini 
which has t.he efle< t. ot tianslemug a point through a gi\en 
distant o in a given direction, \u* understand Unit "mi tor 
PQ ” means that t.he point V m to l>e tiansfened fiom /* to 
Q tlnoiigh a distant e lepiesented by the length oi PQ in tie 
direction specified hy the dneetiou m which the lino J'Q is 
drawn Irom P Tins being so, it, follows that 
vector PQ | vector QP 0, 

loi there is no change m the position oi P whin t lu whole 
opeiation lias been completed 



Iok ir> 
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But vector PQ+ vector OP = vector PR, where the second 
transference ( Q to R) is not made necessarily in the same 
irection as the fiist (viz P to Q) And we must understand 
by the sign of equality in such a relation as this, that it 
stands for the words “ are together equivalent to ” 



Vectors are therefore added by drawing a line from the 
initial position of the point to which the vectors are applied 
to its final position when it has been subjected successively 
to the transference indicated by each vector The length and 
direction of this line or of any equal and parallel line fully 
represent the lesultant vector 

It is clearly obvious that the order of the several trans- 
ferences of the point is immaterial 


1210 Vector Subtraction 

If OP and OQ repiesent two vectors, complete the parallelo- 
gram OPRQ and join OR (See Fig 3 44 ) 

Then vector OP + vector OQ 

=vector OP-f vector PR 
=vector OR 
It follow s that 

vector OP = vector OP— vector OQ 
=vector OR— rector PR 
=vectoi OR + vector RP 
And the result of subtiaction may 
therefore be obtained in the same way as that of addition, but 
drawing the subtractive vectors in the opposite direction to 
that m which they are drawn for addition 



Fig 344 
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Thus, if there be seveial vectois, OP, OQ , etc , 
vector OP 4" vector OQ— vector OR — vectoi 0 aS+ vectoi OT 

= vector OP +vectoi PQ'+ vectoi Q72'-t-ve< toi It'W 
+ vectoi jST'=' vector OT\ 

where PQ\ Q'R , R'S\ S'T aio diawn iespoctively equal and 
parallel to OQ, R0 } SO, OP, and in the same sense (Fig 345 ) 



1211 Let us express the vectoi OP m tonus ot the ( \u t< k smn 
coordinates x> y of P referred to a pan of ioetangulin co- 
ordinate axes through 0 

Let OA be unit length on the a?-axis Then ll / units ot 
length be laid oft on the a -axis (OM), we may icgaid a as an 
operator (this time a meie numencal multiplier) which tnmst cxh 
a point from 0 (0, 0) to M (x, 0) 

Similarly y regarded as an opciatoi would tiansloi 0 to a 
point on the x axis y units of length (—OAT) distant, hum 0, 

and iy would be the vectoi which 
would tianstei a point fiom 0 an 
equal distance along the //-avis to 
N, wheie 0N=0N' 

Thus, ll z i opi esent the complete 
opeiation z+a/ (Fig 34b), 
z=x+iy^ vectoi OM+\eetoi ON 
O a N 7 ivj t" = vectoi OM 4 vectoi MP 

Fig 34b —vector OP, 
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wheie P is the corner opposite to 0 of the rectangle, with OM, 
ON as adjacent sides, the coordinates of P being the numerical 
values of x and y 

1212 If the lmeai magnitude of OP be 7 units of length and 
0 the angular displacement of OP from Ojc , we have 

x+iy=r(co$ 6 + 1 sin 6 ), 01 , as we may wnte it, re ie 
This expiession therefoie, viz Te ld t is a vectorial operative 
symbol which has the effect of increasing the unit length OA 
m the ratio r 1 and then rotating it counter-clockwise through 
an angle 9 radians ° 

Thus r(cos si n 6 ) m itself has no quantitative meaning 
It is an operator 

1213 The Analytical View of Vector Addition is as follows 
If, in Fig 34-4, 

*i=®i+iy,=vectoi OP and s 2 =a: 2 -f-,?/ 2 =vectoi OQ, 
then « , 1 +^=as l -|-* 2 -f- t (g/ 1 -|-y 2 )aj! J> sa y, and z t +x 2 , 
are the Cartesian coordinates of the fourth angular point R of 
the parallelogram diawn with OP, OQ with adjacent sides 
Th™ 2 j — 21 + 22 = v ectoi OR, 

and the rule can be extended to any number of vectors 
z i> z 2 < *t> > z n> where z,=x,+ty, 

If Z he the resultant vector of the addition, 

Z =z i+ z 2+ z s+ +2 n =2'u+iSi/, 
where 2 x=x t +x 2 + +*„, ' 2 y=y l +y 1 + .+y n 



Clearly the direction of the vectoi Z passes through O, the 
centre of mean position (~, S') of the serial points P v P v 
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P 8 , , whoso coordinates are (j v ?/,), ( r. (| #/*), U *»//*)* et< , and 

its length is ?i times the distance of the cent i col menu position 
from 0, where n ih t ho numlMM of vectors added 
Exactly m the same way 

*t *i Mdy, y.h 

*!-»»-«* I -4 J. •*! I *|) I <<//! V* 

1214 In writing 2 i { <;/, where »i and i/ an* the mntthu«itcH 
of a point P, we regard : ns a \t etoi which tram f< rt a point 
tiom the origin 0 to P along the line OP 
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Wo may equally regard : as representing u label of the 
point Pon the r ?/ plane, and it is then lefenedfo ns a complex 
variable And m this sense eveiy point m the plane mn\ Ih* 
represented by a complex variable, and conversely to every 
complex vanable there ih a <ouesj>ondmg ]mrnt on tin* \ y 
plane 

When the point P iiiovch m the* plane, tracing a continuous 
path upon the* plane, the t elation between r and y iu eon 
tmuous, and tin* vanation m the complex vanable m 
continuous 

1215 Modulus, Amplitude 

Tho letteis 7 , 0 represent tin* oidituuy polar coordinate 4 of 
the point P(r, ?/), and r Jt* | t/\ 0 tan 

Jvrfi ( ?/ a ih called tho modulus of the complex /, and written 
| % | 01 mod % 

tar ^(yAO is called tin* amplitmh or argument of , and 
wntton amp z 01 atg z 

Tho positive sign is always regarded ns affixed to the 
modulus n/*;* ( ?/* winch is therefore a single valued function 
of tho real variables x and t/, whilst tan 1 (/// 1 ) is u many valued 
function 
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The expiession cos ^+ism 0 does not change its value when 
any even multiple of x, say 2 \t, is added to d, \ being an 
integer, so we may regaid the amplitude as 2 \w-\-9 or 
2\x-t-tan -1 (y/;c), where m this latter form we are to be under- 
stood to mean by tan ~ x (y!x) the smallest positne value of the 
angle whose tangent is yjx, usually called the “principal value ” 

1216 Argand Diagram 

When any lelation is assigned between y and x, the Cartesian 
graph of this relation is called the Argand diagram of the 
variation of z t and is the path of the extremity of the \ectoi 
OP, whose changes are defined by the given relation 

1217 Vector Multiplication Demoivre’s Theorem 

We use the term multiplication for want of a better term 
and by analogy with algebraic multiplication But what we 
are about to discuss is the effect of the operation of one vector 
operator upon another vector operator 

Let the operators he r^e 101 and the original subject of the 
first operation being a line of unit length lying along the a>axis 

The first operation r^e 101 1 
increases OA (a unit line on 
the ai-axis) m the ratio r x 1, and / 

turns the resulting line through / 

an angle 9 X into a direction / s' 

indicated m the figui e by 0P 1 Aiy' 

The second operation r 2 e 10 * /sq 

acting upon 0P % does to 0P 1 — ! + — 

what r^ 1 does to unity, viz Flg 

it increases OP 1 in the latio of 

r 2 1 and rotates the increased 0P V which has thus become 
r 2 0P X , through a further angle 0 a , to a position 0P 2 

Thus r 2 e 1 * 2 [r ] e t01 (l)]=OP 2 

The absolute length of 0P 2 is r 1 r 1 The total angle xOP 2 is 
^+^2 But the operator which would increase 04 (=1) to a 
length and turn it through an angle 6^+6 ^ 18 

fjf 2 e t ^ e * > 

So that is identical with which 

is analogous to the ordinal y rule of multiplication m algebra 
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Further, it is obvious that the order of the two operations 
Zr;i ty r “ ™“ aten< J’ 80 fchafc fche operations are commute- 

S * tr T g T ! 0ther U wlU be observed that m 
the multiplication of two vectors the modulus of the product 

1 ° f modull > and thafc the amplitude of their 
product is the sum of the amplitudes of the ongmai vectors 
Again we may write the result as 

r 2 (cos d 2 4-i sm (cos d,-)-, S in d,)(l) 

53 Vi [ cos (4 + & 2 ) + 1 sin (d I -f0 2 )](i) 

Which accords with what we get by the ordinary process of 

multiplication of r, (cos d 1+i sind,) by r 2 (cosd 2+I sm d 2 ) 

If rj and r 2 be both taken unity, we obtain 

(cos e 2 +c sin d 2 ) (cos d,+ , sm djscos (d 2 + d x )+i sin (d.+ft) 

a^de d^nTth^* 0 7^ * ^ ° f ^ **** trough an 
angle d, and then to rotate the result through a furtherance 

ande dtr f T**** the ° nglml hne trough a single 

xr oW,o “ ,y 1,0 *» 4 

e«9 1+ ,» a 9j(« 08( ,, + , sln9i)(co , 9i+mii#j) (Me9>+ 

, •“«'■+«.+- +»,)+, sin («,+*,+ +<)j, 

stL” r *'~ K *- e *■ ■ e - ““ h w» g.t 

• POMto, mtegral rndex, S 

(cosd-|-< sm d) n =cosu.d-|-i sm n9, 
and the geometncal meaning of that theorem is thus shown 

1218 We may proceed to consider Demoivre’s Theorem for 
fractal and negative indices from the same \ int "w 

, « both positive integers, (crafdW <,)'„ an 
which rotates a lia, of le nglh omty through q mmm 
angle,.,**.!?,,, end therefor, thmngh 

an angk^d counter-ciockwrse, which is therefore the same as 

(«x£e+, mi 2 #)* „ d ( ees 9+ism9) . 
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are identical in their turning effect We may therefore, 
consistently with the algebraic notation for indices, write 

cos^d+i sin^0=(cos 0+(sm#)?, 


it being supposed that (cos 9-\-i sin 9)i represents an opeiator 
which, when repeated q times, gives the opeiatoi 
(cos 9 +* sin 9)0 

Again, since cosines and sines are not alteied if an mtegial 
multiple of 2 t be added to then angle, and since to lotate a 
line through 2 tr is merely to bring it back into its onguial 
position, it will be seen that cos((9+2A7r)+< sin (9+2 \tt) is an 
operator which has the same effect as cos 9+i am 9 


Hence the operator cos | (d+2Xw)+ t sin ? (d+2A7r), having 
the same effect as [cos (<9+2Aw)+i sin (9+2\v)f, is the same 

V 

as(cos0+zsm 6)* 

Also, the various angles | (<9+2 Att) for diffeient values of A, 

viz 0, 1, 2, j q— 1> are such that no two differ by an mtegial 
multiple of 2 t, and therefore that no two have the same sine 
and the same cosine Theie are theiefore q operators, viz 


cos-2? d+*sm^ 0 

n /v ' 


Vc 


C0s |(^+2ir) + ism|(d+27r), 


cos|{d+2(^-l)7r} + /S in2{ ( 9 + 2(9— 1 )tt}, 

any of which, after q of its own operations, will have the same 
effect as (cosd+i sin 9y, and there are no more Foi if \—q, 

cos|(d+2^)+ i sin2(0 +2 ^) =cos ^ + iSm ^ ; 

which is the first of the above operators over again, and so on 
A- ? +l, A= ? +2, etc, give the second, thud, etc , opeiatois 

otWnfT S ° f ° th , eT VaIU6S ° f X merel y repeat one ot 
other of the operators already obtained 
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It is customary m the proof of Demoivre’s Theorem to state 

v 

this result m the form that (costf+^sm#)? has q values and 
no more, these values being the above-mentioned expressions 
To complete the ordinary results of Demoivre’s Theorem we 
still have to show that the operator (cos 9+i sin 9) n is the same 
as cos iQ+i sm nO, where n is negative Let 7i=—m 
Then (cos d+fsm#)-™ is an opeiative symbol of inverse 
nature Call its effect, when applied to unity, X 
Then l=(cos0+/ sm^) w J, which, by what has preceded, is 
the same as (cosm0+f smm9)X, where m is positive and 
either integral or fractional 

Now, to turn a line through a counter-clockwise angle mO, 
and then to turn the result clockwise through the same angle, 
restores it to its original position, so that 

[cos (—me) + 1 sm (— m 0)] [cos m<9+ 1 sm mO]X=X 
Hence 

[cos (- md)-H sm (-m<9)]( l)=X=(cos d+ t sm<9)- m (l), 

4e (cos0+<sm0)»(l)=[cos(— m) 0 + tS m(— m) 0 ](l) 

= (cos n 0 + i sin nO) ( l ) 

Hence it follows that the operators 

(cos0+i sm 0) n and cos n0 + 1 sm n9 
are identical when n is a negative mteger or a negative fraction, 
as well as when it is a positive mteger or a positive fraction 
and therefore their identity has been established for any 
commensurable value of n 


1219 Vector Division 

Let ^sr^cos^+ismdj, z 2 = r 2 (cos 0 2 -f t sin d 2 ) 

Then we have to consider the effect of the operator zJz, 
het and let z % = r 8 (cos 0 8 + 1 sin d s ) 

en z i sr 2 r s{ cos (^s+d s )+isin( 0 „+d )} 
and = r i (cos dj + i sm dj , 2 3 

whence ty-r*. *,»*,+*„ and *y =r 1 /r s> 6 ^- 0 , 

Hence * 8 =^{cos (^-d 2 )}, 

ol the quotient is the difference of their amplitudes 
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1220 Geometrical Meaning 

Geometrically we may represent the result thus 

Suppose 0P l9 0P 1 to be the original vectors z z and Con- 



struct a triangle OAR similar to 0P 2 P l9 with OA= 1 lying 
along the cr-axis 6 

rnv OR GjPj A A 

a? = 0?2 m “^g^^de and A 0R=P 2 OP 1 ==0 1 — 0 2 

Hence the vector OR has tor modulus r,/r 8 and foi amplitude 

the vector 0i2 represents the “quotient” of the 
vectors 0P 1 , OP 2 

Hence, summing up, it appears that addition, subtraction, 
multiplication, or division of vectors always leads to a single 
vector as the result of the operation ° 


1221 taws of Combination of Vectors 

From what has been established for the addition, subtraction 
multiplication and division of vector 
quantities, we ha\e then the following 
rules as to the moduli and amplitudes 
of the results of these operations 
(1) The modulus of the sum, or differ- 
ence, of two vectors is not greater than 
the sum of the moduli of the original 
vectors For if OP v PJP % represent 
two vectors to he added, their vector 
sum is represented by 0P 2 and the 

absolute lengths of these lines aie the several moduli of the 
vectors they represent 
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Hence we have mod OP 2 ;}> mod OPj+ mod P^Pg 

And similarly in the case of subtraction, or of the case when 
more than two vectois are combined into one by the piocess 
of addition or subtraction 

We may also see this fact analytically, thus The modulus of 
2/>(cos 0-H sm 0) is J{2p cos 0) 2 + (Zp sin 0) 2 , and this is }> Zp 

For if it were, we should have 

Zp 2 +2Zp 1 p 2 008(0!— 0 2 ) > 2/> 2 +2S/) 1 p 2 , 
le Zp l p 2 cos (0! 0 2 ) Zp 1 p 29 

and as all the p s are essentially positive and the cosines < 1 , 
this would be impossible This includes the case when some 
of the vectors are subtracted, for m any such case n r— 0 may 
be supposed wntten instead of 6 and the result treated as 
additive 

(2) The modulus of a pioduct of complexes 

hf^Pd^'p #*' 3 p n e te * 

is obviously Pi/ 02 /Os Pn> %e the product of the moduli, and 
the amplitude is 0 1 J t~0 2 +0 i + +d n , the sum of the 
amplitudes 

(3) The modulus of a quotient, viz ^ le is — , 

P2 e 2 P2 Pi 

ie the quotient of the moduli, and the amplitude is 6 X — 0 2 , 
ie the difference of the amplitudes 

1222 Revision of Definitions 

In dealing with the functionality of a complex variable 
z = x-\-iy , it will be necessary to revise our ideas of continuity, 
of the nature of the dependence of one function upon another 
and of the assumption as to the existence of a limit as used in 
the formation of a Differential Coefficient 

Thioughout the author’s treatise on the Differential Calculus 
and up to the present point- in this account of the Integral 
Calculus, there have been but few references to a function of 
a complex variable 

1223 Functionality The idea of functionality has been 
that when one real quantity y depends upon another real 
quantity x , or upon a system of real quantities x lt c 2 , x 3 m 
such a manner as to assume a definite value when a definite 
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value is given to x, oi when a definite system of values is 
given to the system of variables x v x s , x s , . , the quantity y 
is then said to be a function of x, or of the system cc v x 2 , x t , 
etc , as the case may be 

1224 Continuity 

Our idea of the continuity of a function f(x) of a real 
independent variable x between any two assigned values of x, 
viz x=a, the smaller, and x=b, the greater, has so far been 
that if x be made to change from x=<x to x—b, passing at least 
once through all leal intermediate values between x=a and 
x b, whether these intermediate values when expressed by 
means of the ordinary system of numeration be represented by 
integers, fractions or incommensurable numbers, the function in 
question does not, as x passes through any intermediate value, 
suddenly ehange its value And in such case its Cartesian 
graph has been regarded as capable of description by the 
motion of a material particle tiavellmg along it from the point 
{^> f (,&) } to the point {b, f(b)} without moving off the curve 

But such continuity does not also imply continuity as legards 
the slope of the tangent to the graph, or of continuity m 
the rate of bend of the cuive at intermediate points 

1225 From a purely analytical point of view we may 
regard a function /(r) as being continuous at a point x=x 0 , if 
when any infinitesimal change is made m x the consequent change 

m f[x) is itself also an infinitesimal, and of at least as high an 
order 

1226 We may put this condition into still another form, 
which will be more helpful m enunciating a condition for the 
continuity of a single-valued function of a complex variable 
later, viz that for any assignable positive infinitesimal <r, 
however small, which may be chosen beforehand, it may be 
possible to choose another infinitesimal S of no higher order of 
smallness than e, so that if x— a: 0 <<S, then will f(x) ~/(cr 0 ) < e 

1227 To examine the geometrical meaning ot this condition, 
imagine two lines AB, CD drawn parallel to the z-axis at an 
arbitral y infinitesimal distance « apart, and let these lines cut 

e graph of the function y=f(x) at points P, Q respectively 
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Let the cooidmates of P and Q be x 0 , f(x Q ) and x 0 +8,f(x 0 +6) 
respectively Let P 1 be a point on the graph between P and Q , 
the coordinates of P x being x, f(x) Let P \N, QM be drawn 
at right angles to AB Then PN=x— cr 0 , PM=8 , MQ=€, 
NP l =f(x)—f(x 0 ) Then if, however small MQ be taken, NP l 
is <C,MQ for all positions of N from P to M, where PM 
is of no higher a degree of smallness than QM, there cannot 
be a break m the curve at the point P 



If this be so for all points x 0 between x=x x and x—x 2 , /(a) 
will be continuous for all values of x between these limits 
The figure is di awn for the case /(a) > f(x 0 ) 

1228 Definition of Functionality of a Complex Variable 
The nature and representation ot an independent complex 
variable having been explained, we may proceed as m the 
case of a real variable to explain what is meant by the term 
Function as used m the case of complex variables When 
one complex variable w is connected with another complex 
variable z m such a manner that for each value that may be 
assigned to z, w will itself take up a definite value, or a system 
of definite values, which can be derived fiom the value of z 
by some combination of the fundamental arithmetical rules, 
then w will be said to be a function of z, and will be denoted 
by an equation of the form w=f(z ) or f(w, z)= 0 Here z 
stands for x+iy, and x y are themselves supposed to be real 
and may be regarded as the Cartesian coordinates of some 
arbitrary point referred to a given pair of rectangular axes in 
the 0 -plane 
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If one value of x and one value of y give use always to 
one value of w and no more, then w is said to be a single- 
valued or uniform function of 0 , le of x +- ty Such functions 
as ivs= Az n -\-Bz n ~ l + -f G , where n is a positive integer, sin z , 
cos 2 , tan #, e z i e z amz, etc, are single-valued functions 

But if several values of w result fiom one value of x and 
one value of y } then w is said to be a many -valued or inultiple- 
valued function of 0 

E 

Thus w=az q is a # -valued function, foi there aie q separate 
q tl roots of z p (p and q are supposed positive integers prune 
to each other) So also ws sin” 1 #, tan- 1 #, e z tan” 1 #, are 
multiple- valued functions of #, as also teslog#, for w may be 
wntten log (#e 2lX,r )=2*A7r+log 2 , where A is any integer 

1229 Continuity of a Single-Valued or Uniform Function of z 

Suppose that the point z ranges over a definite legion T on 

the #-plane, and that # 0 is a definite point in this region Let 
w be any single-valued function of #, which takes the value w 0 
when z assumes the value z 0 Then il, for any positive 
infinitesimal c of however high an order which may be 
arbitrarily chosen, another small positive infinitesimal f be 
assignable, such that if | z — z 0 1 < £ we also have | w — w 0 1 <C e , 
then w is a continuous function of # at #=# 0 , and if this be 
true for all points z 0 which lie m the definite region T on 
the #-plane, w is said to be continuous for all such points, 
le throughout the region 

1230 Geometrical Illustration 

Illustrating this geometrically, let P and JP 0 be the two 
points # and # 0 in the s-plane, and let Q and Q 0 be the two 
corresponding points m the w-plane Let T and T' be tlio 
corresponding regions on the two pianos foi which wo are 
to discuss the continuity of the function Draw a small circle 
with radius £ and centre P 0 , and another small circle with 
radius e and centre Q 0 Then, if £ can be so chosen that when 
P lies within the f-circle, Q lies withm the t-circle for all 
points P within the ^-circle, when e is aibitianly chosen 
smaller than anything that can bo conceived beioreliaml 
however small, then w is said to be a continuous function 
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of 2 at the point z 0 , and for all points z 0 which lie within the 

region T for which the same is true 

If then, for eveiy small change in the modulus of either 
of two variables, there be a small change of at least the same 



order of smallness in the modulus of the other , the second of 
these vanables is a continuous function of the first 

1231 Positive Integral Powers of a Complex are continuous 
It follows from the definition of continuity above that all 
positive integial powers of s are continuous Consider for 
instance r no — 2 ^ 

Then if w 0 and z 0 be corresponding points and z—z a =p, 

w — w 0 = «’— z 0 3 =3pz 0 2 + 3p% + P ’ 

Hence 

mod (u-w 0 ) > 3 (mod p)( mod z 0 2 ) 

-1-3 (mod p 2 ) (mod z 0 )-f(mod p 1 ) 

Now if we take (mod p) small enough, say £, we can make 
the whole of the right-hand side less than any quantity 
assignable beforehand, however small 
Hence £ can be chosen so that when 

(mod p) < mod {w-w 0 ) < e, 
any assignable quantity, however small, and therefoie in is a 
continuous function of z foi all values of z m the z-plane 
Similarly we may show that any othei positive integral 
power of z is continuous for all values of z 


CONTINUITY 


381 


1232 Continuity of a Finite Senes 

If w, w, w , be a set of one-valued functions of a 
complex vanable *, finite m number, and each continuous for 
values of s lying within a given contour on the z-plane, then 
their sum 2w will be continuous foi values of z lying in 
that region s 

For if w 0t w Q , w 0 , be the values of w, w', w", respec- 
tively, corresponding to z=z fl , it is by hypothesis possible to 
deteimine the positive quantities £ £, £', , so that for a 

given assigned small positive quantity e , 

when mod (z — z 0 ) < £ we have mod (w—w 0 ) < <?, 
when mod (z—z 0 ) < £, we have mod {w'~ wf) < e , etc , 
and if £ say, be the smallest of the quantities £ £', t", , then 

it is possible to find £ so that when 

mod (z— z 0 ) < £ we have 2 mod (w - w 0 ) < n e , 
where n is the number of functions, and therefore, since the 
modulus of a sum is not gieater than the sum of the moduli, 
mod (2in 2w> # )<[«e for all values of ne, however small 
Hence is a continuous function of z 

1233 As a case of this result any integral polynomial 
function of z, 

%z n + cqz"- 1 -j- a. 2 z n - 2 + 

is a continuous function of z, n being a positive integer 

1234 Discontinuity 

To examine the continuity of the function w=— m the 
region near z—a and elsewhere z ~ a 

This function becomes oo when z=a, and therefoie it is 
impossible to assign an infinitesimal f such that when 

mod («—«)<£ mod (— 1) 

vz — a 0/ 

is less than any assignable quantity e, and the function is 
discontinuous at z—a 

But at any other point z Q in the 2-plane the function is 
continuous 

For if 2 =Zq-\-}l, where 2 0 ^=a, 

mod f — — ^ — \ = niod [" ; "1 

\z 0 +h-a z 0 -aJ l{z 0 -a){z,+h-a)\' 
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which can be made as small as we like by sufficiently 
diminishing mod h, i a by sufficiently diminishing mod (s s 0 ) 

1235 Conformal Kkprkskntation 

Let us consnlei the equation to - f(z) 

Wo have z X 1 ii/, and if /(z) he sepuated into its ie.il and 
unioal puts, say j v {x, y) I tj»(x, y), we may wnte to m the 
fonn u hiv, wlieie 

« /i (x,y) and n f,(x,y) 

If we supot impose a i elation y F(x) between x and //, we 
shall have, by elimination of x between the equations, 
u fi{x,F(*)}, » /,{*, F(x)}, 

a i esultant relation of the foi m v <,H W ) 

And to ropiesent tins to the eye we shall lequne two sets 
of i octangular axes, not neeessai lly m the same plane Call 
these planes the z-plane and the id-plane 




Then when a point P{x, y) tiaveises tho giapli ol y F(x), 
in tins z-plane the cori esponding point v) will tiaveise 
the giaph of o <j>(n) in the w-plane 

Wlum no such l elation as y F(x) is snpei imposed con- 
necting the values ol x and ?/, then* will lie no i elation 
between tho coordinates w and v ol the eon esponding point 
in tho Mi-plano 

II then olio nioio than one value ol w foi a single value of z, 
then oath value ol mi is said to constitute a “blanch" of w 
Foi instance, m tho equation w n z the function w is many- 
valued, and is said to have n blanches (See Ait 12fih ) 

Such a i epi esentation by means ol the z-plane and the 
w-plane of the associated z and w-loci is generally spoken of 
as a “contoxm” or “conformal” icpi esentation of these loci, 
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and it will be remembered that, u and v being conjugate 
functions of x and y , the curves u — const and v = const cut 
each other orthogonally ( Diff Calc , Art 195) 


1236 Two Important Cases 

There are two very well known cases of conformal representation m 
Elementary Conic Sections 

1 If w=acos 2 =AT+iFsay (see Ait 590), 

X + 1 Y= a cos ( v 4- = a (cos x cosh y — i sm x smh y), 

X= a cos x coshy, Y= — asm#smhy , 

A 2 Y 2 , , x , X 2 Y 2 

a 2 cosh 2 y^~a 2 sinh 2 y — 1 ^ an< ^ a 2 cos 2 & ~ a 2 sin 2 ar~ * ® 

And for 2 -loci of the foim y= constant we have confocal ellipses in the 
w-plane, whilst for loci of the form constant in the 2 -plane we have 
confocal hyperbolae m the ^-plane , and the ordinary property of ortho- 
gonalism of these two families of conics manifestly follows 

2 The other case is w = a tan 2 , 

16 y+t?/ = tan -1 ^ and x — ty=tan” 1- ^ —~~-i 

a a 


whence 


2z=tan~ 1 


2aA r 

a 2 -X 2 -Y 2i 


2^=tanhr 1 


2a Y 

a 2 + Jf 2 + Y 2 ’ 


ze a? - X 2 — Y 2 —2aX cot 2x and <z 2 +A 2 + F 2 =2a Tooth 2y, 

^6 (JT+acot 2x) 2 -\- F 2 =a 2 cosec 2 2tf 

and A' 2 + ( Y— a coth 2y) 2 = a 2 cosech 2 2?/, 

so that foi the 2 -loci % = const and y — const the w loci are a pair of 
families of coaxial circles, the two families of course being orthogonal to 
each other 

Oth ci examples will he discussed in due course 


1 237 Case of Non-Existence of a Limit 

In the definition of a differential coefficient of a function 

of a real variable as it was presupposed 

that such a limit existed, and this supposition was sufficient 
for the time 

It is possible, however, for a function to exist for which the 

expression in question, viz does not approach 

any determinate limit, finite or infinite, when Ji is indefinitely 
diminished, although such a function may be continuous 
For instance, let us considei the case of a function of x m 
which the infinitesimally close ordinates of the graph termi- 
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nate at, points 1 \, P„ . -urh «h shown in tin* tigoi.e, 

tin* consecutive auxins /\/\/\. /» ./\/\. '77V *‘te . 
alternately <■ and > r, and the natuic ol tin* function hemg 
Mich that, inch of tin* dements <»t tin* gniph h.*tw.*.>n these 
successive oidmatcs can npun he themselves divided up into 
an infinite numbei ot pmtioiu lunnij* the same peeuh.ud.v, 



K/ 

> '* 




5 v ’ 1 ’ V 

* \ 1 

V * 


/ 


/ 


/ 


/ 


t,h»' distances between the new subdividing nidinntts bung 
mtmitemmalH of a h.gliei mde. than the mlmitesmul d.s 
Unces between the fust, sit, and so on with tmthei Mil. 
divisions It, will be deal that, the dnortmn ol the line 
which we please to mil the tangent at any point V will 

depend upon the oidoi ni (lie infinitesimal do ni the 

ordinates, and may oi nm\ not haven hunting poation 

123K Woiomtmn’ Example 

An example is given by Weieistinss, vi/. the eav* ol 

4 

u V //* ei is ti n ir.i , 

' V 

where a is an odd positive integer, l> positive and ' 1 and 

«k>l I '*7> which, though continuous at everv point, An* M 

different uil coefficient ileh rminnblv nt mu/ /mint See Haiknesn 
and Moilcy, Theory of Functions,]* •*!», oi Koisyth Theta if of 
Funetimu/n* 13** l ;}( *. when* tin* student will tmd the case 
(UscuhmimI at. length 

1 Differentiation of a Function, of a Complex Variable 
It” has heen seen that m oidei to ddine a ..implex vanahle 
z( x I iy), the values oi r and y must both 1«* sepatatelj 
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assigned They are independent of each other Any law 
connecting them may be arbitrarily assigned But so long 
as such law is unassigned z depends upon a doubly infinite 
system of values But when x and y have once been assigned, 
then z becomes known That is, to a definite value of z 
conesponds a definite point whose Cartesian coordinates are 
x , y on the x-y plane, and this point it is usual to designate 
as the point z 

Conversely to any value specified for z, a definite specifica- 
tion of x and y is implied When z changes its value to z', 
and in consequence x and y change to x f and y\ say, the value 
of z does not depend in any way upon the manner m which 
the point x, y has travelled to the point x\ y', no relation 
having been assigned to hold between x and y Hence the 
vector z' — z is independent of any particular law which may 
be arbitrarily assigned, connecting x and y If w be any 
single-valued function of z, defined as in Art 1228, and ex- 
pressed as w=f(z), then when z becomes z\ w becomes w\ 
where w —f(z) Thus w'—w=f(z')— f(z), and is independent 
of any paiticular path by which z' is made to approach z on 
the x-y plane 

Suppose the points z' and z to be infinitesimally near points 
on the z-plane, and let z' be written z+dz, and w' be written 
w+Sw Then Sw=f(z+8z)—f(z) 

We shall define when Sz is made mde- 

oZ 

finitely small, as the differential coefficient of /(z) or w with 
regard to z, provided such limit exists independent of the way m 
which the point z-\-Sz is made to approach the point z indefinitely 
closely , that is, independent of any particular path which may 
be assigned to pass through the points x , y and y+Sy 

We shall denote this limit by ^ or f'(z) 

It follows that gr? is independent of ^ by definition 

1240 Before assuming the functional relation w=f(z), but 
assuming that u and v are functions of x and y, and that 
w = u-\- iv and z = x~\- iy, we might enquire what relation, if 
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any, must subsist between u and v in order that Lt — should 
0 Sz 

be independent of Lt 

Proceeding from this point of view, we have 

It Sw_dw_ d(u+iv) _ u a dx+u v dy+ l (v„dx-\-v, l dv) 

Sz dz d(x-\-iy) ~ dx-\-i dy 

__ ( u x + 1%) dx+i(— L u v +y v )dy 

dx -j- l dy * 

and in order that this should be independent of we 
must have 

“#+<«*= -ffl,- \-v v , 

U x —V v and «.= — v . , 


te 


*+M w = 0 and v xx +v yv =0 


whence 

— ■ - v xx l v yy V 

So that xi and v must be conjugate functions of x and y 

satisfying the Laplacian equation 0-f-|^=O, whose general 

solution is <j>=F x (x+ iy )+F 2 {x- iy l where F, and F s are arbi- 
trary functional forms It appears therefore that m putting 

W ~fi z )> ze U + L V—f(pc~\- L y) } 

the property of independence of £ and g ls implied, and 
further, that ^-=u x +tv x or — tu y +v v , te 

i 

Also it is understood in defining ~ »<, r*. f(^+Sz)-f( z) 

& dz j2=0 X— 4 — . 

provided such hmtt be existent, that the function f(z) is con- 
tinuous at all points within a small circle on thez y plane 

modS* of' 5 j*' °. e i tre '" d wia * >» ■><* te. «« 

tJS of “» t p r n “i 0 r, e,tter (* r * 

sv- ‘ +& - * - - « ~ a. sns; 

continuous ™ ° f ™ 1,leS fr ™ ^ ' 4 +* •» » 
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1241 The Standard Forms 

It will be found that the ordinary “standard forms” of 
differentiation still hold good when the independent variable z 
is a complex That is, we still have 

dz n d i. 1 

Tz =n * ’ ^smz=cosz, ff lo gz=- z , etc 

Also the rules for the diffeientiation of a product or a 
quotient still hold good, viz the same for complex variables 
as for real ones 

And m due course it will be shown that Taylor’s expansion 
of f(z+h) also holds 

1242 Geometrical Meaning of Differentiation 

Let OP, OQ represent the vectors z and z~\-Sz on the z-plano, 
and OP, OQ the corresponding vectors w and w-j-Sw, as 
determined from the equation w=f(z) on the w-planc 



Then PQ and P'Q' respectively represent the vectors <?z 
and Sw 

Then what we search for and represent by the symbol 
dw , _ Sw 

da’ bem £ Lt fo ’ 13 the limit of ratio of the two vectors 

Ptfi PQ, when PQ is indefinitely diminished This is there- 
fore itself a vector quantity, and if the tangents to the z-path 
and the w-path make respectively angles yfr and with the 

axes Ox and Cfu, the modulus of this vector is Lt I and 
the amplitude is \fr'~yfr (Art 1220) 1^1 ’ 
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1243 Zeros, Infinities, Singularities of a Function 
When w—f(z), and a value of z , say 2= a, gives w a zero 
value, 0=<x is said to be a “ root ” of w=0, or a “ zero ” of the 
function w 

When z = a gives an infinite value to w } 2 = a is called an 
infinity of the function 

The equations /(0)=O,-r^=O therefore respectively give 

the zeros and the infinities of the function f(z) 

A single- valued or uniform function f(z) which possesses a 
differential coefficient, and which is finite and continuous for 
all values of 2 for points within and upon the boundary of a 
definite region V of the plane of x-y is said to be “synectic” 
for that region 


1244 If an infinity of the function be such that at all points 
in the immediate neighbourhood of the infinity the reciprocal of 

the function, viz — is synectic, the point in question is said 

to be a “ pole ” of the function 

The infinities of a function, whether poles or otherwise, are 
generally referred to as the “singularities” of the function 
A singularity is classed as “ accidental ” or “ essential 

according as 37— has or has not a determinate zero value at 
J\ z ) 

the point m question, independent of the path by which the 
point z is made to approach the assigned position Thus, 

has an accidental singularity, viz a pole, at 0=0, for 
2 

its reciprocal, viz z{^x+iy), becomes zero when x and y 
become zero independently of any relation which might be 

superimposed between x and y But '10=6** has an essential 
singularity at 2=0, for if 0 approaches a zero value by a path 
along the positive part of the cc-axis, the reciprocal of the 

function, viz approaches the value that is — or 


zero, but if the appioach be along the negative portion of 

the os-axis, * approaches the value 1 e or e 00 , ^ e. 00 . 

& 
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1245 The term Synectic is due to Cauchy The terms 
Holomorphic or Integral are also used to denote the 
possession by a function of the same properties The former 
term is due to Briot and Bouquet, the latter to Halphen 
These teims are applied to describe such functions in 
distinction from functions which the same authors respectively 
term “ meromorphic ” or “ fractional,” and which are charac- 
terised by the possession of singularities at a point or at 
points within the contour, viz poles or essential singularities 
Thus sin z, cos z, exp z, are synectic or holomorphic functions 

of z for all points of the 2 -plane , whilst co ^ Zi e ^ c ’ are 

meromorphic at certain legions of the plane by virtue of the 
existence of the pole at z—a in the first case, or of the poles 
at the zeros of sm z in the second case 

At points of the region Y of the 2 -plane, for which w takes 
a single definite value as 2 approaches such a point independent 
of the path of approach, the function is said to behave 
“ regularly,” and such points are said to be “ ordinary or 
“ regular ” points 

1246 Bor details as to the tests foi the nature of 
singularities and other matters of this nature, we have no 
space, and must refer the student to Forsyth, Theory of 
Functions, pages 16, 17, 53, 66, etc 

1247 Isogonal Property of a Conformal Representation 

Suppose that the point P, (2), m the 2 -plane corresponds to 

the point P\ (w), in the w-plane, and that Q lt Q 2 > an< ^ ^ 2 )* 



O' w -plane u 0 z ’P lane 

Fig 367 

are adjacent points to 2 m the 2 -plane, whilst Q 1 , Q 2 
(w x and v) 2 \ are the corresponding points m the w-plane 
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then, since the value of is to be independent of the 
direction of the differential element dz, we must have 


Lt 


w—w. 


Lt 


when the vectors z— z v z -z 2 are infinitesimally amn.11 


Hence Lt'^i=Lt Z - =& 

w—w 2 z—z 2 

Let the moduli and amplitudes of z—z v z—z 2 , w-w v 
w-w 2 be respectively ( fil , 0,), ( fi2 , 6 2 ), 0,'), ( p ' f 0 2 ') 

Then in the limit 


PL e L(o 1 -6 t ) == Pi e L ( B i- e d, whence 2l = 2l q'q'—q q 
P* /°2 P2P2 

“ P 'Qi PQ* and Q'PQ'^PQ, 

Hence, m any such representation, infinitesimal triangles, 
and therefore any other elements , preserve their similarity, 
and angles are unaltered m such a transformation But the 
moduli of z and w vary with the position of P, and therefore 
the ratio of such infinitesimal elements is not pieserved as a 
constant in general throughout any finite regions m the two 
planes 


1248 It is also to be noted that it has been assumed that 
the ratios ('i^—w L )l(z—z 1 ) J (io—w 2 )/lz—z 2 ) do not become zero 
or infinite within an infinitesimal distance of the points P, P 
considered That is to say, that the theorem is not to be 

applied at points for which ^ is zero or infinite 


1249 For the reasons given above a conformal representation 
is said to be Isogonal If, for instance, any two 2 -paths cut 
at an angle a the corresponding w-paths also cut at the same 
angle a To orthogonal curves on the 2 -plane correspond 
orthogonal curves on the w-plane , and as a particular case 
straight lines parallel to the axes on the one plane correspond 
to curves which cut at right angles on the other plane To 
two curves which touch one another in the one plane 
correspond curves which touch on the other plane, but 
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as straight lines do not in general correspond to straight 
lines m the conformal representation, linear tangents do not 
become linear tangents, but curvilinear tangents 

1250 Ratio of Elements of Area 

Again, the ratio of the infinitesimal areas F Q{Q 2 , FQ r Q 2 is 
that of the squares of the moduli of dw and dz, %e if 
z~x+iy and w=u+iv=f(x+iy), 


the ^-element of area_ 

\dw\* 

du+idv 2 

the 2 -element of area 

W 

dx+tdy 2 


\u x dx+u v dy + i(v x dx+v v dy)\ 2 _ (u x dx+u y dy) 2 +(y x dx+v v dy) 2 
\dx+idy\ 2 dx 2 +dy 2 

and since u x =v y and w tf =s— v x , this ratio becomes 
Ux z +v x 2 or u y 2 +v y z or u x 2 +u y 2 or v 2 +v y 2 or u x v y —u y v x , 

%e, j( Ui v V where J is the Jacobian ot u, v with regard to 
Va, y) 

x } y Or again, it may be written as 

(u x +iv x )(v, x -iv x ), ^e f'{x+iy)f (x-iy) 

Thus the ratio of the corresponding elements at u , v and at 

x, y is that of J ( U ’ 1 

* V», y> 

It follows of course at once that the inverse ratio is 



and therefore that JJ'=l, as is otherwise well known (D'lff 
Calc , Art 540 ) 

We may, it desirable to use a polar form for the moduli of 
dz and dw, write \dz\ 2 —ds 2 or dr 2 J rr 2 dO 2 , and for 
\dw\ 2 =u x 2 +v x 2 or u v 2 +v y 2 , 

we may write 

- £(sw©’* 

1251 Connection of the Curvatures 

The curvatures of the compamon w and z cuives may be 
connected as follows 

Let p and p be the radii of curvature at corresponding 
points P, F 
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Then \dz\ and \dw\ are the lengths of the corresponding 
infinitesimal arcs 

Let yfr and \fr be the corresponding angles which the two 
tangents make respectively with the x and u axes, 9 and & 
the polar angular coordinates of the points and <p, <j>' the 
angles between the tangents at P and P' and their respective 
polai radii r, r 

Then z=re ld , w—r'e l6 \ \]s=d+<p, yfs'—Q'+tf, 
whilst 0=amp z and 0'^amp w are the respective amplitudes 



Then, since w=f(z), we have r'e L #=f(re L6 ), 
and dr'e^+ir & 9 ' dd'= f(re Le )(dre L9 +ire iB dO) 

Put f{ie 6 )^Re^, say, R and 0 being the modulus and 
amplitude of /'(re*), u 0 = amp f(z) 

Then, since dr'=ds' cos <£', r'dd'=ds' am <j>\ etc, we have 

Jdr^+r'^d&^e^e^—JdA 2 +r 2 dd 2 e‘ 9 e L< t>Re L ° , 
that is | dw | e 1 ^ = \dz\ Re , 

whence 

\dw\=R\dz\ or \f(z)dz\ and ^=0=amp f(z), 
whence dyjs— d\js=d amp f(z) , 

and since and p=^} , we obtain 

/'(*) 

* .«*/-<*) (A) 

p p 

In many cases of conformal representation, the 2 -curve is 
taken as one of simple nature, usually a well-known curve, 
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and the w curve is often one which is of more or leas 
complicated nafcuxe, and the labour of applying the ordinary 
formulae to obtain p in such cases, may generally be avoided 
by the use of this connection between the curvatures 


1252 Illustrations 

Ex 1 Taking mo=z\ where a is real and positive, we have ao'e 19 ' 
whence aZ — r 2 , & — 26 
Here 

f( z ) = $ > » ani P /‘(«) SS5 amp = d&mp f(z)—d6j 

l&lWc^+fW, |/'(z)*|=|-| \di\=- |*|, 

I CL I Ct 

2r _l_ H 

ap' p </* 2 +> 2 rf6» a V + \<M/ / 

To verify in the simplest case, take the z curve as r—a , then. 


do _ 

/>=«, jj-O, 


2 _ 1_1 
p' a~a y 


te p = a. 


which is obviously correct For if r=a, r' = 5Ls=a, and the w curve is 

also a circle of ladius a hut described twice as fast as the z-circle, since 
6' =26, and therefoie is traced twice over for one tracing of the z-circle 


Ex 2 Consider w=-h\/a 2 +&z, a and b being both real We have 

i +..„-« &TB1P0 

r'e& = \J(c A -+■ b 1 ) e ld = \/a 4 - f- 2a 2 5r cos 6 + bh 2 £ a 2 +br cos 9 > 

ie r' 4 =a 4 + 2a 2 £>? cos 6+bh 2 and tan20 , =fo , sin 0/(<z 3 -f hr cos 9) 

Also dw — f(z ) dz — b dz\ 2*Ja 2 -^bz—~ t dz 

\dw\~~\dz\, \dz\=*Jdr 2 +r 2 d& 2 i amp /'(*)= -0', 

and dd'={a*b sin 9 dr +bi (a 2 cos 9 + lr)d9}j^i ' 4 , 

whence 

2pp'~p — { a26sin ^ +6r( “ 2cos 0+^)}/W(|j) a+ri! » a) 

which will be the general formula connecting the curvatures of the z and io 
curves m any transformation by means of v)=*\Ia l -\-bz 
For instance, take the z-curve to be the circle r = c Then the w curve is 
a Cassmian oval For /V*®' ^aP+bce 10 , ie 

o ' 2 cos 2& = a 2 + be cos 6, r' 2 sin 2& = be sin 6 , 
and r' 4 -2a 2 r /2 cos20 / +<& 4 =&V [see Jhf Calc , Art 458], 

that is, if II be the foci and P any point on the curve, SP HP=bc 
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fir 

Putting i =p=c, ^77=0, in Equation (1), and substituting for cos 0, 


1 de 


i 

2r'p‘ 


b 1 b A , , 


r' 2 cos 20' — a 2 ' 

ST 


>- 


» ' 4 - a 4 + 6 2 c 2 
to' 4 ’ 


I e p'=2bcr' 3 l(3i ,4 +a 4 - JV), for the Cassmian 

If a^-bcy we have the case of Bernoulli’s Lemmscate, and p'=2a 2 /3?' 
In the case just considered, it will be seen that since 
(t 0-a)(w + a)=&z, 

we have mod (w — a) mod (w + a) — b mod t , 

and theiefore that if mod z be constant, * e if the z curve be chosen as 
above to be a circle of radius c and centre at the origin, the coi respond 
mg w curve has the property that the product of its bi-focal radii SP , 
HP is constant, the coordinates of the foci 8 } H being (a, 0) and ( — a, 0), 
and therefoie it is one of the class of the Cassmian ovals fir^—bc This 
result is therefore obvious as the immediate interpretation of the w z 
equation -without leference to the polar form 



Since m the z-curve the loci r— const =c, 0 = const =2a, form a pair of 
loci cutting oithogonally, the corresponding curves on the ta-plane cut 
orthogonally 

The cuives corresponding to r= const have been seen to be Cassimans 
The curves corresponding to 0=2a are rectangular hyperbolae 
For since r' 2 e 2t ^ — a 2 = bre l6 = fcre 2la , 

r' 2 cos20'-a 2 =&rcos2a, r^sin 20'=6r sin 2a, 
that is, r^sin 2(0' — a)+a 2 sin 2a=0 

These hyperbolae for a parameter a are therefore the orthogonal 
trajectories of the Cassimans = const 

Further, it may be remarked that in considering the transformation 
w^-a^—bz, we have really considered any transformation of the form 

g 

AvP+Bw+C—z , for by putting 10 = 10 ' — we have 

Av/*-^+C=z, 
which is of the form w 2 -a 2 =bz 
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Hence the results for Bw-\-C=z are the same as those considered, 
with a mere transformation of the position of the axes 

1253 Curvature , the Form for Cartesians 
We may put the curvature formula of Art 1251 into 
another form more particularly useful for a Cartesian 2 -locus 


For 


whence 


w=f(z)=f(x+iy), dw=f(z)dz, 
Idz^-JchP+dy*, \dw\ = \f {z)\ \iz\ 


\m\_h 


■ - amp f'(z) 



(B) 


1254 Thus, if the 2 -locus is a straight line for instance, say y=mr+c, 

p= 00 - £ =m and p ~d ' — 

^ am p/w 

1255 Illustrative Examples 

(1) Foi example, tn the case w=a cos z considered in Art 1236, foi which 
X — a cos x coshy, T= - a am# sinh y, so that y = c gives the ellipse 
X 2 , Y 2 _ , 

a 2 cosh 2 c + a 2 sinh 2 c 7 aVe 

f(z)= a cos z, 

f(z) = - a sin z = - a (sm x cosh y -1- i cos x sinh y) 7 
\f 0) I — ® \/sm 2 x cosh 2 ?/ + cos 2 x sinh 2 y = a cosh 2y — cos 2a:/\/2 , 
amp /' (z) = tan” 1 (cot x tanli y), 

^ sin2r~-sinh2 y 

^amp f(z)- cos ^ _ cos \ x > 

and m our case for y=c, we have p = oo, ^=0, m=0, and the radius 
of cuivature of the derived cuive is 

a (cosh 2c - cos 2x)% X 

\/2 


where cos x — - 


i . vr uui vvro i > 

sinh 2c 7 a cosh c 

which may be leadily verified directly foi the ellipse 


(2) (A) In Hhe case w=^zi (a real)> we have 


7 C 1 J 


r>=- 


6 r =n9 


Hence to any 2 -locus X(r, 0)=O conesponds a w locus 


?)=° 
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In thin cane, wmo O' nO, a * line tlnougli tin' oiigm tmiesponds to a 
w him tlnougli Urn migm, ami in < mihoqueiiie in tlim uwe </» </>',»? the 
angles which Urn tangents make with then l.nlu nslniw .no equ.il 

Hence to an eqiuangultti apual m the * pi, me ami with pole -it the 
ougm (oneepomle anotliei amt equal equiangulai spual in the tt> plane 
with ltH pole at tho now 01 igm 

(B) Meueovu, mwo rf 0 4 ' w<v $ V' ^ ^ whom*) 

|d*l ^ un j, w damp 2, 

p /> 

which ih what tho omvatmo iotimtla of Ait 1-SM iodines to, sum 


f( z ) n ';;, <n i># , im i amp/(2) (a l)tf Amp to amp 


((1) In thiH gtmip of loHultH, if wo taUo tho «eh»uw a i tho stiaight 
Imeruwtf a, wo have 


, . ir ir ty 

V* 7» V» y o » * 


wlnoh givoH tho well known piopeity of all < ui voh of tho fmm 
r ** <t u < om^ * 




O' 





/ 

o 


0 


y 


/ -plane 


P»K M) 


which irnhulo am paituulai uuum tho Pat aim I a (« 2), tho Hu tanguUi 
Hypoihola(n i), BouioulliV Ummim ato (n \)> tho ( ’auhoidc (a 2), 
tho WUaight Lmo (a 1) ami tho Cuolo (a I) 

(I>) To any omvo r*' n p ump0 eonewpondn tho imvi 

, to r' a*<imqQi whoio ^ » 

Heme to r"** «"** < ok ” k 1 0 em ienpnnds it i own l ,k pedal i unc, fm 

tho *“■ pedal ih got, lij Hid mti tilting foi the pi event mdi \ ami multiple i>( II 
n l 


k 

1 t A* 


T 


K 


fen 


A 1 

k ' 


hi 


fot 


n l 
k ’ 


which givoH tho Ultio n 1 foi tho imhcon and multiple of 6 1 ah leqmn d 
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(E) Quasi-Inversion 

The conformal representation of w=- where t 
important * ’ ere * 18 real > 13 v ®ry 

We hare at once Se * , whence and ff= 

H ® nce > lf th ® same axes be taken for the * and to curves, we have a 
combination of inversion and reflexion in the « axis This process is 
known as Quasi Inversion The name is due to Cayley P 

JZl r6ti 7 0n W ' th r T‘ d t0 “ Stra '« hfc lme raake8 »«> difference in 
the nature of a cuive Hence the usual lules of inversion apply viz 

a straight line which does not pass through the origin invert! mto a 
circle through the ongm If the straight line pass through the ongin 
it mveits into a straight line through the ongm To a circle through 
the origin corresponds a straight line not through the origin To a circle 

dot nor "t PiSS uT Sh th8 ° ngln C ° rreS P° Dd3 “«*« circle which 
does not pass through the ongm To a parabola with focus at the origin 

corresponds a Cardioide with pole at the origin To a conic with fofu! 
at the origin corresponds a Limajon with pole at the ongm, and so on 
Hence when the z curve is given, the « curve is at once known and 
can be constructed by the reflexion of the curve traced by a Peaucelher 
cell linkage arrangement as explained m Ihff Calc , Art 232 

(F) The Homographic Relation 

Consider next the conformal representation of to- — 

This is the general linear transformation It is known as a “Homo- 
graphic relation between w and z 

Obviously cwz+dw-az-b=0, 

Now this transformation is unaltered by changes in a, b, c, d, which 
preserve the ratios In fact, theie are only three constants, namely the 

be- Id- 1 ° d There 18 fch6refore no 1088 of g e °erality m taking 


This being done, let w=*+w', z=- d +z', which merely shifts the 

origins of w and z, retaining axes parallel to their original directions , 

for if - = 0 + 4 / 3 , say, and -|=y-M, the new ongms will be the points 

(a, /3) and (y, 8) respectively , we then have wY=-l, ,e another quasi- 
mversion connection between the z and w loci 0 

(G) Obviously, if when u>=^±|, z is itself connected with a third 

variable t by another homographic relation then upon substi- 

tuting for z, w is of the form -^±- whether the variables and constants 
involved be real or complex + 
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That is, if w b© homographic with regard to z and z be homographic 
with regard to t , then w is homographic with regard to t, and so on for 
any number of variables 

The relation may obviously be thrown into the form 

ii+Zf+r+l-O, 

wz w z 

where A, /*, v are constants This relation is of much use m the theoiy 
of geometucal optics, m various forms, the quantity A being theie 
usually zero 

The equation w= aZ ^ X may be written further m the form 

w- A. (a-Ac)z+(6-Ad) 

v}+ A. (a-l- Ac)z+(5+ Ad) z+fi* 

|to— A-l ... |s— H 
so k+xr |A| i*+H 

And if we use bi-focal coordinates m each system, viz (R, R) and 
(r, r'), the two foci on the two planes being A, - A in the u>-plane and 
Hr 

IL, -fi in the z plane, then ^>=|fc| 80 that when 2 describes a circle in 

the z-plane, viz. r r'= constant, w will describe a circle in the w-plane, 
viz B K= constant, a result which has been already stated 

The case 18 a CSl&Q of the above quasi-mversion 

We have j tg ~~^l =u| an( i x f the z-locus is the fixed circle |z|=constant, 
\w-o\ 1 


\w -b 

the tu-locus is a fixed circle 


(H) Consider next the conformal representation of the equation 
w=Az <l +Bz*+Ct?+ , 

where A, B, C , and a, fi, y, are aU real positive quantities 



Putting, as in previous cases, z=re l9 , w=r'b l * =X + lY, 
X —Ai * cos ad 4* Br p cos fid + Cr Y cos y d+ 
Y=Ai* am ad + Br p sin fid+Ci y smyd + 
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If we take the z-cur\e to be a circle of radius unity, then for the 
w curve ~ 2-4 cos a& } F = 2-4 sin aS , and this locus can be constructed as 
the locus of a point carried on one of a set of hinged rods OP, PQ , QP, 
of lengths -4, £, O, etc, the carried point being considered as the end of 
the last rod and one end of the fiist rod fixed at a point 0, the whole 
system moving m a plane and the several rods lotatmg with angular 
velocities in the ratio a /3 y etc, , in fact, what is usually known as 
an epicjclic tiam of linkages 

(I) Consider flu case, of two terms w=Az a -+- Bz& 

Let Q be a point attached to a circle of centre P and radius b , which 
rolls without sliding upon the outside of the cncumfeience of a fixed 



T , °L ceQtre 0 attd radms and let Pg= A and 6 U 0 2 , the angles 
which OP and PQ have turned thiough since A\ the extiemity of the 
r ms which passes thiough Q of the moving circle, was in contact with the 
fixed ciicle at A Let PX' be parallel to AO Then the angle X'PA' 
(marked in the figure as > t) is 0 2 
Then, for pure rolling, 

0'd 1 = b(di-6 1 ) or (a+b)9 1 =b& 2 
Let d x -aS y 6t=p6 t and take-d=a+&, B~ -p. 

°a = ^> le b= Jj A and 


~T" 
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Then the coordinates of Q are 

JWcoso0+.Bcosj60, F=Asinad+Bsm/3d 

So w=Az°-+Bz B gives in this case a tiochoidal locus for w conespondmg 
to the circular lotus for z, the trochoid being tiaced by the motion of a 

point at distance p (= - B) from the centre of a circle of radius b 
rolling upon a fixed circle of radius a ( - a) If p=6, an epicycloid 

is traced by the w-pomt, supposing b to be positive 
In the case a=b—p we have 

A=2a, B=-a, and |=;[=|j= 2 > ie # =2a ’ 

so that the w-z i elation is w = 2az^ - U 2 2a 
And in this case the epitrochoidal curve ib a cardioide 
It is unnecessary to particularise the value of a which is the latio of 
the rates of angular description of the circle tiaced by P and the unit circle 
traced by the 2 -point If we take a = l for simplicity, then /?=2, and we 

have w — 2az - az 2 

The correspondence of the 2 -curve and the w curve is shown in the 
adjoining figure, where corresponding points on the two loci aie indicated 
by the same letter, unaccented foi the 2 -curve, accented for the w curve 



In the figure the w plane is supposed, for convenience, to be superposed 
upon the 2 -plane 
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(J) If b be negative and p—b— - b we have a hypocycloid tiaced, and 
A—a-b\ B=b\ ~ ie /^ = ~~p“ a > 

a-b 

iving w=(a — b r )z a, -\-b f z ^ 



Fig 364 


And the paiticulai case in which b '= ^ gives w =5(3* + z~~°) 

A A 

And |z| = l by hypothesis, so z=e l9 
Hence w = acosa0, which is then a leal quantity 
And as w= 2 c+lv, we have u=aco$a0, v = 0 , ie the diameter of the 
fixed circle is tiaced by the w-pomt, as is well known 

(K) Foi a tlnee-cusped hypocycloid, 

a 2 a „ a a b 1 0 a 

p b 3 > A 3 » - B " 3 » /3~ A~ 2 ’ 2 a 

And the xo-z relation is w=\atf'-\- J« 2 “ 2a , and so on for other cases 
It should be noted also that the order of the terms Az a , Bz& is lmma- 
tenal , that is, we might legard w as given by w^Bz^-\-A^ 

And then the same epicycloid or hypocycloid, oi epitiochoid or hypo- 
tiochoid, as the case may be, can be traced in another way, viz by the 

lolling of a circle of radius ~^B upon a fixed circle of radius a 

(L) The case whene a, a' ate real constants 

This case gives ^e^log ^e t9 ) = log - + i(0+2A,tt) , 

whence l 0 g-=- /C os 04 - 2 A 7 r=-,sin 0'=-, 


So that to a cucle r= const on the z plane corresponds a straight line 
parallel to the #-axis on the w-plane , and to a straight line thiough the 
origin, 0 = const, on the 2 -plane corresponds a family of straight lines 
parallel to the #-axis on the w-plane 
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Conespondmg to the Archimedean Spiral r—aO on the z plane, we 
ha\e, on the iff plane, a family of logarithmic cuives, vi/ 

a a 

Oonespondmg to the Equiangular Spiral r=ae e ° ot P on the m plane, we 
ha^e, on the w plane, the family 


0,0 a 


!e g-2Ax-u»^+logS) 


Mi a family of parallel stiaight lines 

As a further example of the use of the curvature formula of Ait 1251, viz 

\f'V)dz\ | dz\ 

~ — “rfanip f (z), 

let us apply it m the last case 

We have f'(z)dz=o.'^ and amp /'(*)=- 0 , 


, dz 
a — 
z 


dz I 


and 


P P 

In the pai ticular case vvhexe the * curve is the equiangular spiral, 

dz 
z 


- I. 

z=ae e y = (cot/3+i)^, dz = re* (cot /3 + 1 ) d& 


\dz_\ 
z I 


\dz\ — — a dQ and 


p'= 00 


dQ 

sin/3’ sin y_ 

Thus the formula reduces to p = , cosec 0, which is the well known 
result for an equiangular spiral wen Known 

12o6 Branches and Branch Points 

of r he r e f a multiple-valued function, where each value 

the dene d H Pe r en l? nable * leads to more than value of 
the dependent variable w , the several values of «, are said to 

be branches of the function Thuq if ~ 
w ar , j nr v .. , dnus, it the equation connecting 

1 and " be F(W ’ 2 )=°- and ^ upon solution for «, we find 
, . , ™2=/ 2 (z), w s =f s (z), etc , 

- stter v * taed - *“ -- »- 

tai’JT 7 T* " ““ ( * v) plMS ' «“* * «» 

,a B,d te »• • 
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connects two and only two branch points is called a branch 
line or cross line 

1257 The simplest example is the case when w 2 = z Here 
w is a two-valued Junction The function has “ branches ” 
w^+Jz, W^=—Jz 

At the points z=0 and 21 = 00 there are “branch points." 
The positive direction ot the as-axis which joins z=0 to 2 = 00 
is a branch line 

1258 To examine the behaviour of w l and w 2 m the 
immediate neighbourhood of the branch point at z=0, put 
z—re , and travel lound the point along a small circle of 
radius r, r remains constant, 6 inci eases by 2 tr 

w^+Jr? 6 becomes N /ri^+2^)= & "Jre«=-, J7&°=xv 2 , 

w 2 ——Jr# e becomes — Jre< 6 +^> = — e"*Jre° = ^/ie :e —w. 

Hence in passing once round the branch point 2 = 0, and 
therefore crossing the branch line, each branch changes into 
the other 


integer Slmllarly f ° r the case w ^ z ' ™ here 7 m a positive 
Here w is a g-valued function of z, and we have 


vi-z* (cos~^+ t sin ~'j, where A=l, % 3, 


or q 


7 7 

Let the q q th roots of unity be called a, a 2 , a* . a? 

Then the branches of the function may he written 

. - i 1 1 

UJ— 02«, w 2 =aV, w s — oft®, w q =o.izt, 

where by z“ we mean any definite q* root of 2 , the same to he 
taken throughout 

The points z=0 and 2=00 are branch points, and the 
positive portion of the aj-axis is a branch line 
In passing once round a small circle of ladms r encircling 
a ranc point, say that at z=0, w s changes from being 

a‘(rey to being that is to 

1 1 

a’e 11 (re‘ 9 )« or Q s+i( re ‘»)« f 
therefore w, changes to 
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Thus the system of branches changes trom 

W v W 2 , w &) w q _ v W q to w 2) W 31 W Ai W q , W v 
and a second encircling of this small contour will cause the 
further change to w s , w 5i w v w 2i and so on So that 
when z has travelled q times round the branch point at z~0, 
the ongmal order will have been restored 

Similarly also for the case w?=z p , where p and q are positive 
integers prime to each other, 

1260 Revolting to the case 'ifl—az, where a is positive and real, put 
z=re Ld , to l = 3 ^* 1 , w 2 —i 2 e i9 * 

Then w x = r x e l9x = + \/ are l9 t w 2 = r 2 e 10 * = - V are 16 = Ja)e ^ e+2ir ^ , 
jjWar, 0i = 2 » ijWsr, 0 2 =’ r +§ 

We show separate 10 -planes for the separate blanches (Fig 365 ) 

Take as the z curve the circle r=a 



Eig 365 



Here, as 1\ (z), moveb round the cncumfeience A BCD of the circle 
r—a t the points P lt {w^ and P 2 , (w 2 ), respectively describe two semi- 
circles shown in the accompanying figure, viz the upper half circle A X B X C X 
foi w x and the lower half circle C 2 D 2 A 2 for w 2 When P traverses its 
path a second time, P x proceeds to describe the lower half circle of w u 
viz CiD^j, whilst P 2 describes the upper half A 2 B 2 G 2 for w 2 

1261 Sheets, Riemann’s Surface 

In order to avoid the inconvenience of the same value of z 
indicating two or more values of w, the following device is 
\dopted 

T magme the x-y plane upon which the point z travels to 
jplit into as many parallel sheets as there are values of w 
vhich any one value of z gives rise Let these sheets still 

*ry with them the tracings of the ongmal axes, and let them 
be separated from each other by infinitesimal distances e, the 



RIEMANNTS SURFACES 


405 


ying m a line perpendicular to the several planes 
axes remaining parallel, and let the same point z 
ed upon each plane Let the several planes be 
id as No 1, No 2, No 3, etc , and be associated with 
al functions w=w x , w=w 2 , w=w 3 , etc, to which the 
z gives rise, so that when z travels on plane No 1, 
h of w 1 is traced on the w-plane, when z travels on 
> 2 the graph of w 2 is traced on the w-plane, and so on 
way each value of z with its particularising plane 
le only to one value of w, so that w may now be 
pon as a single-valued function of z f and z requires 
escnption not only the values of x and y, but also 
ber or label of its particularising plane 
t will be inferred from the examples considered that 
in its travel upon the original a>y plane in continuous 
crosses a branch line AB in that plane theie is a 
n the branch of the function, w x to w 2 say In order 
lent the continuous motion of z in our new system of 
om plane (1) to plane (2) it will be necessary to suppose 
tence of a plane bridge extending from A to B } and 
ang at these points and leading from plane (1) on which 
to plane (2) on which A\ B' lie where A\ B' aie the 
ltions o£ A, B on plane (2), so that in passing fiom z x 
e (1) to 0 2 on plane (2) the point z passes down the 
if infinitesimal length f i om the one plane to the other 
changing its value m so passing 



in the case when theie are only two branch points and 
,nch line, we shall consider the seveial s- sheets to be 
e else connected Thus, as z passes over this bridge 
ane (1) to plane (2), w x changes to w 2 Aftei tiavelling 
> (2) the point z must again cross the budge to get back 
original position z x> for there is no othei connection 
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between the planea (2) and i l ) The exeuimon oi / tnuu plane 
(1) to plane (2) and hark again miij In* indicated to an »‘V < 
looking’ end w me along the binueh line Horn H to d, as m tin* 
diagram No* ft67, the budge Iwsng u pie united in duplicate as 
VQ ot I y (jf toi convenience 


o** e 

: ,,-v : 

hk «*r 

Thiw, m the e«we of w" we have the dmgiam ot tie 
change indicated m Fig IMS 

. -* /’/lift# f t) >J.i U y 

-- * ***** — ■ f'lttn* (+') yti'tttf ti { 

Ilk HUS 

In the ease of u# the e\ehe oidc i of change ♦ as pies* » 
the branch lme m md seated m Fig Ilflb (taking, f*u i sample 
7-5) 

m 
(?) 
m 
(*) * 
m 

im 

The whole ayntem of sheets thua emmet ted h\ menu of u 
budge through tin* hianch lint m then leguubd as toniiing a 
continuous suiface, and is known as a Itumann'* Nmfae* 

1262 Hnough ban been Mind to indicate one method of 
icpresentation by mourn ot wlmh tin* ennsideiution ot a 
multiple valued function * may be regnided as miueid to the 
conHideration of a Mingle valued function And tho will 
suffice for our purposea in this hook The whole <hem\ of 
Branch points, Ihaneh linea and Niemanns repn„< titatmn 
would occupy far tuoie apace than is at our dwpo ail, and we 
imwtrofei the student to tieatweu on the Thmij of Functions, 
rtf Km ay tin Throtj / of Futoitotis, (liapht \\\ or ihukmvs 
and Moiley, Theory tf Funittuns> Chapter \I, wlnte thm 
very interesting matter will h* found fully dm*us»ed 




EXISTENCE OF BOOTS 407 

1263 Any Algebraic Equation of the n® 1 degree has n roots, n 
being a positive integer 

Let wz=F(z)= z n -\-'p 1 z n ~ l J rp 2 z n ~ 2 + +p n z = 0, where z and 
the several coefficients may be real or complex and n is a 
positive integer 

Whilst z travels over the whole of the 0 -plane it is obvious 
that w will travel ovei at any rate some part of the w-plane 




Fig 370 

Let 0 and O' be the two origins Then we shall show that 
w must reach O' m its tiavels over the w-plane For, if there 
were any finite limit of the nearness of approach of w to O', 
let p be that limit Let z 0 be the value of z for which w 
arrives at its limiting value, w 0 say, which must he somewhere 
on the circumference of a circle of radius p m the w-plane and 
having 0' for its centre 

Consider the vector z=z 0 -\-h 

Then ^=(^ 0 +^) n +PiK+ / O n “HW 2; o+^) w "’ 2 + +Vn> 
which, by multiplying out the several terms and arranging m 
powers of h , we may write as 

w=F(z 0 )+hF'(z 0 )+^ F"(z 0 )+ +^> w (zo)> 

where F(z 0 ), F(z 0 ), etc , are the several coefficients occurring, 
and are functions of z 0 alone, finite so long as z 0 is finite 
Then obviously w 0 =F(z 0 ), and therefore 

w-w 0 =hF'(z 0 )+^F"(z t )+ +% [ FV(z 0 )=hF'(z 0 )+£, say 

Then, provided F'(z 0 ) does not vanish, we can, by making h 
sufficiently small, make the ratio £ hF'(z 0 ) less than any 
assignable quantity 
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An<l even if F'(*q) ^ ,M ‘ H «*i w< II 

U) ^ "Uk**. 

h r 

ho that f /' ,t,, (* 0 ) ** t.h«* first tenn whnh dins not \snmh Wi* 

can m the same way, hy taking h sutln jenilv mall, nut* tin 

iemamder of tlm Hones heyond tin* trim ^ , F"'{ J h* ai to flit , 

* / 

term a ratio less than any assignable <j»nmtit\ , and <!enf»«n 
ultimately, when h is indefinitely small 


U' 


*n .) 

r 


or 


A' 


A'"*l 


ah 


as the ease may he 

Now let the jaunt : 0 | h travel in n small noli* muiei 0 m 
its centre In doing this t!ie amplitude of A miinot »dbv V* 
and that of h r hy 2 nr, r being a positive mtipu, whti t that 
of ^'(*0) or is timiltejed 

Thetefoie the amplitude of w u ' 0 ineieasi'* hs ‘Jw »s h\ 
2 nr t and the point w describes some curve about o M wheh 
returns mto itself aftei oneoi r rnmplefe esieuit 4 as d* enU 
a small cnele about z 0 lienee it niuM petit 1 1 at 1 a< ha ( once 
into the circle of ladms p in its tiavel about e* l( And th« - 
contradicts the hypothesis that then* \* an utft not hunt t>» 
the closcneHs of approach ol w to O 

There must therefore be at least one valu* *d u 

tr 1 

for which in coincides with the oiigm (> nod main 1 l'\ 1 
vanish. 

Hence z z t must be a fnetot of /r f (') 

Dividing out z horn h \ ' ) we get an e\pn r - m»u *»j <b 1 
m jKiweis of z to whuh the name ptoee*s can t *« apple*! 

And, proceeding m this way, it is clear that V{ ) ms ,* 
have, n smw 

Aud, if ®j, c fl .. he the values of 1 h»j which F\ , | 
vanishes, w e get w A (: :,)(: *,){r (, when A 

is independent of c, hut may he a ( omph*\ constant 


Thus 


and 


mod w mod A Tfmod ( - lf ), 

f—i 

r^n 

amp iv amp A | Vamp, {* ;,) 

rZ[ 
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1264 Number of roots within a given Contour 
We are now m a position to assign the number of roots of 
w=0 which lie within a given contour m the w-plane 
When z travels in a closed cuive once round z 0 the ampli- 
tude of the vector z — z 0 is increased by 27 r, and if the closed 
curve encircles z 0 r times before returning to the starting 
point, the amplitude of the vectoi is increased by 2 r 7 r 



When z travels round a closed contour which does not 
enclose z 0 the amplitude of z—z 0 increases by a certain amount, 
and then decreases again till it assumes its original value 
when the whole circuit of the contour has been traversed, so 
that there is no change in the amplitude 





Fig 372 


If the z-contour passes though z Q at a point of continuous curvature of the 
contoui instead of suriounding it, theie is a change of it m the amplitude 
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of z—Zq If zo be situated at a node of the z curve, then, when z descubes 
a loop starting from the node by one of the branches which parses through 
zo and returning to the node by anothei branch, the change m the ampli- 
tude of z — Zo 10 <*, where a is the angle between the duections of the two 
tangents at the node between which the loop lies 

Remembering that if 

w=A(z—z 1 ) (z—z 2 ) ( z ~ %) ( z ~ 

we have amp w=amp 4+amp, (z— z x )+ “b am P (z—z n ), 

it obviously follows that if z is made to travel round any 
contour which encloses any r of the n zeros of w > viz z lt z 2 , 
z n> and no more, and does not pass through any of them, 
and if the contour be such as to encircle them each once only, 
the change of the amplitude in w will be 2rir If, however, 
it passes through one of the other zeros at a point of con- 
tinuous curvature of the contour besides encircling the o zeros 
considered before, there will be a change of amplitude to the 
extent of (2r+l)7r Conversely, if as z passes along the 
perimeter of any region S it be observed that the change of 
amplitude is 2r7r, we infer either that there are r zeros of w 
within that region or r—2p zeros within and 2 p upon the 
boundary, and that, if the change of amplitude be (2r+l)7r i 
there will be r zeros within and one upon the boundary or 
9 — 2 p zeros within and 2p+l upon the boundary, so that in 
the one case there are i roots within or upon the boundary, 
and m the othei there are r+1 roots within or upon the 
boundary, and the number upon the boundary is even m the 
first case, odd in the second, and if the change of amplitude be 
an odd multiple of ir there must be at least one zero of w on 
the boundary of the contour 

1265 Illustrative Examples 

1 Consider the equation 

iosz 4 — 2z? - z 2 -4- 2z + 10 = 0 

Take a contour bounded by a circular arc, centre at the ongin, and of 
infinite radius R and the positive directions of the x and y-axes, viz the 
quadrant OAR 

Then (1) as z travels along the x axis, y- 0 and the amplitude of z, and 
theiefore also of w is zero, in moving from 0 to A 
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(2) As z travels along the quadrantal arc AB of the infinite circle, 
w = JR 4 - 2 ~ - ~2 + 2 - Ri = -R 4 e 4 ‘ 0 ultimately, 

and as 0 changes from 0 to ^ the increase of amplitude is 4 ? = 27 t 



(3) As 2 travels from 0=00 at B down the y-axis to 0, #=0, and 
z=ziy = tr, say, and u;=r 4 + 2ir 3 + 7- 2 + 2ir+10=/>(cos <f> + i sin<£), say, wheie 


tan <£ = 2 


r^+r 

i^+H+IO* 


(«) 


so that tan lemains positive as r decreases from 00 to zero, vanishing at 
both limits To find wheie it attains its maximum value, we have by 
diffeientiatxon x d x r « + 2r‘-29r2- 10 ... 

2 seo ^*" — p+^+IoF - ’ (6) 

and the equation to find the stationary values of tan <f> is 

r^r 4 - 29/2-10=0, (c) 

which being a cubic foi r 2 must have one value of r 2 real Moreover, as 
r 2 = oo makes the left-hand member positive, and / 2 =0 makes it negative, 
a real value of r 2 must lie between 0 and infinity , and furthei, Descartes’ 
rule of signs shows that there cannot be more than one leal positive loot 
Let that root be r 2 =a 2 , and let the remaining roots, both real or both 
imaginary, be /J 2 and y 2 


Then IsecU**- 

lhen ^sec'xp (r^+r^+lO) 2 


If both ft 2 and y 2 be real negative quantities, r 2 -^ 2 and r 2 - y 2 are both 
positive 

If /J 2 and y 2 be unreal, the product (# a -j8*)(f a - y 2 ) cannot change 
sign as r changes through real values from oo to zero, and this product 
is ultimately r* when / is infinite Hence m eithei case (r 2 - /J 2 )^ 2 -*} 2 ) 
is positive 
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AIho r ih decreasing Hem e 

from r R to r <«, wo have t #* tan «/> m iim u amp, 

and fioni r a to r 0, ^ ( t )'\ then fun* Uti</»t * d*« 

Hut at r R the amplitude </> w Sin- 

Hence <£ mcuwHOH to some value hetw**en °,r uid Sin * ,, md tlun 
ietuin« to its value 2n 

Them ih thciefoie only one loot of the equation m th* In u quulumf 
If we take the hut two quadrant i as om * untom we yrt i »lunov of 
amplitude (M lir I 0 iff 

Hence thoie ate two and only two loot * m the lust two quidunD 
That is, there ih one loot tn the ms unci qmplunt 
Similar ly theie is one m the thud quadt uit and one m th* f*« u f h 
quadrant As a nutter of fart, tin fout mot * ne 1 »s I uid 
2 i s/ 1, ah may He neen by fat twining the original * quation a i 

(.M^l 8)( j 1 *u 

and the locahtien of thene loot* ate nhown in Kig I» 1 



K«k m 


2 Consider next the equation 

w x* 0*M HU 2 * 4 Stic 1 | \H* tin t\ 

Take the name eontotu oh in the la*t rune 

(1) Along the * axw fiom 0 to A * j, am! the** u no tiling* to th* 
amplitude, which remattm /eio 

(-i) Along the infinite i irele w is ultimate lv #*/'* and th* i* * a « h m f v 
of amplitude (I x £ Ibr in juttming from A to It 

0) Down the y axm from R to 0, ,r, on 

Hence u> r* (hr* I thr 4 r*J*r’ *» # »r Dvr I to 

/>(c<m </> \ omit/.), uav 
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Than tA n 6r»- 24r*+18r _ 6(r 2 -l) (r*-3r) 

^ ^-16^ + 25^-10 (r* 4 — 1) (r 4 — 15r 2 -h 1 0) 

This indicates a peculiarity at r=dbl, te , and it will appeal 

fiom w= 2 ® — 6a 5 + +10 that z 2 + J is a factoi and two of the roots aie 

z~ ± i 


To exclude these roots we diaw two small semicircles of radius r' with 
centres (0, +1) in the first and fourth quadiants as shown in the 
figuie, thus amending ourcontoui , (oi we might, having discovered these 
roots, divide 2 2 +l out of the expression for w and stait again) 

Hence, except at the point (0, ±1), we have 


whence 


d<t>_ r* + 6r 4 + 15r 2 +30 
dr (^-lSrHlO ) 4 , 


(a) 

<*) 



so that ^ is negative for all positive values of r, and therefore as r 

decreases along the y-axis <f> mci eases, with the exception of m the 
immediate neighbourhood of the point wheie r=l , and tan<£ vanishes 
both at r=JR~co and at r=0 as well as at r—>Jz 
To consider what happens in the neighbourhood of r=l, about which 
the small semicncle is drawn, put z—iWe* Then to first poweis of r', 
w = ( - 1 + 6trV®') - 6 (i + 5rV* ) + 1 6 (1 - We*) -24 ( - 1 - 3 r'e*) 

+ 25 ( - 1 + 2trV* ) - 1 8 (c + r'e*) + 10 = 8 (3 - 1 ) r'e*, 

and the variable portion of the amplitude diminishes from 0'=- to 

2 
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O' 


7 r 
2 


,IH 7 tllO 


*OllU«n«h ('FI> f I **HI f* t»» /J 


**th* t v » 


along tho //a\ts tho %alii« <>t tho Ainplit »»•!» i i!wn h<m* t >it' v * * ♦ 

</. Jrr.iW', vthfif t.tu </• 01.. ./. I., rft r s t, wit. t«*« »«>•/• '“•*«" *'»' 1 

oxwptfoi tin 1 Hmniiinit rr 'it M <l> v >i i n «Imii i >'>"< 

bctomn /mo, bcmlt 1 < tin* b. > "1 u >» 1" • •»•»' ""‘"‘l ,l »" 11,1,11 

Hciko tho thaugo °f amphtudo » th* whob «•»»**•«» 

OfiumOtnJ, Hit I mm t to /t, u fmm Hu* b\ u h» u <>/' si 

TP flOlU F t<> O 0\l * | it f * til* kUHIHI'I* 4 !»*|ldf77 4 , 

te m all, thochaugo of amphtmlo t . In , who li uido K.mIm “iMo"**! 
two motn in tho fit it quadiaut, h* ad* tin mot * **»> th* l n;iln 

In tho sum* wav , it < in lit diown that tin ir i ninth* t t •»*' * 

two othotmn tho fnuith quadiaut, lait non* in th* ****ii*l md »*> »*t 

Ah h mat tot of U< t, tin* < apt* .mm wlion I n foimd h* » »*o 


( M l)t ' ' « VM * * >h 

and tlm mot mu o n, j ami ato noli* it**lh\ d**t mi tin ml 

I i i t fntti th qti nh ant Mi th* ti * M» t»* l 0 * 

* n } < t | m nh i i nt t h» i tun M * h J 


a <\nmlo» * H *» 

Taking tho natno lontom a* l« l*>t f* 

(1) Along tho t a\t» i, atnl thin* i iinijnmonf imph*” h mi m 

m w 

(2) Along tho an of tho tnhinto « u* 1* , i tdiu » /» tv, 

u tfMHV (4r> ** \^h« v ** /*“ i von lup*% 

and tho thatign of amphtudo i * ( i/» \ V ) , , t l) r 

(d) Along tho if atm put m, tlnu 

ir p«t»|ir i 1 t i mi > tv, 

and tan*/* f | 4n|l . r * 

..(/*/» U > 4 " 4 *Htbi I *b‘" 45 inh * In"**' 

M, * ( T,/, (1 »««♦*)» u •«tM* ’ 

wlnoh in fKiHitivo lot all poniftvo \mIwi *»l < How*, a* * n d* t < t' | »m 
an * tinvols fiont // to O down th*» j aat », »/♦ i * u) *u d« r t* hmm/, m»I th*> 

dootonHO ih fiom (In I l) rr tlmmgh t l)» f at I, win t* f mi*J* # , 
to (2w t I) 7T a at O That t*t, Hit t**tal ihang* of uupbtmlo mi j* 4 >M»i‘ 
tound thin <ontom ih ‘hur, whwh itnln *to\ th»» *^*»trn*r of , »**<i n* 
tho fitnt (juadnintr 

(4) If w<^ t.iko tho htat t wo ipimli tula a* M*nt*»»tt with mi lutinM* r *mi 
< noulai boumlarv, tho < hango t*f vmphtmh » ^ 

(M (in i V)« I U it>* i "\n 

Homo thoio ato t l t **t»t h m tho fn »t wnd oo***ud *< udi mm * r 
(n | 1) KKitn m th< itotond quadrant 
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(5) Consider next the behavioui in the fourth quadrant 
For the vanation of z down the y axis, OJB% put z — -lj, 

0 “ -? 4n+a — tr+I=p / fcos^>'4-esin <j f>'), say, 

^P-psrhz V 

sec ( 4?t+I ) ?4fl+a +l 

^ ( r 4 «+ 2 -])2 ’ 


/ n-f-1 roots 

u roots \ 

r o 

\ » + l loots 

, n roots / 


which is essentially negative , and ? is 
mci easing, theiefoie <j>' is deu easing, and 
<t>'=0 at 0 } and again at B\ where i = oo , 
and theie is a loss of ir in the amplitude 
In ti aver sing B' A there is, as before, 
an increase of (2 w.4-1)tt in the amplitude, 
whilst in tiaveismg A 0 theie is no change 
This gives a change of 2 jmt, which indicates the existence of n loots in 
the fouith quadiant Similailj there die n + 1 loots in the third 
Hence the localities aie 

n loots m the first and in the fouith quadrants , 
n + 1 loots in the second and m the third 


B' 
Fig 376 


EXAMPLES 


1 Find the moduli and amplitudes of 

{% + l y) n , log (x + iy\ ( } + L yyi-\ 

sin (t + iy) } cos {x + iy), sec (z + iy), ta n-^ie + iy) 

2 If z=z + iij, show that 

l°g I I = x log | c\ - y amp c, i 
tan amp e* = y log | c | + x amp c J 


3 How are sm z, log 2 ?, tan” 1 * defined when z = x + iy ? 
Show that if z = x + iy, 


dz n n— 1 

-- = m n -\ 


dbinz 
dz 


■ = cos z, 


dlogz 

dz 


d , - 1 

■j- tan™ 1 z = ^ , 

dz 1 +«* 


4 Discuss the locality of the roots of the equations 
(l) ws^-2^ + 42f+12 = 0, 

(li) w=2 4 + 2^-42 + 12 = 0, 

(m) w = z 4 + 60 s H- 1 6# 2 + 20# +• 1 2 = 0 , 
(iv) w = 6^ + 16^ -20* +-12 = 0, 

stating m each case how many roots lie in each quadiant 
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5 Find how many roots lie m each quadrant in the following cases 

( 1 ) w==z 4 + 2+ 1 = 0, (ll) w==z* n + z+ I =0, 

(in) + h 1 = 0 , (iv) w = 0 4n + 1 +z+l=Q , 

(v) w = ^ n+1 +z 2 +l = 0 , (vi) w = z 471 * 2 -f ^2 + i = o ; 

6 Discuss the localities of the roots of the equations 

(l) i 0 = z® + 2z 6 + 7z* + lOz 3 + 14z 2 + 8z + 8==O, 

(n) w sz 5 - 6z* + 5Z 8 - 30z 2 + 4z - 24 =0 

7 Examine the nature of the conformal representation of the 
equation w 2 = 1 + z for the cases 

(l) when z moves on the cncle mod z=c, 

(n) when z moves on the straight line y = 1 + x , 

(in) when z moves on the straight line y = c 

8 Find the radius of curvature of the hyperbola 

x 2 sec 2 c-y 2 cosec 2 c =» a 2 

by a consideration of the conformal representation of the equation 
i0 = acosz, taking for the zpath the straight line x = c 

9 Supposing a 2 w = z a 1 and a to be real, show that if z traces 
the curve (x 2 +-y 2 ) 3 = a s (ic 3 - 3zy 2 ), then w traces a circle at three 
times the angular rate Deduce a foimula for the ladius of cui vatuie 
of the above z-locus, and verify your result dnectly 

10 Taking the equation w + l=(z+l) 2 , show that the 10 -path 
corresponding to mod z = 1 is a cardioide 

1 1 Examine the 10 -locus m the case w = cosh log z, when the z locus 
is mod z = 1 


12 Taking the relation 10 s — 310 = z, show, by putting i 0 = tf + l, 

that if t descnbes the circle mod t = Jc 1 

(1) the z point describes an ellipse , 

(2) the three 10 points corresponding to any value of t z describe 

a confocal ellipse and form the angular points of a maximum inscribed 
triangle [Harkness and Morlfy, Theory of Functions, p 39 ] 

13 Discuss the conformal representations arising from the equation 

10 = log z, 

and show that the curvature at any point of the 10 -locus is pro- 
1 ds 

portional to the value of - ^ at the corresponding point of the 

z locus, <j> being the angle between the tangent and the radius ?, 
and ds an element of arc of the z-locus 
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14 Suppose w to be any rational function of z(=x + iy), and that 
w is put into the form p + tq where p and q are leal Suppose that 
as g travels in the positive direction round any contour F m the 
s-y plane, p/q passes through the value 0 and changes its sign k times 
from + to - and l times from - to + Show that the number 
of roots of io=0 which lie within the contour is l(k-l), it being 
further supposed that the contour is such as not to pass thiough any 
point for which both p and q vanish, and that when repeated 
imaginary roots of w = 0 occur they are counted as many times 
over as they occur 

[Cauchy (Seo Todhumer, Theory of Equations, Art 308 )] 

15 If <f> be the longitude and A the latitude of a place on the 
surface of a sphere and 0sgd -1 A. 

(l) Show that the coordinates of a point X s , Y, of the steno- 
graphic projection of <f>, X are 


X,=ae~ e cos4>,'\ „ 

!>«-• *.+ *!>«•»+-> 

(ii) If X m , Y m be the coordinates of the same point m a Mercator 
projection defined as 

Xvn “ Yjn = ll& i 

express X 8 and Y $ m terms of X m and Y m 


(in) Considering the equation w/a = e‘l < ** (a real), show that w is 
the stereographic projection of a point on the sphere, whose Mercatoi 
projection is z 


(iv) Show that the magnification in the stcreographic projection 
x (1 + sm X) - " 1 , and in the Mercator projection oc sec X 


(v) Examine the steieogiaphic and Mercator projections of 
(a) the meridians , (b) the parallels of latitude , (c) a rhumb line 

16 If £+ 07 = {% +i y) n , pi o\ e that the systems of curves t w cos n 6 - a n , 
r n sin7i0 = &* in the piano £-?; correspond to straight lines parallel 
to the axes m the plane x-y, and find tho value of the integral 

^271-2^^ for the rectangular space included between any foui of 


them, dA denoting an element of area 


[St John’s, 1890 ] 


17 In the relation w = csin£, show that tho w curve which cor- 
responds to a lectangle x- ±w/2, y = ±k on the z-plane is an ellipse 
with two narrow canals extending fiom the extremities of the major 
axis to the nearer foci, and that the interiors of the respective 
regions correspond [Fobsyth, Th of F , p 504 ] 
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18 Writing Z=X+tY, where X and Y are real, and taking 
Z=* sm:, deteimme a simply connected region of the plane of z 
which is transformed conformally into the half plane F>0 

[Math Trip , 1913 ] 

19 For the equation <JX + iF=tan r s/a -My), show that we 
have as corresponding areas the area within the cncle X 2 +F 2 = l, 
and that within the parabola y 2 = 4(1 - x) Examine also the nature 
of the correspondence as regards 

(i) the points on the circumference of the circle, (n) those on the 
diameter Y= 0 [Math Trip , 1887 ] 

20 If £ = sin 2 £F=sm 2 J(2T + iF), show that the lines X— const, 

F= const correspond to a system of confocal conics, and that the 
ratio of the areas of the triangles z v z 2 , z 3 and F x , F 2 , Z 3 is proportional 
to the product of the distances z l (or z 2 or z 3 ) from the common foci 
of the system, the points Z lt Z 2l Z 3 being the vertices of an infini- 
tesimal triangle m the Z plane and z lf z 2 , z 3 the vertices of the 
corresponding triangle on the 2 -plane [Ox II P , 1913 ] 

21 Show that (z + a) 2 j(z~a) 2 gives one conformal representa- 
tion of the semi-circular area fc 2 + y 2 ^a 2 , yW 0 on the plane of 
z = x -f ty, upon the upper half rj g; 0 of the plane f = £ + iy Explain 
how to modify the formula so that x — h, y — 0 become £ = 0, rj ~ 0, 
andz = a; 0 , y = y 0 become £ = 0, rj= 1 ( h 2 ^a 2 } x 0 2 + y 0 2 <a?) 

[Math Teip II , 1919 ] 
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INTEGRATION CAUCHY’S THEOREM ON CONTOUR 
INTEGRATION TAYLOR’S THEOREM 

1266 Definition of Integration for a Function of a fipmplPT 
Variable 

Let f(z) be any single-valued function of z, and let any path 
of z on the 2-plane be selected which does not pass through a 
point which makes f(z) infinite, and along which the change 
m f(z) is continuous 



Let z 0 , z v z 2> z ni z n+1 (=z) be an infinitesimally close array 
of points on this path fiom an initial point P 0 , (z 0 ), to another 
point P, (z) 

Then the limit (provided a limit exists) of the sum when 
n is infinite of the series 

( z l- z o)/(»o) + ( Z 2 - z i)/( z l) + ( z .i- %)/(z 2 ) + +( z - z *)/( z »), 

when the moduli 

l Z l~ Z ol. fa-hU \ Z ~ Z t\ l Z Z n| 
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are each indefinitely decreased, so that the successive elements 
of the 2 -path are all infinitesimally small, is called the integral 
of f(z) dz for the selected path, and is denoted by 

P/( z ) dz 

Jzo 

1267 Obviously, the last term of the series, having an 
infinitesimal modulus, the series may, if desired, be supposed to 
stop at the term ( z n —z n _ 1 )f(z n _ 1 ), as m the case of a function 
of a real variable (Aits 11 and 12) 

1268 This definition clearly includes that of functions of 
a real variable (Art 11) as a particular case, the “selected 
path” for the variation of x m that case lying upon the 
aj-axis 

1269 General Properties of an Integral 

Properties of the integral, corresponding to those of Articles 
322, etc , for a real variable, may be established Let w r =/(z r ) 
Then, m the first place, it is immaterial whether we consider 
the limit, when n is oo , of 

(z 1 - z 0 ) w 0 + (z 2 - Z x ) WJj + (z 3 -z 2 ) w 2 + + (z n+1 -z„)w n = (A), 

or of 

(z-z 0 )w l +{z 2 -z 1 )w 2 -\-(z 3 -z 2 )w 3 + +(z n+1 -z n )w n+1 = (B) 

Foi the difference of these expressions, viz (B)—(A), is 
(z, - z 0 ) H - w 0 ) + (z 2 - z i) (w 2 - w x ) + + (z n+1 - z n ) (w n+1 - w„), 

in which the number oi terms is »+l, which is ultimately 
infinite, but an infinity “of the first order,” if we regard 

— tt as an infinitesimal of the first order 
Let the greatest of the moduli of the several terms be 
\z r 2 r _! | x | W r 

which is finite, as the path of z has been chosen so as not to 
pass through a point for which w becomes infinite. Then, since 
the z-points are taken infinitely close to each other, and the 
function w is continuous for variations of z along the path, 
|2r— *r— ll is an infinitesimal of at least the first order, and 
\w r — Wr-i| is also an infinitesimal of at least the first order 
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Hence the difference of the (A) and (B) series cannot exceed 
the value of the product of 

(an infinity of the first order) x (an infinitesimal of the first 
order) x (an infinitesimal of the first ordei), 
le a finite quantity multiplied by an infinitesimal, and must 
therefore vanish m the limit 

1270 It follows that if w=f(z) y 

f z _ C z r=n+l n+1 

I * dZ = /W dZ = y L ( Z - Z r-l)f(Zr-l)= 

JZq r — 1 

c z o rzo 

= - ^ (2r-l-Zr)/(z,) = -J 2 /(2) dz = - j wdz 

1271 Again, since the sum of the senes 

(2l-2o)/(z 0 ) + (2 8 -2l)/(2 1 ) + (2 j -2 2 )/(2 2 )+ + (z-Z„)f(z n ) 

may be divided into any number of portions which together 
mate up the whole series, we have 

f f( z ) dz + r/( 2 > dz+ r/( 2 ) dz+ + f /(z) dz= P* f(z) dz, 

J fr J Z Q 

where f 2 , f 3 , £ r are the values of z at any points taken 
in order upon the selected path fiom z Q to z 

1272 Again, consider f [f(z)±F(z)]dz 

J*o 

Provided we follow the same 2 -path of integration m both 
cases, and that both f and F ai e finite and continuous between 
the points z 0 and z on this path, 

f /(z) dz=Lt 2 (z r+ i-z r )/(z r ), 

JZq 0 

F(z) dz=Lt^{z r+1 -z r ) F(z r ) 

0 

I f(z)dz± \ Z F(z) dz—Lt 2 (z r+1 -z r )[f(z r )±F(z r )\ 

w *0 " Zq 0 

= [’[f(z)±F(z)]dz 

Jz 0 

And the same is true if theie be any finite numbei of 
functions 

Also, somewhat more generally, if HA k f h (z) stand foi 

fi ( z ) + -^2/2 ( z ) + 
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for a finite number of functions, where A lf A 2> , are all 

independent of z, then 

[ Z '2A k f k (z)dz=tf A k f k (z)dz, 

Jzo JZt 

so long as the same 2 -path is followed m each integration, and 
the conditions as to being finite and continuous from z 0 to z 
are satisfied by each of the functions 

The coefficients A k may be any whatever, provided they are 
not functions of 2 , and the number of terms m the summation 
is finite 

And further, in these results each function has been sup- 
posed single- valued, or if not, that the same branch is adhered 
to throughout the integration in each case 

1273 So long as the path of integration from z 0 to z is 
finite, and passes through do critical points of f(z) t ^ e points 
for whieh f(z) becomes infinite, and is a continuous path so 

far as variations of f(z) are conceined, the integral j f{z) dz 
must be finite z ° 

For this integral is, by definition, 

Lt [(Z!-Z 0 )f(z Q ) + ( 2 2 - 2 X ) /( 2 X ) + (z 3 - z 2 )j ( 2 2 ) + + (z- Z n )f(z n )\ 

and, by supposition, none of the expressions f(z 0 ), /fo), f(z n ) 

have an infinite modulus 

If mod f(z r )=K, say, be the greatest of their moduli, the 

modulus of the integral f(z) dz , which is 
Jzo 

;)> j It'S mod (z 1+1 — z r ) mod f(z r ), 
is ^LtKl mod ( 2 r+1 — z r ) y 

and mod (z r+1 —z r )= the arc of the selected path from 
2 0 to 2 , —S, say, which, by supposition, is finite 

Hence the modulus of the integral is not greater than K S, 

and is therefore finite Hence the integral itself, f / ( 2 ) dz , is 
finite lz ° 

1274 When the number of functions f-^z), f 2 (z), ffo), f n (z) 
is infinite, the functions being each single valued, or if multiple 
valued, the same bianch being adhered to throughout the 
integration, the same theorem as that of Art 1272 is tiue foi 
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their sum, provided that the sum forms a senes which is 
uniformly and unconditionally conveigent,* and provided the 
2 -path of the integrations lies entnely within the cncle of con- 
vergence and is finite , foi if we wnte u lt u , u for 
these functions, let f(z)= u. l+u , +U) + +u n+ R n , where R n 
is the remaindei after terms , and let the senes 


Ui-j- 16 2 -f-U 3 4 - to 00 

be uniformly and unconditionally convergent for all points 
within the 1 egion bounded by a circle of radius p, then, when 
n is indefinitely increased, |# K | vanishes 


B « l 

and if |#'| be the greatest value of |K n | along the path of 
integration, which is finite, and which lies within and does not 
cut the circle of convergence, then 


|£i? M dz is > J‘ | R'dz |, re * | R | P | dz |, 

-H-® I x length of the path of integration 
X a finite quantity, 

and \R\ is zero, by supposition, when n is made infinite, 
Lt\ \ R n dz =0, and theiefoie f R n dz=0 } 

lJz ° ho 

rz 00 m 

whence f(z)dz=^ 1 u r dz, 

J *o l J Zo 


wheie the path of mtogiation is the same foi each teim of the 
series and the conditions of the senes aie as stated 


1275 Cauchy’s Theorem 

It was shown m Chaptei XV that li <•/> and be any two 
functions of x and y which aic single valued, finite, and con- 
tinuous at all points 7 , y which he within oi upon a given 
closed contoui T of the a-y plane, then 



* A knowledge of the genual theoiy of mfimto senes ami tests for con 
veigency will bo assumed hue The nottssaiy information will he found in 
Professor Hobson’s Plane Fio/onometry, Chapter XIV , 0l in the Tieatue on 
thel'heoryof Functions, by Haihnoss and Moiliy, Cliaptoi III 
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the surface integral being taken over the area bounded by the 
contour and the line integral being taken round the penmetei, 
the direction of the integration being such that m travelling 
along the arc m the direction of increase of s, the area bounded 
by the contour is always on the left-hand side 

Consider the function w=f(z)=f(x+Ly)=u+iv, say 
Then u and v being conjugate functions of x and y {Diff 
Calc , Art 190), we have 


ciu__ dv * , du^Jdv 

'dy dx an dx ~~dy 

Now, from the above theorem, we have, by two applications, 


and 

Hence 


J(« ^~ v dy=0 

je - dx+u dy)= IKS - !) da dy=0 

j ) dz= J(u-brv) d(x+iy) 

= |(u dx — v dy) + * dx +u dy) 

= 0, 


and the assumption in this theorem is that f(z) is synectic 
within and upon the boundary of T along which the integra- 
tion is conducted That is, that f(z) is a single-valued, con- 
tinuous function which has no infinities, whethei pole or 
essential singularity, within or upon the boundary of the 
contour This extremely important theorem is due to Cauchy 
(Comptes Rendus de V Acad des Sciences, 1846) 


1276 Deformation of a Path 

When w is a synectic function for a definite legion T of the 
0 -plane, let A CB, ADB be two 0 -paths which lie entirely within 
that legion Then it follows from Cauchy's theorem that 




w dz (along ADB )-\- J w dz (along BCA)— 0, 


as there are no singularities m the region between the two paths 
C s C s 

Hence J w dz (along A DB) = 1 w dz (along ACB) 

Hence, as far as the value of the integral is concerned, either 
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path from A to Bn deformable into the other without alter- 
ing the value of J wdz along it When one of these paths is 
the straight line AB itself, the other path is said to be “re- 



Fig 378 

concilable with" a stiaight-hne path of integration, and it 
will appeal that such defoliation of the path fiom A to B 
can be carried to any extent, provided that this defoimation 
does not carry any part of the path of integration outside the 
boundary of the region T on the x-y plane, for which the 
function f{z) is synectic 

1277 Differentiation of tins Integral 

Writing f for z and taking /(f) as synectic throughout the 
singly connected region Y ot the z-plane, and starting from 
any selected point z 0 , viz A m Fig 378, and travelling alone 
any path to z, viz the point B, both terminals and path lying 
entirely within the boundary of Y, we see that the integral 

18 ^dependent of the path of approach of f to the 

If™ , Z Let stand for thl s integral Then it follows 
that F(z) is a smyU-wlued function of z, and it has been 
shown to be finite m Art 1273 Let z+Sz be another point 
within the region T infinitesimally close to z Then F(z+Sz), 

winch is £ /(f) df, is also independent of the path of approach 

of f to z-f Sz We may therefore select the same path as before 
from Zq as far as the point z, together with any additional 
elementary path from z to z+<Jz lying within the region Y, and 
along this /(f) remains finite and continuous by supposition 
The difference between /(f) and /(z) for any point of this 
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elementary path is therefore infinitesimal, and therefore we 

/•Z+fiZ 

may write I /(f) $f as {/( 2 ) + ^}^> where the modulus of e 

is infinitesimally small, ultimately vanishing with that of Sz 
Wherefore F(z-\-Sz)— F (z ) ={ f(z)+e} 8z, and therefore the 
moduli of F(z+8z)— F(z) and Sz axe of the same order of 
smallness Hence F (z) is continuous at the point z } t e at any 

point within the region T Also has a limiting 

value independent of the direction of approach of z+Sz to z , 
viz /(z), when \Sz\ is made indefinitely small That is F(z) 
possesses a differential coefficient F(z) is therefoie a synectic 
function of z for all points within the legion T 

1278 Definition of Integration regarded as a Solution of the 

Differential Equation ^r==f(z) 
dz J w 

It now appears that the integral /(f) defined m Art 

j Zo 

1266 as the limit of a summation from a definite starting 
point z 0 to a definite terminal point z along any selected path, 
both path and terminals lying within the region T, and the 
terminals being not within an infinitesimal distance of its 
boundary, thioughout which region f(z) is synectic, is a 

solution of the differential equation ^|=/(z), whatever the 

starting point z 0 may be And supposing z 0 to have been 
specifically selected, we may wnte the geneial solution of 

this equation as y=C+ [ /(f) df, where C is the mtegial from 

Jzo 

any arbitrary point of the region V along any path lying 
within r to the selected point z 0 In. fact, we might regard 

the notation y=C+[ /(f) df as only another way of wilting 
J Zo 

the differential equation, but one which emphasizes the interro- 
gative character of the investigation it is proposed to conduct 

1279 Extension of Former Definitions of Integration Re- 
moval of Limitations 

So long then as T is a singly connected region m the 
z-plane in which f(z) has no singularities, whether poles, 
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essential singularities or branch-points and the path of 
the integration lies entirely within the contour of T and the 
terminals do not lie within an infinitesimal distance of the 
boundary, the identity of the summation definition with that of 

a solution of the differential equation J=/( 2 ) 1S established 

Seeing that we have a mode of conaidenng any multiple- 
valued function of z as reduced to that of a single-valued 
function by means of a representation on a Riemann’s Surface, 
and under the understanding specified a 3 to the nature of the 
function, the path of the integration and the existence of a 
differential coefficient, we may now remove the limitations 
of the definition of integration as specified m Art 17, Yol I 
as to the reality of the variable, and of the function, and the 
stipulated condition as to the single-valued character of the 
functions dealt with We may therefore regard the functions 
which have been subsequently treated as subjects of integra- 
tion, as functions of a complex variable with such alterations 
m the several definitions of those functions as may be required 
in individual cases to give them intelligible meanings in 
consonance with such as they possess when functions of a real 
variable 

The proofs of general propositions as to integration given m 
Chaptei IX (Art 321 onwaids), which were theie established 
under the understanding as to reality of the \ariable and 
single- valuedness of the function, aie now supeiseded for the 
widei conception of the nature of the variable and the function 
by the general propositions of Aits 1269 to 1274 

1280 Loops 

As the propei ty presupposed tor the function w may cease to 
hold and the function become ineioniorphic at certain points of 
the plane by virtue of the existence of Poles, Branch Points 
or othei singularities, it is necessary to considei, m case the 
specific region T should include such points, what paths there 
are in this legion which are deformable into a straight-line 
path from any one point 0, winch may he considered the 
origin, to any other point JP of the region Also we shall have 

to consider how the integral j^to dz is affected when the path 
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from 0 to P is not one which can be deformed into the straight 
path OP without passing through one of these singular points 
Imagine an infinitely extensible and contractible inelastic 
thread attached at the points 0 and P to the plane and lying 

m the plane Imagine a pin stuck 
perpendicularly into the plane at 
a point A It will be obvious that 
the thread might pass on either side 
the pin, oi it might loop round it 
one or more times as in the paths 
m the diagram OXP, OSP (which 
is straight), OYP or OZP In the 
case OXP the thread path can be 
defoimed into the straight path 
OSP without moving the pin from 
the point A But neither of the 
paths OYP, OZP can be so deformed 
whilst the thread lies in the plane 
without removing the pin The path OXP is said to be 
“ reconcilable with ” a straight-lme path But the paths OYP , 
OZP are not so reconcilable 

1281 The path OYP is “ reconcilable with ” a loop round A 
consisting of a straight line OB, a portion BCD of a small 
circle with centie at A, a straight line DO ' paiallel and equal 
to OB, and O'P, and the thread OYP may be deformed into 
this “loop and line” without crossing the pm at A 

The ladius of the small circle may be regarded as any 
infinitesimal and the breadth of the canal BO an infinitesimal 
of higher order than the radius of the cncle, so that the 
angle BAD is evanescent, the circle BCD may then be 
regarded as complete and the banks of the canal OB, O'D as 
comcident Thus B coincides with D and O' with 0, and the 
figure will be as shown in diagram, No 381 The poition of 
the deformation consisting of the small circle and the two banks 
of the narrow canal staiting from 0 and terminating at 0 
after passing once round the point A is technically known as 

a “ Loop,” and the integral f w dz taken round the circuit 
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OBGDO will be called (A), and if V 1 be the integral along OP 
the whole integral for the path will be (A)+U 1 the suffix m 
such cases denoting the number of loops that have been 
travel sed before starting upon the portion of the path 
indicated by the letter to which the suffix is attached 


P 



^ ^ ordinary point of the plane the region within 

the small circle is synectic, as also along the canal, and (A)=0 
The value of w on the return journey DO is the same as that 
of w on the outward path OB, and the integrations are of 
opposite sign and cancel , and p 

the integral round the small 
circle separately vanishes 

No “ loop ” passes twice 
round the same point A 
without first returning to the 
starting point The canal 
of the loop is usually but 
not necessarily taken straight 
(see Fig 399, Art 1294) 0 * 

1282 If the thread ini- o 
tially lies as m the path Z F, s 382 

of Fig 379, passing round the pin twice before arriving at 
P, a deformation is possible into two loops + a straight path 
OP, as shown m Fig 382, the points 0, O', 0" being ultimately 
coincident The value of the integration round this path we 
shall denote by I = (AA)+U Z or (4 2 )+ U 2 
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If the _ thread passes round the pm n times before reaching 
.the thread-path will m the same way be reconcilable 
ith n 4 -loops + a linear path, and the value of the integral 
jwdz along it will be denoted by 7s (A n )-\- U n 

In the case of a singles alued function the suffixes used 

W°l n ?i ^ m thC ^ ° f a “^-valued 

function the return value after traversing a loop is not the 

same function as that with which we start encircling the 

°°p Hence it is necessary to keep count throughout of the 

number of loops passed before starting upon the next in oidei 

1283 Next suppose there are two pins stuck perpendicu- 
lar y into the plane at A and at B There are many vanet.es 
of thread paths along which the thread may lie from 0 to P 



ZtfTt b'»‘op ble * P ‘ n <" ° ZP) 

beta “ P0 ”"“ !UCh “ ° YP - «™U. m 

ore into an 4-loop + a straight-lme path OP I=(A)+ U, 

mtoseverTJl “ * P ° Slt, ° n such as 0ZP - be deformable 
into several Sloops + a straight-line path OP I=(A”) + U 
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(4) It may, if in such a position as OTP, be deformable into 
a Sloop or into several S-loops + a straight-line path OP 

Z=(B*)+U n 

(5) It may be that the thread path surrounds both pins several 
times, and then the system is deformable into a set of ^4-loops 
and a set of S-loops together with a stiaight path OP, m 
which case B may be encncled as 

many times as A, making each time 1 = 
a double circuit, or there may be 0r 
more surroundings of one pm than 

of the othei 01 (■^■5)"+(-Bj l )+0 r 2Ms . 

The notation for the integrals will explain itself 

1284 A loop round A and then round B will be called 
a ‘double loop” This 
term is often confined 
to the case when 0 lies 
between the points m 
question 

A double loop is de- 
formable as shown m 
Figs 385, 386, and 

I=(AB)+U 2 *ig 385 

In the same way, if there be several pins A, B, C, D, say four 

2 1 T S " C h aS ° ZP be Wtamod into iour loops 
a straight path, and the integration will be represented by 

7 =(^)+(-8 1 )+(C , 2 )+(D 3 )-f-?7 4 (Figs 387, 388), 




or if the thread encircles a pair of pins as m Fig 880 the 
deformation and ifc integration will b^ represented by 
I~{A)+ (BJ + U ,) -f (5,) + (C 4 )-t- (Z) 6 )+U v 
(AB)+ (AB) i +(CJ+(Z) lf )+ Uq 


or 
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If the thread enciioloH t hr«M* j««m AIU\ ut'lMtun m l\ r * I U 
the deformation and Urn will h* uidtf **««! 

I A ) 1 (/*,) | (<\) | [A A | (« 4 ) Mf' * . </0 l 
and similarly in any ot hoi mm* 



Fig m \„ >.< 


It will appeal m (lion <lm( nn % \ (In* mi jufh un% h 

defoimod mto a system <>l loops ) a shaikh* hn* j tr h 
however many pms thou* may In* 


P 



1285 Method of Exclusion of Pole# 

When a polo oxwtn within a o.mtoui I’ af a 
not within an infinitesimal dmtanre of <},« lJ„,da, 


<’ lUtd 

y. »< may 
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be excluded from the integration by the artifice of altering 
the boundary, as indicated in Fig 392, bv the introduction of 
a loop so as to exclude the pole fiotn the new contain T' 


P 




A small cncle EFG is drawn with centte at the pole 0 (viz 
z=a) and two adjacent points of it EG a.e connected with 
two adjacent points Ell ol the original contour forming a 
narrow canal We then regard the boundary of the contour 

as the curve ABCDEFGHA, and integrate round the 
amended contour 



thrnn\ r + ? f channel DE&H be taker, as zero 

thlt +f 0U lf Jb aUd Jt IUay be taken as so 

lnAl < ?n°Jr thein 1 te ^ tl0 » o£ a wnglc- valued function 
along EE and GH cancel each other, and it leaves us with 
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the theoiem that J f(z)dz } round the outer boundaiy m the 

sanse of the allow at A, +jf(z)dz round EFO in the sense 

of the arrow at F, vamshps, it being supposed that f(z) 
possesses no singularities other than that at z=a, which lie 

within the region T That is, the \alue of J/(«) dz, taken 
round the outei boundary in the positive sense, i c leaving 1 
the region always to the left-hand, is equal to J/(z) dz, taken 

round the inner boundary in the same sense relatively to 
the region bounded by and lying within the inner contour, 
as indicated in Fig 393 

1286 The Integral [ i—’l 

Jz—a 

Suppose then that/(z)=-^— -, wheie0(z) has no factor z — a 

so that there is a pole of f(z) at z=a, at which f{z) becomes 
infinite, and that the point a is not within an infinitesimal 
distance of the nearest point of the boundaiy 

To consider the value of J f(z)dz, taken round a small 

circular contoui with centie z=a and small radius p, which 
will not cut the boundary, put 2=a-\-pe ie 

Then and if P be infinitesimally small vie may 

put 0(z)=0(a) 

Hence « dd=,</>(a)^de=2 m< / > (a) 

This then is the value of the integral conducted round the 
small circle, which is therefore, by the pievious aiticle, the value 
of the integration round the outer boundary of the contour 

Thus \^Zd dz ' taken round the outer boundary of the 
contour T, =2 Tri<f>(a) 

Supposing, howev er, that the point a lies upon the contour 
along which it is proposed to conduct the integration, at a 
point of the contour at which the curvature is finite and 
continuous, it may still be excluded by travelling round it 
along an infinitesimally small semicircle with centre at a and 
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Jymg within the bounded region, cutting the contour at 

f ^li Tl6 u f 61 pUttln “’ as before > z=ft +pe‘ s , the limits 
for 6» will now be fiom -* to -(e+w), where -<? is the value 

of 6 at commencing the small semicircular path at P and 
v *"“ co ° ta,: ‘ s 

clz loun d the whole contourN <■-(«+») 

Vexcept the infinitesimal aic J_, $( a )‘d9= 0, 

Pnn Val of 


r m 

J tjZ—a 

that is, 


\t~-a dz = iri< t>( a ) 

1287 T1.A Tntonrrol f <h 


Similaily, if theie bo several poles of /■(*) lymg within the 
fchem withman infinitesimai distance 

Suppose z=a 1 , z=a i , z=a r , to be these poles 

Let f(z)== , 

(z-a, )(z-a 2 ) \z^c£y whero 0(*) 1R of degree ??, 

say, in 2, and possesses no factors z — z -a or 2-/7 
the B form e 1UkS ° f Paitlal flaCtl0nS ' W0 havo a result of 

f(z)=K n _ r Z”-r+K„_r- 1 Z ”- r - ■! + + A> + A 0 

+ 2 7 t^A 1 

•^\ a > a i)(««— (t z ) (a,—<t r )z—a,’ 

* he faCt01 , a ~< 1 ’ 18 0,mtted from the denominator 
and » is supposed not less than r, or if n bo less than 7 the 
integral polynomial part is absent 

The first part of this expiession, down to K 0 , constitutes a 
unction of z with no poles within the contour T, and therefore 

to ^ round tho boundaiy of T contributes nothing 

to the whole integral We may construct a loop for each of 
the infinities and pioceed as in the case of a single infinity 

The term involving -J 1 - , taken round a small circular 
contour with centre a„ contributes to the integral 

</>("') „ 

,, „ («•-«! ~(a,-a r ) 2?n ’ 

all thT! , bemff J tak ° n ° f 80 smal] a ^ to exclude 
all the other poles and not to cut tho boundary 
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Hence the whole integral taken round the contour, viz 

J f(z)dz , being equal to the sum of the integrals round the 

small circles which surround the seveial infinities, 

= o_,V 0( a «) , 

1 (a s -a x )(a s — a 2 ) (a,-a r ) 



the factor a s —a a being omitted, say, where the 

value of \ may be reproduced as X^=o<5/(a 1 + 5), 1 6 

ry gKgl+j) 

°( a l+^“ a <d( a i J r&-~ a s) (®1 4“ ^ ^r) 

and similarly for X 2 , X s , etc , or by the ordinary rules of 
partial fractions 

The effect of pole-clusters within a contour will be discussed 
m Art 1317 


1288 Effect of a Branch Pomt 

If the function w be multiple- valued, say two- valued, but each 
branch being continuous and finite and possessing a differential 
coefficient at all points of a certain region V of the z-plane, 

Cauchy’s theorem as to the integral of J w dz from a pomt A to a 

point B of this region along a path which does not pass beyond 
the boundary of T is still true, provided that the paths from A 
to B belong to the same branch of w , and as long as the paths 
ACB, ADB of Fig 378 are both finite paths of the variation 
of w l lying entirely m the legion F, or both finite paths of the 
variation of w 2i the theorem stated is still true, viz that 

dz along ACB=^w 1 dz along ADB 
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When, however, the z-pafch encircles a branch point in one of 
these paths from A to JS, the functions and interchange 

values, and the integrals of \wdz along two such paths mav 
differ J * 

1289 For instance, m the case of the two valued function to defined 
by the equation w i =]+z, we have two branches 

10, = +JT+Z, W t = -"JT+Z, 

and there is a branch point at z= - 1, and, as will be seen later, one also 
at oo 

To examine this case, put z= - l + re 1 *, and let z travel lound a small 
circle of radius r with centie at z= - 1, and let us stut with the branch 

Wi— -f Vl +z = - s rJre lB 



Fig 395 


Then, in encircling the point -1,0 increases to 0+2 tt and e ld becomes 

c i(«+2ir) 

Hence w has changed fi om *JrP to Jre^ 6+2n \ t e to e tfl Vre 1 *, and has 
become - v/r?, % e w% 

Now, any path from 0 to P will be reconcilable with (1) a number of 
loops round - 1, (2) a straight-line path, and the mtegial will be 

I=(A*)+u n 

Now, (1) m case of a path such as OXP, which is reconcilable with the 
straight line OP (Fig 395), we have 

I— f w l dz—u 0 
J 0 

(2) In case of a single encu clement of the branch point 
M) w L dz+J e w L dz + J°^ w* dz, 

’ w ^ ier ® J e represents the value of the integration round the infinitesimal 

circle, and this = f *Jre t0 (tre 19 ) d$, and vanishes when r is indefinitely 
small 0 
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The third integial J°^ w t dz = - jT w % dz= ^ w x dz , for w 2 = -Wi , 

(A) =2^ w^dz 

We thus arrive back at 0 with the value w=W 2 , and with this value 
must continue along the line OP 

Thus, %= / Widz=-u 0 , 

JO 

where % is the conti lbution of the path OP after one encn clement of A 
The whole integral is therefore 

1=2 w x dz-u Q 
J o 

(3) If there be two circuits of the loop befoie reaching P, we have 
I=(A) + (A 1 )-j-u i =J^ w x dz+j^ dz + J°w 2 dz 


Wadz+f'Wadz+^Widz-hj^ dz , 


which is evidently =u 0 , and we note that (-4i)= - ( A ) 

(4) It will thus appear that if there be n circuits round the branch point, 

r \ 

\!\ + xdv is (j(l + 

Hence the values of the integral for the different paths aie 

(1) direct path, u Q , 

(2) one loop -f direct path, - ^ - u 0 , 

(3) two loops 4- dn ect path, u 0 , 

(4) three loops + du ect path, -§-u 0} 
and so on, alternating in value 

Hence, if te— ^ *Jl+zdz, and z is thence regarded as a function of w, 

say zs<f>(u ), we have z=. <K w o) = <M - 4 ~ w o)j indicating that two values 
of the argument lead to one and the same value of z 


1290 In the case of any branch point at a point z=a of a 
function w=f(z—a), which is such that Lt Zt=a \f(z -a)dz\ is 
zero, as in the case considered in Art 1289, the contribution 
due to the circular portion of the loop is zero, being 

I f(re l9 ) tre Ld d6, 

Jo 

and vanishing with r, since Lt r ^\rf(re l0 )\ vanishes, and the 
only contribution from the loop is that due to the two banks 
of the canal portion of the loop 
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If the function w be two-valued, it has been seen that in 
passing round the branch point w l and w 2 intei change values, 
and the contribution ot the loop is 


/=[ w 1 dz + 1 w 2 dz+ [ w 2 dz, 

J o J c J a 

and m the case considered, viz 

Lt z=sa \w 1 dz\= 0, 

J w x dz= 0, 

whilst |° w 2 dz=j u\dz and 1=2^ w { dz=(A) 



1291 Moie generally, if the function be w-valued, such as 
w n =zz=re lB , 

so that w=r»[cos (0+2\ x )+< sm (0+2A 7 r)]” 

1 id 

where A = 0, 1, 2, n— 1, each branch w a =a*r n e n , where a=one 

of the n fch roots of unity, changes into 

I if 

w s41 =a* +1 r n e n , 

and there is a cyclical interchange of the value of w as we 
pass lound successive branch points, so that w 2 =aw X) w d =aw 2i 
and so on, and a n =l (See Ait 1259) 


So in this case, 
becomes 



1292 To return to the case of a two-valued function, if 
after a description of the ,4-loop, staitmg from the ongm 
with value w=w lf we pass along a second loop round another 
branch point B, we stait off along the second loop with the 
value w 2 and return with the value w lt and foi the two loops 



/=■( w x dz -\- 1 

J 0 1 c J a 

+ J &+ w> dz+ \ b 

= 2 f w x dz—2 f w i dz 
Jo Jo 

=(A)-(B), say, 


io 2 dz 
w x dz 
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and this we shall call ( AB ) for shortness, so that 
(AB)=(A)-(B) 

Similarly (ABC) = (A) - (B) + (C), 

(ABCD)=(A)-(B)+(C)-(T>) } 
and so on 

It also appears that m a double looping of the same branch 
point A , we have 

(A A) = (A) — (A)=0 

In a triple looping of A , 

(AAA)=(A)-(A)+(A)=(A) 

These peculianties are indicated in the notation 
(A 2 *)=0, (A*“+i)=(A) 

So we have 

(AB)=(A)-(B), (BA)=(B)—(A), (AB)+(BA) = 0, 

(^S0)=(^)-(5)+(C)=(^)+(a)=(45) + (C)~(4)+(4) 

= (AB) + (CA) + (A), 

(AWC) = (A ABC) = (A)-(A)+ (B) - (0) = (BC) = (AC) + (BA), 
(A*BC)=(A)-(A)+(A)-(B)+(C)=(AB)+(C) oi (A)-(BC) 

or ( A)+(CB ) 

For a double looping of any pair, 

(ABAB)=(A)-(B)+U)-(B) = 2(A)-2(B) 

For w-encirclings of A and B we may write 
(AB) n =n(A—B) 

Again, (B) = (B)-(A) + (A)=(BA)+(A), 

(BCD) = (B)-(C) + (V)=(B)-(C)+(D)-(A)+(A) 
=(BC)+(DA)+(A) 

1293 It appears then that to integrate round any com- 
bination of these branch points, the whole can be expressed 
linearly in terms of integration round any one loop, say the 
A -loop, together with an integration zound a combination of 
double loops round pairs of others, and each such looping 
of two branch points is expressible as the difference of the 
integrals which accrue from integrating lound each of the 
separate branch points of the pan And further, that for a 
two-valued function the value of the function on final arrival 
at 0, and befoie starting on the straight part of the path 
fiom 0 to P, depends upon how many times the path has 
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smrounded a branch point, and the final integration along the 
straight path adds -|-w 0 if an even number of circlings has 
been effected, and — w 0 if the number be odd 
Thus, if 0 be the origin, and there be branch points at 
A, B, G, D, E, F, 0, H, a path in which B, C, A, D, E, I, A, H 
are successively looped before returning to 0, and then passing 
to P, will give the integral of a two-branched function 
(B) - (C)+ (A) - (D) +(E)-(F)+(A)-(H)+(-\)»u 0 , 

and integration for a path for the loops lound B, G, A, D, E 
will give 

(B)—(C)+ (A) — (D)+(E)—(A) (,4)-|- (— 1) 7 m 0 , 

and these may be respectively wntten 

(BG)+ (AD) + (PP)+(4#)+ 
(BC)+(AD)+(EA)+(A)-v 0 

Now, if theie be re critical points A, B, C, D, , there are 

W ^2 ~ sets of differences (we omit the brackets for short), 

A-B, A-C, A-D, A-E, , 

B-C, B-D, B-E, , 

C-D, C-E, , 

D—E, , 

and only re— 1 of them are independent, say 

A-B, B-G, C-D, D-E, , 

for any othei, such as B—E, may be expressed as 

(B-G)+(0-D)+(D-E) 

Hence the value of Jw dz taken along any path from 0 to P 
must take one or other of the following forms 

\ (AB)+fi (BC)+v ((7D)Hh + k(EF)+u 0 , 

or \'(AB)+/(BC)+ V '(GJ)H +* \BF)+ ( A)-u 0 , 

where v, , //, */, , are integers, positive or negative 

1294 If there he no blanch point at* infinity, and if w 
remains finite and continuous for all other points of the z-plane, 
an infinite circle, with centre at the origin, will contain all the 
branch points, and can be deformed into a system of loops, 
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each passing round a branch point once, as m Fig 398 , or m 
case they lie m a straight line, as in Fig 399 , and the region 



between this circle and the loop system being synectic, we have 

JwcZz, taken round the infinite cncle, =(A)— (B)+(C)—(D)+ 

and jwdz lound the infinite cncle will be a definite quantity 

which, in such cases as 

w 2 = - 

( z - a i)( z -a 2 ){z-a z )(z-a,) 

or w 2 = _! 

— « 2 ) (2: — a 3 ) (2; — a 4 ) (^ — a 6 ) (^ — a 6 ) ' 

will vanish For, taking the first o£ these, and putting 

2=iJe‘« (2J=oo ), -=td6, 

z 

\ wAt= \w iz=z \ 0 W’ =0 ' when R=x > 

and similarly m the second expression 


-(5 — (S> 


Fig 399 



Thus m such cases there is a relation amongst these differ- 
ences, viz (A)— (£)-j-(G)— (D)+ =0 

In the case of four branch points, the independent differences 
will reduce from three, {(.4)- (23), ( B)-(C ), (C) -(£)}, to two, 
say (A)-(B), (B)-(C) 
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And the forms possible for the value of the integration 
along paths fiom 0 to P will be comprised m 
7= A (4S)+/U (BC)+u 0 , 

7 = A' (AB) + fj! (BO) +(A)—u 0 

1295 Representation for Large Values of s , Branch Points at 
Infinity 

To represent the nature of the function for values of z at an 
infinite distance from the origin, take a third variable z such 
that zz~ 1 , and represent the travels of z' on a plane of its 
own Then, for points z on the 2 -plane which are at great 
distance from the origin 0, the points z f on the 2'-plane are 
near the new origin O' on the /-plane 

Taking the function 


1 )(s-tt 2 )(z-a 8 ) (z~a n )’ 

which is a branch of a two-valued function, let us find the 
branch points 

Let 0 be the origin on the 2 -plane A v A 2 , A n> the several 
points z==a lt z=a 2 , z — a 3 , , and let P be the point 2 


Let 

Then 


2=a L + r x e L ^ =a 2 -f-? 2 e^= a z + r s e L6 * = 

1 


n/’iVs 


Let P describe a small circle round any one of the points, 
say a x Then, after the completion of this circle, r 13 r 2 , r 8 , . 
and 0 2 , 0 3 , 0 4 , have resumed then original \alues, but 0 X has 
become ^+2^ 

TT 'W 

Hence the function w x has become %e —w l or w 2 , and 

therefore there is a change of branch at A 1 Similarly at 
A 2J A 8 , Now consider the case when z =: 00 

Using the other representation we have, writing a x = — >, 
a 0 =—,, etc. 






a' z’ 


and we have to consider the behaviour of this function for 
values of z' near the origin O' on the 2 '-plane 
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Putting z — re l$ , we have ultimately, when r is very small, 

w=r*e 2 , and when z' is made to describe a small circle of 
radius r about the ^'-origin O', 9' lias changed by 2 * 7 r, and the 
function becomes multiplied by e Lnir , u b y 

(cos mr + 1 sin 7 i t) or cos mr 

Hence* if n be even, w 1 remains unchanged, but if n be odd 
u\ changes into —w 19 % e there is a change from branch w 1 to 
branch w 2 

1296 % Thus, m the cases 

w ~ ~}} =7 = and w—-= 1 

a i)(^ a 2 ) *J(z — a x ) (z — a 2 ) (z — or 3 ) (z — a 4 ) 

there are respectively two and four bianch points, viz z==a 1 
and z=a 2 m the first, and z=a v z=a 2 , z=a 3 , z=a 4 in the 
second, but none at oo 
But m the cases 

1 ^ __ 1 
V(z— ttjXz— a 2 ) (z~a 3 ) 1 v/( 2 — aj) (2 — a 2 ) (2 — a 3 ) (z — a 4 ) (z~a^ 

theie are branch points at a v a 8 , a 3 in the first, and at 

a i< a 2 > a s> a 4 > a s in the second, and m both these cases there is 
also a branch point at oo 

In the latter cases the loop system, w hen represented on 
the z -plane, will be as discussed previously, the origin being 
also a branch point But if represented by loops on the 
z-plane, we have (taking the case of three factors) a 1 , a 0 , a s , oo 
as branch points at A , B, 0 , L respectively, the latter at infinity, 
and, as in Art 1294, there are apparently three independent 
pairs of differences, which we may take as (AD), (BD), (CL) 

But writing w={(z-a l )(z-a 2 )(z-a *)}"*, we have 

{AD)=2^wdz, {BD) =2 J* w dz, {CD)=2^ wdz, 

and we shall show that {BD)=(AI))+(CD), which reduces the 
three apparently independent pairs to two really independent 

ones For Jw dz taken round any finite contour in the finite 

part of the 2 -plane, which does not include A, B or C and 
cannot include D, vanishes, and such a contour is deformable 
into an infinite contour, such as indicated in Fig 400, with 
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loops excluding the branch points Therefore Jw dz round this 

deformed contoui also vanishes For convenience this defer- 
mation may be taken as a circle of 
infinite radius centred at the origin, 
with four loops excluding the branch 
points, the canals of A, B , C being of 
infinite length and that of D finite 
The contribution to the integral 

| wdz which accrues from these 

loops amounts to (A) - (B)-j-(C) -(D), 
le to (AD)-(BD)+(CD) The re- 
mainder of the contour, which 
consists of infinite circular arcs, 


along each of which the same 



branch of w is adhered to, and which 
each extend from the canal of one loop to the canal of the 
next, contributes nothing to the integral For taking any of 
these arcs, say from 9=a to 6=0, where z=Re* and a<8<2 x, 


we have 




zwdO, and theiefore 


mod j w dz=mod J \w d9 > j*mod (zw) d6 

But mod (zw) tends continually to a limit zero as mod z is in- 
definitely increased, and if K be its greatest value for points 

on the arc from 9=a to 6= (3, jmod (zw)d6 is positive and 

<K(/3—a), and therefore also tends to a zero limit Hence 
the whole integral for the deformed contour is that due to 
the four loops only, viz (AD)-(BD)+(GD), which therefoie 
vanishes It follows that the only possible values of the integral 
f 00 dz 

U ~l V(7— a l)( z— a 2 )(z— a 8 ) are ° f ° ne ° r ° ther of the forms 

p(AD)+q(BD)+r(CD)+u 0 , 

or p'{AB)+^BD)+i'(GD)+(A)- u<t , 

where p, q, etc , are integers, and that by virtue of the relation 
( BD)=(AD)-\-(GD ) these further reduce to 

\(AD)+p(CD)+u 0 or \'(AD)+^'(OD)+(A)-u 0 , 
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where X, jul , X', jjl' aie mtegeis, and u 0 is the value of wdz by 

j z 

any straight-line path from z to oo , which does not pass through 
A, B , or G 

1297 From these considerations it will follow that, if a 
quantity z be defined as and given by 

[ z dz f 2 7 

u=\ — ==■ — ===l wdz, say, 

Jo\f(z—a 1 )(z—a 2 ) Jo J 

the possible forms of the result being limited to 

u=\(AB)+u 0 , or u=\(AB)+(A)—u 0 , 

and the same point z being attained for either of these values 

of u, we must ha\e, when we regard 2 ? as being expressed in 

terms of u, zm^ n )^[\(4S)+uA 

or =<f>[MAB)+(A)-u 0 ] 

<f> must therefore be a penodic function such that an addition 
of ( AB ), % e (A)—(B), to the argument any number of times 
makes no difference, and also that, it (A) be added to any 
numbei of sets of mtegials round double loops (AB), the sam e 
■will be true if the sign of u 0 be changed 
In the cases 

f , _ f z dz 

J z J(z-a l )(z—a^(z—a i ) an u J „ -J(z— (z — a 2 ) (z—a 3 ) (z— aj 
since u=\(AB)-\-^BC)+u 0 

or XWB)+ M (BC)+(A)-u 0 

m both cases, for A, B, G are any thiee of the four branch 
points, we have 

(AB)+v (BG)+u J, 

or =<f>fr'(AB)+S(BO+(A)- Uo ), 

and a double periodicity of z=<j>(u) is established 
1298 Period Parallelograms 

^ A geometrical illustration of this double periodicity may be 

Let 0 ( 2 ) be a doubly periodic function of a single complex 
variable z with independent periods 00 , \ iz 


1 



so that 
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<f>(e)=<p(z- '-«>)=<p(z+2u>)= 

=<p(z+u 1 ') = <p(z+ 2w')= 

=<f>(z + «+«')= = <p(z+pa>+q w ') = 
where ^ and g aie any integers, positive or negative 
Referred to any set of rectangular axes in the s-plane the 
points (0 0), (a, fa (a+a r , fa 0), («', fa aie the four coiners 
or a parallelogram (Fig 401) 



Pig 401 


The adjacent sides of this parallelogi am make angles 

tan -1 -> tan -1 * 
a a 

with the 3-axis It is called a period parallelogram 
The four points, pa+tq/3, (p+l)a+!(g-|-l)/3, 

{(p+l)a fa'} f <{(<7+l)y8+/3'}, (pa-f a')+t(g/3+/3'), 
will equally form the angular points of a parallelogram of the 
same size and shape as before The whole z-plane may be 
regarded as mapped out into a network of such equal parallelo- 
grams by giving to p and q all integral values As z travels 
over the region bounded by any one of these parallelograms, 
<M») ranges through all the values it is capable of assuming’ 
If z travels into other parallelograms on the z-plane the values 
of are merely repetitions of the values it attained at 
corresponding points within the first parallelogram Thus 
points similarly situated with regard to any elementary 
parallelogram of the network give the same value of <j>(z) 
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1299 If <f>(z) "be Synectic throughout T, so also axe its 
Differential Coefficients 

We shall next show that when <j>(z) is synectic withm and 
upon the boundary of a given region bounded by a closed 
finite contour T, all its differential coefficients are synectic 
within that region 

We have seen that if a be a point within the region and 
not within an infinitesimal distance of the boundary, 



taken round the boundary of T, where z= a is not a zero of 

Let z=a-f-&x be an adjacent point to z— a withm the 
contour and not infinitesimally near its boundary 

Thea 

taken round the boundary of T, and therefore 

Now, by division, 

1 1 . fri (<fa) 2 

z—a—ici z—a~ t (z~a) zi ~(z—a)\z—a—Su) 

Therefore 

*(a+fo)— gfrl-gL Jgfr) dz 

round the boundary , and the definition of a differential 
coefficient is that it is the limit, if theie he one, of 
gCg +ftO-gta) (Art 1239)> 

when |&&| is made indefinitely small Hence we may put 
<f> (a-f Sa) — ft (a) = { <t>' (a) e } 8a, 

where € is something whose modulus ultimately vanishes with 
\Sct\ 

We may therefore write 


or 


a) 
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and tlieiefoie the moduli of the two sides of this equation are 
equal And since the modulus of the sum of two complex 
quantities is less than the sum of their moduli, and the 
modulus of the product is the product of the moduli, we have 

mod [right-hand side] < mod e+~° d ^ mQ( j f 4>(z) ■, 

2x J (s-af(z~a-da) d 
Let K be the greatest of the moduli of the values of the 
integrand as we travel lound the boundary, which is a finite 
quantity since <p(z) is finite and z—a, z—a—Sa are not 
infinitesimally small Then the modulus of the integral in this 
expression is less than K x Perimeter of Contour, which is a 
finite quantity, the perimeter being supposed of finite length , 


mod 


< mod e+^ mod Sa x Perimeter of Contour 
Hence diminishing mod Sa indefinitely, 

” od 

IW<,re 

the integration being in all cases taken lound the boundary 
of the contour 

In the same way we may prove 

etc 

Foi if z=a-{-8a be a point within the contour and not 
within an infinitesimal distance of the boundary, we have 

^( a +da)=A-J ( — 

and £(g+<fo)-^(q) = J_ f , ) r 1 1_-|^ 

Sa '[.{z-a-SaY {z-af]Sa 


■sl^ w [ra]‘ fa + s ' 


L(z— of. 

where mod 8 vanishes with mod Sa, 


~ 21 f d z I 0 

27rt](z-aY dz+e 


L 
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It appears then* fore 

(!) that ^ C A «|»|*i <tuf i<* ant! tilt tm^f *» H 'Mu,* 

hy less than any conn ivnhle uiMntity hom ' | */ 

v it J i o ' 

when m««i At is mad** to dimmish indelimtoh \\ if l*» otv ai«i 
cine to the way m which tin* indefinite appioueh o| tlm \ * mi 
o | do to tin* point a is conducted Hunt 0Or) i* a tmatiMS 
of ti which /HMsrw* 1 1 tit (fen tit hit u**tth t, , t f 

(2) since mill 0(#i | do) ui c hy suppo iit mu mi*h \nhnd ( 

th** expression ^ ^ ^ ^ is also nngb \nhnd, and *I <» 

ltH limit, NO < p\tt) IN Hlllf/ft' ntluttf 

(5) \Hjhutt\ for its eutmnl* nt * I * it ,, >i«h 

2/Uj{ r/| 

that the integrand m iunte tor all point np..n tin umfom 
wnct' tin* point o is not at an infinite *ium! dr twice fiom t hr 
boundary, and the boundary it <*lf m <»f fnnti* I« m*th In 
supposition, 


(4) toi any positive* inthutcsinml change m » , t th*n p a 
change' 

|{*//(n | do) c/»(o)(, p do i [ * f W * | g j 


of the Hiune oidot ns ,eVr m 0 (*/) Hence 0fn) «, on 
finuovN 


lienee 0'(ff) has a r h(h reiitml nuffhtnit nt the pomt o »s 
mntftr ruhuul, w finite and ti tumfuiMnu* It i< fhenhw 
wynectic ninny {want n within tin* speeifhd icgum lot whnh 
0(<O is Hymn tic 


AIho 



t.lm |irom>dmj*, mi rmitnl t\u> U.mi.lmy 

Ami tin* ur^nmciit tuny now lw vvifh tin. i. .uH <«* 

(wlablmh tin* hiu'whmm' t*(|uiittniin, 


O') 


•*»' f '/*(-) 
2iriJ(: n ) 


t' 1 ' 



all of winch functiona me wynectic m the icgton f«a which 
0(o) in ny nectar 


i 

i 

i 


i 
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1300 Taylor’s and Maclaurm’s Theorem 
We may now proceed to establish Tayloi’g Theorem for the 
expansion of j{a+h) Let f(z) be any function of 0 winch is 
synectic within and upon a given y j 
circle G with centie at z=a and 
radius p , and suppose z=a not 
to be a zeio of f(z) Let a+h be 
anothei point within this contoui 
and not within an infinitesimal 
distance of the boundary 
Then 

the integration being conducted lound the boundaty 
Now, by division, 

— - _JL 1 !i 1 

z—a—h z—a^(z—ay~ r (z—uy' i ' 

h n h *+ 1 1 



Fig 402 


+ / 




(0-a) n +i + (0- a ) «+i z—a—h , : 


(z— ay^~(z— ay 
ti n , /i n+1 1 -| 

\7Z rmr — y 

— a—hj 


h? 


+ 


dz 


(z— a) n+1 " f '(z— a) n+1 0 

= 2^I dz+k \jl~ay dz+h % f -lf dz + 

' 2 ! 


a) n+ 1 ( 0 — a— h) 


=/(a) + hf(a) + - f" (a) + + , £f n '(a) + R n , 


Ji^+i r f(z) 

w ere #n= ^ }(^- a )”+i(z^d^h) dz fcaken 10UIldth e cucle, 
and putting z=a-\- pe 1 *, we have 


2 ?«= 


h^ 1 1 

2 7T 


l U±*L 

> fl J z—a—h 


e- ml dd 


Let the greatest value of — e -»‘« bo K, which is finite 

eince \f{z) | is finite at all points within the cnclo, and the point 
z=a+h is not within an infinitesimal distance of the boundary 
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Then 



h n+1 



Kde, 


%e 



\h\ K, 


and | h | < p, so this may be made less than any assignable 
quantity, however small, by increasing n indefinitely 
Hence the convergency within the circle of radius p is 
established, and the- usual form of Taylor’s theorem still 
holds for a complex, viz 

/(a + h) =/(a) + hf(a) + (a) + to oo 


for all points within a circle of centre a and radius >• |(a+ h)\ 9 
provided /(z) is synectic for all points within this region 
If the origin be at the point z= a, i,e a= 0, we have the 
same result as for Maclaunns theorem for a real variable, viz 

/ f (A)=/(0)+A/(0)+^/"(0)+ , 

with the same limitations as before 


1301 Definite Integrals obtained by Contour Integration 
Cauchy s Theorem of Art 1275 is of great use m establish- 
ing m a rigorous manner many results m definite integrals 
and in furnishing new results In such investigations the 
form of w as a function of z is at our choice, and the particular 
contour of integration is also at our choice 


It follows from Aits 1275 and 1286, 
that the result of this mtegiation is 

(1) 27rt, (2) m or (3) 0, 
according as 

(1) the contour encloses the point 

(2) the contour passes through z—a 
with continuous curvature at 
the point , 

(3) the contour is such that z=a lies 
outside it 

« rx* - > « » -d 



Fig 403 
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Pat s=R e ' ) , then dz=iRe l$ d9 , 



r 2 ’ Reside a 

Jo Re*-a~ 2,n ’ m ° r0 - " R>a ’ 

=ct or < a , 

whence 

(*• Re^(Re-^-a) _ 

iq — cos 9 + a? * * Ti 17 or ® ln the thiee cases , 

whence 

f 2ir ft- a cos 0 Tll 2 t 

Jo It 2 - 2a R cos e +d' ! dt> ~ Tf > a )> 

(#=»), 0 (R<a\ 

and 

f 2ir sin# 

J 0 R 2 -2aRcoi 0+a‘ dd ~° 



in any of the cases, results which may be readily verified by direct 


1302 Consider the integration of » S L uhme k is teal and positive, 
round a contour bounded by (1) an infinite semicircle BCD, centre at the 
ongm of the x-y axes, tad, us R ( = co), (2) a small semicvde EFA, centre 
at the ongm and ,adiusr, concaie m the same direction as the forme,, and 
(dj the two intercepted portions of the x-cuus, viz DE and AB 

" has a pole at the origin The small semicircle excludes this pole 
Examine the behaviour of the function when a is infinite 

Let z=jRe l9 Then w= ** 6ing {cos(l;/gcosfl)-i-i sm (£flcos0)} 
Re l9 ~ * 

and therefore vanishes in the bruit when R is increased mdefimtely, 
so long as smfl is not negative, that is from d=Oto 9 = r inclusive 
lere is no pole in the region described, and w is synectic throughout 

the region The total integral J isdz taken round this penmetei theiefoie 

vanishes To estimate this we considei 
the integrations 

(1) from i to R (=oo) along the .r-axis , 

(2) from 0=0 to 9 = t round the gieat 

semicircle BCD , 

(3) from — R to —r along the x axis , 

(4) from 0=tt to 9=0 round the small 

semicircle EFA 404 

(1) Along ABj 2/=0 and dz=dx, and the corresponding contribution 

. , _ fX^tklC ° 

to the whole integral is / — dx 

JT 

f BCD, R = constant, z — Re L9 , ~~^=id9 i and the contribution 

to the whole is z 

/t*=1 <-e~ lR Bm « {cos (kR cos 6) 4 t sin (kR cos 6)} d&, 

which ultimately vanishes when R increases indefinitely Therefore 
there is no contribution from this part of the integration 
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fot 


(3) Along DE , J — dz—J “^5 and as x is negative we write - x 


—1 


» tjfca; 


- dx, 


which is the contribution for this portion DE of the integration 

(4) Round the small semicircle the contribution is J e^^idd, and? 

being infinitesimally small this becomes — f id$— — m 

Jo 

Hence, summing up, 

r* e t.fat r«> e —iJcz 

/ dx-hO- dx~7TL = 0, 

Jr x J r a 5 

1 e ln liiTriiti when r is indefinitely diminished, 


r 

Jo 


c — Q—ikx 


- dx 


f°°sin£a;, it 

= lit or / dx = ~, 

Jo x 2 


k being supposed positive, which is in accord with the iesult of Art 


993 


/ qUCZ 

dz , where k is a real positive quantity and a is a 
complex , viz a -ft/?, m which /? is positive 
We take as contoui the x axis, an infinite semicircle whose centre is 
at the origin and radius R (=ao), and an 
infinitesimal circle of ladius r, and centre 
at the real point (a, /?), which, since /? is 
positive, lies within the gieat semicircle 
There is a pole at z = a, which is excluded 
by the small circle Examine the behaviour 

of w=~ , when z is infinite Put z=Re l6 

z — a 



Then 


—kR am 9 


(cos {kR cos 6) + 1 sin {kR sm fl)} 


, and therefore, as m 


Re L *-a 

the last case, ultimately vanishes when R is indefinitely inci eased, 
provided 9 lies between 0 and it inclusive 
There is no pole m the region between the two circles, and w is synectic 

throughout it , and / wdz — 0 when taken round the boundaries in opposite 
directions 3 

(1) Along the as-axis z=x, and we have as the pait contributed by 
integrating f 10 m O to J, ie -00 to 00 , 
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( 2 ) Round the nilinite seimmile, ne ha\^ a . , r . 


r **** JUl>l dB= j~ ,„/*£ , 0 j_ : (/i ^ , 

J lit* -n o 


'J lit* -a ’ 'o 

*h»’h, by vntue of the ultimately /mo f 14 toi (j ^ f 

# 3 eing absolutely infinite and sin 6 \ m nitive ’ * " * ’ ^ 

f*) Kouml the intmitesinn.1 circle DEF, put z*ni+ e* 

Ihe integration round the perimeter must gi., _w ie * * * 4 
to tne general result of Art 128G, i e =-!«■»!<,. sLi-". P i l/€ -*J ( *j \ ~ 

*• J fiz )** Icmn(1 the outer boundary ABCOA is t , •> *» , T , 
^ 111 the * lme «“**. have hy euiuting it d an l iy % Ml ,„ 


/ r (g-a)coHi x-/jsinifj: , 

J-x (X-a)-4- fj~ dx Sil fci, 

/ x (* ~ a ) s * n iJJ + # cos £j: , , . 

J-* (x-ay + ff *- “•*« 


di=-J r e- iJ „, hi ,i 


which may l>e written 


cos fix + tan -1 \ 
x- a i . 

/r- — -v», = - 2rt~ La sin X i,, 

-x \(x-aj-+fip 


l 8Ul(kx + Uu- l -@— i 

I \ X - a ' . 

L~ V(*-«)-+/* 2Te 


1304 A Me taae rc/ien? #=0, th» tevt,e jr *h* * nl h , f , 
in ^ and a semicircular arc DEF , or nlm* r an! (iJ ti i* 
replaces the complete small circle betoie 

* ousuh i ed 

1 o » onsidei the effect of this, w e mtegr tte / ^ v 

(1) from C to A, (2) round DEF , / 

(3) from F to A , (4) round A 5^7 f 

Foi (1) and (3), we have , j ^ j 

//— r , /* \ , C O D-> F A 

l U + .UJnn rft > Fi « «- 

M when r is infinitesimally small, viz the Pnncijial Van e * r 

I x c* ij: 

— d. 


tor(2h putting z—a+re l6 t = idtf, and the ci>nt f ?»’ t t>n 


1° e‘*l*+ r ‘ lt >idd= -r.e“‘, 


t being infinitesimal 

For (4) we have, as befoie, a contribution nil 
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Hence ultimately, r being indefinitely small, 
cos kx+i sm ho 


dv-ir(i cos Jca. — sm ka)—0, 


t e 


cos Tex , , 

dx— -7r sin ka, 


i. 


— oo x— a 
sink 


dx= 7rcosfca, 


Principal Values being taken m 
each case 


/ gi az _ gi br 

dz, a and b being real and 


positive, taken round a contour consisting of 



Fig 407 


(1 ) the positive portion of the x-axis , 

(2) an infinite quadrantal arc , centre at the origin 

and radius R ( — oo ) , 

(3) the positive portion of the y axis , 

As m the last two cases, the function vanishes 
m the limit when 1 1 1 = oo , and it will be cleai that 
theie is no pole in the legion lound which it is 
pioposed to integrate 

We have then 


i: 


p Cbx 


- dx-\- 


i c 


•y piaReri _ e ibRt l6 


i dd 4“ 


f. 


r a v-e 


-dy= 0 


The first Integra l=f* - (c ° 9 « - «» h>) + « («n «« - «n te) ^ 

IT 

The second integral = [e~ aR am 9 e iaR 008 9 - e~ bR 8111 9 e lbR cos *] i d9 , which 

vanishes when R= oo by vutue of the exponential factors e“ flJ * 8ind 
e~~ bR »m ^ f 01 sm 0 is positive 

The third mtegial = - log- by Fiullam’s Theorem, or by the summa 

tion definition of an integration as in Ex 1, Ait 16 
Hence we obtain in the limit, when P= oo , 


i: 


1 cos ax - cos bx 


dx 


->4 i: 


60 sm ax - sm bx 


dx= 0, 


results pi eviously established 


/ 2 a — j 

= dz, where a is real and < 1 and > 0, 

I + 2 

where by z a_1 we understand that particular one of its values whose amplitude 
is (a - 1) times that of z 

Theie aie two poles, 2=0 and 2 = — 1 There are also blanch points at 
the ongm and at oo 

Take as contour an infinitely large semicncle, radius# ( = oo ) and centie 
at O, the oi lgm , an infinitesimally small semicncle of ladius p and centie 
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0 an infinitesimally small sen, icicle with centie at.— l and radius - 
the concavities of the circles all being m the same direction , and the 
re, naming portions of the boundaiy being the intercepted portions of the 

a ? X1 “ ’ * hole makln « tLe fi 8 ure ABCDEmBIJA (Fig 408), within 
which, with the meaning indicated for the function is synectic 



The poles are then excluded fiom the contour, and the integration is to 
be conducted along the six parts AB, BOD, DB, EFO OH HTJ A 
indicated m the figure 9 ' 

(1) Along AB the integral is or changing * to 

(2) Along the semicucle BCD , put z= - l+pe L9 , dz _ l ^q 

rQ 2+1 

The contribution is then (-l+pe^-hdO, 01 since p ,s mfim- 
tesimally small, Jrr H 


-i) 8 - 1 r 


1 dd — ( — 1 ) a lit = LTre iair 


(3) Along the atiaight line DE the portion of the integral is 
x a ~ l 


/- 1+p \+x ix ’ or chan « m « * to -X, 


-j: 




dx or e l 


«( p ^zl r 

Jl-P 1 -z 


“P 1 ~ x Ji-pl -X 

(4) Along the semicucle EFG we have, putting z=pe l9 t 

r° (Pe l9 ) a - l ',pe‘ 9 dd 

4 1+pe 1 * 

which vanishes, p being an infinitesimal and l>a>0 

(5) The contribution fiom GH is H^-dx 

Jp 1 + x 

(6) For the semicircle HIJA we have, putting z — Be l9 f 


dx 


f 

J 0 


(Ee‘ ,, ) a - 1 ti?e‘ l> 


ife‘ s +l d9 ’ 
which vanishes, since R is infinite and 1 > a >0 
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I -o £<2—1 roo £«— 1 

Let 7 X and 2* be the Pi incipal Values of j Q dx and j ^ dx, i e 
/•» «a— 1 p yl-p -i ? a— 1 

Lt >-°1 T+~x dx and £tp=0 Uo + A+pJr^ <te 16b P ectlvely ' 


we then ha\e, summing up the six poitions, 

/gfl— l , p l 


and 


L ^—dx+iire iaw +e ca ’ r l!‘ ^—dx+O+J i*+0=0 

JI+pI-% ^ ^ 71— P 1 —A A* 1+# 

rp jj,-l rl-p a a-l 

■t dx— - I = ax, 

JX—p\.—X Jp 1— A 

„ lhu _r p^r p r~' + r)fi 

Jl+pl-J? Jl—p \ — V \Jp Jl+p/l-X 

and in the limit, when p is indefinitely diminished, becomes — —7a, 

— e iair I 2 + i>ire Lair -f 7 X — 0, 


f e — (cosairH-tsma7r)7 2 + 7r(t cosa7r-sma‘7r)+7 1 =0 , 

whence 7 X - cos 07r7 a = ir sin air , ^ 

-7 2 sma7T + 7rcosa7r=0 , J 
theiefore Ii — ir msec air and I 2 =t cotair 

These aie the results of Articles 871 and 1103 


1307 Consider J ^ — L dz for real and positive values of a and b 
There are poles at z— db ib , and when \z\ = oo the mtegiand vanishes 



Integrate round an infinite semicncle with centre at the ongm 0 and 
radius i?(= oo ), and lound a cucle of infinitesimal ladius p with centre at 
the pole ib 

Then the integral taken lound the outer boundary = the integral taken 
m the same sense lound the mnei boundaiy, and the latter is 

2iri-i — T=re~ ab (Ait 1286) 
ib + ib b ' 


Over the outer boundaiy we have 


e taRe L ° 

j2 + /ev i9 


i lie ll d9 
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Writing — oc foi x in the first integral, it becomes 
e~ Lax r® e ~ iax 

-J m F+P** te Jo F+P 0 ^ 

and the first two integrals combine to give / - cos av d c 

Jo b 2 +z* 

rir e — ciR am BiaR cose 

The thud integral is ~ + R ^ - iRe‘°d9, and vanishes by 

virtue of the factor e - aMsw,e , when It is infinite, sm 9 being positive 
Thus, summing up, we have 


the lesult of Ait 1048 


cos av , 7 r 

FTT^=2b e b ’ 


1308 Consider the integration of w=~- t for real and positive values of 
a and b " r 

The poles are at *= ±ii, and when |z| = oo the integrand vanishes 
Take the same contour as in the last example 
The integral round the small cncle, whose centre is ib , 

O L ^ a(ll>) nh 

Over the outer boundary we have 


i ,a * , , r xe iax , r* Re te e iaReie 

be 2 * + l &HP + 1 W + lPe^ ‘ 


Writing -x for x in the hist mtegial, it becomes 
fxe-™ j rxe-** , 

JLP+P FTP**’ 

which combines with the second integral to give / ^f, 31D ag cfa 

/o oHr 2 

The thud mtegial, as in the last case, contains the factor e ~~ aJtsin 9 m 
the integrand, and thexefoie vanishes when Ihs oo , sin 6 being positive 
Hence, as the mtegial round the outer boundary is equal to that 
round the mnei m the same sense, 


f m XS\l\aX, 7T . 

Jo -F+- t I <t*=2 e ~ ab 


1309 Consider the integration of w= -7 ^— T for real and positive values 
of a and b z{0+z) 

There aie poles at z = 0 and 2= ±t b , and when |zj — 00 the mtegiand 
vanishes 

Take the same contour as in the last two cases, with the addition of a 
small semicircle of ladius />, with centie at the origin, to exclude the pole 
at 2=0 

Integiate, as befoie, round the boundary CDEFABC , and equate to 
the mtegial lound the small cncle encircling z — ib in the same sense 
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Thus 


r p e iax dx rO ?W*\p£*d 6 ftaxfa. r* 

J-*,x(V+x*)' t J ir pe‘ s (62+pV‘ 9 ) + ip x(b*+x‘) + ] 0 ; 


tt aIU * iRe/*dd 

(i 2 +^) _r J 0 ffe‘ s (6 2 +.RV ! ‘ < ’) 


=2 5 n— > = _!!?«-“» 
W ft 2 ® 



Then ■writing a: for % in the hrst integral, it combines with the third 
„ /■"2isinar* 

P Jo x(b*+ aH) 

Since /) is infinitesimal the second integial = [° - d6=- — 

Jn b z b 2 

The fourth integral vanishes for the same reason as m the last two cases 


Hence 


f: 


sinai 




i e 


/o ^ 2 + «2) aa; ~2P^ 

/ e mz 

Ifin _j_ z 2 n a and b being i eal and positive 

The poles are given by 

*2" + 62» E * jBf 3 1 (*- 2bz COS ^±1 T + ^ =0j 

2 . 8+1 \ . 

-^-xj = 6e 2" , 

and he upon a cucle of ladius 6 at equal angular intervals the a-axis 

n* 

being an axis of symmetry with regard to the poles and not passing 
through any of them Also if |i| = oo the integrand ultimately vanishes 
We take the same contour as befoie, viz an infinite semicircle of radius 
/2 (=oo) and centie at the 2 ongin 0 , the r-axis and infinitesimal circles 
of radius p drawn lound each pole as centre 

l ‘“Sr 1 1 1 

***+&" - — t aj+i_^35=T / S»+i 


Now 


5=n-l 

+ 2 

8 


^-VruVy 
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the poles of the second group lying outside the contour of integration, 
and therefore contributing nothing The pole ,»J«‘ T?' contributes 

2«+l 

2tT — ■ m m 


( >+i V 
2?i[be 2« "J 


Hence the poles within the contour contribute in the aggregate 


r-0 » r t *£±i 7r \ 2n '" 1 ’ 

Ue 2ft "j 


-tafte 2» 


n “ 1 47T I 

- f 


2*+l 


2»+l 


~2n~ v fi idbe 2 " 


= _ n ^ X t7r 


6 2ft 


For the outer contour we have 





f° e 1 *** , r° e Lax m 

J-* J« + a 2n“ l +J o * r +jT 


e^\R^dd 

62» + fl2ty2n« 



The first integral, by putting for a, becomes and 

combines with the second integral to make f f C08<M; dr 

■'O 4" 

The ^^juitegral vanishes when i2=-oo, as it contains the vanishing 
actor e , and since the integral round the outer boundary of the 
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contoui is equal to the sum of the integrals lound the small circles which 
contain the poles which lie within the gieat semicucle, 

ir + ab cos ,)], ( 2 ) 


ft 




r d'X — 


7T *-X -abBin^±krr T25+1 
2 e 2 sin 
0 


2w6 Jn ' 


l L~ 


which is the result established m Art 1067 

It will be noted that in the summation above m equation (1), that the 
linagmaiy portion vanishes, the poles being symmetrically situated about 
the ^-axis 

The anangement of the poles in the cases ?&=1, n = 2, w = 3, ?i = 4, w=5, 
is shown in Pig 411 

1311 Consider ,g== a real, positive and < 7 r 

Since the limit of this expression when |a| = 0 is there will be no pole 

at the origin, and when |s| = co the integiand ultimately becomes zeio, 
since a<rr 

Since sinh7r2=7r,s^l+p^H-~^ , there are poles at z— dbt, z= ±2 

z= ±3i, , which are all situated on the y-axis in the z plane 

Take foi the contour round which the integration f w dz is to be 
conducted ** 

(1) the complete #-axis , 

(2) the ordinates v= ±R, where R is infinitely gieat , 

(3) the portions CD , FG of the line 1 / = 1 shown in Fig 412 , 

(4) the semicuculai aic, convex to the origin, centie at z = i and of 
infinitesimal radius p, viz DBF as shown 

Then all poles aie excluded from the region thus bounded, and the 
function is synectic m this legion 

The contribution to the integral foi the x axis is j*° Sin ^ ^ - 


z—x and dz^dx, 01 , what is the same 

y 

G F 


thing, 2 1 

Ja 


sinh cu, 
f 0 sinh 7rx 


1 smh7n& 


dz foi 


dz 


*’ A 


■ur 


0 

Fig 412 


The ordmates 5(7, OA at infinity yield no contribution 
For, along BC, we hive { 

and R being large, sinh aR and cosh aR may be written Je 0 - 2 *, and smh tR 
and cosh wR may be wi itten •Je Tr - R 



CONTOUR INTEGRATION 


463 


i dy, i e 


Hence the integration along BC reduces to / — i dy t i f 

J 0 e vR e l1tV 

jP /*-’>* Udi/, 

winch vanishes by vntne of the zeio Jtactoi e( a - 7r )-K m the lnte^iand, siut'ft 
a — 7r is negative and R is infinite Siimlaily for the portion OA 
Foi the portions CD and FO we have respectively 

fp sinh a(t+ z) 7 /■— smha(i + t) , 

Isss^r+ij* and j_ p sin w( - t+ o rf> 

Considering the first of these integials, 

sinh a(t+.i,) = t sin a cosh ax -4- cos a sinh a ■> , 
sinhir(t + r) = _ &mhiri , 

the integial becomes f° * — - co ‘ lh g* + co<l « smh a t , 

Jp sinh7T(/ 1 

and writing -x for % in the second integral, it becomes 

— [ Sln ha(t — r) , /“ i sin acoshai — cosa sinh ax , 

h sinh ff (.-a) rfl --/p <lt ' 

and CD, FO together yield 2 cos a f aA j v 

Jp sinh7T^ 

To consider the contnbution of the infinitesimal semicircle JOBF, put 
z=i + pe l % and integiate from 6=0 to 6 =-tt 

Thus sinh az = sinh <x,(l + pe‘ 9 ) = t sin a, p being infinitesimal, 

sinh ttz = sinh ir(i + pe l 9 ) = tt pe L ° c osh m = - tt pe l$ 

The yield fiom this part is theiefoie 

- f~ ir t3ina (n^ L ,m * ma 
Jo irpe‘* V ^0)=— J o d0=- sin « 

Hence, as the total integral round the contour vanishes, 
and p being ultimately zero, 


tain a cosh cu- cos a sinh «r ? 


0 sinh ax 


r smh ax , 1 a 

sTnh^^=2 tan I’ 


r " Binhcu; , , a 

r~~r ax = tan _ 

-« sinh ttx 2 


1312 Now take w-——--, a being teal, positive and <tt 
Since coshws=(l +4s’)(l+|^(i , the poles of « an, at 


i 3t 5i 

* =± 2’ *T* ± T’ etc 

If we take a contour consisting of the *-axis and a parallel, y _ 1 , * ith 
bounding ordinates *=± fiat infinity, and a small semicircle, con vox to 
the origin and radius p, described about »-±, the region thus dohmsl 
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excludes the poles, and w is a synecuc within it, so that j wdz— 0 when 

the integration is conducted along the contour of this region 

Ihe points B, shown in the figure, are supposed at oo, and A , 0 

at — oo, and DBF is the infinitesimal semiciiole about 2=4 (Fig 413) 

z 

The tf-axw contributes f° - f - a * dx, that is, 2 — ix 
J-<* cosh TTX ’ J 0 cosh 7 TX 


A 




0 

Fig 413 


The oidinates at infinity contnbute 

f * cosh a(B+ iy) ro cosha(- jB+t?/) , 

Jo eoshrr(JS+iy)“^ and Jj cosh tt( - ’ 

and, as in the former case, 

cosh aB, sinhctjR, cosh-n-jR, sinlm\R 
may be replaced by $e* R respectively, 

since B is infinitely large , and we may write 

cosh a(R+ iy)=^e aR e iay , cosh tt (i2 + iy) = \p* r e iny , 
cosh a ( — R + iy) = £ e aR e~' ,ay and cosh tt ( - R + iy) = Je" 5 e” t7ry , 
and the two integrals become 

t dy and - jf* e -i(«-*)ir t rfy, 

which both vanish when is infinite by virtue of the ultimately zero 
factor e( a ") R m the integrands, a being <7r Hence the yield from the 
two ordinates is nil 

The parts CD and FQ respectively contnbute 


f 


cosh 


Kf+j) 


dv and 


cosh 7 r 


r 


cosh 


a (*+j) 


and 


f . WV auu I — 

r + l) J-p cosh7r(^+^J 

cosh a cosh ax cos ~+t sinh arsing, 

cosh 7r ^ = i sinh ttt } 


dji 7 , 


and the first integral becomes 


-I 


cosh a#cos|+i sinh a# sin ^ 
t smh 


d# , 
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md similaily wilting -a. foi a m the second mtegial, it becomes 
P cosh - rj 

J p cosli irf I - x 1 J p 


W 


coshat cos^-tsmha#8in^ 
z 2 


dx 


Hence, in the aggiegate, these two terms yield -2 sin - /** -- n ^ av di- 

2J P sinh irx 

To hnd what acciues from the semicircle DEF, we put z— - +pe t9 and 
utegrate with iegai d to 6 from 0 = Oto 0 =- 7 r 2 

Thus, since cosh a^+pe ta ^=cos| to the first teiru, p being infinitesi- 
mal, and cosh7rQ+pe l ^=:7rpte t0 , 

/; 


cosli az 


r-« a 

COS 7: 

2 g j-. cl 

= - d ipe* dd — — cos oj 

Jo irpie 10 A 


1 — r — dz round the semicircle 

/c03ll7r * Jo irpie lt 

nd the total integial round the contour=0, since w is synectie 
hiougliout the region bounded , hence 

0 r cosh av j f sinhar , a n 

i \ — - dx+O- 2 sin^ / — r dx — cos « ~ 0 , 

1 0 cosh 7rv 2 J p sinh 7 ro? 2 

nd p being ultimately zeio, 

e uiz 

1313 Consider — , wfore a ?5 a complex constant =a + t/3, m 

’AtcA jS wo£ negative 

The poles are, as before, z= , etc , and m addition, since 

e i(*+ip)(x+tV) _ g-^-aJ/ e t(aa!-ft/)^ 

ie function becomes infinite if /ifa;-|-ay = — 00 Hence we must take a 
>ntour which excludes all such points 



Fig 414 

The region bounded by the positive dnection of the x axis, an oidmate 
=i2 where R = 00 , the straight line y=£, the quadrant of a circle of 


i'HAitmi v\\ 


40# 


n'uttt** , nml uitimtr uimit t full it i /♦ u/ t*hR »tu«l tin* |*r»# t ««>yi / O « f 
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(} I M|| ( I 

'Hit" oulituiti* \H at intiiiit v tMiifittmli « i.otlnu*, il * miI« » <’ i 
« out it ti n t ht' 1 u to* t 7 1 , win* h \ mi III' i \\ ](i J| l 

TUv path jt K it out * /** to t niitnlmt* 

,,, V M/(- ') 

/, , „„h „ , ‘ I * ' ht > 

Km tlit» tnfimtwmi il * piutli *ii* t it <ih wi(liMijtn put \ * ml 

hum 0 o t»» ft n . 


Tin* \ u*Itl * 
t r f \ Hilimti iim.tl, 


I . m i - 

J 0 U*'*) 


L 


"m »»*♦ 


'it* h *'* •'» 


Tin* jtm troii Kit of thi #/ iixi4 i out 1 iluit i 


r ' ' 

'I c < •> 




ft t o ill Iff V 




I i *1 ,r * 


L 


Hmnu , ju tin’ tohtl itttojrwi! fit ft \ limit* , 

* f ^ r (< Oi (II I I ill u It I ) J 


r v ^*1 ♦ »u ( »i 


, i I 


ili it i 

I fi tl \ i i »* 

•/ (" m ;* ‘ ‘L ' 


l Mill* » t 

, * ft* | HU /f * 


Hwui*, i'lj U,t i lii^ to /i*m IhiMiMl *im I him it s pit! .nut jn 
thu limit whmi /i 0, 


* * <n ; u,? th 
♦•ONh n t 


ni hi** « * , , 

f . dt i 

« «♦ th n t 


r ( /r 

„ I * in ( hi 4 A , 

< A r *•— L Jrf. I*r " I 

tl r'Uill ft * 'll Ow *p Jt o * 

r < ti 

u * »'*U ttt \ A 

t » - J - v '' l\ • J. 'r 

Ju mull « # 7 o n**n M y 
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If we put /3=0 m the fust, we have 


f" cot, at _ 

Jo coshwa Jo sinhiri!^*' - ^ 6 


COsll TTX 
and changing the sign of a, 

^ COS(U J , % [ J 

/ 7! — i ^ 4-e 

JO COSH 7T t /O 

and solving these equations, 


sinh 7iu ^ * 


r_coscu_ 1 a r* sinca 1 _a 

Jo cosh tt t 2 2’ Jo sinhxi rfe- 2 tanh 2 

v>ato° We ' W= ^- g /lo + P’ I > P> 0, a ,eal and 

Theie aie poles at z=ae±‘*=«cosa±iasin a Take as eontoui an 
infinite temiuicle, ladius It ( = oo) and centre at the ongin 0 the 

* axM > and a sma11 oucle, radius p and centie at r=aS IL , i e (a cos a asm a) 
(Fig 405) ’ ' 

The contribution fiom mtegiating along the r axis is 


JLra 


1*.(C tf), <" f, 

1 \ 'o / — 2a t cos a + a- ’ 


-2at cos a + a 2 ° 
and putting -x foi ? m the fust integial, 

= / * 7P dl . f” (-l)W , 

/o z 2 -2o^cosa + a 2 /o t 2 + 2«^ cos a + a 2 
Round the infinite semicircle we have 
/ T JW** 

/o ^>-2«f?e‘ 9 cosa+a" ffe 
which vanishes, since jp < 1 

Foi the infinitesimal cucle putz = «e» +jf)e >« The lesult is, by Ait 1286 

y . .(«“+/**)» 
ae la ^-pe l9 -«e'“ ta, 

md p being infinitesimal, this becomes 
a*V pa tt 

27rt =— — a 33 ” 1 e t35a . 

a(e ta, -e“ ttl ) sin a 

md since the integral round the outer contour is equal to that round 
.he inner in the same sense, 


f ^ ' jLa+a^ +^r 


md equating leal and imaginaiv parts. 

r xP( to . r x p dx 

Jo ^2avco9a + a* + OOH * ,r lo 


k ^+2aacosa +a ^ = i^ a3 ’ VP ‘> 


x 2 + 2axco<i a+a^ sin a 

/■* x p 

S,nj,,r /o i 2 + 2az cos a + cT 2= sma aI>_ls,n ^ a 


= ^“ J ’" lcos 2 ,a > 



m 


(if \1TKH \\\, 


Il«*n» r* 


I t*th 

'd /' | #N/J* iimii | ii 1 

j i v th 

l, t ’ *J<lf t » M tl * l| f 


*ti# t* I j p 

!. ", , •Itlf'l t <M I , „ 

nn# mii 


thi lattrt at whu h iollim i <il n» I mm thrf«»jm«i hv ^ « it in ' '< 


it 

o. 


m f< I n 


f \ 1 9 

13l*» fVmtfif/fr «• , * . u hnr *i ttmt /« i»r ♦ * ( r * ^ » ‘ 

t «i It i mb 

*1 h«* an* pin « t»y u»»hr titbit t * 

# f1 * ‘'toi/v* | l 0, r* %t*nh < i m»i A, * *(’,.« i A), 

whm* /# ih ,tnv »ut«*pm 

TIump jiulfi «»*♦ all uttutwl tijMin tin* y *xn ,it ft « m* th* »>ty*n 

* K k $n i /i f «*!«• 

TitKo at nmtmu tin* tutu* x uti, th* otriitMtiM x * Kttt * t» tit*' 
rftuttfht Imp i/ n, and im inhwttMimU < tit It*, nitltu * /» »u>*i nuun* d> 
Tht*n th* fumtiniiM* ih 'tynntii’ tsi tlin n-pum thin ImimmIhI, th*M»»h | 

(y ib) wht« h Ium within thiwmlnr h'utmhtiy twin# «'*» hid***! hi 1 1** mmi 



Hit tin 


it 

♦ 

♦ 

1 

« 

| 

2 

A » 


Th« rout uhui mm hum th* mi mu* jmt « an* 


(I) Knmi tint x axt« t)A y j 
(si) Kicmt th* onluuti* ift* 

f*w A | »vt 


f 


' it 


t*tw b 


I to ill X tin 
r*** 

^ <p lt ** 1 r ir> H 4 * V 4 nut U 


t du 

'r 


thf- tt. 


wliPta H thiwfiiyi* AH is»at tihiifpn nothing SimtUth t*I> h*i? * 
»<» pontulmtmn 

(3) Hiorn H<\ vir »/ ir % w*« havi* 

* -fMir, dt <//| wwlu uwh*r 4tnt r ut * * * 4 
/Jf't * 

/ . j dfjr t* *** / t 

M n»«tltjr tofto 1 m wmhxiimh 
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(4) The integration round the small circle gives 

e ia(i&) e -ab 

27Ti — r — t . 9 6 2ir r, 

sinh id’ sin 6 

and the integiation lound the outer contour is equal to that iound the 
small circle m the same sense Hence 


roo 
' — co 


e iax dju 


cosh v — cos b 


+e-**f 

J — a 


e iax dx 


2rr 


Let 


Then 


/.=/“ 

— 00 

7 ' /*°° 

1 j — » cosha;+cos b 


cosh#-fcos6 smi < 


cos ax 
cosh % — cos b 
cos ax 


dv, / 


'-c. 


dx, l£-r 

J —00 


cosh x - cos b 


~ab 


dx. 


and therefore /, -f e~ na L ' = e~ ab 

1 * Qin 


cosh # +cos b 

o_ 

and I 2 +e~ wa I 2 '= 0 


dx 


""sin 6 

Also, if we wnte 7 r—b for 6, the accented and unaccented letters are 
mtei changed Hence 

L e -“('-W and /,'+•— *^-0 , 
and solving these four equations, 

cos ax ^ __ 27 r sinh a(ir-b) 
a cosh x - cos 6 sin 6 sinha 7 r ’ 

27t sinh ab 


w 

•/ —a 

W_„, 


o cosh i + cos 6 ^ sm 6 sinh a 7 r’ 

and I 2 =l 2 = 0 , as is indeed obvious befoiehand, since, m integrating fioin 
- oo to oo elements of the integrands for which % only differs in sign cancel 
each othei 

Obviously other results may be deduced fiom these by vanous selections 
of a and b, combined with addition oi subtraction of the results 
For instance, in the formulae for I x and the integrands aie not 
affected if the sign of x be changed, so that 

cos err 


( 1 ) 

( 2 ) 


f 

i; 


— ; -dx 2L s»nhg(ir-6) 

cosh x — cos b sin b sinha 7 r * 

cos OiV _ 7 r smhaft 
cosh x + cos b sin b sinh aw 


Changing b to | - 6 in (3) and (4), 

I. 


cos ax ft 

cosh sin 5 — cos 


sinh 


*d«) 


L 


cos ax 

'o cosh x-\- am b ax! ~~ cos b 


sinh air 
sinh < 
sinh air 


r amh a (b b ) 


(3) 

(4) 

(5) 

«>) 



<70 


rnM*mt \k\ 


l*ut t »mjj u 1 m Oi arid ( U % 

I* i tM t ^ mho. /*i 

i u ih * nuf* hi t* aith * ’ 


ft ( l» <li t I mi// m ** ttili 

Addlin' (A) and (I), 

I * CiiilMihlt / # ft nth M hi 4 ttdl 


I (tin # » i 

\i m* ih 


♦ Hi 7 f i lit A Hilt i/ 

« ‘ 1,11 "1;» 'J 

I >M ft . tr 

« 11 '»* 


Std'tl U (I) iinrn (1), 

t null'd 

I t j 4 it y M 

'll i M ill d > t < * t '/» y Hit # A . » « 

m)i „ 

* 

W i ituut * & t«n A ui (‘i) 4 ltd {I'M. 


j * t M*if i 

• «♦ dl 


/ 

it 1 U ll // 

f » «* 

1 i 

1 • i 

j * MU 

tl i 


n 

ii *«» ll ** 

i 1 «i 

*/i / ' 

* HI 


/ * i tit t*t, 


mid it* on vs tilt ot In i t,t it 

t 

KtHt ('ntuultt w . tr Ih hi?' n*al ind t M 

I * f 

Hi M'f III 1 1' )U i* JtullM S\ lit Jl \ i J ( 1 ; # m * If * 4 I 1 4 , |* J »M 

llltr' H tl \altfl lit A 

'I'n K i n t iMiutmir a inland* <d mfnnii Im ih, m,. i U da *)n 

i 4 M » Ittld t<tt«Il«l| v 1 1 "Ml i t fit \ I tHM Mtdli til , I M a* 

**»* 4 t / . tlio Ititr i « and an mhmf* mrd nttntil* lnd«n < fh» 

* *1 It I Itf *tl, Hit '“'Mi III/ I c*t|||ci |)|| it , im Jim]* la ltd + ill f It* '»» \ t 

«ituntind<d, ssi‘ 1 m\< , with tin ni>utn»n**f pu i ulma • » * , 

I " , (" , >•' . . ,« r' ,H , 


/ »’ t" r . r't* A t lU ,n ,»<« 

\ r • j f iK“' #* l r / 1 1 '* 

» /Hi i i it | II It I «vt 

I / r/M . id, 11 

f , J f 4 * 1 It t ’ T J / ^ ' • * * 

In till' limit, toll'll ,1 t null hiiit.U null iU <\ fi nil.mf-l; »*i' *Ml»* 

lit t 4iid Hind into 1'ial * t*fn< f in t msi'tln {‘iwojjhI \ du« « if f * 

„ ' I r f 

< < <,<l »*• M tid ml* •h d j { t)Hti toh* it ^ lit , nidi limit H n» dl, 
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The fouith vanishes, since it is ultimately 

-Lt RtmJ0 I dy and «<1 

lo 

The fifth integial - f 

J* 1+6 

The sixth mtegial ultimately vanishes when R inci eases without limit 

y\ 



r* e ax . p ax 

Thus Priii Val of / di + (cos ct7r + t sin air) / dr +i 7 r = 0 

/-co i ~ e* V * 14-6* 

rx> e ax 

Hence / dv = ir cosec « 7 r, 

and the Principal Value of 

g aa; 

/ di =tv cot «rr 

1 -e’ 4 

This result is, however, only a tiansfoimation of that of Ait 1306 

1317 Effect of Pole-Clusters within a Contour 
If several poles, say n, be clustered together at one point of 
the 0 -plane, the point is said to be a pole of multiplicity n y oi 
to possess polanty oi the n th ordei at the point z=ct 
It is useful to note that in applying the theoiem 

(^— D 1 r 4>( z )_ dz 


0<»— !>(«) = 

to the case m which 

w=f(z)= 


2 7TI 
*(*) 


f n z l < 
J (z—a) n 


~(z—a) n ( z—a) n * 

where n is a positive integer, we have ^ 6 ( 0 )=], and all its 
differential coefficients with regaid to z are zeio 
f dz 

Hence J ^ round the multiple pole z— a is zero for all 
positive integral values oi n except ?i=l, and when ?i = l we 


have 


f dz 
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It follows that if w be of the form 




(z-aY(p-b)<i{z—cy ’ 

where <f>(z) does not contain any of the factors z— a t z—b , 
z— c, , but is lational and algebiaic, there is polarity of 
older p, g, ?, etc, at the respective points z~ a, z~b, z=o, etc, 
and m putting w into partial fractions to prepare for mtegia- 
tion lound closed infinitesimal contoms surioundmg those poles 
it will only be necessary to retain those paxtial h actions m 
which z—a, z—b , etc, occur to the fust power 

And supposing that the result of putting into partial 
fractions is 

w=K n z*-\-K n _ 1 z n ~ 1 + +K 1 z+K 0 +-^-+~, +— + 

1 u z—a z—b 1 z—c 


A ' 


r=q 


ir 


+ Zi{z-ay + '£(z-by + 


then, in integrating round any closed contour which encloses 
all these critical points and no otheis, 


jw<fe=2 7 n(/l+.B-|-0 , + ) 


1318 Moreover, when the numerator of w , supposed lational 
and algebraic, is of degiee m 0 at least two lowoi than the 
degree of the denominator, A+- B+C-+ =0 (Ait 149), and 

therefore m such cases J w dz= 0, however many entical points 

may be enclosed within the contour, and whatever the degree 
of their polarity, piovided the contour of integration contains 
all the poles 

It is worth notice that if 

a 1 , a 2 > a 3» he the zeros, of multiplicity p f q , r, etc, 

and a x , a s ', be the poles, of multiplicity^', q^, r x \ etc, 

of a function f(z), so that 


■Ft &\ — <hY(*- a*)* (2- a z y 
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whence, it <fi(z) be any other function of z which has none of 
the factors z—a(, z—a /, etc, then 

2^J *(*)£$ *>=Ppt(aJ-X//t(a l ')], 

the mtegial being taken round a contour which contains all 
the poles without passing thiough any 6f them , 

or if <fi(z) be unity, dz=(2p-2p') 


1319 If, for instance, 


M = (z- ( 2 - a 2 )« (s - a s y , 

■ <1 . i , 

f(z) 2 -(t 1 T «-(i ! t 2 -a, t ’ 

and if we integrate lound any contour which contains some 
oi all of the roots, 


JLf/fc) 

2ttJ f(z) 




for all the roots within the contour 




=P+q+ 

=the number ot roots within the contour, 
counting each root as many times over as it occurs m f(z) 

1320 Again, if in integrating round the perunetei of a closed 
curve which possesses no singularities and lies entirely in a 
region of the z-plane m which w is a synectic function, then if 
w be constant along the boundary of this curve it is constant 
for all points lying in the region thus bounded , for if z—g be 
any point of this bounded region, then if /(£) be the value 
of w at the point £, then 

where z is a point on the boundary, and if f(z )= const =A, 
say, at all points of the boundaiy, 

A 2 vi=A > 


for f is a pole of the function 
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Hence, for all points f which lie within the boundary, the 
function w==/(f) has the same value as when f lies on the 
boundary 

1321 Further, if we aie given the value of wat all points of 
the contour of a region within which w is to be assumed synectic 

may be used to find the value of /(f) at all points within the 
contoui For if f(z) takes the form %(z) at the boundary, the 
value of /(f) foi a point within the boundaiy is 

1322 Ex Supposing that at all points of the circular contour r=l a 
ceitain function known to be synectic within the circle takes the value 
cos 30 — a 2 cos 0+i(sin30-a?sin 6), what is the function? 

Putting this into the foirn e Sl9 — a 2 e i0 , and wilting z = e‘ 9 , dz= ie l> , 

1 f 2r .... 

/(C) ~2^ll 0 iedd 

1 Fe St9 e 2td -i°tt 

“ 17. L T+^T + ^-^ elS+ w - “ 2 > lo " (« ie - <*‘) J 

=2^f(f 2 -« 2 )logl , 

and log 1 being log e 2) "‘, where A is an mtegei, we have /(*)=Xf(f*-o*), 
wheie the pioper integral value of A is to be chosen, and putting 
f=e‘*, we have the contoui value A (e 3l8 -aV 9 ) Hence A=1 and 
for any point z within the contour r=l 

glfifcS 

1323 (1) Consider w= — : n being greater than 0 and less than 1 and a 
real and positive 

Heie theie is a pole at z=0 We may avoid this pole by taking a 
contoui consisting of the poition of the z-axis fiom v=p to a = .R, a 
quadiant with centre at the 01 lgm and radius R , the portion of the ^-axis 
from y=Rtoy=p, and a quadiant with centre at the origin and radius 
p And we shall choose R to be go and p to be infinitesimal Then w is 
synectic m the region thus bounded, and we have 

r e iax jaRe* rP e _ ay H) jape* 
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,—aR am 8 


mu 1 ■ p—aa am v 

lne second integral contains the factoi — j?n-i > in which sin 6 is 
positive, and vanishes when R is infinite 
The fouith integral \amshes when p is infinitesimal since ?i<] 

Hence, proceeding to the hunt R= oo and p = 0, 

r oo pr-ay 


i 


f w qI ax r» g— ay uo 

Jo 7* dt=ll - n J a 7 T^ = ‘ 1 - n / o r n z- av d>/, 


1 cosai + tsmou 


dx = [cos (l-»)|+‘sin(l-»)|’J f {T* er ay dy , 


fain »ir 2r(m)a 1-n n£' 


nir 

Jo L n ' ; 2 a 1 -" r(w) u 1_n 

rsg*»^-., Ml - w) «- r(i-ii) cos t i , / 

■'* 1 7 2 a 1 n F(n) a 1 ~ n sm nr 2P(?i)a l-n “ 

giving the well known integiah, of Fiesnel (Ait 1166) ,ln T 

1324 (2) Consider ^=^-J r+1 

Heie theie aie poles of the w + l th oidei at z=ib and at z— - tb 
Taking the contoui to be the infinite semicircle, the i-axis, and the 
small cucle about z=sib and ladius p, as before, we h ive 

w—f{z) = — — 

where 6(z\=- I a<»)/.\_( " l) n (»+ \)(n + 2) (2n) 

(z+Lb) n +* ana * W (*+i&)*»+ 1 ’ 

^ chto)(,h\-(- i\n ( 2 ^)' 1 1 (S^) 1 1 

' v 1 n> (2t6) 2 «+i~t (n)» (2/;) aw + l 


Hence 


/i 




27r ( 2w) i 

(?+ 6 2 ) n +i = (2j)*n+i I( 5und the multiple pole i& 


The integration along the jc axis is j" 


dx 




oi 2 f ” r 

7o (* 




Round the infinite senncir cle we have j 
if R be made infinite 0 

Hence 


tRe‘ 6 de 


vanishes if R be made infinite ’ /o (■R 2 ^‘*+6 s ) n+1 

(2tz.) » 


2 + 6 8 ) n + 1 


, which obviously 


r di 

Jo (^+^) n + 1 (26)*"+* ^jf)» 

The result is readily vei lfied by putting 7 = b tan 0, when the integral 
becomes 


b‘”+ l fo 


concede 


1325 Instead of using the foimula j dz= as above, 

we might follow the method of Ait 1317, and put j , 

(2 -i4)«+i(*+ii)»+i 

into Faitial fractions so fai as is lequued to find the JPaitial fi action of 
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the form — ^ We then proceed thus (Ait 144) put z=*ib+y We 
then have 

1 1 1 


/*+* (2i6+y)"+ 1_ y n+1 (2i6)«+* 0 2tb + 

I (»+l)(»+2) (2») , iy ,/ y \ n 

'■*»» I i*-) 


]■ 


(2i6) n 


r ( 26 ) 2 «+i (»y’ 

and the value lequired is A 2iri, 1 e round the multiple pole at z=ib the 

» . 2r (2 n)» , * 

integral is (2i)in+1 as before 

e utz 

1326 Considei w sf(z) s^-^yi+v a real and positive 

There is polai lty of the (a + l) th 01 der at the points z= ±ib 
Take the contour as befoie, viz an infinite semicircle centied at the 
ongin, the x axis and an infinitesimal circle round t b 

We hare, putting 

and 

»(»- l)(»- 2 ) i. -i^i «■”(”+!) (« + 2)(«+3 ) , Mr , „ n (ra+l)(»+2) (2n) 

12 3 1 ; (r + i6)»+* " +e (a+l6)2»+i 

r <b(z) 

And since J dz, lound a multiple pole of the 71 th oidei, 

27T*l 

= -^j^ n )(a), we have, putting ib foi a, 


(2t6)«+i V a) (2i6)W 


2 Te~ ab f a n 


71 » L(26) n+1 


(2 ib)*+' 

(n+l)n a n -' (w + 2)(tt + l)n(»-l) a”“ 2 
(2Z>) n+2 " h 2 1 (2&) n + sH 


n< (2ii) 2n+1 J 


Round the outer contour we have 


, (2n)i 1 1 

71 » (26)2n+lJ 


£. 


r&r-f- 


fi 


r dx+ 


r 


e ta£(coa9+t sm B) 

jjp+BW*) 


iRe*d6 


(b i +x‘) n + i r J 0 (ji+^jn+i 1 

Putting — x foi # in the first and combining the l esult with the second, 
P° cos ax 

we get 2Jq ^-——dv The third integral vanishes as the integrand 
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contains the factoi which vanishes when R=oo, sin 6 never 

becoming negative Hence we obtain 


f 


cos av 


rdv 


p -ab 


(6 2 +^) n + 1 n'(26)*H-i 


+l[(2ai) 


|n+ («+i)w (2a j )n _, 


+ ( iL± 2)(n+l)n(,-l) (2a5)B _ 2+ + (|)^ 

which agrees with the result of Ait 1057, wilting n for » + l m the 
present lesult 


^ 1327 Consider the case w=z n ~ l e'~ kz , whei e h is a compliX constant 
— a^ibi m uhich a is positive , b positive and not both zeio, and l>n>0 
Since n<l t there is a pole at the origin Writings =7 e l$ , k=pe^^ 9 wheie 
/3is >tt/ 2, we have io=r n - 1 e l ^ 1 '> 9 e~ prcoa ^~^e'~ ipram ^^ fi \ which cannot 
become^ infinite, except at i=0, unless cos (0-/3) be ’ negative, it 

or < -^ ~ g’ ln w hich case an infinite value of r would make w 

infinite 

We shall avoid these poles if we take a contour consisting of a sectonal 
area bounded by 0=0, 0=a(o/2) and by arcs * =R U r=ff 2 , where It, is 
in nite y arge and R, infinitesimally small The legion thus bounded 
is such that w is synectic within it, and we have 

J* 1 + j* (R^)n e -ta-.b)R^\ dQ 

fRj 

+ J Rl (re‘*) n -'e-'*- ll> '‘ la e'*dr+ f° <* 0=0 



The second .vnd fouith integrals contribute nothing, foi in the second 
the integiand contains the factor £,»«-**! «»(*-« whlch vamahe8 when 
1 18 lnfi nite, since we are supposing a 0/2, and therefore, 0 being 

tn-pR^ofu-le)' and 111 the fourth ’ the “tegiand contains the faotoi 
« », which vanishes when R, is infinitesimally small 

Hence, proceeding to the limit when ^-»-qo, R 2 ^-0, we have 

jT ar n- i e~ ax e' la dx = e nM j^ r n ~ 1 e~ l ‘ Te, ^°'~^di 


(1) 
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and 


If now we choose the angle of the sectoi, \i 7 a, to be /3, % e tan -1 we 
have a 

[ x n ~' l e~ ar e ibx dt—e n, '^\ o n ~ l e“ ?r c h, wheie p — s/rf + b 1 , 
Jo Jo 

— e n ^ , p being real, 

P 

l e r 

Jo ( a-ib) n 

which shows that the theoi em j % n -'e~ lx d t = is tx ue for a complex 

constant &=a-i6 as well as for a leal one, a being positive (see Ait 1159) 

Also f z n ~‘ 1 e~ ax co8 b% di — — — 1 ^ - cos (n tan --1 
0 ' a 


(a*+V) 

f x n ~ l e“ a *sin bxdr= — sin ( n tan -1 - ^ 
'0 « V a J 

(« 2 + vy v ' 


( 2 ) 


1328 Equation (1) of the previous aiticle gives 
J * i n -ie~ az e lbx dx = j* ^asma-6oo«i a)}^ 


whence 


1"^ ( acosa + &sina )*cos{na— r(asin a-6cosa)}d* = ^ t fl ’ ] r a:c cos5iii 


1 bzdx 


j[" t n_1 e“ (fl cos a+& sin o)a: sm {wa - 2 (a sm a - 6 cos a)} dx = jf i"- 1 0 
and therefore taking the case when 6 = 0, 

f Q x n - 1 e~ axc0Ba -cos(7ia-avs\na)dv= v n ~ l e^ ax dz—^~}^ 

J 0 (?ia-crr sill a)dx =0 

If we multiply by cos na and sin na and add, 
and by sm na and cos na and subtract, J 

we obtain £ z^e- 0 * 008 *^ (avsni a )dv=^^co i i na,j 

f 0 v n ~ 1 e~ ux 008 • sin (ax sm a)di = sm na j 

[Cf Bi lot and Bouquet ] 
If y be any other angle, we have upon multiplication by cosy, siny 
and subtracting, and by sm y, cos y and adding, 

( x "- 1 008 ‘ cos (aa: sm a + y) dx= cos (na + y),! 

f 0 ® n-1 « a * 008a sm(aisina + y)(fo=££^sin (na + -y) j 

(a < ir/2, l>n>0, a+") 
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PROBLEMS 
1 If w 2 = g - 1, examine the value of 


j Zl wd~, 


(i) via the bianch w = sjz-l by any path which does not encucle 
the branch-point at 2 = 1 9 

(u) via a path starting with the same branch and encircling tho 
branch-pomt once 

2 Find the values of 

f— Cfc, f y^^ds, 

Jz-a J (*-a) J J(s-«) 3 

taken round a small circle whose centre is at z — a 

3 Find the values of 

-fife, f v Z w dz, [-r-? — dz and \ 7 — dz, 

J z ~a J (z-a)* J(z-ay J (2 - a) 4 ’ 

taken round a small circle whose centre is at z = a 

4 Show that the values of the integral [7 — r taken 

J (z - 2) (z- 4) 

round the circles | z | = 1, 1 2 1 = 3, 1 2 1 *■ 5, are respectively 
0 , - 7tl and 0 

5 Show that the values of the integral [ 7 — ~ , 

6 J (2 - 2) (2 - 4) (2 - 6) 

taken round the circles 1 2 1 = 1, 1 2 1 - 3, 1 2 | = 5, 1 2 1 = 7, are respectively 

A 7TL -7TL 

°> 4 * — ’ 0 

b Show that the values of the integiaL , 

. J (*- 2)(a-4)(s-6)’ 

taken round the circles | z | = 1, 1 2 : | ==« 3, 1 3 1 = 5, | z | = 7, are respectively 

0 , m, — 7i n, 2m 

7 Show that the value of the integral f - g — ^ taken round 

a contour consisting of the raxis, the y-axis and the aic of the 
circle | z | = 2 , which lies m the fiist quadrant, is ir 


8 Show that the value of the integial j - taken 

round a contour consisting of a semicircle of radius gi cater than 
unity, with centre at the origin and its diameter the ?/-axis and 

lying towards the positive side of the a axis, is and the 

24 
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same mtegial, taken round the entire circumference of the circle 

& 2 + y 2 + 2z = 0, is ^ Show also that the same integral, taken round 

the rectangle bounded by z = 0, £ = 0 75, y = ±1, is -~~ L 

o 


J dz 

(g 3 + 1) 2 ' ^ a ^ en roun< ^ 


i / s i >ai uwn.w»i ivuuu a contour 
I (« 3 + l ) 2 

which consists of the ^-axis and that part of any semicircle | z | > 1, 
which lies on the positive side of the y-axis, is 7rt 

[Forsyth, Th Fund , p 42 ] 


10 If p and q be positive integers, show by integrating — r a dz 

J 1 + 2"* 

round the penmetei of a semicircle of radius a (supposed > 1), 
having its diameter coincident with the axis of x and its centre at 
the origin, that 

J - a 1 + Jo 1 +a 1( ler'L'- 9 2p+ 1 

? sm "V 7r ’ 

and deduce that if 1 > a > 0, 


•00 _ 1 

Off 1 1 j 7 r 

dx = 

o 1 - x sin aw [Math Trip , 1887 ] 


1 1 When is a function said to have a pole ? Distinguish between 
a pole and an essential singularity , show that a function which is 
everywhere regular is a constant 

From consideration of the integral — r where a and b 

J (z-ay + b 2 ' 

are real positive quantities, taken round a suitable boundary, show 

e-vydy tt cos ft 

I o (a 2 + b 2 - y 2 ) 2 + 4 a 2 ?/ 2 “ be b 1 
e-v(a 2 + b 2 - y a ) dy w sin a 

o (ft 2 + b 2 — y 2 ) 2 + 4-a 2 y 2 be b * 


mat 


cos a; , f 

Sill X J f 


[I C S , 1908 ] 

12 Determine a function which shall be regular within the circle 
1 2 1 = 1, and shall have at the circumference of this circle the value 

(ft 2 - l)cosfl + t(ft 2 +l)sin(9 
a 4 - 2ft 2 cos 20 -f 1 * 

where ft 2 > 1, 6 denoting the vectorial angle [ICS, 1909 ] 

13 Establish by contour integration the result 

x 2 dx 7 r 


b being positive 


( (x 2 - a 2 ) 2 + b 2 x 2 ~2b’ 


[ICS, 1910 ] 
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14 By considering the contour integral 

f , 

J l _ e i^ z > (°<«< l)j 

round a rectangle of infinite length (*=_«, ^ , . 

ir.r - - \r ^-=*4: 

I i +g ® ^* = it cosec 7ra 

[I 0 S , 1903 ] 

15 If a, 6 be two quantities each of the form . + * explain the 
meaning of the integiat.on j # *(.)*, and point out m what cases 

tte 6 hi ° f the ***** 18 d6pendent ° n the ** <*<"<* between 

[St John’s Coll, 1881 ] 

16 Prove that, a being positive, 

J o e- 2 ®* cos tfi d% = | sin (a' 2 - 0 ») <fo' , 

J q e- 2< “ sin x*dx = J”cos («'* - a 2 ) da' 

[Smith’s Prize, 1876 ] 

17 Evaluate the integral JjJB* <fe, taken round the unit circle 

“ the ® ounte r" c lockwise sense, where a is any real number other 
tnan ±1 m 

[Math Trip , Pt II , 1920 ] 

18 Evaluate the integral taken round ^ ^ 

circle in the counter-clockwise sense, where a is any real number 
other than ± 1, and the loganthm has its principal value 

[Math Trip , Pt II , 1920 ] 

19 Explain what is meant by a period of an integral of a 
function, and investigate the periods of the integrals 

jiTP> j(i -*)-*&, J(i -«•)*& 

[Math Trip , Pt II , 1913 ] 

20 Show, by contour integration round an infinite semicircle and 
its diameter, that 

a frdx 


i 


sJ* dx _ 
o ** + as+ 1 ~7jV 


r Jdx 
Jo * 2 -*+l ‘ 


f” ^dx 4 tt 7t (■* ;>*dx 4 v 2 w 

Jo x z +x + 1 — IT Sln 9’ Jo^TT = T sm T 
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21 Discuss, by contour integration round an infinite semicircle 

and its diameter, f y - ,. zP ^ z where p lies between ± 1 and 

<><«<, ’J^2,COS« 41 

It 

n ir 1 

22 Prove that j log cos ^ d9 - -log by consideration of the 
integral Jlog ^ ^ taken round a suitable contour 

23 By consideration of the integration j* er~ a z ' dz round the peri- 
meter of an infinite rectangle of breadth b/a\ establish Laplace's 
integral of Art 1041, a being real 

24 By consideration of j" er~ a< * dz round an infinite rectangle of 
breadth b 9 a being real and positive, prove that 


| cos {ia*kc(a? - b 2 )} dz = 


e a‘b‘ 

-u r U> 


flkl 


25 By integration of J & z round an infinite quadrant, where 

a and h are real and positive, show that 
r°° (jQjg ■jf 

J 0 ^q^ & = 8^«- ta (smfe + cos ha), 

Jo ^4^ ^^^(sinJca-eoB lea) 
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ELLIPTIC INTEGRALS AND FUNCTIONS 


1329 The Legendnan Standard Integrals and 
Functions 


the Jacobian 


In proceeding to the further consideration of the Jacobian 
Elliptic Functions snu, cnu, d nu already introduced m 
apter XI, we shall adopt the same order of discussion as 
t at followed m the description of the ordinary circular 
functions and of their inverses m Tngonometry , viz 
(1) The nature of their Periodicity, (2) The establishment 
of their Addition Formulae , ( 3) The examination of formulae 
arising therefrom 

We have defined sn(«, 7c) as the value of z, which makes 
f 2 dz 

“ Jo7(i-z 2 )(l-/c 2 z a j’ Where k < 1 ’ and «“(«» k )> <M«> *) are 

defined as */l — z l and *71 — 7c 2 z 2 respectively 
13*30 Periodicity of the Extended Circular Functions 
Let us examine first the simpler integral it- f - the function 

V 1 — z* 

sinv being considered as not lntheito known, but now defined by the 

equation 2=sm«, so that the inverse function sin^z is ^ z and 

Jo n / 1 ^ 72 ' 

z is not restricted to real values, but may be a complex variable 
1331 If we write w 2 =j — — w is a two-bianched function, its two 

branches being to,= +^== and w t = and individually charac- 

tensed as assuming the respective values +1 and - 1 at the origin 
The branch-points aie at z=l and at z= — 1 These points are also 
poles of the function There are no other singularities 
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The region between an infinite circle whose centre is the origin O , and 
a double loop enclosing the two branch-points, is synectic, and the infinite 
cucle is therefore deformable into and leconcilable with the double loop 
Hence, considei mg either branch, say w lf J w 1 dz taken round the infinite 

circle has the same value as f w x dz taken in the same sense round the 
double loop J 



Now round the infinite circle, along which we may put z=Re L ° and 
dz/z-idd, where R is infinite, we have 

jw 1 dz=j-j~=l j |*| being very laige, 

1 [ 2lt 

= 7 / idd=9,Tr 
o 

Hence J w x dz y taken round the double loop, is also = 27 r 

Again, in integrating round an infinitesimal circle whose centre is at 
the branch-point z= 1, put z = l+re tfl 

$ 

ire* 9 id f 8 ' e~ z dO 


Then 


! w i d *=r 


\/2 + 


re Lt 


i=0, 


\/2+re l V-re a 

when r is mdefinitely diminished Similaily the integral round the 
infinitesimal circle with centre at z = - 1 also vanishes 
Hence the integial for the loop round z=l is m the limit 

= J Q w^dz+J^ dz+ w% dz , 


•'V ,/V JL 

where J 0 w x dz indicates the integration for the circuit round z=l , and 

w x has changed into w 2 after performing the circuit once (Fig 419) , and 
since 102 = —w lt this reduces to 

=2 l w,<fes2 r ^ fe =£i ’ sa y 
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Similarly, the value of the integral J w l iz for the loop round z= - 1 n 
=[ \dz+l «i<fe+£ w 2 dz , 

where c 7 refers to the circuit of the infinitesimal circle round z=-i 
aD< ^ X vani sfie8 Hence, for this loop, we have 

f w x dz+f w x dz= 2 f iv 1 dz=2 [ * — 

J 0 Jo Jo Jo 

Thus ^ L x +L_ x =0 % 

and L l -L „ x = integral for the whole loop- 2ir , / 

ii=ir, L^=-r, t e f and P'-* =-E, 

Jo VI -z 2 2 Jo _ 2 2 2 

the direction of travel in each case being the “positive” direction as 
defined earlier 


< 3 > 

C 


Fig 419 



Now, if one of the blanch points, say z— 1, be encircled twice , the path 
starting from the origin and returning to it after two encirclmgs, may be 
deformed into two loops lound the point, and the integral, leaving out 
the integrals for the two infinitesimal circuits about the branchpoint, 

which vanish, is =j^ w x dz -\- w 2 dz+j^ w a dz+ ^ w 1 dz, which is zero, 

and w x has changed to w 2 and back to w x in the double circuit, t e to its 
original value at the origin 

Thus, for a loop with an even number of cncuits round one pole, we 
have a zero contribution with no aggregate change of branch, but for a 
loop with an odd numbei of circuits round one pole, the equivalent is 

obviously a single loop, =2 / w x dz^ir 9 accompanied by a change of 
Jo 

branch from iv x to w % on arriving back at the origin 
The same thing happens for several encirclements of z— - 1, starting 
from the origin with value w l9 except that foi an odd number we have 

r 1 

a contribution 2 J ^ w x dz= -ir , and w x has become or w x according as 
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there have been an odd or an even number of encirclmgs of the branch 
point 

When both branch-points are encircled n times in the positive duection, 
the integral will be n 2ir with no change of bianch, oi if the pan be 

encircled p times m the 
positive direction and q 
times m the negative direc- 
tion, the contribution will 
be (p~q)2ir=2n 7 r, wheie 
n is the excess of the 
number of positive encircle- 
ments over the number of 
negative ones And such 
an encn cling ot both points 
will result m w x being 
restored as the final bianch 
of the function when z has 
returned to the starting 
point 

Now any path from 0 
to z is leconcilable with a 
linear direct path, together 
with such loops as have 
been described above or 
some combination of them 



And 


Jo 


w x dz along the 

straight path be called u Q , 
the contribution to the 
total integral from 0 to z 

< ^j== : << an y ofchei P^th defoim 

a j = a ^ e into the sta^ght line 

OP with a system of loops 
will be -ftt 0 or - u 0 , ac 
coiding as z, after having 
descubed its loop system 
and before commencing the 
portion OP, has leturued 
to the origin with a value w 1 or a value w 2 for the function, and the 
total foi any path will be Uq or —u 0 , as the case may be, together 
with whatevei may acciue from the several encirclmgs of the branch- 
points 

Thus the total values of the integral f w x dz aie 

Jo 

(1) for the direct path alone. 


Fig 421 


r 

Jo 


w l dz=u Q , 
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(2; for an odd number of circuits of one 
loop + a dnect path, 

(3) for an even numbei of encirclements 

of one bianch-poinfc -f a direct 
path, 

(4) for n encirclements of both branch 

points -f a direct path, 

(5) for n complete encirclements of both 

brarich-pomts combined with an 
odd nurnbei of encirclements of 
one of them -+ a direct path, 

(6) foi n complete encirclements of both 

branch-points with an even num- 
ber of encirclements of one -h a 
direct path, 

and seeing that Xj - X_j would be replaced by + if the description 
were in the opposite direction, these results are all of one or other of the 
forms 2pir+«o or » e pr + (-1)%, 

p being some integer positive 01 negative 

If then, in the equation u=J f -^==r, to express z as z=<j)(u), it 

appears that as all these paths lead finally to the same point z, we must 
have (u) the same for all the paths 

=4>WU ^(wo) = </>{p7r + (-l)%}, 

and the general solution of the equation <^(u) = <^( 2 x 0 ) is v,=pjr-{-[ - 1)®!*® 
This is the ordinary result of tngonometiy, and for areal variable it is 
a well-known theorem that smti=sm {p 7 r-l-(-l)*Vf 

1332 Det us next put *JT—z 2 =x(u\ and enquire which of the above 
values of u lead to the same value of *Jl - z i 



Clearly the function s/l-z* has the same \ahie at F, (— z), as it has 
at P ; ( z ) (Fig 422) 

Hence,. besides the various paths which lead from 0 to F must be 
considered those which lead fiom 0 to P' A.ud it is not all the paths 


l =£i-tt 0 
J oi =L_ l ^u 0) 


=^o, 

j- ss n(Li—L- l )+'u 0f 


= n (L x — Zr«x) + Zx - 
or = n (L x — ZLJ -\-L_ x — } 


=n(L lL —L_ 1 )-\-'u 0 , 
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which hrivo Iwmt fmwtdm wl fiuiu M to f* thm n ’•tnnio* * h* **h*r * »t f\ 
whuh atm itottw th* mtu* of s i P Fm i»l* »njtt.nof * j * dd 
ntimlmr of Hinglo Ioojm, \ # i 4' ha > \1 * Hm-<' in * f 

attno at l* <*r at /* with tho \nhm tsl , \ w*> . 411 ■*j *1 * t ** n*»- * » * 
of dm upturn of an * vi*i* itumhm 0# omflc J» »j*> , *1 1 * d « l»Jo 1 r j< 
travel iuhI any inmdmr of titm** will i* ilmn fir \*du«' * \ \ * 

Wo thoiofoti* lmw* tint following umn 
(l) fm 11 dmn t pith fiom 0 tit f\ w„ , 

(iS) fm a (hunt jmth ft out fM** /* , 

I \ f l Pdi I K 'l * w* » 

-ht m 

(3) fm #ui even iitimlim of Ioojm tomtd rithm !t»4toh i«mit \ 
t ft ditrot {with Of\ f W * 

( 1 ) fm an oven uti»d»et of Ioojm tmmd either hnitnh inf | 

t a direct jmth f//\ j H * 

(f») for any number of timihh Ioojm t «1« t * a t path uV t M t * * 1 * 1 , 

(it) for any nutidwt of double loop* \ duwt jMth of , , m **», 

(7) for any numlmr of double Ioojm j *inv mo nmnbm »<f \ tf 

mngle Ioojm t a till rot guth Ol\ f r ***' 

(H) fm an} msmhot of double loojr* t uni t ven it »miU 1 # t } #| 

Mingle Ioojm j admit jmth fJ/*\ I ‘ u * 

Hence it njijieiis thnt the wduci of ** *lii»h feud to the 44110 mho of 
>/l ** are oftiii tl) 00m j um«»d m and ♦ vj»m «»l hv ;n & * w ft , *t 

tf s*l ** \l«), t lir^ii ^(i»j xtVr* *ti», 

am! thn gmirxal Holutiou t*t t!o* ««|tuiimt \iu\ ^iU|i o m * **, 1 «tf 

Thtw, dofimitK nmit ua I \ f l win to u f 

' * \ l it 

(oKtt ctM( Vnr l «), and tho noluttoti of iihN m r II 4 K ft */U+ * tt$, 
whtoh fm tml ntltnmof n v flir wolf hiovto tm Mu «j t ^ oji 

1*133* Kufthm, m tho «*» <0 uh«ti «m tho ^ho|i ^*1 umt.l m * ( It* 
Ioojm hftvo l«*mi dr-iudinl, s t J ho mi tho ninto of ? t . th. o*,oin 

Umm»o -n/ 1 mid nlmiff t hr dmat jMth to /♦ *%* 

* dt 

. ,1 - 

and along tho duvot jmth to /*' unt l»4\o 

/ * //; 
it 

O v f l / 

So that on tho vlmlo wo lm\<s fm th« ilmiMi* luojo, ♦ f f M » ao i»lfl 

numhm of wmglo li«ijn, t ir , fm tho tinof j.»th op m n/\ ^ ^ O o»»? 

Urn gmimd vrtluo of « an (‘»« (J.M U)r< m, \io* tU 

Vftlufm will K»VI* S f l tUt Utrfitul jimiihmi, m> \(u) M 1 , «}, 

wlnrh i« tho wuim iwt tin* » «*n«M| Hindi og t^udt of fn^m, mo f 1 \ , it/* 

A iH'Ulg ttll Int, )<MJU I MR ((i'A t 0 * t N| 
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1334 From the integral lt „ also dvectly obvious by 

expansion and integration that u is an odd function of 2 , in which the 

first term of the expansion in powers of 2 is a , and, therefore by 

revei sion of senes, that z is an odd function of it, in which the first term 

of the expansion in poweis of u is u Hence it appeals, from this 

consideiation also, that if z=<#>(it), then <£(«)= -£(-«) And further, 

since Jl-z* is an even function of u, we have x («) = x (_ u ) Also 

n 2 , r . smw , 

■Lt u — 0 ^ — 1 J * ® iQ ~ — 1 


1335 Periodicity of the Elliptic Functions 
We now turn to the consideration on similar lines of 
f dz 

U J 0 '/(T— z 2 ) ( 1 — 7c 2 z 2 ) ’ 

where k is a real quantity < 1 This may also he written as 

t-J 9 dd 


u- 


where 2 = sm 0 

Let g=r~ & 

•Wfl-z 2 Ul- 


oV(l-z 2 )(l-/cV) 

where L 2 +h' 2 =l 
The function defined by 


o V 1 — /c 2 sm 2 #’ 

and K'= f = 


w‘ 


1 


'(l-z 2 )(l-/c 2 z 2 ) 
is a two-branched function, viz 

Wl 1 */(i- 2 2 )(1 -/cV)’ w - ^(i-2 2 )(i-; C 2 2 2)’ 
having four branch-points A, B, G, D, viz 

*“i- z =~l *— t 

symmetrically situated about the origin on the cc-axis 
Let P be the point z 

P 


~c d O b 

Fig 423 

There are no branch-points other than A, B, G, D (Art 1296) 
These branch-points are also poles of the function, and there 
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are no other singularities of any kind We shall first consider 
1 

the integration [ = _ , the path of the integra- 

tion being J 0 v/(l-*-)(l-/cV) 


(1) along the a>axis from ^=0 to cc=l — p, viz 0 to X in 
Fig 424, 


O 


.lAn. 




B 

Fig 424 


x 


(2) round the small semicircle LMN ", centre at z= 1 and 
radius p , 

(3) along the a?-axis from cc=l-|-p to p, viz NR in the 

figure , c 

(4) along a quadrantal arc, centre at z=j and radius p, 

viz RS k 

In this integration which passes the point B, where z=l, 
the sign of 1— z changes at B and the integrand, becomes 
imaginary We have then to examine the behaviour of the 
factor Jl— z as we pass round the semicircle LMN, but do 
not complete the circuit, about the branch-point Put 

z=l+pe Ld 

Then Jl — z=J—pe 10 , and in passing round the semicircle 
LMN above B, 6 decreases from 0 =tt to 0=0, and Jl—z 
changes from the value J — pe t7r at L to the value J — pe t0 at 

N , that is, its value has been multiplied by e~z or —l m 
passing round the semicircle 

Therefore w 1 becomes iw 1 in passing over B 

If we pass v/nd&t B , we have a change in 1 — z from the 
value s/ — pe LV at L to the value J — pe llir at N, and therefore 

the value at L would be multiplied by m passing to N , 
that is, w 1 would become —lw 1 

Since the value of Jl — z at L may be written as %/p, where 
p is I— x, x being the abscissa of L , it becomes —ijp at N, 
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wheie p=x— 1, x being now the abscissa of N, and along 
NR there is no further change of amplitude Hence 
From 0 to L Jl—z=Jl—x,x increasing from 0 to 1 — p 

From L to N \ , - , A 

round LMN J VI -z=J-p#\ 6 decreasing from x to 0 

From N to A Jl — z— — is/x— 1, x increasing from 1 +p to ^ 

The factor J\—kz=J l — lex from 0 to R But A being in 
this case a branch-point, we take a quadrantal arc with centre 
A and small radius p , avoiding the branch-point 

Put 2=1 i pe l> Then Jl—kz=J—lpe Le , in which 9 deci eases 

Jo 

from Q—tt to 9=~ We thus have as the contributions 
from OL, LMN , NR and RS respectively, 

f 1-p dx f° ipe 1,9 d6 

Jo J . J^pe‘\l+pe*)ll-k l {l+ pe«f \ ’ 

dx ^ p ipe l9 dQ 


and when p is indefinitely small the second and fourth vanish 
and the first is ultimately K Transform the thud by writing 
k 2 x 2 + Jc' 2 x /2 —l } whence 


dx= — 


1 fc'Vck' 


^ Vi— /. 


'iy'l 


and 


n/^i=V- 


-w* 


A 2 


. k' -r, 

-1— T v 1 — X “ 
A 


Hence the third becomes ultimately 


dec r° / 1\ k' 2 %'dx ' k 1 

‘J iV(x 2 -l)(l-A,V) _ ‘J 1 VI/ Jl-lc’W k'JT =oT 2 JfcV 




dr/ 




that is, 
and 


fr das 

J 0 V(i^ 2 y(r-iv; 


& ,2 )(1— A/V 8 ) 

=Z-f iZ', wa a path above B , 
=K—iK\ via a path tafow B 


It follows that sn (K+iK')=j m 
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Now, noting that ^ is the value of x when x'—O, and that 
Jx 2 — l=^-\/l — a?' 2 , we have 

[7 /T~T_ M 

‘V 1 %e V 1 **“ it ’ 

m(K+,K')=— l j, also dn(£+JT) =^1-^=0 

1336 Remembering that when 

* cZfl f* da; 

0 V 1 — & 2 sm 2 0 J 0 J( 1 — x 2 ) ( 1 — /c 2 x 2 ) * 

JT= [* ^ f 1 da 

JoVl-Zc 2 sm 2 0 Jo^l— & 2 )(1 — k?x 2 )* 
and a=sin0=snu, also observing that a=0 gives u=0, 
we have sn0=0, whence cn 0=1 and dn 0=1, also sni£=l, 
whence cn K=0 and dn K=\/l—k 2 =Jc 

1337 Again, if we write —0 for 9 , 

*/ — T ^0 _ _ r 0 d6 

Jox/l— i s sin 2 0 Jo \/l— A, 2 sin 2 d 3 

- # d6 

0 Jl — L 2 sin 2 d 

Therefore — 0=am (—it) , sn (— u) = — sin 0= — snu, 
also cn (— u)=cni6, and dn (~u)=dnw 

1338 It also appears directly from the integral 

* dz 

on/(1~z 2 )(1-/c 2 z 2 )’ 

by expansion, that u is an odd function of z whose first term 
is z, and therefore, by reversion of series, that z is an odd 
function of u,, the first term of the expansion being u, and 

therefore also that Lt u = 0 ?5-^=l 

IL 

Also that, since cntt=\/l — sn 2 ^ and dnit=<s/l — Jc 2 sn 2 u, 
cn u and dn v, are both even functions of z (=sn u), the first 
terms of the expansions being m each case unity These 
facts also show that 

sn(— u )=— sn u, cn(-u)=cn u, dn(— u)=dnu, 
as seen before 
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1339 The Elliptic Functions of 0, K, K+iK' Collected 
Results 

We thus have 

sn0=:0, cnO=l, dn0=l, 

sniT=l, cnZ=0, d nK=Jc\ 

sn(Z+ I Z0=p cn (K+iK')=~, dn (K+iK')=0 

1340 General Values 

We shall now consider the variety of values of u which will 
accrue from the integral 

f* dz 

U JoV(l — Z a )(l-/c z 2 2 ) 

in integrating from the origin to the point P, viz z, along the 
different paths which may occur, as was done in Art 1331, for 
f* dz 

Jo ijl — z 2 

There are four branch-points A, B> C \ D } and four loops 
and it has been seen in Art 1294 that for such a system any 



Fig 425 


path starting from 0 and terminating at P is deformable into 
and reconcilable with 

(1) a straight line from 0 to P 

or (2) a stiaight-lme path from 0 to P, together with a com- 
bination of loops, 

and that in any system of loops about four branch-points 
there are two and only two groups which give different values 
to the integral taken from 0 to P, viz 

(i) those which consist of the integrations for sets of double loops 4 a 
direct path 

or (n) those which consist of the integrations for sets of double loops 4 a 
single loop 4 a direct path 
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Moreover, resuming the notation of Art 1292, any two of 
the six possible double-loop systems may be selected as inde- 
pendent This time we shall take these two double-loop systems 
as ( AB ) and (BD), and (B) as the principal single loop, and 
remembering that after every travel round a loop the blanches 
of the function interchange, we have 

u^\(AB)+n{BD)+u 0 or u=\'(AB)+ lJ :(BD)+(B)-u Q 
as the only possible forms of the result, where u 0 denotes, as 
before, integration along the straight-lme path OP staitmg 
with the branch w Xi % e the same branch with which the whole 
integration was started from 0 

i 

- l ^ zJr \ dz + w 2 where J w 1 dz refers 

to the integration round an infinitesimal encle with centre 
at A y which vanishes , 
i 

(A)= 2 [* w 1 dz— 2 (K± iK')y 
J o 

the -f- or the — according as we pass over or under B m 
arriving at A , 

(Z?)=2[ w 1 dz—2K, 

Jo 


_1 i 

(°)= 2 [ k w 1 dz— — 2 P Widz= — 2(K±iK'), 

J 0 J o 

(D)= 2 f w 1 dz= — 2 f w x dz— — 2 K , 

Jo Jo 

and (AB) =(A)-(B)= ± 2, K' , (BD) = (B) - (D ) = 4 K 

Hence the general values of the integral which accrue are 
m=2XiH'+4^H+m 0 l where X, fx, W, fx are 
or u=2\\K' ~ifx'K-\- 2K — u 0l J integers 

that is, u=2piK'-\-2qK-\-( — 1)% 0 , where p, q are integers 

If we write z=p(u)=<p(u 0 ), it follows that 

< f>( u o)=</> {2ptK'+2qK+(— l) 5 w 0 } j 
and taking q an even integer =2 r, 

<!>(%)= <P ( 2 piK'+ 4 rK + u 0 ), 

so that 2i K and AK are independent periods of this function 
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Conversely, it follows that the general solution of the 
equation <f>(u)=</>(u 0 ) is u =2p t K'+2qK+(-l)«u 0 , and <p(u) is 
the Jacobian function sn u 

Hence sn u 0 =sn(2piK' +2qK+ (— l) q u Q ) 

or, which is the same thing, putting (— l) q u 0 =v } 

sn (2 piK fJ r tyK + v ) = sn ( — l) tf v = ( — 1)« sn v 

As particular cases of this double periodicity, we have 

<#> M = <#> (4# + u) = <t> (2 A - u) = 4> UK + 2l K' + u) = 4> (GK - u) = <f> (2 lK' 4- u) 
= <f> [4 (K + iK') + u] = etc 

1*341 Having defined z as a function of u, ==<f>(u), by the 
equation rz g z 

Jo Va-z^l-A^ 2 )’ 

let us examine the periodicity of the expressions 

n/ 1 — ^ 2 =x (^) =X W and Jl—k 2 z 2 =\^(u)=yj/ (u Q ) 
regarded as functions of u 

Let P and P' be the points z and —z respectively Then, as 
z travels from 0 along any path which terminates either at P 
or at P', staiting with the respective branches for which 
X (0) = 1 and \Js( 0) = l, we are to arrive at P or at P' with the 
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values +n/ 1— and +*Jl —k 2 z 2 respectively And this will 
be effected, provided that either no change has occurred m the 
branches of the functions in the paths followed, or provided 
that m either case an even number of such changes have 
occurred Such changes of branch occur 

m x( u ) each looping of B or of D, but not of A or 0 , 
in yjs{u) at each looping of A or of 0, but not of B or D 
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Hence m the case of ^(w) the number of times a single loop 
has been foimed about B 01 about D must be even, but a double 
loop round B and D may occur any number of times A double 
loop about A and B counts as a single loop about B 

In the case of \{s(u) the number of times a single loop has 
been formed about A or about 0 must be even, but a double 
loop round A and C may occui any number of times A double 
loop about A and B counts as a single loop about A 

Agam, if the integral for the direct linear path OP be 
denoted as before by u 0> that for OP' is 

r* dz — f z dz 

Jo V(1— z*)(l— Jo V(1 -z 2 M1-^ 2 2)- M# 

It has been seen that for the variety of paths from 0 to P 
the general value of the integral u is 

u^\(AB)+jul{BD)+u 0 or u=\'{AB)+ju / (BD)+(B)-v 0 

It follows that the general value of the integral from 0 to 
P' will be expressed by 

u=\(AB)+n(BD)-u 0 or u=X(AB)+ f j L / (BD)+(B)+u Q , 

that is, for those which terminate at an unspecified one of the 
two points P or P', 

u=\(AB)+ /ul {BD)±u 0 or u=\'(AB)+ 1 u , (BD)+(B)±u 0 

Now amongst those solutions which restore to the inde- 
pendent variable either the value z or the value — z, some 
arrive at P or at P' with the value -\-Jl — z 2 and some with 
the value — Jl—z 2 for x( u )> an d similarly with the values 
+*s/l —k 2 z 2 or — Jl — k 2 z 2 for \}r(u ) , and those solutions which 
arrive with the values — -s/l — z 2 , — — k 2 z 2 must be removed 
To do this in the case ^(w)=\/l — z 2 it is only necessary to 
select those cases in which the number of single loopmgs of 
B or of D must be even , that is, X must be even and must 
be odd And in the case of y]s(u)=ijl — h 2 z 2 we must select 
those cases in which the number of single loopmgs of A or of 
0 must be even , that is, X and X' must both be even 

Thus for *Jl — z 2 the form of u is 
u=2m(2iK')+ f j.4>K±u 0 or u=(2m'+I)(2 L K')+p'4K+2K±u 0) 
in which the coefficients of 2 iK' and 2K are both even or both 



PERIODICITY 


497 


odd, tem one expression u—p(2iK'+2K)-{-q4}K±u 0f where p 
and q are integers , and for Jl—Jc 2 z 2 the form of u is 
u= 2m(2iK') + fx^K ± u 0 or 2m'(2i K) + /x'42£ + 2K±u 0t 

%e,in one expression, u = 4sptK ' + 2qK ± u 0 , where p and q are 
integers 

Thus Jl x (w)= x {p(2iK'+2K)+q4>K±'u 0 } 
and \/l — ft 2 2 2 =\//- (u) = \}r (4 piK'+ 2qK ± u 0 ) 

The functions <p, X) x k are plainly sn, cn and dn respec- 
tively Thus 

sn i?=sn (2 piK'+ 2qK+ (— 1)^), with periods 2iK' f 4 K> 'j 

cnv=cn(j?(2tZ / -f 2 K)+q^K±v), with periods 2tK'+2K, 42£,l 
dn v=dn (4piK'+ 2qK db v), with periods 4 iK\ 2 K ) 

Each function will have returned to its original value when 
the * argument ’ has been increased by any multiple of 4 iK or 
of 4 K, which are therefore the whole penods for the group of 
functions, though individuals of the group will each have twice 
performed the whole cycle of their values in these intervals 

1342 We may examine this periodicity of cn u and dn u from a some- 
what diffeient point of view Defining cnu as +Jl-z 2 and dnw as 
H-n/1 -A&s 2 , and noting that z- ±1 are the only branch points of Jl-z* 

and ± ^ aie the only branch points of Vl — &V, so that an odd number 

of loopmgs of B oi D would change the bianch of Jl-z\ whilst an odd 
number of loopmgs of A or G would change the branch of >/l — &V, and 
remembering that 

(A)=2(K+iK'), (B) = 2K, (C)= -2(K+tK'), (D)=-2 JST, 
we have cn [u 4- (-4)] = cn u, cn \u 4- (R)] = - cn u> 

and cn [u+2(Z+t£')] = cnw » and cn(w + 2JK)= -cnti , 
whence cn (u 4- 4JET) = - cn (u 4- 2 K ) = cn u 

Therefore 2(1 T-m 2£ / ) and 4 K aie periods of cn u, and 
cn [u 4* 2 A ( K + iKf) + = cn w, 

cn [u+2\.(K+iK')+2[jlK] — -cn u (/x odd), 
te cn [w4*2AtJf'+2(A+ft-)^]= — cn u (/x odd), 

cn [m4-2A.i 2T'4- 2( A +/*).£] = cnit (/x even) 

Similai ly dn [w 4- (4)] = - dn w, dn [u + ( B )] = dn u , 

te dn(tt+22r)=dntt , and dn [u + 2 (1£ + tiT')] =* -dn« , 

whence dn [it + 4 (K 4- ')] = - dn \% 4- 2 {K 4- & ')] *= dn u 

e i c ii 2 x 
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Fui ther, dn ( u + 2lK') = dn (u + 2K + 2 tK') = - dn w, 

dn (u + 4lK') — - dn ( u + %K') — dn w, etc , 

te dn(u+2\J£-h4/juK')=dnu , &n(u+2\K+2fuK') = -dnwif p be odd 
We may sum up these lesults concisely thus 

sn (u+2jpiK'+2qK)=(-'l) < *^nu, 
cn ( u + K' + 2qK) = ( - l)*+<* cn u , 
dn (u + 2piK' + 2qK ) = ( - 1 )* dn w 


1343 Values of sn cn m, dn m 

re 

Let w=j^ — . ==== = , and put sin 0=i tan <f>, an lmaginaiy 

transfoimation Then cos6d9=taec*<t>d<p and cos0=sec0, 

then JM _ f* tsecVd0 d<f> 

J o sec ^ v / l + A . 2 tau 2 <A> 4 Jo %/l — /c' 2 sin 2 ^>’ 

whe " e 

These relations aie true for all values of u real or complex 


1344 The Addition Formulae for Legendre’s First 
Integral Euler’s Equation 

T , C Xl dz dz 

Let ^!=j o u 2 =j^-^=, where Z=(l — s 2 )(l— 7cV) 

Then aj x = sn u x , z 2 = sn u 2 

Consider the differential equation 

dx i , „ 

n/X, + -v/T s ~ ’ {A) 

wheie Z 1 *(l-* I «)(1-H* 1 *) f X 2 = (1 — as 2 2 )(l —Jc?x 2 2 ) 

Let a5j and *2 be regarded as functions of a third variable t, 
such that fa. dx 

1. ^ ^|=-^ 2 , 


and = 1 — (A*+ , V=l-(* 2 +l)* 2 2 +^ 2 4 . 

whence, differentiating and dividing by 2^ and 2 t 2 respec- 

tlV6ly ’ a 'i=-( fc2 +l)*i+2A:V> J 2 =-(^ 2 +1)* 2 +2 /cV. 

Thus as,*, -x^ —2k ! (x 1 2 —x 2 s )x 1 x 2 , ) 

whilst ayV - * 2 V= - W-xi) (1 - Jctx-fx^) j 
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Hence ^ — -^-= d , , 

x x x 2 -x % x x l-k*x*x*dt {l2 >’ 

whence log (x^—u ^) = log (1 — l&xfaf) -|- const , 

it and 

1 — l-x x 2 x 2 2 1 — h l x 2 x£ 

Another lorm of the Integral of (A) is obviously 

u i+ u 2 =\ 4=+ f - 4 = = const =<7 

Jo vJi! Jo v-a. 2 

It appears therefore that when u x -\-u 2 is constant, so also is 

X^si X. x ~\~X x sJ JCn , , 

l ~ )c 2 x 2 x 2 a constant 

One of these constants must theiefoie be a function of the 
other, say, (7=0 (O') 

x \/dr -\-x n/a~ 

Hence 2 \-^J^ x 2 x 2 2 === #( u i+ u 2 )> an d the form of 0 may 

be readily identified For, since u x = P — and u 2 = , it 

is clear that, Jo wZ Jo 

if 2^=0 and therefore JT^l, we have w 1 =0, 
and if a 2 =0 and therefore X 2 =l, we have u 2 = 0 
Putting u 2 =0, we have 0(u 1 )=a 1 =snu 1 Hence the form 
of the function <j> is identified as the elliptic function sn 
Thus we have 

„ n f v | .. v _ ® 2 n/ 1 - aJjVl — /c 2 a 1 2 + x js/l - x}J 1 — Wx* 
sn( Ml +u 2 ) 

i, e aa(v~ +n )= — cn “» 311 w 2 + sn 1h cn «i «■ 

1 2 1—L 2 sn 2 u x sn 2 ti 2 

Remembering that 

sn'^, ^e ^-snu x , =cnu 1 dnu 1 and cn'w^ — sntt x dn u Xf 
this formula may be written as 
sn( U 4-w 

ll+2,_ l-k 2 sn 2 Ml sn 2 w 2 

For shortness wnte sn v x =s x , snu 2 =s 2 , cn u x =c x , cn u 2 =c 2 , 
dnit l =d[ 1 , dnu 2 =d 2 and 1— l 2 sn 2 ^ sn 2 u 2 =D 
Then sn(w 1 +w 2 )=(s 1 c 2 rf 2 +a 2 c 1 d[ 1 )/2> or =(a 1 a 2 '+a 2 a l / )/Z> 
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[Compaie the ordinary addition formula of tugonometry, 
sm^H- w 2 )=sin ^cos 06 2 +sin m 2 cos which may be similarly 
written =s 1 c 2 +s 2 c 1 or =s 1 s 2 / +s 2 s 1 / , viz the case of the above 
elliptic function formula when k=0 ] 

1345 To obtain cn(?6 1 +M 2 ), we have 
cn 2 (Uy+ u 2 ) = 1 — sn 2 A + v 2 ) 

= { (1 (s l c 2 d 2 + V A) 2 }/^ 2 

= (c x 2 c 2 2 — 2^2 c x c 2 dA+atf dfdfl/D 2 , 

cn (u 1 +u 2 )=(c 1 c 2 —s 1 s 2 d 1 d 2 )/D 9 the positive sign being 
taken because, when u 2 = 0, each side must become c a This 
may be also Written 

cn (w x +«C b> — ( c A - 0i'c 2 ')/I> 

[Compare with the trigonometrical formula for cos ( < w 1 +w 2 ), 
which may be written c x c % — s x 8 2 or CyC 2 —c(c 2 , where ^=0 osw^ 
etc] 

1346 To obtam dnA+^), we have 
dn 2 (Uy + u 2 ) = 1 — h 2 sn 2 [u x + u 2 ) 

= {(1 

= A 2 d 2 2 -2^ 2 ^^ 1 s 2 c x c 2 dydt+WsyX 2 0iV)//) 2 , 

and dn(?« 1 +w 2 ) = '^ 2 s i c i s 2 c 2 )/ j ^> fbe positive sign being 

taken because, when u 2 =0, each side must become <# x This 
may be written as 

an (« 1 +« 2 )= (d^—d'd/) /d 

1347 Derived Results 

From the three formulae 

sn (wi+v 2 )= {s l c 2 d 2 4 s 2 c A)/ A 1 

cn (u l +u 2 )==(c l c 2 --s 1 s 2 d l d^lD } l (I), we obtain, by changing 

dn K+M 2 )=(^-iVA«2)/A J the sl S n of u i> 

cn (u l -u 2 )=(c 1 c 2 +s l s 2 d l d 2 )ID, l (II) 

dn(M 1 -w^=(d 1 i 2 +i% 1 s 3 c 1 c 2 )/D ) J 
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The addition and subtraction of formulae (I) and (H\ m 
pairs gives 

sn(M 1 +M 2 )+sn(M 1 -M 2 )= 2s 1 o 2 dJD, 

sn -sn («!-«*)= 2 s^dJD, 

cn ( Wl +« 2 )+cn (Mj « 2 )= 2 C jC 2 /Z», 

cu («! + u 2 ) — cn (ttj — m 2 ) = — 2s 1 s 2 d 1 dJD, ' ' 

dn(« 1 +M 2 )+dn(w 1 -« 2 )= 2d 1 d i /D, 

dn K+m 2 )— dn (u 1 -u 2 )=-2k\s s p 1 c 2 ID, _ 

Replacing and U]-« 2 by 17,, 17, leapectively and writing £>' f or 
1 - ** an* ¥l±2l to* , we have 

sn Z/j+sn C7 S = 2 sn — 1 * cn -- 1 ~ ^ dn ~^ Uz / d', 

sn 17,-sn I7 S = 2 an cn dn JZl±!Zj j]y, 

cn Uj+cn E7 2 = 2 cn ^±^cn 

cn 17, — cn t7 a =-2 an £l±S sn £l=JZ? dn dn / jy 

dn 17,+dn J7 a = 2dn^±-^dn ^=-^/jy 

dn 17,— dn 77 a = -2^sn-^ii^sn^-^cn^i^cn^^-^- ! /£»' 

Again, by division of corresponding foinmlae from groups (I) and (II) 
and writing 01 tn Mi for tan am and ctn Wj for cot am Uj, etc , 

tn Q/.±u)- 8%c ^ i ± 8 ^ ldl - ^ ± 

1 T t x t * 

ctn ('if jl uj — Cl ° 2 £ _ C ^ D c ^ n ^2 j[ dn dn M g 
*1^2 ± ctn m 2 dn ± ctn Mj dn u x 

1348 Following Cayley’s notation {Elliptic Functions , p 62), with a 
slight modification, let us write 

Mi'-Aj, c x c 2 =B x , d x d t —C u 

D O ' i _ /- 7 » 1 J / J / ^ 1 —Jc 2 S x i 82 2 *=D i 

—Ai, — Cjl C 2 jd 2 , ~jpd> x d2=C ii 
F—8 x 2 — £ a * = Ca 1 - c^, 

C = 1 -S! 2 - V*f = c x * - 52*^!* = C a * - 

-8=1- *V - *V + *V* a = dx a - =d 2 *- Jfc^ x V, 

8 X 8 X =S X , ~C 2 C x ^T Xj 8 x C x d 2 = U Xj 

~ = 82 , CxCa' = T 2 , 52^! = c/a 
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A number of identical lelations immediately arise amongst the 
capital letteis "We have 

(1) AS - - *2 2 )(1 -&W)-s 2 2 (1 - V)(l -*V) 

-W-VK1 

(2) J5 t a - P, 2 =c x V - (1 -0(1 - a,*) - *iV(l - *V)(1 - *V) 

- (1 - s x 2 - s 2 2 + &V«2 2 )(1 " k 2 s 1 W)=QD 

(3) - &V)(1 - kW) - ^2 a (l -0(1 “ «/) 
=(1- & V - fc V + & Vs 2 2 )(1 - fcV* 2 2 ) - RD 


Hence 


A 1 2 -A l 2 bs-bs C 1 2 -C 2 2 ^ 
P ~ Q ~ R ~ 


Again, 

(4) v-^ 2 =(i -0(1 -0(i-*V)(i -&)%W 

-(i - V-*t 2 +*VO(i - fc 2 *i 2 - * v+* VO-Q* 

(5) T 1 *-2 7 2 2 =V(1 -^V)(l-V)-V(l-^V)(l-fii 2 ) 

= (?l S - 5 2 2 )(l-P 5 1 2 -p 5 2 2 + /fc 2 9 1 2 V)=PP 

(6) z7 1 a -D r i 2 =v(i-v)0 -* a o-*2 2 (i-o(i-^ 2 o 


hv-ou- v-v+*vo=pg 

Hence ?ft« - P 2 2 ) = C ( Pi 2 - P a 2 ) - P ( U x 2 - U % *)=PQR 
Also, 


( 7 ) (Pi+PaX^'i — C 2 ) — (CjC 2 — $i8 i d 1 d i )(d l d 2 H- iC*j> 1 9 2 c 1 c 2 ) 

= C&d^ + ( 1 - Sj* - S 2 2 + OV) 

- * 1 * 2 (1 - £ 2 Si 2 - ^ 2 5 2 2 + ^ 1 2 5 2 2 ) - ^ 2 5 1 2 5 2 2 C 1 C 2 d 1 d 2 
= (c 1 C 2 ^id 2 — ^ / 2 ^ 2 )P = (^1 + > 8 , 2 )jD, 
and sim daily, or changing the sign of s 2) 

(P 1 -P 2 )(C 1 +C 2 ) = (^ 1 -^ 2 )i) 

(8) (Cj "4* C 2 XA x — A 2 ) — (djd 2 — j ( s 2 c^c 2 )(5 1 c 2 <^ 2 — 5 

= - 5 i c 2 ^i (1 -&N 8 )- ^A(l -£ a O 

- 8 1 2 8 2 C 1 l i d z ( 1 - * 2 *) + S 1 S 2 2 C 2 M 1 (1 - O 

=s ( ,S l C 2^1 — 5 a C 1 ^ 2 )(l — ^ 2 , 5 1 2 ,? 2 2 )— (Pl + P 2 )P> 
and similarly, or changing the sign of s 2 , 

<0i-G.)(A 1 +A i M2 f i-P.)2> 

(9) (A x + A 2 )(Pi — Pa) — (d]C 2 d 2 + 5 2 c 1 d 1 )(c 1 c 2 + s x £ 2 d x (£ 2 ) 

ssSiCidafl — 5 2 2 ) + 5 2 C 2 d 1 (l — 5 X 2 ) 

+OaMi(l -^5 2 2 ) + 5 1 5 2 a C 1 d 2 (l -k 2 8 x % ) 

=('icA+W*i)( 1 -P^ 1 V)=(? 7 1 + ^ a )D, 
and similarly, 01 changing the sign of s 2 , 

^ (A 1 -A 2 )(Bi+P 2 ) = (CI 1 ~CI 2 )D 

Thus 

(P^PaXC^Ca) (g^KA ^Aa) (A t ± A,)(P, TP.) ^ 

f7,±l!7 s ~ 
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With this notation, it follows at once that 

+ P Pl + g« ,gWj ' 


sn (t^ +«,)=- 


-At-ArB^-BrOi-aA 


sn (u P U x -U % T i + T a I 

( 1 a) ” P ~‘Ji 1 +^ 2 “Pi+P 2 “C' l +C 2 , J 

cnf'-w ^ — ■^ i +-^2 _ Q _ S 1 -\-S 2 _ Ui~ U 2 
“(«!+««)- ~B l -B i ~C l -C i ~A l -A i ' 

c a(%-,)=^=^ =g±|, 

dnfa,-it jj, JV-Jj | 

(l i)_ D "C l + Cr3TK4; _ .B l +-Bj 

1349 A numbei of identities immediately appeal 
For example, since 

(P 1 + P,)(A 1 -A 2 )=P(^-^7 a ) 
and (By-B^+A^DiU.+ U,), 

we have B 1 A 1 -B i A t = DU l and B 1 A 2 -B,A 1 =DU 2 , 

^ ® ^1^2 C x C a = iiCjli2(l — 

an d S 2 *l' CjC 2 ~l~ ?iS 2 / Cl / t 2 , = 52 C 2^l(l ~ ^ 2 <l 2 ‘ f 2 2 ) 

1350 More important howe\er than such, aie the following 

2A 2 a *\ 

sn (% + u 3 ) + sn (% - ii a ) =-=rI , sn (»!+«,) - sn (u, - u t )=~yA , 


~-~D' 

2JB 2B 

cn (a x + u 2 ) + cn (i/j - u 2 ) = , cn (w x + u 2 ) - cn (?< x - 1 / 2 ) = , 

2(7 2(7 

dn(2i 1 + w 8 )+dn(w 1 --M 2 )=-ji, dn(% + M 2 )-dn(w l -M a ) = ^ J 


which aie the formulae of Gioup (III) in Cayley’s notation 

1 +sn(it 1 +« J )sn(Uj-M a )=-l + y =(o. 2 +J 1 i W, 2 )/D, 

1-sn (Uj+m*) sn^-n,)^- - =(«i 2 +«/d 1 2 )/X>, 

1 d-^sn +«,)«(«,- nj - 1 + » y - = W+^iVVA 

1 - fc’su («x+«.) sn («* -«,)-! - V } S ^ 3 %s = W+i VoM/D, 
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1 + cn (Uj +«,) on (%-■»,)= 1 + = (®i 2 + C » 2 )/- D > 

l+dn(it 1 +u 1 )dn(u 1 -u i ) = l+ ^p^ j - = (dj* + d i 2 )/A 

[1 + an (« r + «,)] [I + an (u x -«»)]= an (u 1 -fitj) + an (u x - u,) + [1 + an («, + u t ) an (% - iij 

= (2 Sl cA +c, a +* 1 2 d, 2 )/i>= (c. + »id») 2 /£ 

» v B,.+Bj Ci-C, Bx+S, 

Again, cn(it l +M,)dn(it 1 -Wj)=- i jj— 1 — g — =— g — 

=(»/*,' - K i i 1 i,)IB=(o 1 c t d 1 d t -k' i s i e,)ID, 

dn («! + «*,) an (it, - u 9 ) = ^g— = ^g 2 * 2 = («iC»' - Wi)l D 

— — CjS^a) /-Dj 

sn (i^+tt^cn (tti-Ms) ^ 1 * — — j p- 2 - — = (*1^2 + *a c A)/A 

and ao on for othei cases 

Jacobi gives a list of 33 such results ( Fundamenta Nova , pp 32 34) 
These are quoted by Cayley (Elliptic Functions , pp 65 and 6b) and by 
Greenhill ( Elliptic Functions , pp 138, 139) 

Seveial have been woiked above as lllustiative of the method to be 
followed They are too numerous to lem ember, but any one of them 
may be readily obtained if wanted This list ne append as Examples 

Examples (Jacobi ) 

1351 In each case the denominator D=l— and the 
previous notation is adhered to, viz snw 1 =5i, snM 2 =s 2 , etc 

Establish the 1 esults following 

1 snCtii+ttjJ + sn^-tta) = 2 8l cAJD 

2 sn (u x + 1 ^ 2 ) - sn (u x - u 8 ) = 2cf 2 c 1 d 1 /Z) 

3 cn(i4i+t4i) + cn(i/i--t42) = 2 c^D 

4 cn ( Mi +tt a ) -cn(ui- u t ) — - 2s 1 « 2 d 1 <ia/D 

5 dn(u 1 4-u t )4-dx\(u l -u t )= 2tf 1 d 2 /D 

6 dn (wi+^a) - dn (ui -Ui)= - ^hhiS^iC^D 

7 sn an (u L -u 2 ) =(fii 2 - 5 a 2 )/D 

8 1+ sn (Ux + tt a ) sn (% - u t ) — ( c* 2 + *i 2 da 2 )/2> 

9 l-snCtfx+UaJsnCoi-Uj) “(Or 2 +W)/^ 

10 1 + fc 2 sn (w x 4- tt g ) sn (wi - w 2 ) = (d* 2 4- fc 2 «i 2 c a 2 )/ D 

11 l-fc^nK+tta) sn (-wi — = (^! 2 H- Wci 2 )/D 

12 l+cn^-fttajcn^-ttj) =(Cx 2 + Ca 2 )/P 

13 1 - cn (mi + u 4 ) cn (m x - ^) = (sA 2 + s^W)/ # 
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14 1 + da (uy 4- Ui) dD (% - u 2 ) « (dj + <h 2 )ID 

15 1 - dn (tti 4- u t ) dn (ux - u*) = fc 2 (Si 2 c a 2 4- 8^)1 D 

16 {1 ± sn (Wi 4- w 2 ) > {1 ± sn (% - u 2 ) } - (c 2 ± M* ) 2 /D 

17 {1 ± sn (tir + «a) } {1 =F sn (uj. - «*) } ={<h± 

18 {1 ± k sn (Mr 4- w 2 ) } {1 ± k sn (u t - u 2 ) }-(d t ± hs^fjD 

19 {1 ± k sn (uj. 4- u 2 ) } [l =F k sn (% -w 2 )} = (<?i ± ka^jD 

20 {1 ± cn (ih + Ua) > {1 ± cn (% - w 2 ) } =(<h± c 2 ) 2 / jD 

21 {1 dt cn (Ux + ih) > {1 =F cn.(% - w a ) } = («A =F Mi) 2 /# 

22 {1 ± dn (% + w 2 ) > { 1 ± dn - -w 2 ) } = (dx ± dj) 2 /i> 

23 {1 ±dn (%-Htj)} {1 =F dn fa - u 2 )} =k 2 (8 1 c i T8& 1 ) 2 fD 

24 sn ( Ux + u 2 ) cn (ux - u 2 ) = (^cA 4- SiC^jD 

25 sn - Us) cn +w 2 ) = (siCxda - cA)/ # 

26 sn(wi+u a )dn(%-u 2 ) = (5idiC2+S2^c 1 )/‘C> 

27 sn (wx — u%) dn (ux 4- = (8xdiC 2 — s^iCxjfD 

28 cn (w 1 4- 1*2) dn (ux - u 2 ) — (cxCadA - k' 2 8x8 2 )ID 

29 cn (t*x — U 2 ) dn (u>x + u*) = (cxC^xd% 4- k ^SxSijJD 

30 bin {am (w x 4- w 2 ) 4- am (ux - u 2 ) } = ZsxCx d%J D 

31 sm {am {u x 4- u 2 ) - am (v^ - 1^2) } = %8*<hflil D 

32 cos {am (ux 4- u 2 ) 4- am (ux - ^2) } = (<h 2 - SiW )/ D 

33 cos {am (% 4- u 2 ) - am (ux -u 2 )} = (c 2 2 - a^d^)jD 

To the above list it is convenient to add for reference 

(а) cn (ux 4- u 2 ) cn (ux - v*) = (c* 2 - «iW)/ D=(<h 2 - sfitf)! D 

(б) dn (tti 4- w 2 ) dn (^i - u 2 ) = (dx 2 - &Wci 2 )/ D — (d* 2 — fcVcj 2 )/!) 

(c) {dnK4-w a )±cnK+w 2 )}{dn(%-u a ;±cn(u 1 -w 2 )}*(Cxd*±c 1 di) 2 /i> 

0 d) { dn (Ux 4- Ua) ± cn (ux 4- O } { dn (ux - u,) 4= cn fa - u*) } = fc' 2 {8x 4= a^D 

[(c) and ( d ) aie given by Greenhill, E F , p 262 ] 

1352 Periodicity of the Functions considered by aid of the 
Addition Theorem 

Staiting with the addition formulae in which Bsl-P«xVi 

sn (% ± u 2 ) == {SxC^i ± 8 2 Cxdx)/D , cn (u x ± u z ) = (CxC* 4= axS&dJJD , 
dn (Ux ± = (di<h “F k 2 8x8^xCt)l^ , 

and putting Ux—u, we have, since snX^l, cn K— 0, dn A— kf, 

sn (u + K ) = ( sn u cn K dn K 4- sn K cn u dn u)/D, 
where D=1 -A; 2 sn 2 u=dn 2 u=d 2 , 

sn(«+£)= g, ca(«+Z)=-^» dn(«+X)=-j. 

sn(«-JST)= -g, cn(u—K)= dn («-Z)=-j 


i e. 
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dn(w+2 X)=d, 


Putting u+K m these foimulae in place of u , 

»D(»+ag)- ^g+ - g = cn(u+2K)=-c, 

sn(«+3Z)=^g±|Jj 3. cn(»+3 £) = dn(«+tt)-|, 

s 11 (“ +4 A ') = S^tS) = *• cn (“+ 4jK: >= c > <M«+4£)=d 

Hence the functions have all returned to then ongmal values with 
period 4 X It will be noted that dnw was restored with two additions 
of X, and that sn u and cn u took the same value but the opposite sign 
after two additions of X 

In the same way, since 

sn(X+iX')=j, cn (K+tK')=~ dn(X+iX')=0, 

we have sn(w+X+tX')=£ cd/D, where D = l- Jc 2 s 2 ~=c 2 , 


d 

an(u+K-t-iK') — 

cn(w+X+iX') 

dn (w+X+iX') = 

sn (u + 2X + 2iX') = - a. 

cn (it + 2X + 2t X^) = c, 

dn(w+2X+2tX')= - 

sn (u + 3X + ZiK') = — 

cn (w + 3X+3fX')= — 

dn (w + 3X + ZlK') = — • 

sn(u+4X + 4iX') = -s, 

cn(w + 4X + 4iX')= c, 

dn(w + 4X+4(X')= ' 


l¥8 

~c~’ 

d, 

Ms 


and all the original values aie again acquued after an addition of 
4(X+iX'), and it will be noted that after two additions of X+iX', 
entt lesumed its original value, but sn u and dn u lesumed their onginal 
values with the opposite sign 
Wilting u-K for u in the seveial cases of the last fonn. 


= -^, dn (»+.*') 
k\ 


1C 

s 

k' 


§r b cn( ^‘ r) 

an (u + K +2iK') = -* sn (u - K) = ^ , cn (u ~r K + 2lK') = dn(«+ K+2iK') = 

sn(u+2JC+3t£') = czi(u+2K+^iK')= dn(u+2K>3iX') = - 

if p 

sn(«+3£+4iff')= sn («-£) = -g, cn(»+3ff+4«jr) = dn(u+3£+4UT) = 5 

the last three being the same results as for the functions of w+3X 
Again, writing u-K for u, 


Lk'8 

~T* 

ic 

8 


sn (m+2iX') 

cn (u - K) 

”"dn [u-K) ~ 8> 

cn(wH 2t XT') = 

-c, 

dn (tt+M # ) = - 

sn(tt + X + 3iX') 

d 

"It’ 

on (it + X + 3iX / ) = 

d' 

yfcc’ 

dn(w + X + 3iA') = — 

sn(« + 3iX') 

1 dn [u-K) _ 1 
~kcn{u-K) ka 1 

on(w + 3iX') = 

id 

La* 

dn(?i+3tX') = 
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Writing u+K for u in the functions of u+K+iK', 
sn(»+2 K+iK') = + = g. dn( U+ 2^4 t E')= - j, 

sn.(it+32r+«£') -~% Ba (u + K) = ~lc 1 cn(a+3E- + tE')= dn(u+3ff+iE / )= ^ 

Writing «+ AT for it in the functions of u+2K+2iK' t 

sn(tt + 3 £ + 2t/r) = -sn(w + J £) = -£, on(w + 3A' + 2t^ , ) =-~, dn(it + 3tf+2iA r/ ) — 

1353 We exhibit these results for arguments of form u+pK+qiK', m 
tabular form for refeience 

If A stand for the woid denominator we have, tabulating the numeia- 
tors only and indicating the several denominator, 


+0 iK' 


+ i K' 


+ 2JT 


+ZlK' 


+ 4 tK' 


If, foi instance, dn(u+2£ + 3iJT) be required, we look m the group of 
the thud column and fourth low and find numerator = ikc , denominator 
= k8, and the result is i cn tt/sn u 
The veitical order m each square is sn( ), cn( ), dn( ), A 
The fifth column and fifth row exhibit the fact, that after an addition 
of 4JC or of 4ilT to the argument, each of the functions returns to its 
oi lginal value, and shows their double periodicity The value of any 
function of the forms 

zu(u+pK+qiK') f cn (u+pK+qtK'), &n(u+pK+qiK') t 


+0 K 

+K 

+2 K 

+3K 

+ 4K 

8 

c 

— 8 

-c 

8 

C 

-k'8 

-C 

k'8 

C 

d 

l Y 

d 

k' 

d 

H 

II 

<1 

II 

<1 

A=1 

A=d 

A=1 

1 

d 

-I 

-d 

1 

— id 

-ik' 

id 

l k' 

— id 

- ike 

ikk's 

- tkc 

ikk's 

— ike 

a 

ii 

< 

A 

II 

< 

A 

II 

< 

A 

11 

<d 

A 

H 

< 

8 

c 

-8 

-c 

8 

-C 

k'8 

C 

-Vs 

-C 

-d 

-k' 

- d 

-k' 

-d 

A=1 

II 

<1 

A=1 

<1 

A=1 

l 

d 

-1 

-d 

1 

id 

t k' 

- id 

-ik' 

id 

ike 

- 1 kk's 

l kc 

-ikk's 

ike 

A=ks 

A — kc 

A 

ii 

< 

A =kc 

A 

ii 

<i 

8 

c 

-8 

-c 

8 

C 

-k's 

- C 

k'8 

C 

d 

k' 

d 

V 

d 

> 

II 

i— ' 

A =d 

A-l 

> 

II 

5U 

A-l 
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where j> and q are mtegial, can now be written down , e g 
cn ( u 4* 5X +11 = cn (m + K + 3i JS^) = t fhc 

The tabulation is given by Cayley (E F , p 77) with a slightly different 
notation 

1354 Putting m= 0, all the functions in the table for which A =&* 
become infinite 

There are four such groups i e twelve of the functions Cayley points 
out the impoitance of their ratios even when themselves infinite, and 
writing I for the infinite factor l/£sn0 we have, remembering that c=l 
and d— 1, m this case 

sndT _cnt K' dn iK' _sn(2 K + t!C) cn(2 K+iX') _ dn(2 K+iK') 

1 ~ — t — ik —1 i 

sn 3 iK' cn 3i X' _ dn 3 iK ' __ sn (2 K +3tXQ _ cn(2X + 3tXQ _ dn(2X+3tX / ) = 

l ~~ L ~ ik — 1 — * ^ 


1355 Formula for sin 2 u, etc Duplication Formulae 
Putting ^=^ 2 = 1 * in the addition formulae and writing *, c, d , Z> 
respectively for sm u, cos m, dn u and 1 — A: 2 sn 4 w, 

(1) sn 2 m = 2scd/Z), (2) cn 2m = (c 2 - •«*)//) = (1 - 2a 2 + fcV)/D, 

(3) dn 2u=(d 2 - JfcW)/D~(l - 2 W+£V)/2> 


Hence we deduce, wi ltmg * = tn m= sn M/cn m, 


(4) 

1 +cn 2 m=2c 2 /Z), 

(5) 1 -cn 2w = 2s 2 d 2 /Z), 

(6) 

1 -on 2 M= 

1 + cii2m 

_ 0 1-lW 

(7) cn2«- 1 + J(l£i2 , 

(8) 

1+dn 2M=2d 2 /D, 

(9) 1 - dn 2 m = 2fcVc 2 /Z), 

(10) 

1 - dn 2 m k 2 8 2 c? 
l+dn2a~ d 2 1 

/..\ , 0 d 2 -fc 2 *V 
(11) dn2«= siqrp?c2) 

(12) 

l-dn2u 

1 + cn 2 m ’ 

d a = 1 - W = cn + d“ 2 “ 

1+ cn 2 m 

(13) 

1+cn 2 m c 2 

1+dn 2 m~ d 2 ’ 

fid'll 7 £ » 1+cn2l ‘-i i 
(14)1 ^ 1 + dn2u 


t e 


d* _ d” 
Z,'*+dn2M — fc*cn2u Jc' 2 


l+dn2w 


'd*’ 


< 15) ^rrSr 1 -** 4 *- 


™ fc' 2 + dn2M + fc 2 cn2M » 

a\ t e , , , — -r = »*, 

’ l + dn2w 


(16) cn2u+dn2u=2c 2 d 2 /D and 


cn 2M + dn 2 u 
1 + dn 2 m 


(17) From (15) and (16), 

sn 2 u _ cn 2 M dn 2 M 1 

l-cn2w — cn2w+dn 2u~ fc^ + dn 2w+AHcn 2^f“’l+dn2tt 
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1356 Dimidiation Formulae 

By writing ^ for u , we have 

1-cnw „w cnw+dnw , „w As^+dn w+Pcn w 
sn 2=f+cEl? cn 2 = ~ + d nu ’ dn 2 F+dna 


1357 Again, since 

dn 2w-cn2w=2A;'V//), 1 + cn 2w=2c a /Z), 1 + dn 2w=2f£ a /Z), 
A^+dn 2w-Pcn 2w=2A?' 2 /Z), 

we have — ^ * ** 

dn2w— cn2w l + cn2w l+dn2w A^-t-dn 2w — Pen 2w * 

and putting | foi w, we obtain further formulae for sn cn dn viz 


dntt-entt A^l+cnw) dn ^_ A^l+dnw ) 


2 A^+dnw- A^cnw’ 


2 A;' 2 + dnw -A; 2 cn w’ 2 A:' 2 + dn w-A: 2 cu w 


1358 Triplication Formulae 

Writing W]=w, w a = 2w in the addition formula for sn^ + Wg), 
sn3w=(snwcn 2wdn 2w+sn 2 w enw dnw)(i -A; 2 sn 2 wsn 2 2w), 

and substituting for sn2w, cn2w, dn2w their values fiom (1), (2), (3) of 
Ait 1355, we obtain, after a little 1 eduction, 


sn 3w/sn w = {3 - 4 (1 + A; 2 )s 2 4-6/W - Pa 8 }//)', 
and similarly cn 3w/cn w = {1 - 4* 2 4- 6JW - 4A^« + P* 8 } //)', 
dn 3w/dn u={l-4k , s 2 + 6k 2 s i -A^+k i a^}JD' 1 
where D' = 1 - 6A; 2 a 4 + 4P(1 + k 2 Y - 3P* 8 


Cavley gives also the following results, which may be verified without 
difficulty 


TiS z>'=(i-2*+2W-wy, D'-a+a.-ttw-wr, 


1 - A; sn 3w 
1 + k sn w 


1 -2ib+2*e’-fcV)2, jD ' = ( 1 + 2 **-2*« , -iV)* 


The formulae for sn Aw, cn Aw, dn Aw for the cases A =4, 5, 6 and 7 are 
also given by Cayley {Ell F } pp 78 and 81 onwards), but these formulae 
lapidly become more and more complicated According to Cayley the 
cases A = 6 and A =-7 are due to Baehr {Qrun&tis Archiv, xxxvi pp 125 
to 176) 


1359 Dimidiation Formulae for the Penods 

_ — ««_cnw+dn u j 2 w Ar^+dn w+Pcnw 
n 2“l+dnw’ cn 2~ 1+dnw ’ an 2” 1+dnw ’ 

K iK' 

give many results for the functions ofw+p^+g — ,p and q being integers 
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Putting w=0 in tlie foiinuUe of the table, and therefore 5=0, c - 1, d— 1, 


K Jl-cnK 1 _ K ^jcnK+dnK >JJc' 

an 2 ~ Vl+dn-Sr^r+F L " 2 — ’ 1+dnJST ~sJT+k'’ 



d Zjk'>+dnK+WcnK_^, 

2 \ 1+dnJST 

iK' 

Sn 2 

A / 1 - cn tX' A / 1 + tl , T N A / 1 i 

M + dniJT' - 

iK' 

A /cn iX'+dn iX' .l~iI-ikI fT v s/l-ffc 

v T+dnTg" 7 V 1-dur (Z *)- Vifc ’ 

cn^ = 

II 

1^1^ 

•§ 

Jk’t+dK'.K'+VcntK _Jk’>-UcI-khI JTTk 

y 14-dniX' > 1-tJfc/ v y 

su 2 = 

. I\ — CU (IC iK') s/k-\-lJd I . /- = /r jrv 

Vi+dn (*+,*')= ^ + 




K ■+■ iK ' /cn (K -j- 1 K 7 ') + dn ( K + 1 K') 

° a— 2 = V 1+dn (K+7K 7 ) 

=V-4 = V|(°°"T+‘«“T) 4= Vi(- i+ ‘)- 

j K+iK'_„llc"> + &n(K + TZT) + ¥ cn(K + tK') 
dn 2 l+dn(£+i£') _ 

=*Jk'sJk — lJc—'sJ [n/T+X 7 - t-s/l - /s'] 

The readei will find no difficulty in completing for himself and 
tabulating the various results for the cases _p = 0, 1, 2, 3 , q= 0, 1, 2, 3 
Such a table is given by Cayley (E F , p 74) 


1360 We now have 


■(•*!)- 


Vrfp 


<s/l+tf 


CC? 


] fc'a + CC? 


1-W 


1+tf 


’■s/l + fc' '• 2 + W ’ 


on w+ 


k \ C ^rhr sd 7kv' /k ' , nr c-,d 

2 J : u 1 >l+fc'c 2 +A^ > 


dn 


l - w i+» 
1 


K)- 


1-fcV 


~~r~ ^ c 2 +&v 

l+i' 


with many similar results, and such results may be thiown into other 
forms For example, we may show that 


sn 



1 

Vi+7 


d+sc(l+V) 
c+sd 9 



c+sd 
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1361 Other formulae may be obtained by direct application of the 
dimidiary formulae to the results for iu+pK+qiK', eg 

aa (iu+K)=^, cn(2 u + K)=-k' S £^, dn(2«+JT)= a ^ , 

of . K\ l-cn(2u+K) dLnZu+h’ 
whence w^+ah l+A i fow+Tfi <h te+ T~’ 

and many other formulae are similar ly obtainable 


1362 A General Proposition 

Let U be a function of three variables <j> v <j> 2 , <f > B , between 
which there is a connecting relation, viz 


d<pj A <f > x + dipj A (p 2 d<pj A^> 3 — 0, 

and suppose the function U to be such that when any one of 
the three, say 0 8 , is legarded as a constant, then U vanishes in 
one of the two cases (0i=0 3 , </> 2 =0) or (0 2 = $3> fa—®)* an< ^ 
*dU 'dV 

provided also that — A6,=- — A d> 2 , then TJ must be zero 
always d<t>1 ^ 

Foi if 0 8 =const, d<f> 3=0 and d(f> l /A<p 1 +d<pJA(j) 2 =0, le 
d</> 1 IA<l> 1 =—d<p 2 jk<f> 2 =\ ) say, and this would have been equally 
true if the connecting equation were 

d<p 1 /A(p l + d(j> g/ A<p 2 — d<f>J A0 3 = 0 

But 

j TT—^ U Ja, _l ^ 

dU -^ d ^ + ^ 

?7=const=C, say But in the case 02 = O)> 

U=(), (7=0 Therefore U vanishes 


^ 3_x [§; A ^ i_ l^ A ^] -0 ■ 


1363 Case I Let 


f *»eW [**<16 [*»dQ , rT , 

Mi= J o A0’ m H 0 A6 and PsWl+Ma 


Then 

and 


3£7 =1 3l7 =1 3tt lr= 1 3 m, = 1 

3w x ’ ’ 30 t A&’ 302 A0 2 ’ 

317 . 317 . . . . A 


Also, if 0!=0 3 and 0 2 =O, we have u x =u s and u 2 =0, %e 
u x +u 2 —u z =0 Hence the conditions of the general theorem 
are satisfied, and w 3 =0 always, %e according to 
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Legendre’s notation F<f> x -\-F<p 2 =F<p s , which is the addition 
formula for the first Legend nan Integral 
That is, /(am wJ+Ftam w 2 )=/(am w 3 ) 

Another mode of treatment (Art 1342 ) of the equation 
dfalAty^+dtpJAfa—O led to the result that 

sn u x cn u 2 dn u 2 + sn u 2 cn u x dn u x _ 

1—k 2 sn 2 ^ sn 2 w 2 “ COnSt 

when 0 3 =const, so that w 3 = const , and as (u x =u 6i u £ — 0) 
satisfies this, the constant is sn u B> so that 

u 1 + u 2 =sn-' ^+ S 0 , as before 


1364 Case II With the same definition of u v u 2 , u B , and 
taking f* « 8 

v 1 = I A0 dO, v 2 = I A0 d 9 , v A = I AO dd , 

Jo Jo Jo 

and U&v x +v 2 — d 3 — ^sin^sin^sm^, then, proceeding as 
before. 


3^ A^ 2 =A 9 !. 1 [A^i- F cos fa sin fa sm fa] 

— A0 2 [A0 2 — ft 2 cos 0 2 sm <f> x sm 0 3 ] 
= (&</> 1) 2 — (A0 2 ) 2 — A 2 sm cos <j> x sm <p 2 —A<p 2 cos </> 2 sm 0j 


O (1-^!V) + V(1-V) (1 - *V) 


=Q - s 2 2 (i - s 2 ) (i - #V)]/(i - #V* 2 2 ) 

Also, if 0 2 =O, v 2 =0 and it <f>i=<p3, v x =v z , and 17=0 in 
this case, [ 7=0 always, and 

Vx+Vt—v^Jc 2 sm 0 X sm 0 2 sm 0 3 , 
and wilting v x =E<p v v 2 =E(p 2 , v 3 =E<p 3 , viz the Legendnan 
notation, E<f> x +E<j> 2 —E<j> 3 =k 2 sm <j> x sm 0 2 sm 0 3 , 

and since <p x =&mu v 0 2 =am u 2 , 0 3 =am tt 3 =am (t^+Wg), we 
have 

am u x +E am u 2 — E am(w 1 +^ 2 )=i 2 sn u x sn ^ sn^+Wg), 
which constitutes the addition formula for the second class of 
Legendrian Elliptic Integrals 
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1365 Case III Let 

”'-£ (!+,» 

where 0 1 =amM 1 , etc Then, putting 

U=w 1 +w i — w 3 — a«=(w+l)(w+* 2 ), 


^ _ n sm sin 0 2 sin 0 3 

1+w— w cos cos 0 2 cos 08 

we may verify as before by the general theorem that U=0,ie 


110! - j~ U0 2 — 1103 = “7 s tan -1 22 J~a or -f= tanh 1 Rj—a , 
\/a v—a 


which is the addition formula for a Legendrian Integral of 
the third class (see Cayley, E F , pp 104 to 106) 

The work of this verification is necessarily somewhat 
cumbrous, and it is found best to proceed to discuss the Third 
Legendrian Integral 11(0, w, k) after a modification of its form 

Taking 0=am u as before, Let n=—k 2 an 2 a, 

a being not necessarily real , then the transformed integral is 

{ « du 

0 1 —ft 2 sn 2 a sn 2 w 

But instead of considering the original function 11(0, n> k), it 
is convenient to consider a somewhat different form H(w, a), 


defined as i 


C u ft 2 sn a cn a dn a sn 2 u du 


1— ft 2 sn 2 asn 2 M 
The connexion between II(m, ol) and 11(0, k) is then 


II(w, o)= ft 2 sn a cn a dn af 
Jc 

adnaj 


y3. 

=— sn a cn 
n 


sin 2 fl dd 
(l+wsm 2 0)A0 

(l+fism 2 0)— 1 
(l+nsm 2 0)A0 


dO 


=— snacnadna{.F(0, ft)— 11(0, % k)}, 
n 

and the new function is proportional to the difference of the 
first and third Legendrian forms 
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1366 Jacobian Zeta, Eta, Theta Functions Introductory 
These functions, denoted respectively by Z(u), H(u ), 0(w), 
are defined as 


Z(*)=£(dn%-§)du, mZ(u), §$=^*nu 
with a constant of integration m the second case, such that 
0(0) and 7c being the modulus m each case Also 

' 7T 

E i iu the fust of these Jacobian Elliptic Functions is the 
complete Legendrian Integral of the second kind with limits 
0 and tt/ 2 (Art 375) 

1367 Obvious Elementary Properties 
Clearly 2(0)=O and Z{—u)= —Z(u) 

Also Z(«t)-f-j^M=J da 2 w cZti=| 9 A6d8=E(9)=E(&mu) 

in the legendrian notation, le Z(w)=E(am m)— m that 
notation ^ 

Again 

n/ v / WK l2kk'K f U z(u)du 

Q(u)=J e Jo and H(u)=J= ^ -Haue io 

7 T V 7 r 

Also ©(-«) J°“ Zm =ylWE e -ti Z( - w>da (t= to) 


/ 2 Jc'K \ u z{v>)dv> 

= \~ 6 =®(u), 


5 r (“w)-v^8n(~w)0(-'M) = - N /lsnwG(w)=-fl(w) 

Also fl-(0)=0 and Lt*., 0 *M=,[ME 

U V 7T 

Thus Z(w) and H(w) are odd functions of w, and ©(w) is an 
even function of u 


1368 Properties of the Second Legendrian Integral 
(i) E(- <f,)= J # * A0 d6; d x , (8= - x ), = -E^) 

. fir -tt i* 

A0d0=(J -f-J ^Addd 

= (j d-J )Axdx,(d=7r+x in second), =iE x ±E<f> 
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(m) E(2T±c/>)=2E 1 +E(Tr±<l))=4:E l ±E(<j>), and geneially 
E(nTr±<f>)==2nE 1 ±E(<j>), le E(nir±.a>m w)=2wj® 1 ±^(am u) 

(iv) Again, with u = J v=| A <j>d<j> } 

6 = am u y v=E (am u ), 

and if 0=0, u = 0 and ^=0, le E ( am 0)=0, whilst if 0=?, 

2i 

u=F 1 ==K i v=.i E 19 le 22 (am K)=E l 

(v) Moreover E (&mu)+E (&m K)--E &m(u+K) 

=^ 2 snwsin ^ sn(^+A.)=A; 2 — g g — 

E am («-)-/£)= 

Also am( M - A)= -£(dm 

1369 Addition Pormula for the Zeta Function, etc 
The formulae for dn(w+-y), dn(w— v) of Art 1347 give 

dn 2 c) — dn 2 (m — t)) = — 4ft 2 SP M ^ U M _ Sn ^ ^ P . ^ dn ^ , 

' (1— A; 2 sn 2 wsn 2 v) 2 5 

and integrating with regai d to v from -u=a to v=u, 

^(u+v)+^(u+v)^+[z(u-v)+^(u-v)^ 

___ 2 r snwcnw dn u,l v = u 

~ 8n 2 w Ll — h l sn 2 u sn 2 v J „ = * * 


le 


jz(2w)+|j 2«-Z(«+a) -l | (u+a)} 

+ (z(0)+^ 0— Z(m— a)— ^(u— a)) 

(l — fc 2 sn 4 u 1— A. 2 sn 2 a sn 2 w) 


2snwcnwdnw , 


= -2 A 2 


sn 2 w 
snwcnwdnw 


sn 2 ^— sn 2 a 


1— & 2 sn 2 w 1— Jb 2 sn 2 a sn 2 w 
= — & 2 sn2wsn(w+a)sn(w— a) (Arts 1351 and 1355) , 
Z (w+ a) -fZ (w— a) — Z(2t0= sn 2zz sn (u+ a) sn ( u — a) (I) 
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(II) 


-sn 2 w 


Putting «=0, we have 

Z (2 u) — 2Z (u) — — lc 2 sn 2 u sn 2 u 

Adding 

Z(u-\-a)+Z(u— a)— 2Z (w) = & 2 sn 2 w { T - Sn ^~ Sn a . 

11 — Arsn 2 wsn 2 a 

= -Psn2 M ^-£^) 

1 — Fsn 2 wsn 2 a 

ie Z(u+ a )+Z(u- a )-2Z(u)=-2k^ U ™ uinum2a mil 

1 — & 2 sn 2 asn 2 w 5 v } 


and writing u+a=u l3 u-a=u 2 , 2u= Ul +u 2 , Eq (I) becomes 
Z(u l -j-u 2 )=Z K)+Z(it 2 )-^sn Ul sn u 2 sn (Uj+u 2 ), (IV) 
which constitutes an addition formula for the Zetd Function 


1370 Substituting for Z(u) its value E ( am u ) — -El u, we have 

K 

E (am u x ) + E (am u 2 ) E (am u x + u 2 ) = Jc 2 sn u x sn u 2 sn (u x + u 2 ) t 

viz the addition formula of the Second Legendnan Integral 
If m (IV) we write 'w 1 +w 2 +w 3 =0, we have the symmetrical 
form 

% i u i)+Z (u 2 ) +Z(u 3 ) = — & 2 sn u x sn u 2 sn u 3 


1371 From (III), we have at once 


%e 

te 


©'(w+q ) 0'(^— a) 

0(w+a) ©(w-— a) 0(w) “ 

[ ] ®('»+a)Q('u-a) l u=u 

L g © 2 M _Lo = 


©(^+a) ®(u—a) 

0 2 (a) 0»(u) 


0 2 (O)= 


snMcnwdntt sn 2 a 
I-Fsn 2 wsn 2 a ' 

£log ( 1 — sn 2 a sn 2 w)J , 
1— A 2 sm 2 asn 2 w (V) 


1372 If we integrate with regard to a, instead of with 
regard to u, from 0 to a, 


log § fr-u) - 2qZ ( M )= - 2n (a, u), (VI) 

and interchanging u and a, 

log l{S) -2wZ(a)==-2n ( M ' a )- • ( vn ) 

” n<*. >-***•« 
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1 


i 


I 




which expresses the Legendnan Integral of the Thud Kind in 
terms of the Jacobian Zeta and Theta functions 

There are in this form two arguments only, viz u and a, 
instead of the three, d, k, u, in the Legendnan form (see 
Greenhill, E F , p 192) 

1373 From (VI) and (VII), 

II(«, a)-JI(a, u)=uZ(a)—aZ(u) (VIII) 

Since n(«!, a)=n 1 Z(a)+ilog||^^j, 

IIK, a)=«*Z(a)+tlog|^=^, 

and n(M!+M 2 , «)=(«!+ m 2 ) Z(a)+ilog |j^^~°| , 

we have II (t^, a)+II(« 2 , a)— a)=£logO, ^ 

where ®(«i+«i+<0 f (IX) 

“"©(«,+«) ©K+aJ^K+i^-a)’ J 

which is a form of the addition formula for the Third 
Legendnan Integral Various forms of the function Q will 
be found in Cayley, E F , pages 157, etc , and The Messenger of 
Math , vol x (Glaisher) 

1374 In this brief notice of these important functions, we 
have m the mam followed the course suggested by Dr 
Glaisher in his note in the Proceedings of the Lond Math Soc , 
vol XVII 


1375 Integration of Expressions involving the Jacobian Func- 
tions 

[We shall write s, c, d foi snii, cnu, dn u respectively when desirable 
for abridgment ] 

, f den u f denu 1 ^.kenu 

J J \l—k 2 3 4 sn 2 u J \/k' 2 + k 2 cn 2 u h k 


denu 


*Jl-k 2 sn 2 u 


, dnu+kenu 

6 k' 


d sn u 

1 

*Jl — k?$n 2 u 

k 


(2) f cn udu =a f , ^ anu _ = 1 sm- 1 (jk sn u)~\ cos _1 (dn u), or other foi ms 

J J vl — W%n 2 u k to 

(3) J dnudu — J dd=0=Am u 

(4) J sn?udu= p J &n*u) du=^ 2 (u- E a l mu)=gi^u-(zu+~r 
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(5) 


J cn 2 udu = ■pJ(dn 2 u-k' 2 )du——(Ed l mu-k ,2 u)—^^Zu-{-^uj-k fi u^ 

/ E 
dn 2 udu= E&mu=Zu+-j~u 

( 7 ) ( anH du = -f an 2 u ^£!iifL - f Q ~ c ^ dc 

' J J dim J Jw+lcW 

= -iS 3mm + hl - / * ?7 +w^= - w- nh - l F + 2P«* 

(8) /«••*.- / =ij (- / ™ ] - vtSp) * 


1 ,,2F-1 ... , 

= w ad+ ~w~ sm ^ k3) 

(8) I dn 3 udu= J (1 -L 2 t,m 2 d)dd=^-~- 0+^-<!m20— ^-am it+Ysnucnit, 

etc 

(10) /alii = "/ ( T -cV^ + fcV ’ WhlCh SUgg6StS P uttlng ^ • whence 

rfy= _« cZ«, S »=l/(iS + y2), C s=(^-Jfe'i)/(F + S, ! ) , 

i~- -/S*- -^(^) 

(11) /Si Putting dy=lc'*id U , 0=^, 

/^“ p/^ri^=iC' cosh “ 1 2''F C09h_1 O 

0?1 [ — _ f d-8 f cosec 2 # <2# ] cot 0 X , ctn a 

V '] in u J 1 — fc'sin 2 # J cot 2 < 9 + it 2 _ jfe' eofc ~F F tot H 
1376 Again £ log an «- W»-£, 

d 2 . d sd , o2/72 Z -'2 

35*1°*“*“ ~ai 7= ~ d2 +W- tt= - 


glogdn,= £= -W 1 + **-*£-£-* 


Hence 


du 

cn 

wdnw, _ 

sn-u ~ 

T» 

snu 

du 

1 

snudnw 

qm 2 u ~ 

A/ 2 

cn« 

du _ 

A, 2 

snwcn'M 

dn 2 ^ - 

A;' 2 

dn w 


* 
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1377 Other positive 01 negative integral poweis of sn-w, cnu, dnu 
may be integiated with regard to u by the reduction formulae 
of Examples 24, 25, 26 at the end of the chapter, which can be 
verified at once by putting respectively P=a n-1 cd, c n_1 *d, d n-1 .sc 
and differentiating 


1378 Again, by aid of the Pei lod formulae of Ait 1352, viz 
^=an{u+K), |= -j,tn(u + K), i,dn (»+.£), 

-=isn («+»£'), j=-*en(«+UT), ? = -idn(u+t.£')» 

- = isn (u+K+<.K'), ^=--~cn(u+K+iK), ? = ^ dn(w+Z+tjr), 

we may readily deduce the integials of integral powers of 
c d s d c s 

d ’ c’ 2’ ? i» c 


Thus, foi example, 


/ 


= p J&dmtt+A 2 — dnlT' / +const 


1379 Again, since 

“‘ffisn ^sna cnadn fl 
Fsn 2 a sn% 
du 


n(«, «)= 

Jo 1 -fc^sn^a sn^u sn 

VI? have [“ T - - a _ sn o n 

Jo 1 -&-sn 2 a sn 2 u cnadna ' ' 9 


^enadnary 1 X W 

sna Jo \1- jfc sn 2 a sn 2 w / ’ 


1 -bna sn i 1+fcsnasnw ^ ten a dn + 


whilst 


3 

3 

f u du f* 

Jo 1 - k sn a sn u 

Jo 1 + h sn a sn u ~ lo 


2 fesn a sn u , 
l-& 2 sn 2 asn 2 « 


fesna f* 
cn a dn a Jo 


(snu+a+sn u-a) dw« 


which is mtegrable by (1), Art 1375 , whence by addition and subtraction 
the two integrals 

f u du f u du 

I o l — kanaanu* Jo l+ksnaanu 


are determined 
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PROBLEMS 

1 Show that j- an T = ? 

an cnw dn v cn2w + dn2 u [Ox II P , 1903 ] 

2 Prove that 

(*) n / (1 - fc 2 sn 4 «) (F + dn 2itJ/ Vl +¥ = 1 - (1 - V) sn 2 « , 

(^) V(cn 2w+ d,' an 2u)(l — A; 2 sn 4 «) = Jd sn u + cn u dn u 

3 Prove that the equation of the osculating plane at the point u 
on the curve x = a sn u, y = b cn u, z = c dn u is 

^k 2 k’ 2 sn 3 « - f Jc 2 cn s u + - dn 8 u = k' 2 
a b c * [Ox IIP, 1902] 

4 If u = I" { (a 2 + x 2 ) (i 2 + s 2 ) }“4 a da, show that 

Jo 

x-btn u, (mod s/a 2 -b*/a), a>b [Ox II P , 1902 ] 

5 If the functions sn u, cn u, dn u be defined by means of 

d $ j 

^sn«=cnttdntt, ^cn«= -snitdn u, JUnu= -i 2 snucnw, 

sn 0 = 0, cnO = l, dnO = l, 
prove that (i) dn 2 «t = l -I 2 sn 2 M=l-/fe 2 + i 2 C n 2 u, 

' ' dnu + dni, 18 a funct,on of “ + » 

[Ox II P , 1901 ] 

6 If W2 - s/3 = cos and the differential ~i — = is 

ad6 v I +2z 2 s/3 

tiansformed into 7 JL jind the values of a and a 
s/l -sm 2 asin 2 <£ 

[Caiits, 1885 ] 

7 Prove the following results 


u 

K 

2 

IK 

2 

K H- 2 iK’ 

2 

3K+2iK' 

2 

iK' 

2 

SK+iK' 

2 






i 

1 



EhI 

Eb3 

E&3 

71 

s/ic 

u 


2K + ZiK' 

K + iK' 

3K+iK' 

K+AlK' 

3 K + 3tAf / 


2 

2 

2 

2 

2 

2 

sn u 

— L 

s/lc 

i 

Vi 

^k+ik' 



vv* 


*ach case 

[See Table m Cayley, E F , p 74 ] 
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8 If tan ^7r sin <f> = sm yp = £c>/ 1 - x*/\/ 1 + x\ piove that 


C x dx 1 r*> sm 21 7 r f* 

J 0 Jl - x 8 2j2 Jo \/l - tan 2 |7r sin 2 <^> 5 Jo \/l — 1 


d\p 


- tan 2 ^7rsin 2 ^ 
[Math Trip , 1896 ] 

9 Prove that cn \lK’ dn \iK' - sn \iK* = - t ( 1 + sfk) */l+k 

and dn JiiT-sn JiJTcn \lK'= - t{l +\/l + k}s/k 

[Math Trip , 1896 ] 

10 If tn tij = 2\ dn u x , tn u 2 = T 2 dn w 2 , dn = Z)^ 1 , dn u 2 = Z) 2 _1 , 
show that 

(i) tn («j + «„) = and (u) tn 2 «=- f ~ tnWn% 

1 1 Prove sm [am (u + v) + am ( u - v)] = 2 sn u cn u dn v/D, 

1 + dn (u + v) dn (u -v) = (dn 2 w + dn 2 v)/D, 
where D = 1 - k 2 sn 2 u sn 2 a 

Prove that 

I’s + cd _ 1 <£ + (l+&')$c 

• (1 -k')s 2 \/l +k' c + sd 


no f K\ 1 L’s + ct 

V 2) Jl+L'l-a-l 


1 ld + (l+k')sc 
Jl+V Vrf4-(1-Z;> = 


"s/1 +# 

IS «»(.+f) -VlTt'IT 




f dn + Z7 sn 2?4 


A:' + dn 2 m 


c-sd 


[Cayle\ ] 


(l-^)S 2 


/ c 2 -k'$ 2 lT7 j 1 

“Vttt Vr 

14 a "K) 


- sn 2w 


Z/ + dn 2u 


—Jlty/- 


1 + ft ' dn - ft 2 sn 2^ 
1/ + dn 2u 


_ 1 

( 1 + ft)$ + icd 1 

s/L 

1 +fe 2 ~ jk 

_ 1 

/I sn 2u + l dn 2u 

s/ft 

\ sn 2 u - l cn 2w 


'( 1 + 1 ) 8 - 


[Cayley ] 


16 cn 


1+ft 1-fts 2 



— A / l ~^ 2 c-isd _ 1 /< 

\ ft Vl+fts 2 c + Lsd~ Jk \ 


dn 2u + ft cn 2 m 
1+fts 2 c + tsd ~ Jjc'V on 2 m +• t sn 2w 
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1-L 2 


__ jk >l sn 2 n - i cn 2 u - d dn 2 m 


sn 2w - t cn 2w 


18 sn (u + E±l£) _ /j± .4' ~ «*'« + «* 

V i / \ 1 1-^(4 + ^ 

™ A + d ; c + (& - d')#^ fL + d 7 lc + (Jc- ih)i>d 

y k d+ksc ~~ V A \ c + (£ + d')soJ 

J_ I km 2w-i- d' 

= s/£ Vi 


I cn 2w + d' sn 2w 


[Cavity J 


19 Show that 


W * 2 J+gs= -d>Uogc= -f J. w= s «7, 


du 

(u) C 2 ^W = ^- C J + ^, 

l"'» ‘*1?- 


(.v) d» ! (, + ,i!-)- (i . + ^g) 

20 Show that sn 2 (Uj + m 8 ) - sn 2 (t/, - u 2 ) = 2 2 ^ 

21 Show that 

(l) i 0 Vr+S^ = - lo s cn “> 

(u) [oVttS^j -i logdnM > 

(m) Jo sn m Vit» d,t = ' p log dn u > 

(lv) J 0 VrrS du= l log [ 7TTFsn (* + ?)] 

22 Find the values of 

(i) jcnurfit, (n) (m) j 


fsn 2 wdn tt 
cn 2 w 


23 If A 


n = |(snv) n dv, show that 

(?i + l)^/ n+2 -?i(l + & 2 )/ n + (?i- l)/ 7l _ 2 = 5 n - 1 ^ 

24 If j , (cnw) n ^ 5 show that 

(7i+ l)m n+2 -n(l-k'*)l n - (n- l)k'*I n _ 2 =c"-isd 
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25 If 4=J(dn v) n du, show that 

(« + l)J„ +2 -«(l + ^/,+ (.-l)W M -il«rt« 

26 If 4 = j" '( jfj^) ^ v > s h° w that 

(" + ») - « (1 + V)I» + (» - 1)4-2= - I' 2 ~ v 


and obtain reduction formulae for and similarly 

27 Prove that 


M l +dn(t& + ??) , sim gn £ - sn v orm 

sn(u + v) ~~ dn o — dn u ’ 

[M Trip II , 1915 ] 

/ v dn(w - v) - cn (m - fc) _ dn^cn w-cn?4 dnv 
y sn (// — v) sii'ii + snv 

* n . , [Sir J J Thomson ] 

28 bhow that sn (Wj + w 2 ) 

= Vjd 2 + <s 2 c l d l __ y yg a H- 5 2 c 2 ^ t _ s 1 c/ 1 + s/^ 2 __ 9 ^ - s 2 2 

1 - k\\* r~r 2 + SjS^afg - + i 2 .5 1 </ 1 c 2 ~ y 2 d 2 - 4 '^ 

[M Trip II , 1889 ] 

29 If u v ?( 2 , u di i/ 4 be any arguments, and r, y, 0 lespectively 
denote 


sn(?& 4 -^ 1 )sn (t/ a -K, ) sn (^ 4 -i/ 2 )sn(^ 3 -?< 1 ) sn (?t 4 - ?/ s )sn(9( 1 - u ? ) 
sn (m 4 + uj sn (w 2 -1- w 3 )’ sn (m 4 + uj sn (m 3 + wj* sn (w 4 + w 3 )sn (w x + w 2 ) ’ 

prove that a + y + z + ay? = 0 [M Trip III , 1885 ] 

30 If X\^ denote the function 

sn (u\ - Vp) cn (u\ + w M ) /cn (% - w M ) sn (mx +- 
then + r 41 a: 28 4 a^i 3l + r 43 i 12 = 0 [M Trip II , 1889 ] 


3 1 Find the values of J dn u dit, 

32 Prove the formulae 


f-£-, {^du 

Jclnw Jsnw 

[M Trip II , 1888 ] 


( 1 ) 3j dn 4 udu= 2(1 + 1! 2 ) ezn u + A, 2 sn u cn u dn u - L' 2 u, 

(n > A ' 2 |irS =e2n ( w+ir+tZ ') + ^- 

(ill) snudu = l\ogj^ J ^ 


whore eznw = 


EjU 

IT 


+ zn u , and zn u is Jacobi’s Zeta function Z(u) 

[M Trip II , 1888 ] 
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33 Show that sn(z + AT)=|, sn(x + 2Z)= -s, sn (cx) = i tn {x, k’) 

„ [M Tkip , 1876 ] 

Prove that, if D = \ -k\\*, 

34 (i) en (u, + u 2 )<m (u, - u s ) = (c* - s*d*)/D = (cj - s^)jD , 

(u) dn («! + m 2 ) dn (itj - it 2 ) = (d^ - k\\*)/D = (d* - k\*c*)/D 

35 (i) cn (tij + ii 2 ) cn (n, - « 2 ) -|- sn (v 1 + ?; 2 ) sn (itj - u 2 ) 

(u) cn (iij + « 2 ) cn (Wj - w 2 ) - sn (% + u 2 ) sn («, - u 2 ) 

= (c*-s x H*)ID, 

(in) dn (itj + u 2 ) dn (u x - u 2 ) + k 2 sn (u x + «,) sn (u x - 1« 2 ) 

= {d*-k\\*)ID, 

(iv) dn (it x + m 2 ) dn (« x - u 2 ) - k 1 sn (m, + jt 2 ) sn (u x - « 2 ) 

= (d 1 *-k\\*)/D 

36 fii 1 ~ SD ( M ~ °) l-an(a + a) fsn(g~-a) -snit) 2 

1 + an (it - o) 1 +sn(it+o) \sn(r-a) + snwj 9 

(u) ^ j sn ( u a ) l-^sn(t4 + a) f l — £sn a sn(i& + ■£) *) 2 
l-^sn(w-a) l+Asn(tt + a) (1 + A sn asn(w + K)] 

37 (i) tn (u+a) 4- til (u - g) - 2 sn u cn ^ dn a 

cn 2 a - dn 2 asn 2 M* 


(li) tn(tt + a)-tn(«-a) = 


2 sn a cn a dn u 
cn 2 a - dn 2 a sn 2 w 


38 Verify the identity k 2 k' 2 S- k*C + D- 1‘> = 0, where S denotes 
the product of the four sn functions with arguments udtv, udtw, 
C denotes the product of the four cn functions and D the product of 
the four dn functions with the same arguments [M Trip II , 1914 ] 


39 Prove that the length of the curve of mteisection of two 
right circular cylinders, whose axes are at right angles and radii 

a, b (a <b) t is 8a d<f> y where k 2 ~a 2 /b 2 , and verify 


the result when a = b 


[St John’s, 1886 ] 


40 Prove that the relation 


Mdy dx 

{( l -y 2 )(i -Ay)}* {(i -%*)(! -k*x 2 )}*' 

where M is a constant, can be satisfied by an equation of the form 
yV= U ; m which U 9 V are integral polynomials 
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1 

i 


i 


41 Show that the envelope of 

y'(en u dn u + k sn 2 n) - x (dn u - k cn u) sn u = ak sn u 

18 kp+Q+ Tk x=0 ’ where pl + (^/=i. <3 ? +f|) l = 1 

[This is St Laurent’s result foi the caustic by refraction for 
parallel rays falling upon a circle See Heath’s Ophcb , Art 108 ] 

42 Show that the envelope of the straight line 

h' 2 x sn u + (cn u + h dn u) y = k sn w(dn u 4 - h cn u) 

[Cayley on Caustics, Ph Tr , 1856 ] 

43 A particle under the action of a central attraction 

i s L eHi* J 

moves from an apse at distance 1/(1 +e) with velocity \ffi(l +e)/e, 
show that the orbit described is l/r= 1+e cn 6 , mod 1 />/2 

[Tait and Steelf, Dyn of a Particle , p 393 ] 

44 Show that Euler’s Equations of motion of a body about a fixed 

j 

point under the action of no foices, viz A —1 - (E - C) w 2 c^ = 0, 

d(li J ^ * 

B W 3 W 1 = 0, C-^-(A-B)<D 1 (o 2 = 0 i are satisfied by 

« snA(tf-T), w 2 = ^cn \(t-T) f <i) 8 = cdn A(^-r), provided the six 
constants <z, b , c, A, r, k be suitably chosen 

[Kirchoff See Routh, Rig Dyn ] 
[For the treatment of these equations by aid of the Weierstrassian 
functions, the reader is referred to Greenhill, Ell F , Arts 104-114 ] 

45 Prove that 

-,.il.*gn(, f + i,jn- a *- t ( 1 +& )s l+fo 2 d-Jcsc c-xi 

1 +ks 2 cd + i (l+k)s c + ud d + iksc 

[M Trip , 1888 ] 

46 Prove that 


-ksn 2 (u + $tK') = 


E-ikS C-lS C-kD- ik' 2 S 


D-kC 


' 2 ' C + iS D + tkS* D-W -O^k&TWS' 

where S , C , D denote sn 2 n, cn 2 u, dn 2u respectively 

[M Trip , 1888 ] 

47 Prove that V & £-cn 2? “ = F lo g Sn u ' 



526 


CHAPTER XXXI 


48 Show how snrnw may be expressed in terms of sn u, where 
m is an integer , and if m be odd, prove that the numeiator of 
1 - sn mu when so expressed consists of a perfect square multiplied 

by the factor 1 - ( - 1 ) 1 (m " 1} sn u [Caylfy, E F , p 90 ] 

49 If & 2 = - to, where w is an imaginary cube root of unity, 
prove that 1 - sn (<o - a> 2 ) u __ 1 - sn n /I - w sn n\ 2 

1 + sn(w - <i) 2 )n 1 +stlm \1 + wsn uj 


50 Prove that 

\\-l c z cn 2 (^ + y)cn 2 (^-^) j? 

I dn 2 (u + v) dn 2 (u - v) l . , 1 -& 2 sn%sn 2 y 

^ 1 - A/ 2 sn 2 (M + v) sn 2 (u - v) J 1 - A 2 sn 2 u - £ 2 $n 2 tf + £ 2 sn 2 Msn 2 t> 

[Math Trip , 1878 ] 

51 Prove that 


cn -i 


i dn 


h* dn ^ u cn 


’ (1 - khn^u) (1 - & 2 sn 4 ^) (1 - 


52 Prove that 


■ £ 2 sn 4 -J-w) 

[Math Trip , 1878 J 


1 -snu _ 1 cn *\(u + K) dn 2 fr(m- iQ 
1 + sn u l' 2 sn 2 \ (u + K) 

[Math Trip , 1878 ] 

53 Show that if Z7= sn (u + a x ) sn (u +• a 2 ) sn (2 u + a x + a 2 ), then 
| Uclu = - _L log [1 _ ^sn 2 (w 4- a x ) sn 2 (?t + a 2 )] 


54 Show that 


Q 2 ( x + a) 0 2 (y + a)0(s + g/ - 2a) _ 1 - JL*sn a (A _ fl ) sn 2 (y _ a) 
0 2 (s-a)0 2 (y-a)0(? + ?y+ 2a) ^ 2 sn 2 (r + a) sn a (y + a) 


55 Show that 


[Glaishbr ] 


£ 


cn u - sn u dn u , 

? — du 

cnw+snu dnu 


\ !°g jVi 


+ &'sn 



56 Prove that m a spherical triangle ABC \ obtuse angled at C } 
we may replace cos a, cos J, cosc, cos^f, cos B, cos C respectively by 
cn m, cn v } cn ( u + v ), dn u, dn v , - dn (ic + v), and then 

cos 2 ^ = 1 - k 2 m 2 u sn 2 ^, 

where j? is the perpendicular arc from C on AB, and point out any 
other analogies between elliptic functions and spherical tngono- 
metry [Math Trip III , 1884 ] 
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57 Prove that 

fo ©(2«) = |^(l-^sn%), 

(n) Q(3w) = Q2(0) (1 -ft 2 sn 2 «8n 2 2?t) 

58 Prove that Z(u) = - gg* + cZ(cu, k') 

59 Solve completely the differential equations 


dhi 


dhi 


W +n 2 u + au 2 = 0 , (n) ^ + n 2 u + Pu A = 0 


Show that in case (i) u is of the form 


i=a-b 


1-cn 

JC 3 

l + cn-j.^-v) 


IT 

or u= - a - (a - b) tn 2 - r), 

or M=ccn 2 ^(<-r) - Jsn s y(i-T), 
and m case (n) 


with 


with 


[Math Trip , 1878 ] 
f b 2 = (a-m)* + n\ 

“-K’+t 2 ) 

K* 2 , 

Ti~3 ab ’ 

f (a + c) L 2 = b + c i 

- K 2 1 
^ = 6 a ( a + c )> 


w = acn^(*-T), with + = ^ = I/?( a 2 + & 2j 

[Sol S H Problems, 1878 ] 

60 Prove that if a uniform chain fixed at two points iotate m 
relative equilibrium with constant angular velocity about an axis 
in the same plane with the line joining the two points and free 
fiom the action of gravity, the form of the cuive assumed by the 

chain will be given by y = Z»snZ~, the axis of rotation being the 
axis of x [Greenhili, M Trtp , 1878 ] 

61 Differentiations being denoted by accents, show that 

on ff M sn dnj6 cn " n _j^ sn /; K dn"i& 

cn u sn u ’ dnw cnM 9 sn u dn u ~ 

62 If — + ~ o, obtain the relation between x and y 


s/l - x 4 VI -y 4 
m an integral form 


[Math Trip , 1876 ] 
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63 Transform the differential dxjj (1 - z 2 ) (1 - k 2 x 2 ) into a like 
expression having, instead of k , the modulus 2s/k/[l + k) 


64 Accents denoting differentiations, prove that 


M 

sn?/, 

sn'?/, 

sn"?/ 

r—l 

e* 

1 

II 

sn w, 

sn'?/, 

sn'"?/ 


cn ?/ , 

cn'?/, 

cn"w 


cn?/, 

cn'?/, 

cn"'?/ 


dn w, 

dn'?/, 

dn'?/ 


dn u , 

dn '?/, 

dn'"?/ 


65 Show that 




(i) 

S a , 

ss, 

s' 2 

= l' 2 scd , 


C 2 , 

cc\ 

c' 2 

[Mathews 


d*, 

dd\ 

d ' 2 

p 349 ] 


See Gbeemiill, E F , 


8&' 6 cn ?/ sn 6 - 
£ 

^1 - 7c 2 sn 4 ^ 

66 Show that for four arguments u u ?/ 2 , v lt v 2 , if differentiations 
of the elliptic functions with regard to their respective arguments 
be denoted by accents, 


dn 2u u 

dn 2u 2 , 

cn 2« 2 , 

cn 2 u x 

cn2i/ 1 , 

cn 2 m 2 , 

dn 2« 2 , 

dn 2 u x 

dn 2^, 

dn 2v v 

cn 2 d 2 , 

cn 2v l 

cn 2t; ll 

cn 2v v 

dn 2v it 

dn 2v x 


cn?/, 

cn ?/, 

cn u, 

cn u 

cn ?/, 

dn w, 

cn u, 

cn u 

cn?/, 

cn ?/, 

dn 7/, 

cn u 

cn?/, 

cn?/, 

cn?/, 

dn ?/ 


1 0£' 4 

“ UfUfVfVf l U i V 2 sn ' 2u i m ' 2v 2 ~ U 2 V i sn ' 2u 2 sn ' 2 *>i] 

x [ Z7i F 2 sn 2 u ± sn 2 v 2 - U 2 V l sn 2 ^ sn 2 t? 2 ], 

where ^ - U * _ V i 

1 -^sn 4 !^ 1-A; 2 8n 4 w 2 l-^sn 4 ^ l-& 2 sn 4 v 2 

67 Show that 

1, cn?/, dn u 

1, cnv, dn?; 

1, c nw, dn-w 

68 Prove that 

sn 2 ( u + ?;), sn (u + v) sn (u - v), sn 2 ( u - v) 
cn 2 (?/+?;), cn (?/ + «;) cn(?/- v), cn 2 (w-v) 
dn 2 ( u + a), dn (?/ + v) dn ( u - ?;), dn 2 (u - v) 


l-^sn 2 |sn 2 ^ 

= -OT^sa!!! 1 2 

2 2 1 - i 2 sn 4 | 


[Ox II P, 1914] 
" (1 


[Math Teip II , 1913 ] 


PROBLEMS 


529 


69 If m 2 + n 2 = 1 , prove that 


TT TT 

[T- 

Jo Jo (1 - 


cos 2 6 sin 2 <f> d6 d<f) 


(1 - m 2 sm 2 0)* (1 - 7i 2 sin 2 cj>y 


_ p p sm 2 6 cos 2 $ddd<\> 
Jo Jo (1 - m 2 sm 2 0^(1 -n 2 sm 


_ r p n 

Jo Jo n/1 - 


Jo Jo (1 -m 2 sm 2 0)*(l-7i 2 sm 2 </>) T 

70 If »- f f + - d 6J<f>, then £-0 

Jo Jo s/i -m 2 sm 2 0N/l -n 2 sm 2 <#> 

[V, 1891 ] 

71 P and Q aie points one on each of two circles m parallel 
planes with a common axis through the centres C , C f at right angles 
to the planes, CC' — b and the radii are A and a, PQ — i and the 
angle between the planes C'CP and CC'Q is c Evaluate the integral 

M the integrations extending round each circle, and 

throw the result into the foim 

M= iirjAa [ ( c - * i ~ c ^i]> 

where F 1 and E 1 are complete Elliptic Integrals 



CHAPTER XXXII 


i 

i 


r 


ELLIPTIC INTEGRALS (continued) 
WEIE RSTIIASSIAN FORMS 


THE 


1380 It was stated in Chaptei XT that the integration of 
C d jb 

j -Jq, where Q is a rational quaitic function of x , could be made 
to depend by a suitable homogiaphic substitution upon the 

rz flz 

mtegiation u=\ , - , wheie k is leal and <1, 

and the piopeities of z when expi eased as a function of u , as 
also those of \/l — z z and Jl— krz l t have been discussed in the 
last chaptei This is the Legendnan and Jacobian mode of 
pioceduie 

A moie modem method is due to Weierstrass In this 

f dx 

method the same mtegial, viz J-y=, 18 shown to be 
reducible by a suitable homographic ti ansf oi mation to the 

J “ dz 

■ — wheie I, J aie certain constants, 

viz functions of the coefficients of Q, and of the constants of 
the homogiaphic transfoi mation formulae The function w, 
regarded as dependent upon z , is considered as the inverse 
function, and z expiessed as a function of u as the direct 
function It is usual to write z=p(u) } or p(u, 7, J ) if it be 
desned to put into evidence the values of 7 and J $>(u) is 
called the Weierstrassian Function 

The letters g 2 , g % are veiy commonly used instead of 1 and 
«7, but as poweis of these letters occur veiy frequently there 
appeals to be less risk of error in practice if we use the 7, J 
notation 
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1381 The modes of reduction of the general integral 

to the respective Legend nan and Weierstrassian forms will 
be discussed at length m the next chapter For the present 
we shall be occupied with an examination of the nature and 
piopetties of the function %>(u) and the allied functions £(u) 
and cr(w), lespcctively defined by the equations 

t (“) = - Jp (m) du = ^ log O- (w) 

These are lespectively lef erred to as the Weierstrassian Zeta 
and Sigma functions 


1382 Preliminary Remarks 
The geneial bmaiy quartic 

Q s a 0 ^ 4 + 4 a&sy + 6a z x 2 y 2 +4< 
possesses two invariants tor a linear transformation 
£c=Z 1 X+m 1 Y } y=l 2 X J r m 2 Y, 
viz I — 4ciqrt 3 -j- 3a 2 2 , 

the quadiatic mvanant, or quadnnvaiiant, 

J s a 0 a 2 a 4 +2a 1 a 2 a 3 — a 0 a 3 2 — ct 2 3 

a 0 , a v a z I, the cubic invariant, or Gubin- 
as a 2> a * | variant 

Ug, a z , & 4 I 

If a transformation of this land has 1 educed the ongmal 
quaitic to the foim 

0 XM 4 X 3 Y+6 0X 2 Y 2 +4^XY 3 +a 4 T 4 > 

then foi this new form 

r=0 — 4 la</+3 0 2 =~ 4a/and J'= 0, 1, 0 = — « 4 ', 

1, 0, ci z 

0, a z , a/ 

and the foim has become 

Y (4X * — - I'X Y 2 — J' Y 3 ), 

oi if Y be unity, 4X 3 — IX— J, the accents being dropped as 
the meanings of 1 and J will be obvious 

1383 If e v e z e i be the loots of the equation 4^— Iz— J=0, 
so that 4zWz-<7 = 4(z-eJ(z-e 2 )(s-e 3 ), we shall lose no 
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geneiality in assuming for the piesent that e lt e 2> e i are all leal 
Foi it will be shown that if two of these quantities be 
complementary lmagmaries, say e 2 , e 3 , then a substitution of 
the foim C~~ 2 h~( z ~ e ^) ( z ~~ e s)/( z ~ e i) W1 11 reduce the integiation 
r dz 

v/4(2-e 1 )(«-e 2 )(2!-e3) 

to the similar form 


d£ 


wheie tj v »; 3 aie all real constants such that rj 2 + rj z =0 

(Art 1456) We therefore assume for the piesent that e v e 2 , 
e 3 are all real, e l +e 2 -l-e 3 =0 and e 1 > e 2 > e 3 W T e also have 

{=~{e 1 e i +e i e l +e 1 e 2 ) 


e?+e 2 2 +e* 

2 


e,-— i 


e <t e l — ®1®2> 


J 

^ e i e 2 e i 

1384 The Differential Coefficients of p(u) 

{ °° dz 

7 === ^ == is made definite at 

z v4z 3 — is— / 

the upper limit, the integrand vanishing when z is infinite 


Diffei entiatmg, -sl& -Iz-J, ie p'(u)= -\l±pP{u) -Ip {u)-J, 

i e p' 2 (u ) = 4 <§P(u) - Ip(u) - J Hen ce also 

p"(u) = &p 2 (u)—^I = 6z 2 - U, p'"(u) = 1 2 p(u)p' (u) = 1 2 zz\ 

p''(u) =12[p2(u) +p(i0p'(«t)]=12 [l(V» - 

F(“) =[36^(14) -18J]p'(»)=(360^- IS/)/, etc , 

whence it appears that the successive differential coefficients 
of p(u) with regard to u are alternately mational and 
rational functions of p(n) 


1 385 Periodicity of p ( u) 

It has already been seen that the function w defined by 
w 2 =l/4i(z—e 1 )(z~-e 2 )( < z — e 3 ) is a two-branched function having 
branch-points at z=e l , z=e z , z=e 3 , and at 0=00 (Art 1295), 
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and that in consequence I . == .. t bas tlnee 

n Ji V4(«-e 1 )(2-fi 2 )(z-e 3 ) 

penods 2 2 co 2 , 2 <a 3 , where 

<o, = [ wdz, t 0 2 =f wdz, £ 0 ,= ) wdz, 

J ei ^ 


dz 


these periods being not independent but connected by a 
lineai relation, viz co 2 +*tf 3=0 0 * ^ ie thiee we shall 

consider 2 ^ and 2 o> s to be the independent penods 

We have also shown that if u 0 be any definite value of the 

poo 

integral wdz, say that obtained by integrating along any 

J Z 

straight-line path extending from z to oo, which does not pass 
through any of the points z=e v z=e 2 , z—e^ then all other 
values are comprised m the system, 


m— 2Ao) l +2 / ift)j-t-M 0 > j. where \ X, M ' are mtegeis 

u— 2 \ , w 1 + 2 ju / c 0 3 + 2 ft> 1 — u Q J 

In consequence we have p(2mco 1 ^2nw i dzu)==^(u) } where 
m, n are integers, an equation which expresses the double 
periodicity of the function And this is equivalent to the 
statement that the most general solution of the equation 
p( u )=p( tt 0 ) is u=2m(o 1 +2na> i ±n Qy m, n being integers 
Further, it follows that 

p' (2ma) 1 +2no) 3 +u)=p' ( u ), p' ( 2 mto 1 -f- 2 wo) 3 —u)= — <p (w), 

<p" (2m(a 1 +2nco 2 ±u)—jp' / ( u ), 

p' / X2m<ti 1 +2nw s +u)==p // '(u), fp''XZm(0 1 +2na i —u)==--p "{u), 

and so on 

And m the special cases when m=n=Q, we get 
p (—u)=p (u), p' {—u)= — p' ( u ), 
p"(_ w )=p"(*). etc 


1386 These lesults aie obvious fiom anothei eonsideiation , vi7 if we 
consider (4 z'-lz-jy* as expanded m a convergent senes of negative 

powers of z, that expansion will begin with the term — j+ Integiat- 

1 | 

mg between z and oo, we have u=— + , and squanng, u?=-+ ,and 

theiefore by leversion of senes z=s ~ji+ ey en powers of u,te 
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even function of u [This expansion will he found earned out in Ait 
1416] 

Thus p'(u\ p"(u), are alternately odd and even functions of 

w, whence p{-u)=-@(u), <p\-u)= - p'(u), p"(-u)=$)"(u\ etc , as stated 
Fuithei, since these senes foi $(u) } all stait with a 

negative power of u, it will be cleai that £>(0), £>'(0), #>"(0), aie all 
infinite, and the oideis of these infinities aie lespectively those of 

~ :» ^ 3 > > so that, foi instance, 


Lt u - 


yW-Tt 


§1 
' 2 \ 


1387 The Addition Formula tor the Function 

Consider the solution of the Eulenan Equation 
for the case when 

X=4 x*-Ix-J, Y—fy*—Iy—J 

f oo |*j0 7 

«=J *« a=p(u,), Z/=S>(«) Then 

I—' 77 *•+*— (£+$)-» 


Thus, one form of the integral is u-\-v=C ) a constant 
We can obtain another foim of the integral as follows 
Introduce another vanable t such that 
dx __ dy __ dt 

7x~ 

and let x+y—P 


( 1 ) 


Then 

dP _ dt 

dP 


JX-JY 

JX-JY x—y’ ie 

dt 


x-y 

Differentiating with regard to t. 




d 2 P 

1 r 1 dX-JX 

1 

dY 

vTi 

dt*~' 

^-yL2jXdvx-y 2 JY 

dy 

x-yj 


JX->/Y r-JX JY i 
{x-y) 2 [_x—y x—y\ 


.-s/y r-s/x. 

2/) 2 L x-y 

1 ri (dx dY\ X-Yl 
—yf\2\dx^dy) x—y J 
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Now 
dX . dY 

' dy 

d 2 P 2(x 2 —2xy J t-y 2 ) 
W~ ( x^yf 


< S + ^ =12 ^ + ^- 21 ’ and fz ^-=H«?+xy+y*)-l , 


0 0 dP d*P_. dP 
' 2 ‘ 4e 2 dt dfi _4 dt ’ 


% e 


(§)W+C'> o. P-Kf)-C., 


where (7 is a constant , (2) 

Now this equation having been obtained on the supposition 
dx dy 

that — 7 ^= 0 , le that u+v— a constant C, it appeals that 

\/X. sJY 

C' is a constant, provided that C is a constant, %e O' is a 
function of C, say <f>(C) We thus have the equation 




and we have to identify the form of the function <p 
Now __ _ 

r_a, +! ,=e(»)+f>«. *»d 

= [$>’* (u) - 2p' (u) p'(v) + p' 2 (v)-i(x+y)(x- y) 2 ]/i [x-yf 


=iy j ( M )+ 2p'(«)v4y*— Iy— J— ly— J— W 

+ 4a 2 ?/ + 4ay 2 ]/4 (sc — 2 /) 2 
Now let v diminish indefinitely Then p(v) or y becomes 


infinitely great, and we have <p(u)—Lt ^-==x=p(u), and the 

form of <j> is now identified as that of the Weieistiassian 
function p 


Hence 


p4(f;_ P( „ + , ) 


Thatis 

which, as it expresses p(u+v) in terms of p(u), p(v) and then 
differential coefficients, forms the addition foimula foi this 
function 
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1388 Symmetrical Form 

Taking a third function w, such that u+v+iv= 0, then 
p( u +v)=$>(—w)=p{w) 

Therefore we have the symmetrical form 

g>(M)+g>W+g , H=j [ p p ^I^ff] 8 

_ i r y'W-p'W f = i r p'H-p'H i* 
4Lp(v)— p(w) J IlpH — p(m) J’ 


by symmetry, and theiefore 

£ (m) - p' («) = p' (v) - ¥ H _ P' H - p' («) 

P(m)-P(«) p(u)-pH p(«>)— p(w) ’ 

whence 

p{u) [p'Cw)— p'(w)]+P(«) [p'H~P'H]+PH [p'(w)— p'(d)]=0, 


and we have the symmetucal relation 

1, p{u), p» 

1. p(»). p’(v) 

1, pH. p'H 



1389 Various Results derived 
In the formula 

p(u+n)+p(u)+p(i»)^ [^g~^ff ] 2 

change the sign of v Then, remembering that #>(— v)—jp(v) 
and p'(— v)=— p'Cu) (Art 1^85), we have 

f( „_„ )+f( „ )+pW =>[^±mj, 

whence 

p(w+v)+p(w— ■u)+2p(U')4-2p(r)= 2 {p(u)-p(i)jT 2 ’ I 

p(«+e)-F(«-®) P(v)P ' 

1390 Take a function of x, y, viz F{x, y), such that 
F(x, y)^2xy{x+y)-I^^-J, 

F{x, x)=4sx?—Ix—J =p' 2 H, 

-F(y, y)=ky*—ly—J=p'\v) 


so that 
and 
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Then 


. . . . , „ 1 4 o 5®— Ix— J+ iy s — ly— J g/ T _i v \ 

p(u+v)+p(u-v)= g Jx-yf *\ x +y> 


={ 2 xy(x+v)-lI(x+y)-J)l(x-yY^F(x, y^x-y) 1 , 

p'juw'M 


whence 

also p(M-t>)-p(w 

. , . 1 J{p(«), pM-p'Mp'fo) 
p(«+«)-2 { F (w)_ «>(«)}- 

1391 In the formula 

1 ro'M—p'Ml 2 

p(M+v)+P(«)+P(«)= 4 Lp( M )_ s ,(^) J > 

let v approach to ultimate coincidence with u Then 


^p(2w)+2^(w) — ^ Lt v _+ U 


■p 


P'(m)— p'W~ ) 2 _ 1 1 P '( u ) ] 
p(u)-p(v) 


or 


4. 4p 3 (u)—Ip(u)—J 


n 2 = l (tl L 
J 4\p'(M)/ 

^il^ l0gPW } 2 ’ 


1 ^Q9 TTatipp 

,, v i f6p 2 (u)—ji} 2 2 M= (£!M±Mi!±j£gM , 

P( 2m )— 4 4pS(u) — Ip(u)—J V(«)— Ip( u )-J 

which is a rational function of p('w) 

1393 Moreover 

<Z 2 ! 'I \- d p'» p w Mp , (“)-p ,, *(«) 

p /2 (u) 

= [12p' 2 («) p (m) — 4p' 2 (m) { p (2 m) 2p (m) }]/p' 2 (w) = 4p («) — 4p(2«) , 

1 

p(2w)=p(u)- ^ j^logp'(w) 

1394 Another f oi m is „ > „ T . , , T „ 

- 4/P 2 («) - 3JP(«) - t^T 2 
p(2«) - P(u) = 1 4^(«)-2p(«)-"7 


„ w . v 3lP 2 W+9J’p(n)+y 2 
4 ^( 2 “) 4 {p (it) - ej {f (») - e 4 > {£> (it) - ej> 
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wliei e A — ( ile ^ + +■ 1 1 1 )! A («i — e 2 ) ( e i ~ e a) 

=[-3(e,e a - e, 2 ) ej 2 + 9ei 2 e„e s + (e 2 e„ - - e») - e 3 ) 

= [(«2 e s - e i) (Wi ~ 4®i 2 ) + 9e 1 2 e 2 e 3 ]/(e 1 - ej) (ei — e») 

= (e 2 c, +■ 2e 1 2 ) 2 /(e s e» + 2ei 2 ) = e 8 e 9 + 2ei 2 = (ex - e,)^ - e,) , 


4p(2a)-p(u) = 


(g i — e g )( e i — e ») , («8- e a)( e i~ e i) . ( c »~ e i )(«*-*») 
p(m)-e l p(u)-e 2 P(“)-®s 


1395 


Put t’=2« in the formula 


p(D + u) + ff>(u-u) 


{p(u) — p(u)} 2 


Then p(3w)+p(«)= 


P{p(2u), p(m)} 

{p(2 M)-p(w)} 2 ’ 


so 


that p(3m) can be 


expressed rationally in teims of jo(m) 


1396 Now put v=nu Then 

p(n+i)M+p(w— 1 )m 


F{p{nu), %>(u)} 
(p(wm)-P(m)} 2 ’ 


which expresses p(n+l)u in terms of p(wm), p(w-1)m and 
p(«) in rational foim, whence p(n+l)u is a rational function 
of p(u) Thus it appears that p(2u), p(3 u), p(4 u), etc, can all 
be expressed as rational algebraic functions of p{u) But the 
expiessions for these successive forms rapidly increase in 
complexity 


1397 Again, using the formula 

, \ p'('y) p'{u) 

p{v+u)-p(v-u)=- 

and putting v=2u, 3 u, etc , 

n , M p(2u)p'{u) 

p(3u)-p(u)--, (2u) _ ■— 


,a \ ,o g!(g^)£M 

jo (4 m) - p (2 m)- {p(3 M )_ p ( tt )} 2> 

v %>' (nu)$>'(u) 

p(n+l)«-p(»-l)«= {p(nu)-p(u )}*’ 

from which p(3u), p(4w), may be successively calculated, 
and it is noticeable that 

P'(2m) p'(m), p\3u)p'(u), p\4u) p'(w)> 

are all rational algebraic functions of p (u) 
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1398 General Value of p ( nn ) — p (it) Schwarz 

We shall show latei that the general form of p(ww) is given 


by the foimula 


p(nu)-p(u)-- 


'kn-l 'K+l 

w ’ 


wlieie \fr n is expressed in terms of Sigma Functions 
Schwaiz has shown that 


M 2 du* l0g ^ n ’ 


where A n ^ det ® 1 * 

mmant 

p», P"M. P"»> ?"“"(*) 

p», p"'(t»), rw, r'M 

pi—'i(«), p"') («), p'“ +l) (“X p 1 -"-’^) 

The method of establishing this result is pointed out by 
Greenhill {EF, p 300, etc), but the proof lies outside the 
scope of the present account 

For immediate purposes we may establish a diffeiente 
equation which will suffice to give us the values of the 
function p(mt)— p(u) in teims of p(w) foi low values of n, 
such as n= 3, 4, 5, 6, etc , which is all that we shall lequne 


1399 A Difference Equation 
From the formula 

p(v+u)+p(v—u)={‘Zxy{x+y)—\I(x+y)— J }!( x —y)' i ’ 
where x = p (w) , y— p(r), we have, by putting 

v—nu and p(nw) — p(w ) = , 

_ 2 x(x+fin) 

^n+l+ "n-1 R* 

(4x 3 — l x— J) + (6x a — \I)Rn+^Et? _ 2 x 

= TQ 


i e 


^{p^{u)+B n p"(u)}jR n -, 

j, _PlM,P>)_B n x 
Bn+1_ B„ 2 + 


Putting x ^p» = 6^-)/, X 3 S p»=4v 3 -A-^ 

v. = 3a« - U* 2 - 3 Ji-&P= >p(*) P' 2 (“) " IP ' M 
‘ =i{p»P"»-r ,2 (“)h 


(I) 
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wheie the suffixes of % denote the degree in x m each case, the difference 
equation is R n+l + R n ^i = * * — * , with the starting equations i*i=0, 

R 2 = whence J? 3 = XliX^XiXi) = _Xl Xo ) SA y, wheie Xo = X 2 X 4 ~ Xs 2 
Xs X* X* 

The suffix notation will suffice until the case of R s , when a second 

factor of degree 12 occui s aftei X 12 heen used We may denote this 
second factor by <j> 12 


1400 Other forms of the diffeience equation may he convenient, and 
may be used, now we have found f2 3 , foi we may eliminate X 2 or Xs> 01 
both of them 
Since 


R n +lR n -\- R n R n -1 — X2 "h d,n ^ Rn+2 Rn+l + R»+ 1 R* — X2 + * 


we have 

Rn+ 2 -Rn+l - Rn Rn- 1 ~ “ X^ J? n + 1 )’ 


% e 

p _Rn— 1 n X3 / ^ j; ^ 

iJ» +1 Un 

(id 

or again, 

(12 n+2 + i?„) Rl+i — (i?„+i + -R»-i) Rn — X 2(^+1 — -®») 

an) 


From either of these equations 01 by another application of (I), 2t 4 can 
be found , after which we may elnmnite both X 2 an ^ Xs> an( ^ ^ orm an 
equation connecting the R’a of any five consecutive suffixes, viz 


■Rn+l (Rn Rn-\- 2)) Rn+1 » 1 

■Rn 2 {R-n—l + Rn+l\ Rni 1 

RU(Rn-* + Rn\ K- 1, 1 


= 0, 


whence 


. ft-r 


in 


, 1 “ Rn)(Ri i-l — Rn+l)(Rn—l ~ Rn+ 2 ) _ n 

+ *C ’ 

* which a factor has been mseited for symmetiy 
Now, putting n= 2 in (XI), we may readily show that 

fl4=- XsXe*’ Where Xl2SX!|2x6-X43 ’ 
n=3 in (IV), we similarly get 

- = where <#>, 2 = Xi 2 -Xe 2 . 

Xl2 


putting 


R[>— “2 > TT *-‘ ViV ^12 — A12 AO » 

, Xl2 

and putting n= 4, 

Rs = - > wllere = X 3 2 Xo <t >12 - Xli 

and so on 

From the seveial connecting equations, 

X«=XsX*-X 3 S . Xl!=Xs 2 X«-X» 3 > </>12=Xl2-Xo S 

$24 = Xs 2 Xa £12 “ Xi2 2 ) etc » 



541 


WEIERSTRASSIAN FUNCTIONS 


" eoan l6ddll y express Xo. Xi 2 > <t> is, etc, in teiros of the ongmal q, lan . 
titles x>, Xsi Xu 80 that the successive values of p(nu) -&(u) may lie 
obtained in terms of i Collecting the results, vie have 

j»(2it) -p( M )=-& p(3u) -*,(„)= _Xl_X6 ; p(4l4) _g, M= _X4Xu 

A1 *4 Xs Xe 2 ’ 

p(5w)-p(u)=- &&&*■< , p (6u) _p (u)= 4 et0i 

^ 12 X3 X4 Yh2 Z 

and the noUtion shows the natute of the factorisation of the several 
numeratois and denominators 
If we change the notation, and write 

Xt='PA X4=^3) Xs Xli = Y r 6) ^>12= V^s/v^2 V^3> <#>24=^7, 

etc, with ^ = 1, 'vv e get 

p(Zu)-p(u)=-M-\ p(iu)-p(u)=-M.\ 
p{iv)-p(u)= p{$u)-p(u)= -M», 

etc 

1401 Factorisation of t/t 3 , etc 

If we consider the solution of p(2u)=p(u), we may infer 
the factorisation of x 4 > ^ e \js 3 
The equation gives 2u=2ma) 1 +2na) s ±:u Therefore 

2m 2n _ 

u= ~^~ ^1 + "3" w 3 or 2mce? 1 +272c*) 3 


The puncipal solutions are 


2co t 

*T’ 


2w^ 

TP 


2a)j 

3 + 3 ’ 


2mj 

T 


2«3 

3 ’ 


and any other solutions, such for instance as 
3 ' 3 ’ 3*3’’ 


are merely such that when added to one or other of the four 
principal solutions we obtain a complete period Hence the 
factors of y 4 are 

and since X4 =3p‘(u)— $lp\u)— 3/j»(m)— we have various 
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rebults fiom the consideiation of vanous symmeti ical functions 
of the roots of the quaitic y 4 =0 , foi instance 

K*?) K ! f) K^') 

and uraiLu 1 emits will follow fiom a consideiation of the equations 
p(iu)=p(u), p(4i/)=p(i,), etc 

1403 Let ^= 4 ( > - «! ! =p(u), i/ = p(v), z = p(«) Then 

yy-e 1 s](z-e,){z-e i )-*Jz- e 1 < J(y -£,)(?/ — eJ)] J 

= (3/ - «i) (- 2 + CtZ + e/ 3 ) + (z - ej (,y J + + e fii ) - ] 
=v z {y+^)-\i(y+z)-\j-e l (y-zy-y(f vS iQ z 

= {P(®)-p(w)} 2 {S»(«+«-)-e 1 V That is 
>/pT«+Sj^{)»(.) - ?(*)) = ^ s/ (2 — e2)(; _ ej )_ N /,— V(,— 
with two similar equations 

1403 It will be noted that p(v+w)-e u p(«> + «)- e £>(«+„)_<. aie 
peifect squaies 


1404 In the same way 

Mv-iti-e&to-fHv)) V(J3 ej ) (z _ e8 ) +s /— I 

with two smnlai equations 


1405 If 2 £uj, 2o> 2 , 2^ be the thiee penods, then 

"i-® 2 +“ 3=0 and PM=e v p(co 2 )=e 2 , p(u, 3 )= ei , 

and since e L +e 2 +e 3 =0 t we have £>K)+pM+p(w 3 )=0 
Also 


p(2M)-p( ft>1 )= 

where 


p 4 (it)+ }V(m)+2Jp(m)+ t v7 z 
S=' 2 («) 


e i 


. <3 

y» 


, say, 


Q= j 9‘(M)-4e l p3(a)+i7p 2 (a)+(2J r +e 1 I)p(M)+( 1 vl 2 +e 1 /) 
Then this quartic function Q %.s a 'perfect square For the 
solutions of p(2u)=p( Wl ) aie given by 2M=2Ao l +2 / ia )s ±a) 1 
That is «=an odd multiple of Jaq+a multiple of ® 3 

^ ow ~2 S' 16 the only 'independent solutions, 

for any others are merely such that, with one or other of 
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these, they make a complete penod Therefoie the only 
different factors of Q are the two 

*>(«)-£> (I 3 ) and 

which must theiefore be lepeated It is theiefoie indicated 
that 

P (2 w) - p (co ,) = [f («) - p (I 1 )]' [p ( U ) - p (|l + <03) J I q'Hu) , 

no coefficient being lequued, because m p(2 u) the coefficient 
of $\u) is to be 1/p 2 {u) y which is so 
The actual factorisation is gi\en in the next article, which 
will show that the repetition could not be such that one 
factoi is repeated thrice 

1406 Since 

1= -4(e A -e,2), 2J+e 1 I=4e l (e,e a +e l 2 ) , ***+€, /=(«,€, + «,*)», 
F(2n)-«i 

= [F 4 (i0-4e 1 F 3 (it)-2(e A -e 1 - ! )F 2 (!/) + 4e 1 (e 2 e3+e 1 2 )F(«)+(a,e3 + e 1 i y]/F' 2 («) 

= [F-(«) - 2«,p(w) - (6,63 + 

= [{»»(«) -eiH-(e a e J +2« 1 -’)i 2 /F» ) 
which shows the actual factorisation of $ 

1407 The values of F^^j) +<o 3 ^ aie therefoie 

e 1 ±s/e J ea + 2e 1 2 , 1 e e x ± V^ 2 - \I, 

and since F lies between e L and 00 we take the positive sign for F^-^- 1 ^ 
[See Ait 1410] 

1408 We have also the 1 elation s 

j0 (2 l ) +P (l ! + “ J ) = 2ei = 2p(wi) ' KlO S»(| l + o>3)=5-2^K) 

with othei lesults Foi instance 

VFfairj-T^ - [f(«)-f(~)] [f(«)-p(^+c», )]/$/(«), 
wheie the negative sign is chosen, because when u is very small 

*><2“)=^, PM-i &'W=-§ 3 

1409 Putting z=e t , e l 01 % m 

P f *(u) = 4p 3 ^) - Ip(u) - J = 4 (4 - t x ) (z - e 2 ) (z - e a ), 
p , (a> 1 )=^(o) J )=p'(<o 3 )=0 
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Then + I 

U l> lK ° 4 W-W)' 

= {4Z 3 - h - J - 4(z+ 2e,)(z— e,) 2 }/4(z - e,) 2 
= {(12Cj 2 - 1), - (J + 8e, >)}/4(z - e,) 2 , 

and l 2 «i 2 --2 r =4(e l -e J )(e 1 -e 3 X J r + 8e 1 3 =4e I (e,-e. ! )(e 1 -e 1 ) 

Hence P(«+e» 0 - P(«i) = («i -O Oh -«.)/(* -«i)> (1) 

te {K»+<« 1 )-p(<o I )}<p(«)-p( < o 1 )} = {j»( < o 1 )-p(<« i )}{p(<» 1 )-p(< Uj )}, (2) 
with two similar iesults by a cyclical change of suffixes 

1410 We may therefoie write the lesult of Ait 1394 as 

4%>(2u) = p(u)+p(u + «> I )+p(u+< 1 > 2 ) + p(u + <*,) [M Tup, 1888] (3) 

Othei identities may be established Thus, since 

P (u +u l ) = e 1 + i ei ~ e * )(e '~ e ''\ 

z-e L 

we have P'( M +o>i) = j ~ V (“), 

If m (1) we put - Jaij, 

and )“ e i = ± ^( e i- e i)( e i- e z) (See Ait 1407) 

Now 2o) x = 2 - j====j== j and is real , aud as 3 mci eases from e x to oo , 

u decreases from Wj to 0 and passes the value t*) 1 /2 m the interval 
Hence the value of 2 conesponding to that is lies between 

e i and 00, and is therefore > e x Hence we take the positive sign, and | 

= e i+'/(V- «j) («1 - e j) 

Also, since p\u) = - we have | 

"(s’)” ”V4 { V(e, - e 2 )(ei - e,)} {e x -e 2 + \/(e,- e 2 ) (e, - e,)} {c, - e 3 + V(e, - e 2 )(e, - e,)} 

= -2< J(e x - e^)(e x - e 8 )[\/ e x - e 2 4- *Je x - e 8 ] 

1411 It may also be shown that J 

^("2* ) = “ v/ ( c i ~ c j) ( e 2 “ c s)> ^(|- 2 )= e 2- t ^/(e! — c 2 ) (e 2 — p 3 ), 

P ( <f)“ " ^ ^( e i ” c 3 )( e j _ ^3) lV e i -63 + >/c 2 — e J, I 

^ ^'2~^ == ^ N A e i c 2 ) ( e a) e i “ € i+ in/® 2 ~ e <j] I 
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1412 Again 

Theicfore * { 3 ’ 

p'(u)f{u+w 1 ) P'(m+(„ 2 )J5'(m4-w 3 ) = 16 (e i - - e,)-^ - e,y, 

ud g"( w ) ! £>" (a +(■>,) p^u+w£ g>" («+<■>,) 

^ (w) ^(^4-^j) £p'(u + w 2 ) + ^(tt+<t) 3 ) 


1413 Also ^ < (^)^ / 7 M ' +(0 i\ = 7 ?i( 6 2 -?b) /- c \2 e \ W1 ^ 

V (»+«>i) (^-e J )(e J -e 1 )(e 1 -e 2 ) (2 e ‘ } ( " e ‘)> Wlth 

two similar results 

addmg +}=-,= - p ( u ), 

whence £Qt+<o,) , P’fo+Ws) g>Q + a>„) 

^ (w) #>' (w + Wl ) @(u + 0) 2 ) + #?' (w +- o> 3 ) 

1414 Weierstrassian Periods in Terms of Legendrian 
We have now to examine the relationship between the 

Legendnan and Weicistiassian systems Taking e v e 2 , e 3 as 
the loots of ±z*—Iz—J=0, and supposing them all real and 
e i > e 2 > e a> the peuod 2 Wl is defined as 

of — .... 

J«ic/ 4 ( 2 -c 1 )( 0 -e 2 )(z-e 8 )’ 
and is a ?eaZ period (z > e 1 > e 2 > e 3 ) 

Let 2 — e 1 =(e 1 — e 8 ) cot 2 0 and P=SC^3, 
which is positive and <1 

Then z — e 2 = e x — r 2 + (e x — e 3 ) co t 2 0 = ^ — e 3 ) cosec 2 0 — (e 2 — e 3 ) 
= (< 3 !— e s )(l — & 2 sin 2 0 )/sm 2 0 , 

and 2 ;— — e 3 )/sm 2 0 , also dz=— 2 (e 1 — e 3 ) cosec 2 0 cot 0 cZ 0 
Again 0 =e x gives 0 = 7 t /2 and 0=00 gives 0=0, 

2 ^ _2 1 P 2 (e x — e 3 ) cosec 2 0 cot 0 sm 2 0 d6 
^•*0 (e 1 — 63 )^ cot 0 \/l — i 2 sm 2 0 

_ _ _2 P (10 _ 2K 

\Z^i — 63 J 0 n/ 1 — A ; 2 sin 2 0 Je 1 ~e z 
Again (0 leal, and passing below 2 =e 1} see Art 1335), 


2 - e x =(ci-e 3 )cot 2 0 and P=Sl-A 


h«/4(*-e 1 )(2— e 2 )(2-e s ) 


=«}: 


/4(2-e 1 )(2-c 2 )(2-e a ) ’ 


2 (w a -«» 1 )= 7P , ,, dZ .. . (e 1 >2>e a >« 

4 J « *y(e 2 - 2 ) ( 2 - e 2 ) (2 - eg) 
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Let z=e 1 008*0+ e 2 sin 2 0 

Then e 1 -2=(e 1 -e 2 )sin ! 2 0, z-e 2 =(e 1 -e 2 )eos 2 0, 
and ^-e s =(e 1 -e s )(l-k' 2 8in 2 9), 

wheie ^2 == giHg2_ 1 _ e 2~~ g s _i t 2 

e — e a ^ __ - 1 ’ 


6,-00 


A ' bein S P asitlve and < 1 Also dz-- 2( ei -e 2 ) am 0 cos 0 dQ 

Again z=e 2 gives 9=—, z=e 1 gives 0=0, 

-J= f- — ^ - 2g ' 

* v 0 !— e 3 J 0 \/l— £' 2 sm 2 0 e 3 

Finally 2 cd 3 = 2 [ — dz 

J «W 4 ( 2 — e x ) ( 2 — e 2 ) (2 _ e g ) 

-2fr+n-_i_ 

JeJ J4i{z— 0 2 )(z— e 3 ) ? 


2( "'“"- )-2 tsyiK 


. . -2)(e 2 -z)(2-e 3 ) 

Let z=e 2 sin 2 0+e 3 eos 2 0, 

e 1 -z=e l -e 2 sm*9~e i (l-& m *9)=(e 1 -e !l )(l-.. 

e 2 -z=(e 2 -e 3 ) cos 2 0, 2-e 3 =(e 2 -e 3 ) sm 2 0, 

<&=2(e 2 — e 3 ) sin 0 cos 0 d9 , 


z ~ e a g^es 0=0, z=e 2 gives 0=1, 

2 


2(w 3 — <b 2 )=- 2 _ r — 

1 V 0 X — 0g j 0 \/ 1 — 


dfl 

& 2 sm 2 ^ 


Hence o> l =— u _ 


2 K 

Je l —e i 

-iK' 


K _K~iK 

and <o 1 — to 2 -+ ft) s =0, as it should he 

1415 Connection between the Jacobian and Weier- 
strassian Elliptic Functions 
In general, taking 

,, = f° dz ... 

J * V412-e a )(2-e 2 )(z-e 3 ) ^ >e *> e s) 


Put 2— e 1 +(e 1 — e 3 ) cot 2 0, and we have 

If 8 <20 , „ 

^JoVl=Fi^’ wbere k 2 =^— e ° 
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Then d = am Je x — e 3 «, 

=e 1 + (e- e s ) cot^=e 3 +|^=e 2 +^ (l - ^ sm‘fl) , 
/ \ . [ v cWe,— 


sn z ve t — e 3 w 

=^+K-^) snVe |_ e - u , 

which may also be wntten as 

nn 2 ,/c — 7,,- e i~ e < cn 2., / f c P( M )~ e i 
sn V«! e 3 w- , , cn ve x e 3 w , \ • 


(A) 


(B) 


dnaJTrTtt- ^"^ 

1 ’ p(«)— eg’ 

which show the connection between the Jacobian and Weiei- 
stiassian systems 


1416 Expansion of 

dz 


Taking u— J* 


in Powers of u 


=., and z>e 1 >e 2 >e 3 , we have 


•J 4s 3 — Iz — J 1 

u- J°°-^ £l - + dz, and a convergent expansion, 

r. r 1 , 7 1 , 1 i , 1 3 /» , 1 

-J. # 2 v- + J 


1 . A , 1 1 , ./ 1 , 1 i i i , 

- 2 i +0+ 2 4 5 2 4 7 ,* + 2 4* 9 2 | 

We have to leverae this senes, and expand s in poweis of ' 
we notice that u J is a lational function of z, via 

“ 2= i +0+ r i\ + ril + 


Squai mg, 


Then 


2_ «2 + 0 + 20 mV + 28 iiV + 

=. 1 ,+o+ 4« 2 +^« 4 + 


__ ___ w , to the first three terms 

20 28 

As z is obviously an even function of u, we may conclude that the 
expansion is of the form 

>=h +0+ T0 u * + ’ 

where A 0 ,A 8 , remain to be found As the woik of reversion of senes 
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Equations (A) and (B) give the expansions of the Zeta and Sigma 
functions 

The constants of integiation are m both cases taken zeio That is, 
f(w) and log ^ ate taken as vanishing with u 


1419 We note that both g(u) and o-{u) are odd functions of 
u, and that in consequence f(— -w)= —£(u), <t(—u) =—<t(u) 

Also that f(0)=oo , ^'(0)= -o , f"(0)=oo , etc , 

<r(0)=0, <r'( 0)=1, <r"(0) = 0, <r"'(0)=0, <r iv ( 0) = 0, 

cr v (0) = — JJ, etc, 

and for small values of u, c r(u)=u 

1420 Addition Formula for the Zeta Function 
Integrating the equation 

with respect to v, C( u ~' v )+C( u + v )= ^^Jj + 0 > 

and putting v =0, p (v) = , 2 g(u)=C , 

««-•)+?(«+•)- 2^( W )=^' ( ^ 

Also £(u) being an odd function, ^(u—v)= — £(v—u) 

Hence, mteichanging u and v in equation (1), 

g>) 


-£{u-v)+£{u-\ v)-2£(v) 
Hence adding, 


p(u)-p(v) 


( 1 ) 

( 2 ) 

(*) 


= {p(u+v)+p(u)+p(v)} i , 

or wilting u-{-v=—w and remembeimg that 
p(— w)=<p(w), £(—w) = — £{w), 

f(«)+f(«H £(w)+‘Jp(u)+p(v)+p(w)=0, 

wlieie «+u+w=0 [See Greenlnll, E F , p 205] 
Changing the sign of v m (3), 


550 


CHAPTER XXXII 


1421 By differentiating (3) and (4) with regard to u , 

<Lh u+V )-<Lh u \ = ± £ p»-g>» 

du s(u+ V) du f W 2 du P(u)-P ( v ) 


and 

whence 


le- 


<p{U) <p{u «)- 2 

1422 Addition Fobmula fob the Sigma Function 

Integrating £(«-«)+£ («+t>)-2f («)=— rr-, with 
gard to r w y'V ; 

log o* (w — v) + log cr ( u + v) — 2 log <7 ( m) = log { %> (u) — %> (v ) } + 0 , 

and since, when u is indefinitely small, 

ar(u)=u and 

u ■ 

!og <r(— e)+log <r(v) =!<»-» o logw 2 1 A — p (u)j+C=C , 
whence 

Putting v—nu, we have 

1423 If we integrate with regard to v instead of "with 
regard to u, we have 

— log <r (m — u) + log <7 (m+ «) — 2vg («) = f* 7 -£-M 7 dv, 

whence log e - *»f («*) ^( M + p ) __ f* P ( w ) a,, /o\ 

<r(u—v) JoP(m)— p(v) ' 
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M2* Sturt in# with 


CO* 'OUOM*) 3ftt») --- ; r ' 


*>» 


iukI mtf g i.itm g with regard to u, 


£(«) “!?(»)’ 


l«Krr(r u) , l.. g<r ( u ( ,.) 2i»f (»)-—£ 


*»» ,/„ 
o *>(«) *>(») 


whence luge •*s(i')' r p 1 I M | f 
* <r(** «) Jo 

H2. r i Since $ j(m), we have 

«r(u c)(t(m | it) <1* <P . . . 

,'(«) «-»(!•) </«>’« 

1 *2f! In tht* r»‘Hult 

-« -*<»>• 

iimkt* i' njtjirtmeh indefinitely dowdy to w Tlu*n 

rr(2u) . V(0 f(») r, &>'(«’) _ 

“*** *(M r) ’ >tt <t'(m it) 

Fur or (U) l (\rt Ml!*) Hence 

» (2«) tr«(M)t/(«) (~I) l <r / ’(M)i*'(«) 

Hit; lMlfii-iitmtiiiK t»(i’») *■>(*») )^l | >Kl J '(«)i w« liavi! 

/(«) J t,,( ’ 

dn|J 

S"V V n, (w) 

f atitiK fh** *uuu«* rquatton, #/ 

*<{»*> t <00 K* 

uml taking w m4**tlmt*lv mmll, n\** hav« m tho limit 

»■». '/ 

1 I . I , /. , * . * Hi. * 
a Ju « i a ■*«’ 


o , 


*«*•>♦<(•> l $3 


(4) 


(3) 


* h«*u<*«* 

A# uti 1 lo^<r(2K) | lotf </ (u) \ O' } 00» 

juiit (Itmmuhtn^ u Hid* liiutoh, 

}!..««« *>'••«« l 1 **k( l) i 1"K « ! ln K “ l lo K< ’) ’ 

<!' !*.«( 1), 

*■•« ,} .'<• «<8#> ir'OiHAu), w< found Itofoic 

*<rO*w) *y*(uv 
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1 428 Putting n= 2 in the formula 

we havre ^{iu)l\l) =<P{u) ~ 9(iu) = 3 W lo S p ' (u > - 

V ; rwi W^J 0 J w (i 1 2 ty | F'», ?>'"(“) 

1429 To find o-(4tt), we have 

o-(4m)= -o*( 2u)p'(2#)= ~[a*(u) 

= -o^(ii) ff>' 4 («)P'(2«), 

and by aid of these lesults we might pioceed to find <r(5u), <r(Qu), etc 

1430 Corresponding to Euler’s Theoiem, 

cos 9 cos 2$ cos 2 2 9 cos 2 n “ l 0= sin 2 n 0/2 n sm 0, 

weW $^£ r -fPX :*“»), 


(r(2 n u) 


?{Vu) <r(2u). 

<r 4 (2«) ?50' 


wh6nce = -r(2 n_1 tt) p' 4 (2 n - 2 it) p'« 8 (2"-%) 


1431 Wilting for SfiQ, we have 
(c Tu) n 


^n-i^n+l - g'^- 1 )^ <r(n+l)tt /(crw) n ^2_o-(w-l)l£o-(w.+ l)M 

V^n 2 (o^)*”- 1 ) “ o^(nu) (r 2 (u) 

=>P(u)-p(m), 

9 (»*) ~ <p (u) = - ^«rL^n±i 
i'n 

e value of f n (u) found by Schvar? has been shown in Ait 1398, 
expiessed in terms of diffeiential coefficients of p(u) 

Supposing the functions B n to haie been found in terms of plu) as 

explained m Ait 1399, etc, can also be expiessed in the same mannei 
Jbor 


= _ D tn-l lpu-3 p 

''“I » 7/2 = --tin. 




(<t -2) (n- 1 ) 

= (_1) 2 El.i R-r'Rr 1 , 

and & = '== -p», & = 1 , whence (»>2) 

^7. , , .U»-i)(tl-l) 


X ^2h =s ^n M- 




_ » n ri to 
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war*, 

{cr(u)} n 

1432 General Porm of the Differential Coefficients of p(v) with 
regard to u 

Writing P, P v P 2 , etc, for p(u), p'(u), p"(u), etc, foi short, 
we have P 1 2 =4P 3 — IP— J, 

P 2 =CP 2 -K, P s =12PP 1 , 

P 4 =12P 1 2 +12PP 2 

=aP s -t-&P+c, say, P 5 =(3aP 2 +Z>)P 1 , 

P 9 =6aPP 1 2 +(3aP 2 +6)P 2 

=a 1 P 4 +6 1 P 2 +c 1 P+c/ 1 , say, P 7 =(4a 1 P»+26 1 P+c 1 )P 1 , 

P 8 = (12a 1 P 2 +25 1 ) P x 2 + (4a 1 P 3 +2f) 1 P+ c x ) P 2 
=a 2 P 6 +6 2 P 3 +c 2 P 2 +cf 2 P+e 2 . say, 

P 9 = (5a 2 P 4 + 36 2 P 2 +2 c 2 P+ d 2 ) P v 
etc , 

whence it appears 

that P 2 , P 4 , P 6 , are all lational functions of P 
and that P a , P 6 , P 7 , contain an irrational factor P l 

If we suppose these equations solved to express the various 
powers of P in terms of P, P x , P 2 , > we have 

P 2 =+(P 2 + II), -P 3 =s (P 4 -6 P-c), 

P*=^{P 6 -^ 1 (P 2 +iI)-c 1 P-<}, 

“l 

ps=I(p 8 -- 2 (P 4 -W j -c)-^(P 2 +’ 2 I)-^-P-«2}, etc , 
a 2 1 8 a D ; 

whence it appeals that any positive integral power of P 
can be expiessed linearly in terms of P and its differential 
coefficients, and that the general result will he of the foim 

P»= AP 2b _ 2 +PP 2 „- 8 + GP in - 8 + +KP.+LP+M, 

in which no differential coefficient of an odd order occurs, and 
the coefficients aie all functions of I and J not involving the 
vanable and readily calculable in the early cases 
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1433 Integration of Rational Integral Algebraic Functions of 
p(ti) with regard to u 

It follows from the last article that 

fp n du~AP 2 „_ 3 + BP 2n _ 7 + CP 2n _ 9 + 

+ KP 1 (w) -f Mu + a const , 

in which the Zeta function appears fiom the integration of 
the teim LP 

Any rational integral algebraic function of p (u) and p'(u) > 
%e of P and P v can now be integrated For if it be 
separated into two paits, the first containing all the even 
powers of p f (u) and the second all the odd powers, then 
aftei substitution of 4P 3 — IP — J for P^ f we have a result of 
the form ^»(P)+^(P)P 1 , 0 and x being rational integral 
algebraic functions of P And when <f> (P) has been expressed 
as explained above as a linear function of P and its differential 
coefficients, each term is directly mtegrable And if x(-P) be 
expressed in powers of P each term of x (P) Pi 18 directly 
mtegrable, for |P r P 1 dw=P r + 1 /(r+l) 

d / \ 

Moreover, since P r P 1 =^- J, which is of form 

^(AP 2r + +M)=AP 2r+1 + , 

it appears that P r P 1 can be expressed as a linear function 
of P and its diffeiential coefficients, and that the same is true 
of x(P)Pi, X being rational and integral Thus, whatever 
rational algebiaic functions of P, <p and x niay be, the integral 
pait of <j>(P)-{-x(P)Pi 18 expressible in the form 

A-\-A 0 P-^A l P 1 -{-A 2 P 2 A’ > 

and is mtegrable with respect to u and expressible m the form 
G +Au+A^{u)+A 1 p{u)+A 1 p\u)+A z p / \u)^ r 

1414 Thus, for example, to integrate {p(u)+p'{u)Y with 
legard to u , we have 

(P+P 1 ) 2 =P 2 +P 1 2 +2PP 1 =4P 3 +P 2 -ZP-J+2PP 1 

= T^ l r(P4+18/P+12J)+i(P 2 +iZ)-7P-J+2PP 1 

\{^{^)+^(u)} z du^O+(^I—iJ)u+^I^(u) 

+W(u)+bp'Xv)+-hp'"{u) 
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1435 If we differentiate equation (1) of Art 1420 with 
regard to u, 


g'(u—v) + £'{u+v ) — 2 £'{u ) = 


P» 




~p(u)-p(v) b(«)-f>(v)] 2 ’ 
and an intei change of u and v , or a differentiation of (2) of 
the same article with regard to v, gives 

a further diffeientiation with regaid to v gives 

-n«-®)+n«+«)-an») 

_ P w (o) 2p'»(t>) 

p(«)— p(«) [p( m )— pWP IpW-pW’ 

etc 

Thus we can form fractions containing p(v)] 2 , 

e tc, in the denominators with no functions 
of u m the numerators, and this will presently be found 
useful (Art 1443) , and since — p(u), we have 

= f(M-®)-f(M+«) + 2f(0), 






[p(«)— p(w)] ; 


p(«)-p(u) 

3p»p"b) 


etc 


"[?(«)— p («)]*’ 


Integiating with regard to m, 

&'(v)[ , ; = log cr (u — v)— log o- (w + 11 ) + 2uf (v ) + const , 

* W jp(«)-P(«) 

ap '* w f[?(SF?W?“ _ ’’ l “ _ *’ H ' K “ + '’ ) ' 2 “'’ W 
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Each such integral is theiefoie expressible by means of 
those which have preceded it, the first being completely 
integrated So that all such functions as 

__ 1 _1 1 etc 

p(u)—a [>(«)— a]*’ \jp{u)—a] r 

are mtegrable and expressible m terms of p, f or o* functions 
In the case where p(v)=e 1 , e 2 or e 3 , we have v=o) 19 o > 2 or w 3 
and p'(v)=0 

We now have from the second result, 

J p ( ^!_ e = - £ (u - a>) - £(u+ to) - 2eu, 

with coriespondmg suffixes for e and co, replacing the fifst 
integration above, and so on foi the othei cases 
And p"(a> 1 )=6e 1 2 -il=2e 2 e 3 +4e 1 2 , etc 


1436 As a particular case, if we put p(v)=0, v is a constant 
defined by v=f — ■ = And 

* Jo 

p'*(v)=ip\v)-Ip(v)-J=-J } p"(v)=6p 2 (v)-]l=-ll, 

p'"( v )=12p( v )p>)=0, ^civ)(^) = _ 12e /, etc 9 


whence the successive mtegials , f — U 

may be at once expiessed J P( u ) J P*( u ) 


du 

p*(u) 


^C 


1437 The integration of the function - 7 -= (a=f=e , , e 9 01 e>) 

may now be effected a 

Let a~p{v\ which defines v as a ceitain constant, viz 

_ r dz 

V = J« Jl z'-Iz-r and = - Then 

* _ 1 r p'( u ) +&'[» ) p'(u)—p'(v) 1 

p(u)-a 2p'(v)l p(u)-p(v) p(u)-p(v) J 

=p/^[f(“-«)-f(M+«)+2f(v)] (01 by Ait 1435), 
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whence 


du _ 1 
p(u)—a~@ r (v) 


[log <r(u—v ) — 1 og o’ (w + 1 >) + («)] + const 


1 


loge2UfW ^+7) +con9t 


1438 Art 1435 shows that we also have 

{ du 

[-^ t )“ a p=-p(«-®)+P(M+®)-2Mp , («) 

W p " ( 4 Jfpfa? 1 

and so on 

1439 Integrals of form f f - du, f ■ clu are of 

J p{u)—a J {V{u)-a) n 

course directly integrable as 

log[p(«)-a] and g^ZSp 

1440 Integrals of form f ^ du, where F is a rational 

J 1?(u)-a 

integral algebraic function, can be integrated by expressing 
F in a series of form 

Ap n (u) + Bp 11 - 1 (u) + + Kp (u) + L, 

and then dividing by p(u) — a, thus reducing the integrand 
to the form 

A'p*- 1 (u) + B'p n ~* («) + + g '+ p (^_ g> 

and each of the terms of form \p r {u) may be treated as m 
Art 1433, whilst the integration of the last teim is effected 
above 


1441 Integrals of form 


f jTgW] du 

J |>(?e)— a][p\u)— 6] b(w)— Jc] 

follow the ordinary rules of Partial Fractions in the first 
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place with an integration of the several terms of the form 
2\$> r (u ) + 2 a which accrue, following the rules described 

above 


1442 Ex Thus 




where u x —\ 

Ja 


( v ° 2 

- c\~J *(a-b)(a- 


— W e 2u ^> r j u-ji) 


c) p( u )-a 


~(a-6)(a-c)p'( Wl ) AU S" <r 
cLz 

^====, u 2 = etc, w 3 =etc, and 
-*J4a s -Ia-J, etc 


1443 General Summing Up Completion of the Method 
We can now consider the general case of the integration 
of a function of foim ( A+BjQ)/(C+DjQ) y where A, B , C, D 
are rational algebraic functions of x and Q is a rational 
integral algebraic function of a; of degree 3 or 4, thus extend- 
ing the result of Art 318 By exactly the same process as 
in Art 318, the function may be thrown into the form 
TJ M 1 , __ _ 

where U , V , M, N are rational integral algebraic 

functions of x The transformation x=a 0 + may be 

applied to both parts, or to the second part only, for I -ydx 

is directly mtegrable m terms of x by the rules of the first 
seven chapters But for the sake of unifoimity in the result, 
let us suppose the same transformation is applied to both 
parts Then, having determined jx and jj so as to reduce 

-y= to the Weierstrassian form — — = let us put as m 

Art 1432, %>(u)=P } <p\u)=P v etc, where u is ^(z) Then 
TJjV and M/N , which are functions of a, take the forms U'/V' 
and M jN f respectively, where U', V', M\ N' aie lational integral 
algebraic functions of P, oi what is the same thing, z , and 

I ( r + w da!= J r[( i=^f\ dz+ \ w % 

= \y' P T. du +\^rd u > 
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where U*/V replaces and U\ V" aie rational 

integral algebiaic functions of z, %e of p(u) 01 P, and M\ N' 
are also rational integral algebraic functions of P 
Now U" IV" and M'jN' can both be expressed partly as an 
algebraic series of powers of P and paitly as a series of Partial 
Fractions 
Suppose 


F"— SXPr+2 (P_/3)» 




w 




and ^=2X^+2^-^, 


and 


which are the most general forms 

n» f T>rT> J P’ +1 f P^du 1 1 

Then J P P x du- f+ j , J ( P _py~ s _ i (P-py-i> 

I p du r u" 

p — log (P — /3), so that all the terms of J y F/ P 1 du can be 

integrated m terms of P, ^ e of p(u) 

Also ^P^du has been shown in Art 1432 capable of integra- 
tion, and the method to be followed has been there described 
Finally, the integration of terms of the form Jp~ -jg? or 
J (P — k 8,8 been discussed in Art 1435 The total result 

is therefore expiessible by aid of the Weierstrassian function 
$>(u) and its associated Zeta and Sigma functions, and the 
addition formula foi each has been established 

This therefore completes the theory of the integration of the 
most general algebraic function of nature (A-\-BjQ)l(C-{-DsJQ) i 
where Q is of degree 3 or 4, the cases of Q being of degree 1 or 
2 having been completed in Art 318 


1444? Illustrative Example 
Consider the integration 

i7-r - * 

J* (z-lWz-S 


Let z=p(u, 0, —4), te 


(z-l)*(z-2)V4(zM-l) 

dz 


(2<z<oo) 


n/4(z»+1) 

two constants defined by js(a)=2, p(/3)=l 


= —du, and let a, ft be 
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Thenp 2 (a)=36, g»' 2 (/3)=8, p"( a )=6 2 2 =24 , p%8)=6 l s =6, 


and we have 




5—1)^} 




0-2 0-1 ( 0 - 1) 4 

Hence, by Art 1437, 

U=u+ 8 iloge 2 “«*)2fcii)_4 J i oge 2«f(»?fc|| 

6 ° <r(«+n) v/cS S cr(w+|8) 

and 0 is to be determined so that 17=0 if u=0 Simplifying, 

U=u+- log L* fog 
A 6 er(w+a) 8 n/2 


<r(u+/3) 


+£ (2f(w)- 


P'(«) 


-1 


-2 u 


}+^ > 


and when u is diminished indefinitely, 


4 1 Q 

= 3 l0g(_1) ~8^ l0g(_1)+C 


i-i 


+0 


Theiefoie subtracting, 


V=lu +- log log 

4 3 <r(a+M) 8«/2 s o-(/3+«) 


^(/3-m) 


+J«*>+8iffip 


where «=P -1 (», 0, — 4), a=p- 1 (2), /3=g>- 1 (1) 

1445 For further development of this part of the Theory of Elliptic 
Functions, the leader must be leferied to some book expiessly dealiug 
with this section of the subject, such as Piofessoi Sir Geoige Gieenhill’s 
treatise, wheie he will find a large number of \eiy elegant applications of 
their use to the problems of higher Applied Mathematics, and a much 
more extensive account of them than space admits here 
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1 Reduce the integial 


^ 2 n/4 (x 


PROBLEMS 


ch 


2 s/l(x - 2)(v- 3)(2i - 5)(3t -5) 


(2 < ^ < 2 5) 


to the AVeierstrassian foim, by putting ^=2 + - Show that the 
moduli of the mtegi al are 2/J 5 and 1 /J&, and that u = pr l { \/(z - 2) } 


Show also that u— - dii -1 

s/6 


JJL mod 
V 3r - 5 J5 


f“ il 

2 In the integral u = l , , show that if 

8 J 2 >/ 4 *>- 2 Cte -28 

? > e l > e 2 > e 3 , 

(i) Sa(u)= ) p + n 2 + M 4 + gW«+ , 

("> f (»)=^-§« s - g « 5 - 2 V 7 - . 


(ill) 


H2 “-r 


12 

dr 


V(4Wm + 4)(2^-3 j+l) 

a=y/(y-*>) 


, show by putting 


that the integial is reduced to Weieistrassian form 
also that 

u 


Piove 


H - 80 )-575 d ' r ’(4fei' VD 

4 Show that 

32ff> / »£>'(2w) = 64^(u) - m<p A (y) - mJp\u) 

- 20/ : y(«) - 16/Jp(tt) + (I 3 - 32J 2 ) 
dz 


Also show that 
factoi 


if 2 m = J 


« - 22-1 


, p'(2u) contains p(u) as a 


dz 


z. i the roots of the 


5 Show that foi the integral 2m = J j - — 

equation p\2u) - 0 ai o given by p (u) = a (n/3 ±1), aw ( s /3 ±1), 
aw 2 (V3± 1), where to is one of the unreal cube roots of unity 

^3 4m*^ 

Show also that ga(2it) - p (w) = — f z ^ and that 
p""(v) = 24{5j3 s (w) - 2a 3 } 
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n Tr > f dz , , 1 , f2- 2fls/2 cos 15 ^ 

6 If 2u = I . ■ — show that w = ■ ■ 4 7 ^ =cn ~ 1 1 ^ — l 

J z sjz z - a 6 24/ Sa 2 \# + cos 15 j 

Mod sin 1 5° 

7 For any Weieibtrassian Integral, show that 

M it /«¥'(«) ~6\ 0 fu 3 {(u)-u] 

(1) M.- 0 1 tt2p(u) _ ! J - 2 » (“) "“-0 1 <r(u)_« / = 4 

8 If m = 84, -80), show that the values of and 

/a., \ \ 2 / 

^ + “sj aie 4 ± 3v/3, and that 

p'(u)\/p2ir^ 4 +p 2 (ti) - 8p(it) -11=0 
Show also that 

$»'(»+«• j)= -27p'(«)/{p(«)-4} 2 ,i 
p'(«+u> 2 )= l^'(n)/{ja(«) - l} 2 ,] 

P'(“ + “>»)=- 54p'(«)/{p(w) + 5} 8 . 
r® dec 

9 If w= I — — — —5, transform the integral by the 

substitution f = and show that 

y=s»{|v/K-« 2 ) («,-«,), o, 

10 Prove the relations, 

(l) <j*(u) <r(v + w)<r(v-w) + cr\v) <r(w + u)<r(w-u) 

-\-cr 2 (w)(r(u-hi)cr(u — v) — 0 

(u) p(u)<r 2 (u)<r (v + w)<r(v- w) + p(v)<j 2 (v) a (w + u)cr(w-n) 

+ p(w)<r 3 (u) cr(u + v)<r(u — v) = Q 

(Ul) p*(u)ar*(u)o-(v + w)<T(v-w)+p 2 (t)<r 2 (v)<r(w + u)o-(w-u) 

+ f> 2 («,')o- 2 (?c)cr(u + v)<r(u-v) 
= <r ! W4)4){p(») - p(«)} {p(«) - p(«)}{p(«) - p(«)} 
(lv) <r(« + w)cr(® - w)<r(tt + a:)<r(M-a') 

+ o- (w + s) tr (w - m) (T (® + a) <r (v - x) 

+ <t(u + v)<t(u- v)<r(w + x)<t(w - X) = 0 

[Gbbbnhill, ^ f , p 208 ] 

(v) ^(u)o*(v + w)<T*(v-w)+<^('v)<r*(w + u)o*(ii)- v) 

+ <r*(w) <r*(u + v) - v) 
= 3o» <r*(v) a- 8 (w) <r(v+w)<r(v-w)<r(w + u) <r’(w - u)<t(u + v)<t(u-v) 

11 If u=p~\z, I, J), find the values of 

jrw*. pU, J 'W-J . 
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12 Find the values of 

\wr 1 ^ 5 ’ 

13 Prove that 

2 (pu -e)(<pv- pw) 2 [p (v + to) - e]\@ (v - w) - e]^ = 0, 
wheie the sign of summation refers to any three aiguments u , v , u\ 
and e is any one of the usual quantities e v e 2J e 3 

[Math Trip , 1896 ] 

14 Prove that 

8p'(u)p'(2u) = - 3 Ip(u) - 18J- 

15 Prove that 

J$>(2u)~- e Y + \/p(2u) - e 2 + J%)(2u) - e* = { 1 2 ^(u) - I}/4p'(u) 

16 Show that 

4 jp (2u)p'(v) da = + log (fit - e^ipu - e^pu - e 3 )**, 

where ^ ( e i e 2 )( e x — e s)» a 2 ==e ^ c > a 8 = etc 

17 If </> (a, v) = r*W>, show that 

(i) 4>(u> v)<f>(n, -b)=p(m) -fW, 

(n) <#>K w T ) = <£("> - = sl<@(v) - 

18 Putting - < T x (n ), etc , etc , show that 

c t ( 2 m ) = 2a- (ft) <T] (w) o- 2 (ti) ot 8 (m) 

[Gr*enhiiu, ^/’,p 208 ] 


19 If the function 4>(u, v) he defined by the equation 
show that (i) 4> (w» ^) <#> K -v)**p («) - j 


(u) |^=f(tt+«)-f(w) -£(»), 

(m) IH=%»(«)+P(®) 

Hence give the general solution of the following case of Lamp’s 
Equation, viz 1 

y Ti P P( M )“hp( y ) [Grebnthili , j&F, p 210] 
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20 Prove the results 
(1) ■ 2 p ' ( “ + ' ,) +f> -•> 

1 ' (p(u) -p(„)}J *={p(»)-p(«)}p(«- *' 

-{p'(®)+p'(«) } 

2] Obtain fiom the definition of the function g>(u) 
(a) p(u + i>) -(-p(w) + p(v)=m 2 , (l>) p(u) - p(/s 

where 2 (p'(n) - p'(»)}/{g>(«) - p(v)> [Mat,,. 

22 Prove that 

Lw-c _ %Tv[ v+fM+ ^) (w 

2.3 Prove that o\(2?/) +cr jll (2tt) = 2<r x 2 (w)<r fl 2 (M), whtM 
two of the integers 1, 2, 3 [Ma.t 

24 If ^ (?&) =$(u 4 <o) +-p[v) - e, v = e' — e'' > provt* 

^ e-e' e-e" 

§('u)±2e %>(u)-e' g>(u)-e"~ 
and O'OO] 2 “ 4 fcw - E } ) (Sm - £ 2 ) (§ u -JEJ 9 

where E 1 , i? 2 , i? 3 are respectively 6 ± (0e° - o-2)i an d — 

[Math r 

25 Show that the function {p(if)-ej}4 is n, 
function of u, and obtain its penods and its addition 

t* l * [MAm ' 


26 If u 


■i: 


■ { (sin <f> - sin a) ( I - sin /? sm <f>) } i’ verlf ^ 
expressible as a single-valued function of u m the forxi 

where ^ 8in ^ “ 8111 tt )/( 81n + 1 ) = £ ( 1 — sin a) sm 2 (pit) 

f - J (1 - sm a sm fi) t k* - £ (I - sm a) (1 + sm fi)/(l — 

[Math rj 

27 State the pi operties of the elliptic function p(it) 
that theie is a single-valued function a(u), such that <zP 
and m(u) = 1 when i/ = 0 

Defining similarly i(u) = {g>(«) — e 2 }*, c(u)= {p(u) - r a 


a(n+v) = %) ~ « (f) f>( M ) cjn) 

a 2 (v)-a 2 (u ) 


[Math *X 
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28 With the notation ot the last question, show that if 

da(u) 


a'(u) - ■ 


du 


( I ) a(u + (i >)a(ii) = a'(u)= 

( II ) 2 a(u) b(u) c(u)a( 2 u) =a, 4 (u) , 


('ll) “ («)}*« = log [iW & (“) + '•(“)}] 

[Math Trip XI , 1916 ] 

29 Pro\e that 

(i) p(i") + P(J“ + “') = 2 «i > 

O') P(4<“)-P(i" + < U ') = 2 {K -f 2)(«l -e 3)} i > 

(in) p'(i") = -2{(6 l -e 2 )(e 1 -e s )} 4 {( l! i-«2) i + («i- e 3) i } 

[Math Trip II , 1913 ] 

30 Prove the formulae 

n cnacnj 3- cn (a + B) dn a dn ft - dn (a + /3) 

sn a sn B = m = / > i ~ V o\ » 

r dn (a + p) L- cn (a + p) 

and hence verify Cayley’s theoi em, that if a + /3 + y + 8 = 0, then 
k' 2 - l 2 L' 2 sn a sn ft sn y sn 8 4- k 2 cn a cn ft cn y cn 8 

- dn a dn dn y dn 8 = 0 

Prove independently that with Weiers trass’ notation the addition 
theorem may be expressed in the form 

(e 2 - e s ) OTjCi oq/? (r x y + (e 3 - e{) cr 2 a <r 2 fi cr 2 y + (e l - e 2 )<r d a crjl <r 3 y = 0, 
wheie a + /3 + y = 0 ; and show that the equnalent of Cayley’s 
Theorem is 

(e 2 - 6 d ) CTj a cr^ cr x y cr jS f- (fi 3 - e j) <r 2 a o" 2 /3 OYX cr 2 ^ + ( e i “ ^ 2 ) <jr d a<r aP cr $V °"s^ 

+ («j - e s) («* - («i - e i ) 0,(1 °* s = °> 

where a + /? + y-h8 = 0 [Maih Trip II , 1890] 


3 1 Show that = £ {p # ( M ) ^ ## M ' P” 2 (^)} 

^ ^ J [Maih Trip II, 1889 ] 

Show fui ther that this 1 esult when expressed as a function of <p{v) is 

df(u)- Wi u )~ 3 *W- Je 

32 Evaluate ( 1 ) \{p(u) -y(v)} 2 clu , ( 11 ) j {p(«) 

[Math Trip II , 1889 ] 

33 If one straight line cut the cubic cuive y' 2 = av s + bz + c in 
(x lt y,), (x v y s ), (s 8 , yg), and a consecutive straight line cut the 
cuive in (rj + diCj, y x + di/ x ), etc , prove that 

dx x /y x + chjy, + dxjy 3 = 0 [Math Trip 1 , 1914 ] 
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34 If a vanable straight line cut the cubic y 8 = ax* + + cx + d 

at the points (x x , y x ), (x 2) y 2 ), {x z> y^ and a contiguous straight line 
cut the curve m (x l + dx } , Vl + dy x ), etc , prove that 

( I ) VxV^fz = Mt&Vs + & (^s + ^3^1 + Vs) + C («i -I- Z 2 + a; 3 ) + d , 

(II) dxjy x 2 4- dxjy 2 2 4- rfo, 3 / y 3 2 = 0 [Grp enhill, E F , p 170 ] 

35 Show that [p K -u)- e x ] [pu - e x ] = (e x - e 2 ) - e 3 ) 

36 If w=J^ + + express cc as a single-valued 

function of u r ,, 

[Math Trip II , 1919 ] 

37 Prove that where l, m, n are the 

numbers 1, 2, 3, taken in some order [Math Twp n _ 1913 ] 

3SMDeyelop „ p™, « 

s/1-* 2 are single-valued functions of u Explain clearly what 
conditions the path of integration must satisfy and how you fix the 
value of the integrand at every point of the path 
Express a; as a single-valued function of u when 

-r— £ 

Jo V(1 - 21) (1 + 1*) [Maim Trip II , 1916 ] 

39 If 2^ and 2o> 3 be a pair of primitive periods of the elliptic 
functions, . 

(i) Show that Jfca). IK|hfWl‘ 

p(«) IpM-pK) . 

p(?)-pK) a 

= , then 

p(f)-pK) 

?(?*“■) „ d - 
<?) p W+2p (| i) 

Hence show how to express the coordinates of a point on the 
quin tic y=x(x<-i) as elliptic functions of a single parameter 

40 Show that CWalDE ’ Proc L M S “ > 1892 1 

-®(3«) - 3 E{u) = r ' 8Wg3d8 

I - 6F? + 4 (k* + l 4 ) 6® - 3^ 4 6 8 

[Math Trip II , 1913 ] 


( 11 ) If 3 =. 


2,2= 
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ELLIPTIC FUNCTIONS (Continued) REDUCTION 
TO STANDARD FORMS 


1446 

Taking the geneial integral 


Preliminary Considerations 

C X P dx 


. where P is any lational 

J vv 


algebraic function of x, and Q the quaitic function 
a 0 x* + 4a 1 o 3 + ba 2 x 2 + ba z x + a 4 , 

we now proceed to show how it may be i educed either to the 
Legendnan toim or to the Weieistiassian form, as may be 
desired 


1447 We shall assume that the several coefficients occurring, 
viz a 0 , a 1} a 2 , a 3 , a 4 , are all real constants 

The roots of a biquadratic 0=0 with real coefficients must 
be either (1) all real, (2) two leal, two imaginary, or (3) all 
imaginary 

The loots of a cubic equation with real coefficients must be 
either (1) all real, or (2) one real, two imaginary 

Furthei imaginary roots occur “ in pairs/’ and are conjugate, 
le of form ccdbi/3, where a, f3 are real and 1 

Hence when a o =^0, Q must factorise, at the least, into two 
zeal quadratic factors, and it may furthei lactonse into two 
linear factois and one irreducible quadratic factor, or into 
four linear factois, the coefficients of such factois being all 
real 

And when a 0 =0, Q must factorise, at the least, into one 
real linear factor and one irreducible quadiatic factor, or it 
may be into three leal linear factors 
Foi the present we shall consider a 0 =j= 0 

567 
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1448 The Invariants 

Now when any bmaiy quaitic 

Q =a 0 z 4 + 4 y + 6 'i z xh/ 2 + 4a 3 xy 3 + a^=(a Q , a lf a 2 ,a v a t ) ( r , y) 4 
is subjected to a lineai transfoimation 

a ;=Z 1 Z+m 1 7, ^=7 2 Jf+w 2 Y, 


so that the modulus of the tiansfonnation being 


A= 


Q takes the foim 


h> Mi 

I 2 > m 2 


=^m 2 — 7 2 w l3 


Q'= ao ^ 4 +4a 1 / Z^Y+6<Z 2 Y 2 +4a/XY J +a 1 T 4 

=K'> <, a 2 ', a/, a 4 ')(J, Y) 4 , 

the quadrm vauant 7= a 0 a 4 — 4^^+ 3a 2 2 is ol oidei 2 and 

weight 4 , 

the cubmvanant J =a 0 a 2 a i +2a l a 2 a i ~a 0 a i 2 ~a 4i a l 2 --a 2 * is 

ot oidei 3 and weight 6, 

and if 7', J' be the same functions ot the new coefficients in 
Q\ we have 7'=A 4 7, J'— A 6 J, so that 7' 3 /«7' 2 =7 3 /«7 2 , and tins 
is an absolute invariant, being independent of the letters of 
the transformation foimulae 

Now amongst the foui letteis l lf w x , l 2) m 2 , tlieie aie three 
latios at our choice, and sufficient, if they can be detei mined, 
to make either a( and a 3 ' both vanish, oi a 0 ' and a/ both 
vanish, and in eithei case we shall have a third choice 
between the three ratios still available for any other purpose 
of simplification which we may desue The choice making 
and a 6 ' vanish is the Legendiian plan of attacking the 
pioblem of i eduction The choice making a 0 ' and a 2 ' vanish 
is the Weierstiassian method The lattei is the moie modern 
and the simpler We shall theiefoie considei it first 


1449 Reduction to the Weierstrassian Form 
If a 0 '=a 2 =0, the invariants become 
7'=-4a 1 'a/, 

Q becomes Y (Acl^X*- 1 —, ZY 2 — — 7»), 
and a/ still remains at our disposal 
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We could make it unity by a piopei final choice amongst 
the transformation letteia For the moment we reserve the 
choice In any case we have seen that it is possible to trans- 
form Q to the form 

V=KY(4JP-g t XY*- gi Y*) 9 

where K, g 2 , g i aie eeitain constants winch are functions of 
a 0) Ct>2 > > k> ^ 1 j ^ 2 > ^2 


1450 Now let 

f(x) ^ a 0 x 4 + 4 a x x * + 6 a 2 x 2 + 4 a 3 x + a 4 , 
and let the roots oi/(a?)=0 be a 0 , a 15 a 2 , a 3 , so that 
f(x) =a 0 (%- a 0 ) {x - cq) (a- a 2 ) (x- a s ) 

From what ptecedes it appears that by a proper choice 
amongst the letteis l x , m 15 Z 2 , m 2 , in the homographic sub- 
stitution x=(l l z+m l )l(l 2 z+m 2 ), f(x) maybe reduced to a form 
m which the term in z 4 is absent in the numerator 


Now 


.. .. _(h~a (> l 2 )z+(m 1 ~a 0 m 2 ) 

X Ufl — 


0 I 2 H m i 

and if we make our first choice amongst the three disposable ratios 
l x m x l 2 m 2 to be l x —a 0 l 2 , we shall have 

h 

~"* 2 


m- T ^\ _ a/ ; 2 


e x=a n 


X a ° i 2 Z-f-»l 2 J 2 «+»l 2 ’ - ■ z—r,- 

and the two quantities fx, rj are still at our disposal 
We now have 


say. 



H _a o-«i( , 

- M ), 

& cq — cio oqH 

r „ „ l 46 'll 

2— i) Z — r] \ 

a 0 — oq/ 

cr~a 2 — 

— a 0 —a 2 / , 

M \ 

* ( z r n 

&—rj \ 

a 0 — a 2 / 

a 

1 

£ 

II 


h M \ 

— ~ 1 15 ^ 

z — >7 \ 

a 0 — a s / 


and 

f(r,\ — n - («Q— a l)(“0~ a 2)(«Q— Pi) 

JW-W (*_,)« 


x(z— >H — - — ) (z— i?H — — )(z— »H — - — ) 

V 7 a 0 — <*]/ \ a 0 — a 2 /\ a,— a 3 / 
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shall anan p ^afc the teim in z i m this mimerator 

shali be absent, we shall make the choice oj a relation between „ 
a^ndjuL, viz that 

3 *j=m ( — 1 L. l_\ 

a 0 «i «0“«2 a 0 — a*/ 

disposal ^ ^ Ckme am ° ng9fc fche coa stants at our 
Moreover, since dx=~ /x dz/(z-rf, we have 


dx 


dz 


N ^ a °^’ ( a o «i) (a 0 - a 2 ) (a 0 — aj 


X 


->!+—*— )(z->l+— £-) 

v a o <*i'\ a 0 —a 3 /\ a 3 / 

s m.om make our final choice amongst the disposable trans- 
formation constants, such that 

f/,= i a o(.ao - a 1 )(a 0 —u 2 )(a 0 ~a 3 ) 
hen, since f(x)=a 0 (x— a 0 )(x— a 1 )(x~ a 2 )(x— a s ), we have 

«o ^ ^ ~ ( x ~ a zk (* _ a i) 4- tei ms containing (x— a 0 ) , 

whence 

(a ° ')=(“« -«i)(« 0 -a 2 )(a 0 -a 3 )=^, / u=i/(a 0 ) 

Again, 

2^ r 1 [X) ={X ~ a ») (® “ «,) (a- « 2 )+ (x-a 0 ) (*- a s ) 


whence 
1 


a 2 )+ (a:— aJCct-a,) 
+ (® — “2) fa - «») j 


2a/'( a »)-(«o-a 2 )( Qo - as)+(ao _ as)(£Io _ aiH ^ o _ ai)(<j# _ <j2)) 

and since »?=- (- H p , /< \ 

3V «o~ai oo-^^ao-aj/’ 


this gives 


.S^W 


,t/ ( a o) 
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Thus ft and »j are now found, viz n=xf(a 0 ), v=r^f"(a a ), 
dx — dz 

and where g„ g z remain to be expressed 

Jf(x) n/4 zP-gp-g, * 

And seeing that the relation cc=a 0 +“T gi ve s an infinite 

value to z when x=a 0 , we have ^ n 


p dx _ p 

JaoV^aj) Jz 


==p- 1 (z, <fe, gr s ) , 


and if this mtegial be called u, we have z=<p(u) 

1451 It e 1} e 2 , e z be the loots of 4z 3 — g&— 0 3 =O, we have 

e i+ e i+®3 = 0. ^l«2 + ^3+ e 3«l=-^. W=f 

Moreover, regaidmg 4z 3 —g 2 z—g z as the form assumed by 
the transfoimed quartic i unction (a Q , a v a 2 , a d , a 4 )(sc, yf, viz 
0 **+40jV+6 0 z 2 H-4tt 3 'z-|-a 4 ', we have a/=l 3 a/=— \g 2i 

<=-03> 90 that *'=&>> J ' = 9s 
Also we have 

/x ac/ -2 , 1 , 1 > 

e 1 —r] = -T ( 1 1 ) 

a 0 —a x 5 \a 0 — <*! a 0 — a 2 ao -0 ^ 7 

a o [— 2 («°— a 2 ) (ao- a i)+ ( a o“ «i)(ao-a 3 ) 

+ («o— ai)(a 0 — a 2 )], 

Cl 

* « e i = ll t( a 0 ~ “2) (« 3 — «l) — (“ 0 “ “3) (“l — “z)] 

Snnilaily 

e 2=f2 [(«o-«s) (“i — “2) — («,- «i) (a 2 — a 3 )l> 

«3= [(a. — “ 1 ) (a 2 — «a)— (“o - «2)(a 3 — a i)]> 


thus expressing the roots of the cubic 4z z —g 2 z—g z =b m 
teims of the roots of the quartic (2=0, and theiefore g 2i g * 
or what is the same thing, T and J' y are now known m terms 
of a 0 , a v a 2 > a 3 and a 0 

We shall now for convenience drop the accents fiom 1 and 
J as being no longei necessary, and these letteis will theiefore 
be for the future understood to refer to the new form of the 
quartic function 0 z 4 +43 3 +(5 0 z 2 —Iz—J, and henceforth use 
I and J, as in the previous chapter, instead of the letters 
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known 

Tin* »v i* »t# Imuh <U id iv l» '!.<*»/ 


w>* turn* itl 


«> * . 9, * 


Hint 


»i *i n > 

U 

* **« * i *i» ♦« 1 '*i 

* ei t 

1 4 <f f ♦ *.. 


' I i I 

I ij 4 t il * 


* *»* ll » *l |( 

•minim ly , "• ' ' *’ . 

» '*0 ’* * I *4 4 I 14, 

AIho tin* h*er« mlu in in«whi)i \ nn *< t i*hU .<1 

hi of Hu, up «i ,i ( K44t j \t» nil 

/* ' (' h, ft ' 1 (. 4 4 4 e < 1 


w** lm\** 


t 1 


Up »fft 4* ^ l*l e FI *?«| *J ^ 

n'jji'TT ” '' ™ 1 j 1 ' (*| w j|,| i| ) M 

f *G *»t 0 (> II, 

t I 

r lyi: a> “a 1 '» •' , „ , , , 

* I ( f M ft Ufi t o * ' J 

^ n tt *|| 
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1454 Cubic to find the Legendrian Moduli, available when the 
Roots of Q—0 are unknown 

We may obtain an equation for the deteimmation of the 
moduli Jc and V for the case in which none of the roots of 
Q=0 aie known and are not readily obtainable 
Since 7c 2 = (e 2 — ^0/(^1 — e a) and /c' 2 =l— k 2 t we have 
k \ -^+l' 2 e 4 =° \ 

and c i+<%+ e s = 0J 

whence 

^ 1 ^2 £3 ^2" 

- ( 1 + 7 / 2 ) ~~ L'>-k*~l +li?~JZ(] v W-~l) 

%/ 

^/— (l+7o 2 )(l-H k' l )W 2 ~W) ’ 


and 


Therefore ^ 


6^,3— e 2 2 = — JI, e 1 6 2 e 3 — J J 

;-7= 


Writing LVc' 2 =P, 


11(1- LVc' 2 ) 

P 


=27 


4(2 + CTc' 2 ) Jjp—W) 

J 2 _P-VTJ 2 
(2+P) 2 (l-4P) — 27P 2 : 


4(1— P) 3 " 

P 2 

(1_2>)3= 

and is an absolute invariant, fiee from the modulus of 

P 

transformation, viz 


whence 

J 2 


rA(‘-»5)- 


a 


o> 


a o 


V( (X 0 a 4'~^ a l a 3+ <W) 3 


a 2 

a 2 , (x 3 

(X 2 , &3> CI4 

when expressed m teims of the coefficients of the quartic Q 
This cubic for P may be solved by Cardan s method, and 
thus the product 7c 2 /c /2 can be found, and as U 4 7c 2 =l, both 
lc and 1c can be found 


1455 Illustrative Examples 

r* dx 

Ex 1 Consider the mtegial as )_ y + 

Here there are obvious roots of /(.r) = 0, viz #=0 and x= — 1, 
/'(rJ^lSzS + Sl^+l&c -5, /"(r) = 36^ + 102#+ 18 
Taking the loot #= — 1 as a 0 , 

/'(- 1 )= 16 , /"( — 1 )= - 48 , ju.=l/'{ - 1 >= 4 , 1)=“2 


574 


CHAPTER XXXIII 


Hence the propel i eduction formula is 

u - 4 z- 2 

*= a »+jf^=- 1 +?f2= ~rr 2 

Then /(i)= r(tf+l)(3r 2 + 14r-5) = #(r+l)(.r+ r ))(3* -1) 

= 64(0-2)(0-l)(0+3)/(s + 2) 4 , 

and dv= -4d0/(0+2) 2 , 

dx _ dz dz 

*Jf(v) sl4(z- 2)(z- l)(2 + 3) s/Az* — 280 + 24 

Also r= - 1 gives z= oo , 


-r 




= = P" 1 (z, 28, - 24) and 0*= p (it) 


* JAz * -280+24 

In this case ^ = 2, e>= 1, e 3 = -3, & 2 =(e 2 -e 3 )/(e 1 -e 3 ) = 4 /5, &'*=l/5, 

p(w)= ^-^=- 3 + ^(i 7 r)’ 

sn(uJ5)='\] 5^^, w = -i= SI1_1 V 5 ~ T~! 

v 7 > #+5 ^5 > % + 5 

Ex 2 Take the same example, and stait with the i#ot x = 0 

Heie a 0 = 0, /'( 0)=-5, /'(0) = 18, -5/4, 77 = 3/4, 

^= -5/(40 -3), cfo= 20 dzj(4z — 3) 2 , 

/W = 1600 (0 - 2) (0 - 1 ) (0 + 3)/(40 - 3) 4 , 

f x dx _ f z dz 

n/40 3 - 280+24* 

■ +[ ]^,-(r + Dra® 


-I 

- 2 --I 


n /42 3 — 282 + 24" 

dz 


/ s/40 3 - 280 + 24 


n/4.*- 282+ 24 
Hence 0=^(2w 1 -w) = ^(w), as before 

^ 2 -l 

Ex 3 Examine the same integral with the substitution 1 = 5 = — 

» 0-5 

^ j 40s ds , , 4s 2 , e 20 , ^4 s 2 -5 

Th e n ^+l = rr?) t + 5 = g-p, SV-1-4-Q3P- 

Hence "M'jir&rpr a=sn(W5) ’ ni0d ^’ 

which agrees with the formei result (Ex 1), in which 

= -3+| and #--l+ S7 ^x» 1+ iri =6 fe^ 
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1456 Transformation for the Case of Unreal Values of the e’n 
So far e 1 , e 2 , e 3 have been considered real Now suppose e x 
real and e 2 , e s to be complementary imagmanes Take the 

hyperbolic transformation y — x'--e 1 ~ ’ w ^ ere 1,1 18 

our choice Since e^e^+e^O, we have 

Let us choose ^ 1 =-2e 1 , » e choose the hyperbola so that the 
oblique asymptote passes through the origin Then the grap 
of this transformation is a hyperbola with asymptotes x=e l , 
y—x and centre (e 1; ej Let (£ 2 , ij 2 )> (£$• 'Js) ke P 01 ^ s a 
which the tangent is parallel to the x - axis These points jure 

the ends ot a diameter, and ^ 2 + ~ h > ^ 

Moreover, and £ 2 , which are the roots of mu8 ^ 

repeated roots of the equations j /=»?2 an< f 3/ ^3 respectively, 


% e 


(x-i*? 

y-*—z=r 


and 


v-%—Z=^ 


whilst which is must take the form 

dv (a —&)(&—&) 

(a: -ej 2 

Clearly the values of &, & are e 1 ±Je i e t +2e 1 2 

f <Zx 

1 J V4(£B — Ci.)(ao — fig)!* — 

dy (x— e 2 ) 2 1 — 

f 8 ) s/4 (x— e x ) (®— « 2 ) (® — %) 

(x-e {fdy 


Thus 


-I 

-I 

-J 


s/(x-ei)(i/-^) s/(®-*,) (3/-%) V(4 (x-etfiy- m) 

dg 

) Ji{y— ijO ( 3 / — «i 2 K3/ — %) 

in which >j 1 +>) 2 +»78 = ® , , , ,, 

The nature of the transformation graph, in which the 

branches of the hyperbola cannot cut the line y=*i v since e 2 
and e s are imaginary, and which must therefore lie m the com- 
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partments between the asymptotes as shown in Fig 427, 
establishes the fact that rj 13 >/ 2 , rj 3 aie essentially real quantities , 
y=i/ 3 and y=rj 2 are the maximum and minimum oichnates of 



the giapli, and the line y=rj l = — 2e 1 is a line parallel to the 
x axis at a distance twice as far below that axis as the centre 
is above it 


1457 Analytical Examination of the same Transformation 

If the roots of any cubic ' + + = 0 be a lf a 2 , a 3 , we 

have a 0 *(a 2 - a 3 ) 2 (a 3 - o 2 ) 2 = - 27a 0 2 A, wlieie A lb the disci lminant, 

V17 A =a 0 2 a a 2 - 6ff 0 ai«2«3 + 4 « 0 a 2 3 + 4 a 1 3 a i - 

(Buinside and Panton, TTi of Eq , p 83 ) 
and the loots aie all leal oi one leal and two miaginaiy, accoiding as 
A is oi + T# 


In the case of the cubic 4P-Ii — J =0, with loots e l9 e 2 , e s , we have 
a f -4, fll = 0, a 1 =-J/, < 7 3 =-/, A-4V 2 + 4 4(-]I)*= 
and (e 2 - e 3 ) 2 (e 3 - e^ 2 (e, - e 2 ) 2 = *(!*- 27 P) 

The roots are then all real oi one leal and two miaginaiy, accoiding as 
P-27J* is -f T# oi - T# In the case we aie considering, viz one leal, bay 
e 1} and two miaginaiy, viz e 2 — p+iq, %=!P- L & P and q being real, and 
e 1= -2p, so that e 1 +e 2 + e 3 = 0, we have 

P - 27 J 2 =16 (2 tqf (9i? 2 + g 2 ) 2 = - 64$ 2 (9j> 2 + g 2 ) 2 - - T< 


JR} 

But when we tiansfoim by the equation y =x + x _ e i where 
m = + 2e L 2 = 5i? 2 + g 2 = + ", 


we have £ a ^e^-R, ^ i = e 1 -B, ^ a =e 1 +2.R, 'q B — e 1 - 2R, r; x = -2e lf 
and in the new cubic, 4^ — l'y — J'=0, we have 

r'-27J' J = I6(i,, - n> y(r,, - Vl )\ Vl - Vi )*= 16(45)2(3^ -2JS) a < -3e x - 2 B) s 
= 256 IP (9ei a - 4JPy = 256 (5p a + q‘) ( 1 Sp 1 - 42^ = + " 

Hence all the roots of the new cubic aie real 



REDUCTION TO WEIERSTRASSIAN FORM 


577 


dx 


1458 Illustrative Example 

Integiate *-j[ la *'+84^- lCXU + b7 

Hete * = 1 is an obvious root of /(a) = 0, 

/'(a)= 4 i 3 -36i 2 + 1083 — 100, /'(l)=-24,l 
/"(i) = 12k 2 -72j. + 108, /"(1) = 48, f 

M=I/'( D=-6, r, = jV"d) = 2 

H _ 6 

The transformation foimula is ^ = a 0 + ^ — 1 “ 

We also have 

/(») = (i-l)(a 3 -llt a +43i —57) = (a - l)(r-3)[(r— 4) 2 + 3] , 
hence two loots for x, and therefore also for 2, in the transfomed equation 
will be imaginary 
The ti ansfoi raation is 

( _2)(2+1)(12)( " 2_2+ 1)= (^S) i( " 3+ X> ’ 


also £ ^=(~r|y > whence ^4^4 

Transform further by the rule of Art 1456 

02-2+1 j.3 + 2 + 3 

Ci= — 1, Ij 1 =-2e 1 =2, y = »h + -^ 7+1 " 

and -i =1 -(iri? =0 glves 2= ± ' y * _1 

Therefoie rjj=2s/3-l, %= -2^3-1 and rjx+rji+1: 3=0, 
(s— </3 + l) 2 (2+*/3+l)j 

y->la= 7H ’ y~ V3 ~ 2 + 1 


P _dv == f" 

Jx fj f(a.\ J z 


= = 0, -4) 


^ 3 


f 00 dz r dy ( z + 1 ) i 

Jz 'y (3+l) 2 -3 \/4(z+l) 2 (y — yi) 


dy 


*+ 1 


•f, 

m L \4(y - »h)(y - i? 2 )(y -^r '» V4(y-2)(y 2 +2y-ii; 

- f ^ =g?~ 1 (y, 60, -88) 

~ W4to’-15y+2S 5 V ’ 


l V(z + 1)0/ - *?s) + 1) (y - ^3) 

dy = [” ^L 

>u 


1 V4(y 3 — 15y+22) 

In ordei of magnitude the values of the ^/’s are 

i) 2 =2V3-l, i?i = 2, i)j= -2*73-1, 

whence 


3 + W3 _ 4 + 2s/3_ sm 275 « 
A “ 4^3 " 8 


Thus y=p(«)=2+4N/3 mod sin 75° , whence we can express 


« and # in terms of u 
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We have 


nilz a= K«)-2^+l, 

p (u) + 2 v 3 4- 1 


l /at+i-Ws 

and “=^3 cn 


, J-en- - i)d-_£) (mod >inW) 
2 S/3 > 2(7 — 5#*f r 2 ) +s/3(l - j)( 3- t) 

1459 Reduction to the Legendrian Form 

We next turn to the other method of reduction lef erred to 

in Ait 1448, which endeavours to express directly in the 

Legendrian form 1 7 = — ( /c2 < *) 


7(1-®*) (l-W) 


1460 Preliminary Geometrical Considerations 
It will be convenient to consider the expression Q made 
homogeneous by the introduction of the proper power of y 
where necessary, and written with binomial coefficients, as 

Q s a^+ 4 a x x 2 y + Qa^c 2 y 2 + ±u 3 xy s + cy/ 4 , 
and to imagine it to have been factoi lsed into two quadratic 
factors with real coefficients, as 

Q= (ax 2 + 2hxy -\ by 2 ) ( a'x 2 + 2 k'xy + b'y 2 ) 

Consider the two concentric conics whose equations are 
ax 2 +2}ixy + by 2 =F, a'x?+ 2h'xy + b'y 2 — 0 , 

F and G being at our choice, we may select them so as to 
give real intersections P, Q , R , 8, which will always be 
possible if one of the conics be an ellipse Then it is plain 
that PQRS is a parallelogiam concentric with the conics, and 
that as FQ, QR form a pair of supplemental chords of both 
conics, the lines thiough the centre drawn parallel to the 
sides of the parallelogram form a common pair of conjugate 
diameters, viz OX, OY It is therefore possible by a change 
of axes, to the axes OX, OY, to remove the term m XY m 
each of the two conics simultaneously by the same linear 
transformation, viz (x—XX+jiY, y=\'X+ j/Y), say, X, 

X', fx being all real when one of the two conics is an ellipse, 
or when both of them are ellipses , and the conics becoming 

AX 2 +BY*=F, A'X 2 +B'Y 2 =G, 
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Q can thus be reduced to the form 

Q' = (AX*+B Y 2 ) (A'X*+B' Y 2 ) 
or, as we may write it, 

Q' e ^ 0 X*+64 2 X 2 Y 2 +J 4 Y* 

We may obviously make a further reduction by putting 
XijA~ 0 =£, Yi]A^=r), thus reducing the quartic Q to the 
canonical form 

Q s £ 4 +6 X£V+ij 4 



E.g 428 ^S 429 

If both conics be hyperbolae, the common conjugate diameters 
may be imaginary lines But in any case their equations are 


k 2 , &y> y 2 =0 

b, -h, a 
V, -h', a' 

(Smith, Gome Sections, p 196 ) 


We may, however, readily avoid an imaginary transforma- 
tion Foi, as has been seen, the only case in which it could 
occur would be that m which both conics are hyperbolae, as in 
the case shown in Fig 429, where there are no real inter- 
sections In this case the factors of Q are an linear Call 
them (1), (2), (3), (4) Then, instead of taking the byperbda 
m(2 )=F (3V4)=-6r, we nught take the hypeiholae( )( ) > 

2)(8)-fl Fig mi 4th . proper oho.ee of F aod 0 ire 
can ensure real intersections and real common conjugate axes 
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to which we can refer the system We infer therefore from 
these consideiations that it is always possible to lemove from 



Q the terms containing a?y and xy* simultaneously by a real 
linear transformation 

1461 If in the transformation formulae 

x=\X+jnY J y=\'X+p'7, 

we write \'X=£, fxY=rj i the formulae take the simpler shape 
y~i+rj It follows, therefore, that it is always 
possible, by a real substitution x=(p+qz)/(l+z), to 1 educe 
Q from the general quartic form 

Q=cr 0 cc 4 H- 4a 1 cc* + Qa^c 2 + 4 a z x , 
to the form Q^A^+B^A^+B^l+z )* , 
and since dx=(q—p) dz/(l+z) 2 , we have 
dx _ ( ^ dz 

JQ~ [q V) JU 7+M^+K)' 

and the values of \\ q are %n all cases real 

1462 Outline of the Process of Transformation 

As the whole discussion is necessarily somewhat lengthy, 
we may with advantage stop for a moment to outline what is 
to be done 
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I It has been shown that when a 0 =f 0, we can always, by 
the transformation e-(p+ff*)/(l+*). remove odd P owerS 
of the variable from the radical, p and q being real 

It remains to show how the necessary values of p and q are 

to be found 

II We shall show that the same transformation will also 
reduce the integral to the desired form in the case when 

a „=0 

III That by a further transformation 

z* = (A+Bs 2 )/(C+Ds*), 

or, which is the same thing, z^=(A+B sm 2 6)/ (G+B sin* 0), 
the form now arrived at can be still further reduced so that 

becomes a constant multiple of 

i-jQ 


dd 


f ds _ f 


(/<•<!) 


and that whilst | - 


The ratios A B G D are at our choice 
IY That starting with the integral where M,N 

are rational integial algebraic functions of x, we obtain after 
the transformation x=[p+qz)l{I+z) a result of form 
f U(z 2 )+z^(g 2 )] dz 
J \f{A^+Rj(A^+B^) 

z\js (z 2 ) dz can re( j uce d by 

)J{A^+B l ){A^+B i ) 

f ^(z 2 )<fz pan 

earlier rules, the portion J 

expressed by means of Legendre’s Integrals, and that there- 
fore by these means can in all cases be reduced to a 

system of algebraic, logarithmic, circular or hyperbolic 
functions together with one or more of the three standard 
Legendnan forms F, E or II 

Hence, as in Art 318, the integral j c+jD ^ dgi ’ wheie 
A, B, G, D are rational algebraic functions of x, and Q is now 
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a rational quartic expression, can be reduced to the sum of 
a similar set of terms by aid of the elliptic functions now 
described 

1463 I First consider a 0 =l=0 and imagine Q to be factorised 
into two quadiatic factois with leal coefficients, as 

Q=a 0 (o 2 + 2\a+,u) (x 2 + %\'x+n') 

Then putting x=(p+qz)/(l-{-z\ 
a; 2 +2Xa;+ M =[(^+^)2+2X(^+^)(l+2;)+ M (l+ 2 )2]/(l +2 )2 
=H(z*+2fz+g)/(l+z)\ wlieie H=q*+2\q+^ 

and Tr= — = 2 

H. p 2 +2Xp+yu 

Similarly, a, 2 -f 2X'a + = H ' (z 2 + 2fz + g')/Q 1 + zf, 

where H', f, g' are the same functions of p, q, V, yH, as H,f,g 
are of p, q,\,y 

Hence Q=a 0 H U'(z 2 +2_fz+g)(z 2 +2fz+g')J(l-\-z) 4 

We shall be able to make f and f zero by taking p and q 
so that 

f 5 9+^(p+?)+M=0 and pq-\-\'{p+q)+ix = 0, 

-JP3- p-q 

V-xv m-V x'-x J (h —/ y— 4 (x'—x) (Xyu'— \'fi) 

Now {ij.—fx) 2 —A (X'— X) (Xfx'—Xfi) 

=(fx + /- 2XX') 2 - 4 ( M - A 2 ) (/- A' 2 ) = K\ say 

So p+q=(y— /u')/(X'— X) and p—q=Kl(\'—\), whence 
p and q are found 

This completely determines the necessary transfoimation, 
and we shall show that K is real , so that m all cases 
p and q are real 

The form of Q is now reduced to 

Q=%HH'{z i +g) (z 2 -+y)/(l +zf 
Also dz=(q—p)dz/(l +zf 

Therefore — — q~P &z 

*JQ Ja a HH' J(z 2 +g)(z 2 +g') 
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1464 Next, to examine the Reality of E 

( 1 ) When the roots of Q=0 are all imaginary, X 2 < n and 

Let p=X 2 +/> 2 m '=X' 2 +p' 2 Then 
A r2 =( M +/i'-2XX') 2 -4( M -X 2 )(/-X' 2 ) 

= (X 2 +p 2 +X' 2 +p' 2 -2XX') 2 -V /t >' 2 
=[(X-X') 2 +(p-p') 2 ] [(X-X?+(p+p?] 
and is essentially positive Hence K is real and p, q both real 
(n) When Q= 0 has two real roots and two imaginary, 
X 2 — p and X' 2 —// have opposite signs, and 

X 2 =( m +/-2XXT-4( m -X 2 )(m , -X /2 ) 

=(p+//— 2XX') 2 + a positive quantity =+ ,e 

Hence K is real, and therefore also p, q aie both real 
(m) When the roots of Q=0 are all real, say uq, a 2 , a s , a 4 
arranged in descending order of magnitude, we may take 

2X=- — ( ai +a 2 ), M=ai« 2 . 2X'=-(a 3 +a 4 ), fi'=a 3 a 4 , 

J£2=( (U + m '-2XX') 2 -4(m-X 2 )(p'-X' 2 ) 

=[a 1 a 2 + a,a 4 — |( a i+ “ 2 ) ( a s+ a 4)l 2 

— J [4a 1 a 2 — (a x + a,) 2 ] [4a 3 a 4 — (a 3 + a 4 ) 2 ] 

=( a a 4 ) (« 2 — « 3 ) ( a i — a s) ( a 2 ~ a J> 
which is again positive, and theiefore E, p, q are all real 
In the cas e/=/', we may put z+f=u 
Then Q=a 0 HH'(u>+g-P) and the required 

form is taken without further reduction 

1465 II Case when a 0 =0 

In this case Q = 4a 1 a? 3 + G a 2 x 2 + 4a 8 £ + a 4 

The case ^=0 need not be considered, as the integral would 

then 1 educe to a standard form 

One factor of Q must now be leal Let e be the leal root of 

Q = 0 

Then Q=4a 1 (a!-e)(x 2 +2Xx+ / u), say Then, putting 
x=(p+qz)/(l+z), as before, 

x - e= [( p - e ) + ( q - e )z-](l+z)l(l+zY=H'(z*+2fz+g')/(l+z) i 
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say, and a 2 + 2Xz + M = tf (« 2 2/z+ 5 r)/( 1 + 2 )2, as before Then 
proceeding as in Ait 1463, 

H'= q - e , 2HT=p+q-2* H'g'=p- e , 
and making /=/'= 0, p+q=2e and M+X(p+o)+a=0 
Therefoie p+q= 2«, pq=-2 e \- /Jl> whence 


p-?=2s/( e +X) a + Al -X» 

Thus, (i) if the factors of £ 2 +2Xa:+ l u be imaginary, 
^ "C M> V Q rs real, and therefore p, q are both leal , 

(n) if the factoi s of a 2 +2Xa:+ u be real, let the roots of 
0=0 be e v e 2 , e it arranged m descending order of magnitude 

Then we may take e=c 1> X = - e ^±l\ and 


P-^=^lie 1 ~r(^+e s )^ + e A -i(e 2 +e i f]=2j(e 1 -e 2 )(e 1 -e a ), 

which is real, since e 1 ^>e 2 '>e s , and p, q are real m this case 
also And the rest of Art 1463 still applies, and the reduction 
to the Legendnan fonn is effected as befoie, Q becoming 

iaJiH’ {z*+g) (z*+g')/( 1 + 2 )4 

and jg _ 1~P dz 

•JQ JiaflH' ‘Ji^+g^+g) 


dx 


JQ 


1466 We have therefore in all cases reduced the differential 

dz 


to one of the foims -6- 


where 0 may be 
taken a real constant function of a 0 , a lt a 2 , a s , a 4 of known 
value and a , /3 both real For if or JlafiH' be of 

unreal form, we may replace them by J~a 0 HH' or J-kaflH' 
carrying the negative sign into the other radical 
The case J— (s 2 +a 2 )(2 2 +/3 2 ) is obviously unreal and need 
not be discussed, as we are now dealing with real functions 


1467 III We have theiefore only to considei the i eduction 
of the five cases 


(1 ) J+(z 2 -a*)(z*-p*), (2) s/-(2 a -a a )(« 2 -/3 2 ), 

(3 ) n/+(2 2 +« 2 )(z 2 -^), ( 4) v / -(2 i! +a 2 )(« 2 - j 8 2 >, 

( 5 ) J+W+jJW+W) 
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The final substitutions to 1 educe these five cases ate all of 
the form z 2 = ( A + .B sin 2 0)/(C + -D sm 2 0), where the values of 
the ratios A B C D are to be suitably chosen We consider 
each case m detail 


1468 Case (1), J{z 2 - a 2 ) (a 2 - j8») , a 2 >/3 2 This is unreal if 
2 2 lies between a 2 and /3 2 

(l) a>;8>z Put z=/3 sm 0, k=/3/a 


-f 

Jo 




__lf_ J 

I 2 ) ^JoN/(a 2 - 


/3 cos 9 dO 


8 2 sm 2 6) cos 2 0 


de 


-k 2 sm 2 0 a 


=- am -1 0 


Jo V(2 2 -a 2 )(2 2 -/3 2 ) 

_1 f 9 t 

aJ 0 s/1 — ) 

Hence z-fisa.au, mod /3/a 

(li) z > a > /3 Put z=a cosec 0, &=/3/a 

[■* dz l f* — a cosec 0 cot 0 d0 

W== Jz n/(z 2 — a 2 ) (z 2 — y8 2 ) == ® Jo 


Jo s/cot 2 0 ( a 2 cosec 2 0 — /3 2 ) 


= if 


dd 


Hence z=a/sn cm , mod /3/a 
Also M '={ a V(2 2 - a 2 )(z 2 - ^) = _ a J „ 


a J 0 \/I — & 2 sm 2 0 a 
de 


= - am -1 0 


k 2 sm 2 0 


j/ r _ f \ ^ __i 

a\J 0 J 0 ' n/1 — A; 2 sin 2 0 « 

where is the complete elliptic integral 
Hence z=a/sn(K— a\i!)=a dn(au')/cTi(au') 


(/i — am _1 0), 


1469 Case (2), V-(z 2 -a 2 )(^/3 2 ) , a 2 > /3 2 This is un- 
real if z 2 does not lie between a 2 and /3 2 

Put z 2 =a 2 — (a 2 — /^)sin a 0, a 2 cos 2 0+/3 2 sm 2 0 

Then a 2 — z 2 =(a 2 — /3 2 ) sin 2 0, 2 2 -/3 2 =(a 2 -/3 2 )cos 2 0, 


dz=-(a 2 -l 3 2 ) 


sm 0 cos 0 d0 
s/a 2 — (a 2 — /3 2 )sm 2 0’ 


-I 


dz 


z \/— (z 2 — a 2 )(z 2 — /3 2 ) 


= 1 f 9 

^S 2 ) aJov/1- 


d0 1 _ lj3 
===== am *0, 
A/ 2 sin 2 0 a 


wheie P= 


a 2 — 13 2 
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Hence 

2 2 ==a 2 cn 2 (au)+y8 2 sn 2 (aw), le z=adn(au) i mod 1 — ^ 

1470 Case (3), v/(z 2 -f a 2 )( 2 2 — /3 2 ) This is unreal unless 

z 2 > /3 2 Put z=/3 sec 0 

„ f* /3sec0tan0d# 

J 0 \/(z 2 + a 2 ) (z 2 — /3 2 ) J o v / i 8 2 tan 2 0(/3 2 sec 2 (9+a 2 ) 

-r _ - 1 r g g! \ 

Jo \//3 2 4-a 2 co8 2 0 \/a 2 +^8 2 Jo >/l — t*sm 2 d > ' a 2 + ; S 2 /' 

i 

a Jo \/l— Psm 2 0 a am 
Hence z=ft/m (^j 


1471 Case (4), J—(z 2 +a*)(z 2 —/3*) This is unreal unless 
z 2 < /3 2 Put z=/3 cos 6 

dz 




j: 


— ySsm Qd9 


zj— (z 2 +a i )(z 2 — 0 s ) J* V/3 2 am 2 ^(a 2 + /3 2 cos 2 d) 


r * - 

= ^ am -1 0 ( — 

. /? 2 N 

Jo \/l— & 2 sm 2 0 

A ° /UA L/> l /!/ — 

~a 2 -|-0 2 / 


Hence 2 = 0 cn ( ), mod 


/3 


V“ 2 +/3 2 


1472 Case (5), J{ z l +c?) [#+£*), « 2 >/3 2 Put 2 =^ tan 0 
2 Az d(9 

0 «y( z2 H~ “ 2 ) (* 2 + 0 2 ) J 0 v / /3 2 sin 2 $ a 2 cos 2 0 

=1 r dd 1 

“Jo s/l— ^sin 2 0 a am 

Hence 2=0 tn(aw) ^mod <\j 1 — ^ 

For convenience of reieience we exhibit these cases in 
tabular form 





1473 Table of Substitutions, Etc 
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In all cases the substitutions are cases of z 2 =(A + B sin 2 6)l(C + D sm- 6) 
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1474 The More General Case 

Here M } N are any rational algebraic functions of x 9 and 
Q , as before, =(a 0 , a 19 a 2 , a 3 , a 4 )( as, l) 4 
By a proper choice of p, q, the transformation 


(M (Lx^ 
JN JQ 


x=(p+qz)/(l+z) 

has removed terms of odd degree from Q' M/N becomes a 
rational algebraic function of z sepaiable into two paits, the 
one an even, the other an odd function of z, expressible as 

M/N =5 <f>(z 2 )+zx(z 2 ) 

Hmce Jf^ is ieducibie fc ° W dz+ \ zj /f dz 

By putting z 2 —y the second integral is immediately reduced 
to a form integrable by eailier rules 

We have therefore only to consider the first integral 
Now 0(z 2 ) is itself sepaiable into two parts, the first in- 
tegral, the second fractional, and is expressible as 

f 2 2r f dz 

But ^ \7Q dz and J(7+^)» s /g can> by mte g ration b y 

parts, or the use of reduction formulae, be connected with 
the integrals 

f dz fz 2 dz f dz 

W w (A,la 271 *° 2U > 

Aecoidmgly all functions of form where M, N, Q 

are of the forms specified, can be reduced to a senes of 
known integrals, together with one oi more of the integrals 


» f 


M 


a fidx 


dx r* 

J 0 >/(l — as*) (1 — A*SC*)’ ^ JoV(l-a^)(l-i*ai»)’ 

<•'■> L 


dx 


Jo (I+tiz 2 ) v/(l-a^)(l-Pa; 2 ) 
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The second of these, viz 

!— ( 1 — #32) 


-2 f" 

J 0 ; 


-.dx 


n/( 1 — a? 2 )(l— tex 1 ) 

x (first integral)— p- 

If* dd 1 f * /r 

k 2 )oJl — Jo 


1— fc 2 as 2 
1— x 2 


dx 


-k? sin 2 9 dO 


J M dx 

N -j= can be effected 

lay aid of the three standard Legendrian forms 

F(9 , k), E(6, Jc), 11(0, Jfc, n) , Jfc < 1 (See Ait 371 ) 

The same is true of the more general fox m 


i 


discussed m Art 1443 


A+B_^j Q , 
C?+DVQ 


1475 The Case when the Factorisation of Q is unknown 
To effect the foregoing reduction, a knowledge of the 
factorisation of the quartic Q has been presupposed When 
there is a preliminary difficulty m this factorisation, we may 
still obtain the desired foim by a use of the invariants 1 and 
J Suppose the quartic made homogeneous by the intro- 
duction of a suitable power of y, and expressed as 
Q=a 0 a?±ka 1 x*y+ ba 2 x 2 y 2 +4>a s xy*+ ^ 

= ( a O> 


and let it be reduced by the linear transformation 
'r==Z 1 A+m 1 Y , y=l 2 X+m 2 Y 
to the form Q'=(a 0 ', a/, a/, a 3 , a 4 ')(X, Y) 4 

Let A viz the modulus of the transformation 
Then xdy—ydx=k(XdY—Y dX) 


and 


xdy—ydx_~^X dY — Y dX 


S IQ 


JOT 


ie writing $/y=<u,, X/Y=U } 
du 


dV 


V(a 0 ,«i,a 2) a 81 a 4 )( M) l) 4 \/(a 0 ', V- K> a i)(U’ i) 4 ’ 


where 


iE±nh 

kV+m 2 



590 


CHAPTER XXXIII 


Also 

I == a 0 a 4 — 4a x a 3 -f- 3 a 2 2 , J=a 0 a 2 a 4 -f-2a 1 a 2 a 3 —a 0 a 3 2 --a 4 a z 2 — a 2 8 
aie connected with I', J', the same functions of the accented 
letters, by the relations /'= A 4 /, J'=A 6 J, whence P/J 2 =r z /J /2 } 
m which we have an absolute invariant fiee fiom the co- 
efficients of the transformation formulae 

Supposing the ratios l x m 1 l 2 m 2 to have been so chosen as 
to make ^'=0 and a 3 — 0 , as has been shown to be possible, 
with real values of these ratios, Q' takes the form 
a Q 'U*+6a 2 'l 7 2 +<, 
which can now be supposed expressed as 
*oW+p)(U 2 +q), 

and we have to show that 7 ?, q can be found m terms of the 
original coefficients a 0 , a v a 2 , a 3 , a 4 
We have 


a o a 0i 0, 6<z 2 — ^0 (P~)~fl)> a s — 0? — a o P9 

r /8 „ '8 


r =< +?) 2 =%-[(?+?) 2 + 12 pjJ 

J '= a o’ ‘jiP+q) (2>+?) 3 =fjQ (p+q)[3Qpq~(p+qy ] , 


-=—=27 [(y+g) 2 +12yg] 3 

-J l {p+qmQpq-if+ifr 


whence 


or putting p=pq, 


P—2 > 7J 2 __ pq(p—qY 
4 27 P~l(p+qf+12pqr 


P(P-1)« P—2tP 1 
(yo 2 +14p + l) 3 4 277 s Say ’ 

27 73 

where £=-|- j 3 ~ __27j i ’ an< * 18 a known function of the 

original coefficients This is a sextic equation to find p, viz 
the ratio of p q 


1476 Solution of the Sextic 

The equation is obviously of the reciprocal class, and tbeiefore its 
solution may be reduced to that of a cubic, and the cubic may be solved 
by Cardan’s method 


Writing the equation as 


(p£__p-£) 4 x 

(/) + p - 1 + 14)8 = l6Z’ put 


16 
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Then p+p _1 + 14=16 g — and the equation becomes 


/ 16 Y If 1 6g V l_ 

ie* 


^ = iT(6>-l) 


Now adopting Cardan’s method, put 9—r )-\- f , then 

i? J +f J + 0^-^)(^ + 0 + ^ ==0 * 

and taking ijf= 

?/*+ A- ^3+^=0 } a quadiatic foi 17 

Hence 17 and f can be found, and therefore also 6 Suppose a real 
root of this equation, then p^ - p"’^ = 4/\/ — 1, and theiefore 

Thus \/p=(2+\/57T3)/V^x~ 1 and p = (7 + 0 1 + 4\/^ l -H3)/(0 1 — 1) 
Then a value of the latio p q has been found, say p x q lt where p u q t 
aie specifically known numbers, so that p/p x = q/q x = s, say, wArcA remains 
to be found 
Thus 






n/(« 0 , aj, a 2 , a 3 , l) 4 Va 0 '/(£7 2 +p 1 s)( + 

Putting U=*JsU' } we have 

drt A sj sdTJ' 

J(ao, a l5 a 2 , a 3> a 4)( w > !) 4 *^<*0 \/(£7' 2 +i>i)(^' 2 + 9i) 


Finally, A=^j = ‘\]^{p i +Upq+q 2 >'^j^W+ li Mi+^) - 
whence -A- .a s , 20 w ybiouw, which completes 

VcroS * 12/ 

the determination of p and q We therefore have 

dZJ' 


1. 


du 


*J{a 0 , «i, “21 a 3. a 4)(“. !)' 


_ llPx*±±^ i?i+ 2 l f 
> 12Z J 


J{U’ 2 +p 1 )(V^+q l ) 


1477 Cayley points out that if one of the roots of tlie sextic foi p be 

. ... (o 2 + 14p + l) 3 (a 2 + 14a + l) 3 

p=a=j3 4 , the equation is of the form v ~= — a ( a - l) 4 * an<1 

that the solutions of the equation may be written 

& w (1+9’ (it® 1 (£$)’ 

which the reader may verify [Elliptic Functions , p 320 ] 


1478 When a reduction to the for m 
dU 


dU 


f dU f 

J ^a 0 'U 4 +6a 2 'U 2 -ha 4 ' J s/a 0 , (U 2 +p)(U i + q) 
has been effected then in case p and q are both real, 1 e 9a 2 ' 2 >a 0 , a 4 > this 
factorisation will suffice But in a case when p and q aie imaginary, 
% e 9a 2 /2 < we put U=kJ( 1 4- r F)/(l - T 7 ), and we observe that or 0 \ af 
could not be opposite signs, for if so 9a 2 ' 2 >a 0 '« 4 / 
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We shall choose A= a/^ 7 s which will be real We ha\e 
" a* 

dT 


1 a 0 
dU=X 




and 

a 0 'U*+6a 2 'U*+ V=[a 0 / A 4 (l + T) 2 +6a 2 'A. 2 (l - T 2 ) + a 4 '(l - T) 2 ]/(l - 7’) 2 
= 2 [« - 302' W) T 2 + («/ + 3 ci/A*)]/(l - T ) 2 


and 


=2[Vj; ( w-3 a /)][^ + ^<±g;]/(i-n’ 1 


d?7 


dT 


U i +6a 2 U i + a 4 ^[s/a/a/ - 3a/] _ y» 2 ) / ^ 2 _|_ \/^o^/+3a/ \ 

' \/a 0 / a 4 , -3a// 

which is now of zeal form, since >9a 2 ' 2 for the case consideied 


1479 Illustrative Example 

It will be instructive to consider one case from seveial points of view 

Take us F dv 

'» v^ 3 — 5 4 2 +4»+6 


(a) First let us reduce it to the Legendrian form 

a? — 5#2 -f 4r + 6 = (x — 3) (r 2 — 2v — 2) 

P«t J7 =(T+9 f ' 3 )/(l+ 2! )> djc=(q-p)dz/(l+zy 

x -3 = [(p- A) + (q- 3 )z](l+z)/(l+z ) 2 (See Art 1465 ) 
v*- 2 v- 2 =[(p + qz y- 2 (p + q Z )(l+ 2 )- 2 (l+zy]/(l+zy 
Put p - 3 +g — 3 = 0 , pq-(p + q)~ 2 = 0 , mj p + tf = 6 , ^=8 
Take the solution p = 4 , g= 2 
Then 


a -3 = (l-* 2 )/(l-f*) 2 , a , 2 — 2 r- 2 = 2 ( 3 --s 2 )/(l d- 2 ) 2 , <fc= -&&/( 1 +*)* 
Also r =3 gives z=l , 


{z= ™ 6) 

-sn -1 ^), K being the real quarter period, mod l/s /3 , 

* = sn (K - w V|) « cn (?* V J)/dn (u 
,* „ i — 1 _2 dn ns/zfl- cn u V 3/2 , , , 

"- 3= r^ = ^v372+ cn W37i ’ mod 1/V3 

( 6 ) Next let us reduce to the Weierstrassian foim 
a?~ 5 x?+ 4&+6 being already a cubic expression, it is only necessaiy to 
remove the term involving the square of the vanable Put 
x =3 gives 2 =-J 


( r - 3) [(* - 1 )* - 3] = J ( 4*’ - + V/-), I=*f, 7= , 

If (J$ .0 N / 4 ^ 3 ^_|_^ ==2Wl_2 ^ *W> 
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mA i- . /la i.2- e -irLt=_±^— , Jfe' 2 =tan 2 15°, 

«,=i fc - ei _ e3 (Vd+1) 2 ’ 


K 


Wl “7^3 v^ + s'3 

I** being the same as £ in solution (a), the modulus being a d.ffeieut one 

/_ , — 7 =m\ 2+7* 2 +7j , 

sii i ^X-v2+v3gJ— ^ + ( r _3) + (2+7,*) 


cxfiju cos 15°) _ 


1 


(Ait 1352), 


and 
i e 


dn 2 (i4cos 15“) (a? -3) tan 16 +1 

dn 2 (ncosl5°) 

(^-3) tan 15 - CIV 5( W cos 10“) cn 2 (ucos!5 ) 

# ~ 3= tan 15° tn 2 (u cos 15°) , mod 1) 

(o) The results aruved at by these two processes aie of different form, 
the moduli being diffeient 
M» th. ,nu g »l 

Pat 1 - a i pg_(2 + v Tj) cot 2 <j>, so that when 0 = 3, $ = 2 
1 + am u _ 

Then 


1 „ 2>/cot 15° cot <£> 

am ^ i + cotl5°co t 4 ’ Mj "i + «tWW 


2 7cot 1 5° cosec 2 <£ <i<£ 

d(3= l+cotl5°cot 2 <#> ’ 

1 2 1 4- 4 cot 15° cot 2 <t> + cot 2 15° cot 4 </> 

and l-^sin 2 0 = ^ (1 + cot 15“ cot 4 <p) a 


2 cot 2 15° 


Hence 


= 3 (1 + cot 15 


cosec 4 </> / , _ cos30° 

5° cot^A cos 2 15° V ) 


12 f* dO __ Ilf* 76 _ & -(>■ 

,4 ~ " -V i if V 3^ 7cot 15° s/l - A. 2 sin 2 <f> V 


7cos30° 
cos 15° 


1 f* <*<£ 

cos 15 '</> s/l-A^sin 2 ^ cos 15 


[tf-anr 1 ^] 


Thus <2>=am (Jf-itcos 15' 


4 f , \/cos 30°\ 

)» ( m0d ‘ onfl ) S 5 " ) * 


cn (?4 cos 15*) ^ n/ cos 30 

whence sin cf>=sn (K-u cos 15°) = ^ cos jg 5 )’ m0(J cos 15° ’ 

(A „ w 

Hence cot </>= tan l r >° tn ( u cos 15°), 
and sc - 3 = cot 1 5° cot 2 </> = tan 1 5° tn 2 ( u cos 15 c ), 

which is the same result as that obtained in solution (6) 
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1480 Landen’s Transformation 

From the above example it appears that the reduction of 
an elhphc integral to the Legenduan form is not unique 
The transfoimations 

q , 1— sm0 

+ f+Bmfl and x = 3 +<x>t 15° cot 2 <p 

both succeeded in such a reduction, but the moduli m the 
two cases were diffeient 

For the general theory of such transformations the reader 
is refeired tofCayley (E Functions) or Greenhill (E Functions) 
ne well-known transformation, however, must be noticed 
before leaving the matter, viz that due to Landen 

V T bleS 6 " 6 * connecfced by the equation 
( i 2 ) yusm0 2 , so that 0 1 and 0 2 vanish together, 
we have cot (2d 1 -d 2 )(2dd 1 -dd 2 )=cotd 2 dd 2 , whence 

2 dOi c °t (2d 1 -d 2 )=d(9 2 {cot (20,-0 2 )-f C ot 0„}= sin 20, d0 9 

2S sin 0 2 sin(20,-0 2 )’ 


2 sin d,dd, clQ„ 


dd. 


sm 20, cos (20, -0 2 ) = 7l^Vsm 2 0 2 

Also 810 20, cot 0 2 - cos 20,=^, cot0 2 =( M+C os 20,)/sin 20, , 

cosec 2 0 2 =(1 +/i 2 +2 iU cos 20,)/sin 2 20, 

and sm22d i _ n , , 8 f, 4 j» , „ I 

sm 2 0 2 L 1 ~(T+^ sm2 J ’ 

dd 2 



“J 77~\l. 7T_ = w > say. 

«=am- 1 (0 2 , M ) 
or, what is the same thing, 

sin0,=sn-±£ W) (mod , sm0 2 =snu, (mod /*), 
or putting 


u= 


dx o 


l+m> 

x \ = sin , x 2 = sin $ i , 


0 1+M 
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- sir 




l + ju> 


and therefore 


so that u=sn~ 1 (x 2 , i 

u is expressible in eithei ot these ways as an inverse elliptic 
function __ 

Writing A for an( ^ ^ X 2 +X' 2 =l, we have 

2 1 x' 

ssl+X', /jl= \ ,-w , and the connection between and 

l+/u i+A 

is obtained from the initial formula 


sin (20 t - 0 2 ) = ju sin , viz 2x^1 -x* Jl-x^-(l-2x 1 2 )x 2 =/ 2 x s ,, 


ck, _2aJ l Vl— av* 

“ I+m-2^ 2 ’ 

Therefore 

sn- 1 (cc 1 , X)= 1 _^_^> sn~ x 


V I 03 2 

1 _ x 4, a 


|(l + A / ) a3 i'^ 


I-®/ 1-X'\ 

i-xV’ i+x'i 


This is known as Landen’s Transformation 

For many such results and other transformations, see 
Greenhill, EF, pp 55, 56, and Chapter X Greenhill gives 
a very elegant interpretation of the above transformation 
with reference to the motion of a pendulum (pages 318, 
319, E F) 

In such transformations, when F(9 , L) becomes MF(6 2 , k'), 
F representing the fust Legenduan Integral, M is technically 
known as the “ Multiplier,” and the relation between Jc and k' 
is known as the “ Modular Equation” Thus, m the foregoing 
case the multipliei is \ (l + n), and the modulai equation is 
X(ju+1)=2 Jfx 


1481 Illustrative Examflfs 


_ _ [* da 

Ex 1 Reduce J vn _, ^ + 8r<+2 0 r 2 + 5 6a-20 

to standaid Legendnan fotm 

We have tr = o,*+8» 3 + 20^+r)6j-20s(i J + 2ii +10)(t 3 +6r-2) 
Here, with the notation of Ai t 1463, X = 1, /x= 10 , X = 3, /a = — 2, 

J02+(2 j + 2) + 10 = °>1 S ivm g P+2 = 6 > l 
pq+3(,p+i)- 2 = 0, J P1~ 16, / 


te 


P = 8, l 


x= 


p-\-qz _ 8 — 2 z 
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^+2a + 10=10(9 + 2 2 )/(1+2) 2 , -2 = 10(11 -* 2 )/(l + 2 ) 2 , 

dx= — 10dz/(l+z) 2 , 
dx dz 

JU~ V-^+9)^-U)’ 

■which is Case 4, Art 1473 Put z = \'Tl cos 9 

Th.n 'JUsinddd 1 d9 

Ju Vll sm 2 £/(20- 11 sm 2 6) 2 n/ 5 Vl-JJamV 

and the limits for x corresponding to 0 and 9 for 9, are JTi - 3 to x 


Therefore 

and 


1 {* d9 1 J55 \ 

2-J5J0 Vl-^sin^ Ws V ’ 10/ 

2r^=cn-i- 7 L (mod *^55) 


Ex 2 Examine the same integral without factorisation With the 
notation of Art 1475, 


(^o— 1> ®i— 2, ctj — & 3 — 14, «4 — —20, 
I = a 0 a 4 - 40:^3 + 3« 2 2 = - 


«/= a 0 ^4 + 2a l«2 a 3 - Oo«3 2 - «4«1 2 - «2 3 = - 8 >V> 

P-27J 2 3 2 5 4 11 
108P “ 2^ 37 3 


Hence, following the notation of Arts 1475, 1476, our equation for 0 is 
2 3 373 


~3 2 5 4 11 


(0-1) 


To simplify, let Q = t 

5 Z 1 


a_ 5 2 /2 37 
3 2 11 V 5 2 




0- 


of which an obvious root is t = — 1 


% e 



25 

99’ 


Hence 6= and 


p + - + 14 = - 


99 


'll 


Therefore = say, ^=-9, <^=11 

Then A = ^ii(9 2 -14 9 11 + 11^)=^ 

and ,-Af JldV f dU' 

JiU't-fyiU'* +u) J *JCu' d -9XU'*+ii) 

Let Z7'=3sec & Then ^=VTT-3 gives § = 0, U' = 3, d'=0, 

3 sec d' tan fl 7 c?# 7 1 (* d& 1 _ 

^ ^ytan^(9sec 2 <9'+U)”2v/5 L ^T- jj. sin^ = 275^'’ 
which agiees with the result of Ex 1 
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fx (J^g* 

Ex 3 Considei the integial u= [Legendie, Exercices , p 56] 
This does not become infinite in the vicinity of #=0 (Ait 348) 

Put a. = (1 +**)"*, <?r= -3*(I +**)-♦&, l-% 2 =(3+3z*+i i )z i l(l + z‘‘f , 

„r <fo 

u=3 . _ = 

Jz v^- j- + 3 

The factorisation of the desired form (U 2 +p)(U 2 +q) is 

Therefoie jp and $ are complex Following Ait 1478, put 
4/p A / l + T , \}&dT 

z ~ — y)’ 

and 2 = oo gives T= 1, and 

^ + 3^ + 3 = [(6-3s/3)7’2 + (6 + 3V3)]/(1-T) 2 , 


n 4/3 dr 

1 

-T 


i vi-r 2 (i-r) ^ 

f |(V3-l) 2 

[r 2 +i 



3 ^ 


dr 


= 2sml5 °Ir «/(l- r*)(r i +oot*16‘) 

3^ , m 3* 3^ ,af*-V3-l 

=— cn~ 1 7 7 = — cn 1 - — r== — cn 1 — « — — , 

2 2 2 2 + n / 3 2 ^f +N /3~l 

3^ __ — 1 1 ~ 2 n/2j3 cos 1 5 /_— _ j 1 eo\ 

<y, — cn ■ — — 1 (mod sin 15 ) 

2 Jl + 2n/2v» sin 15° 
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PROBLEMS 

1 Find the values of I and J for the quartic function 

<£= s 4 - 6Aofy 2 + y 4 , 

and show that 4A s -/A.-e7=0 Form also the Hessian of the 
quartic, and the discriminant 

2 Examine the modification in the i eduction to Weierstrassian 

form which accrues from the quaitic Q having one root a 0 zero, 

le a 4 = 0 Show that m this case 

a,cua o/l 1 2\ a, a 9 oto / 1 1 2\ 

e 1 = a 0 ^ T |-S(- + ), « =« -LO(_ + ), 

12 \a 2 a 8 aj 12 \a 3 Oj aj 

e _ a ‘Ws / 1 , 1 2 \ 

3-0 12 U “ 2 V’ 


and that 

3 If 
and 

show that 


and 


7.2 

l/Ol-l /«, 

<t> = a 0 (x- a iV ) (x - a s y) (x - a ,?/) (x - a 4 y), 

P = a 2 -o 3 , Q = a j-a,, J? = aj-a 2 , 
i v = a,-o 4 , (?' = a 2 -o 4 , ii' = a s -a 4 , 

I= < £(P*F* + Q*Q'* + R*E*), 
j- ~^m-RB!){RE-PF)(PF-QQ!\ 
A= J3 _ 27 J 2 = F t Q i R i P' 2 Q' i F i 

Job 


Also, if — Soj, S 2 = 2aja 2 , 53 = 2^0303, -S', a 1 a 2 n 3 a 4 , show that 


12, -3 S,, 28 t 

-3 S lt 2S 2 , -3S t 

2 -as,, 12 S 4 


4 If <^>= as 4 + 6 Ax 2 y a - 1 - y 4 and the Hessian 

1 2 j < 56 ^ 2 /, rftyy 

show that H -k<j> is d perfect square if & - A, - -J(A + 1) or - |(A - 1 

5 Show that p-i(«, 76, - 120) = -l=sn- 1 -^-, mod ^1- 

2s/2 s/z + 5’ 2s/2 


Show that p~ l (z, 28, - 24) = idn-^^ , mod -| 
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dx 


8 Keduce the mtegial ~ 70i ^ + 253 ^- 327^ + 17 9 s- 35 

to Weierstrassian form, and show that u = g> -1 Show also 

that it can he expressed m a Legendnan form with a modulus 

£, viz u = 




x - 1 


9 Show that if e 1 >e 2 ><3 3 and e l + e 2 + e i = 0 J the substitution 


z = e a + - 


-3 will convert the Weierstrassian Integral 


into the Legendnan form 


z s/i(z - ej)(z-e 2 )(z - ej 
do 


1 r* 

sf € ^ J 0 


s/(l -x 2 )(l -kW) 


w here A, 2 = — — — , and conversely that the substitution x = ^ — - 
e 1 - e 8 y z-e< 

will convert the standard Legendnan form into the Weierstrassian 
dz 


10 Reduce 


1 2 s]\z{z 2 - 9) 

1 f* t/a, 


to the Legendnan form 


n /6 Jo n /(1 - x 2)(1 -£ a 2 )’ 

and show with the usual notation that 

K=id 1 J6, K- i IC = a> s v ; 6, - iK' = 0> s Jb 


11 Show that 


f- 




= = sn“ 


2 


: - 4) 

12 In the standard Legendnan f 01 m [ - 

Jo * 


dx 


= discuss 

»s/(l-^)(l-IW) 

the degenerate forms assumed when A = 0 and when fc— 1, and 
state to what forms sn” 1 #, cn” 1 ^, dn# and tn c ultimately degenerate 
m these cases 

13 Discuss the integration of the degenerate cases of 

f dx 

JV(« - a)(v - P) (i “ y) ( x - s ) ’ 

(l) when cl — P, ( 11 ) when a = p = y, ( 111 ) when a = ft = y — 8 

14 Discuss the integration of the degenerate cases of 

dz (e 1 >e 2 >e z , \ 

i-eS Xei+ey + ea^O) 


f 


s/4(^-e 1 )(5?-e 2 )(?-e 3 ) U x - 

( 1 ) when e 2 = e 8 , ( 11 ) when e 1 = e 2 > ( m ) when e 1 =‘e 2 = e 3 
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15 Express both in Weierstrassian and in Legendnan notation 

tdt 


the integration 


-f; 


s/P+ 3t* -6t 2 -b 

16 Make use of the substitution a 3 + ar 3 - 2r* to reduce the 
integral w = | y ^ * onn an e ^ 1 P tl ° inte g ra ^ and reduce 
it to the standard Weierstiassian form 

17 Use the substitution tf 3 = (1 + x + z 2 )/(l - a) 2 m the integration 
n= [ X — , and show that t = p f-^=, 0, l) 

Jifl-rr 3 ^ Vs/3 J 


(1-z 8 )* 

18 Show that if 


2 “=I 


dx 


2 J(x - 2)(5z - ll)(llr - 21 )(3x - 7) 


(2<it<2 2), 


304 . - 9 w )-;”- , *Vtc^TI H Vs) 


19 Show that the solutions of the sextic equation 
(p 2 + 14p + l)s (/^-h14/3 4 h-1) s 
/°(/>-l) 4 W-l)* 


are 



[Ca\l*y ] 

20 Transform the integral u=* r into one m which z is 

Jo (1 ~ x y 

the vanableby the relation 4.r 6 (1 — a: 0 ) = £°, and the result by putting 
z 2 = l/(l-hy 2 ), and lastly, by the furthei transformation 


y = 3 tan g ; 

showing that sn^ji^=^, ( mo< Jsml5°) 

Hence show that u— 1 927622 , and verify this otherwise 

[Bertram?, I Q , p 687 ] 

21. Show by Landen’s Transformation 2sm(2 <j>- 0) = sin 6 that 
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22 Express by means of the Weierstiassian elliptic functions 
f(u ) , f(w), <r(u) the results of the following mtegiations 


' a zdz 


m: 

<■“) i 

w £ 


sfidz 


Z (»-2)V« s - 1 


■ (n) lV 

, ( 2 <«), 


dz 




, (!<*), 


dx 


(x- l)(x-2)Ja? ~ 5x 2 * + 4x + 6 
xdx 


, (3<a:), 


xjx' - 1 2x s + 54a; 2 - 1 OOcc H- 57 


, (*< 1 ) 


23 Expiess by AA T eierstrassian functions the second Legendiian 

-andaid form | Vl - B sin 2 6dd 

Jo 

24 Express by Weierbtrassian functions the thud Legendnan 

r* dx 

Jo 


standard form 


25 h -‘H^ 

*(s/ll 

26 IfM=15j* 


o (l-aV)V(l -s 2 )(L-fcV) 
dx 


+ a+l)(3a; 2 + a, + l) 

<c(n/ 11 cnw-sn w) = 2snw, (mod [Ox II P,1913] 

tfa; 


, prove that 
[Ox 1 

, prove that 


J\ 105CC 4 - 904a^ - 210a 2 + 8a + 1 ’ 
x(S cn u - 2 dn u) = dn u , (mod 1/5) [Ox II P , 1915 ] 


27 If u= f — r express n as a single-valued function 

Jo (1 + - 2z*y 

of u by help of (i) Jacobi’s functions, (n) Weierstiass’ functions 

[Math Trip II , 1914 ] 

Prove that xj3 dn (uj3) = sn (ws/3), (mod s/2/3) 

28 Show that the integral 

f {(s-a,)(x- a 2 ) (x - o 3 ) (x - a 4 )}“* dx 
J a l 

is transfoimed to the integral 

2 {(a, - a 2 )(a 1 - a 8 )}-iP {(1 - y 2 )(l - lY)}^ dy 
J 0 

by the relations y 2 = (a 2 - a 4 ) (a; - a^f (a 2 - a x ) (x - a 4 ), 

B = (a 2 - oj (a 3 - a 4 )/{a z - a x ) (a 2 - a 4 ), 

and obtain an expression for the general value of the former integral 

[Maph Trip II , 1913 ] 



602 


CHAPTER XXXIII 


29 A heavy particle attached to a fixed point by a light thread 
of length a oscillates under the action of gravity m a vertical plane 
Show that the height of the particle above the lowest point of its 
path at time t from the lowest position is 

2 a sin 2 ^ sn 2 (^\j^ > ^mod sm ^ , 

where 2a is the whole angle of swing 


30 Show that the potential of a uniform thin ung at any point is 


f r a 

4y met J 


dt 


{(»*- MW -**)}*’ 


where y is the constant of gravitation, m the mass per unit length, 
a the radius of the ring, i the distance of the point from a point of 
the ring, and ? 2 the least and gieatest values of ? Prove also 


that the potential may be expressed in the form 8 ym ^ ^ K, where 


2 


K is the complete elliptic integral of the first kind with modulus 
(*2-’i)/( ? 2 + *i) [Ox II P.19U] 


31 A heavy elastic string which is uniform when unstretched is 
passed through a smooth semicircular tube which is held in a veitical 
plane with its vertex upwards The radius of the tube is ? The 
modulus of the elastic string is equal to the weight of a length r of 
the unstretched stung It is obsened that the two equal portions 
’which hang vertically outside the tube are each equal m length to 
the radius Show that the unstretched length of the portion which 
lies within the tube is 


^■Wb- ( mod is) 


[Ox II P , 1915] 


32 Assuming that the law of central attractive force under which 
an orbit u=f(6) can be described is given by P/hhi 2 = u + show 

that if a particle describes an orbit ? =a cn 6jS under the action of 
a central attraction the modulus of the elliptic function is 3“* 

[Ox II P , 1913 ] 


33 A paiticle of unit mass is pro] ec ted horizontally with velocity 
%> and moves undei gravity m a resisting medium such that the 
path is a portion of a circle of i adius a Show that the motion will 

cease after a time 


^dn-'r*. (mod 2"*) 


[Ox II P , 1913 ] 



ELLIPTIC INTEGRALS 603 

34 Show that the area A bounded by the y- axis, the asymptote 
1 and the curve y 2 (x - 1)(^ - 3) {(x - 4) 2 + 3} = 1 is 

1 , 14 - 3\/3 . j UK°\ 

cn” 1 ^ — , (mod sin 7 5 ) 

35 If A be the area m the positive quadrant bounded by the 

cuive 2y 2 x(x 2 + 4#+ 1) = 3, the coordinate axes and an abscissa x, 
show that ^ + jj cn ^ (mod tan tt/6) 

36 A ring is generated by the motion of a circle such that its 
plane passes through the centre of an ellipse and a peipendicular to 
the plane of the ellipse through the centre, and the centre of the 
cncle lies on the ellipse Show that the volume of the ring is 
47 t© 6 2 , where b is the semi-axis minor of the ellipse, K the complete 
elliptic integral of the first kind with its modulus equal to the 
eccentricity of the ellipse and c (<b) the radius of the circle 

[C S , 1895 ] 

37 Prove that the equation of the osculating plane at any point 
of the curve x = a sn u, y = b cn u, z = c dn % (mod k ), is 

- k* (1 - k 2 ) sn 3 u - 1 P cn s ii + - dn 3 it =- 1 - i 2 
a K ' b c 

[Ox II P , 1902 ] 

38 An elliptic wire of semi-axes a and b moves so that its plane 
is always parallel to a fixed plane while its centre describes m a 
perpendicular plane a cncle of radius c which is gi eater than either 
a or b j and the minor axis is perpendicular to the latter plane 
Prove that the ring surface formed by the cncumference of the 
wire cuts itself m two hyperbolic edges, and that its volume is 

where K and E are the complete elliptic integrals of the first and 
second kinds with modulus a/c [Math Tbif 1886 ] 

39 If the modulus k and the amplitude of the elliptic integral 
F(<f>, k) be given by k = cos ir/l 2, cos <f> = 2- s/3, then will 

F(<t>, i)-{^r(«}/{s* r(|)} 

[J C Malet, E T , 9677 ] 
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CALCULUS OF VARIATIONS (Seciion I) 

1482 To ascertain the greatest or least values of which a 
given function is susceptible under specific conditions, it has 
been found necessary m the Differential Calculus to allow it 
to grow, and then to find the magnitude attained when the 
rate of growth stops And methods have been formulated 
by which this rate of variation can be ascertained and tests 
constructed for the discrimination of maxima values from 
minima values and from other stationary values which the 
method may discover 

The functions considered in the Differential Calculus have 
all been expressed directly or indirectly m terms of a set of 
one or more independent variables not usually involving signs 
ot integration, and if any dependent variables have occurred 
m the functions under discussion then connection with the 
independent ones has always been specified and known 

We now have a problem of different nature We are to 
consider the maximum or minimum value of a function 
usually expressed by an integration, in which the integrand 
contains not only an independent variable or set of inde- 
pendent variables, but also one or more dependent variables 
and their differential coefficients, for which the relationship 
between the dependent ones with the independent ones is not 
specified, but remains to be discovered , m order that a stationary 
value of the integral may result under any conditions with 
regard to the limits of the integration which may be imposed 

1483 Preliminary Ideas as to the Mode of Procedure 

As before, it will be necessary to allow the function to grow 
and to ascertain the rate of its giowth under the imposed 
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conditions when the variables it contains are made to vary 
in an arbitrary and independent manner consistent with 
the retention of the continuity of the function and consistent 
with the imposed conditions 

We shall first take the case of one independent vanable 
only, viz x , and we shall suppose that the form of the relation- 
ship between x and the dependent variable y is required 
which shall be such that the integral with respect to # of a 

given function V of x, y } , viz J V dx, acquires a 

stationary value For amongst the stationaiy values the 
maxima and minima values lie To fix the ideas we may 
regard x and y as the Cartesian coordinates of a point And 
here it will be observed that y is to be regarded as a function 
of x , but that the foim of this functional connecting relation 
is unknown and is to be the subject of investigation 

The form of V is supposed known The limits of the 
integration may be regarded as being from a point P, (x 0 , y 0 ), 
to a point P v (x v yj, which will be referred to as the terminal 
points or terminals, and which may be specified either as 
fixed points, or as points which lie on specific loci K 

It is then our object to discovei the relationship between 

x and y which will compass the object of making jVc£r assume 

a stationary value with such terminal conditions 

1484 Foi instance, if we lequire to find the shortest path m the plane 
xy fiom the given line x+y=z 2 a to the circle x 2 +y 2 =a 2 , we have to 

make j ds , 01 what is the same thing j *Jl+y / 2 dx } assume a minimum 
value, where the things at our choice aie (1) the positions of the terminal 
points on then respective loci, (n) the nature of the path fiom one 
terminal to the other And the solution we should expect will be that 
there is a linear relation y=mx+n between v and y, and that the values 
of m and n will he such that the line cuts both the terminal loci at right 
angles , which we shall presently find to be the case 

1485 The Symbol S of Arbitrary Variation 
When a known and definite relation exists between x and y , 
say y=*f(x), and when we pass from a definite point P lt (x, y ), 
on the graph to an adiacent point P 2 , (se+da?, y+dy), travelling 
along the curve, there is a relation between the differentials dx, dy , 
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viz dy=f'(x) dx , to the first order of infinitesimals, where f'{x) 
represents the differential coefficient of f(x) with regard to x 
We may, howevei, assign quite arbitrary independent 
infinitesimal variations to x and y, and thus pass from the 
point P 1 to a point Q x> not necessarily upon the curve y= f(z), 
but indefinitely close to P lt and we shall denote such inde- 
pendent and unconnected arbitrary variations by Sx and Sy 
Thus, m Fig 431, P X P 2 P being the graph of y=f(x) and P x N lt 
QiM x perpendiculais upon the axis and P X SR a parallel 
to the as-axis cutting Q X M X and P 2 N 2 a t S and R respectively, 
we have dx=N x N 2 , dy=RP 2 , Sx=N x M x , 8y=SQ x 



1486 Arbitrary Variation of a Path 

If every point of the P- path be thus treated and the 
variations of the several P-pomts are such as to give a senes 
of Q-pomts which he upon a continuous curve, we may regard 
the P-path as being deformed m an arbitrary manner from 
point to point into an indefinitely close Q-path, and the 
arbitrariness in the deformation is such that the deformation 
*^1 ^ rom to Q x does not in any way fix the law by which 
the position of P 2 is deformed into the position Q 2 , the only 
restriction upon the removals of the various points P v P 2 , P 
upon the P-path to the corresponding points Q X ,Q 2 , Q upon 
the Q-path being that each such removal shall be through an 
infinitesimal distance, and that the aggregate of the ^-points 
shall form a continuous curve This deformation of the 
P-path, whatever that path may be, whether f(x) be a function 
of known form or not, is therefore entirely, point by point, 
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at our choice along the whole path of P, with the exception 
of the terminals, which m any particular case may have 
definite loci assigned to them, where there will be definite 
relations between the terminal values of Sx and Sy at each 
end, but the variations at one terminal being quite inde- 
pendent of those at the other 

The processes of the Calculus of Variations aie essentially 
conducted by means of the consideration of such arbitiary 
differential variations as the Sx, Sy here defined 

1487 Results ot the Differential Calculus which do not 

involve the nature of the connection between the variables 
occurring remain the same with the one set of variations dx , 
dy , as with the other Sx, Sy , Thus, if 7 be a function 
of any set of variables x v x 2 , say, V=<j>{x l , x 2 , x s , ), 

and if these variables receive two sets of variations, 

(dx v dx 2 , dx z , ) and (<5^, Sx 2 , Sx s% ), 
then, if dV and 57 be to the first ordei the corresponding 
changes m 7, we have, whether the variables be connected 
m any way or not, 

dv= ^ dx ' + it i dx2+ and fl " 7= i? 1 toi+ i &2+ 

1488 5 and d Commutative 

We shall now piove that d(Sx)=S(dx) 

Let AA X be any curve y=<p(x), and let P, P 1 be contiguous 



points upon it, viz (x, y) and (x+dx, y+dy) respectively 
Let the curve AA l be deformed to a contiguous curve BB X 
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that the atbitrary point to point deformation displaces 
to Q, Pj to Q x , etc Let the ordinates NP, N l P 1 , MQ } M X Q X 
drawn, and PST parallel to the cc-axis cutting the oidinates 
of Q and P x at S and T, and let PU , the tangent at P, cut the 
ordinate of Q at J7, and let V be the point m which the ordinate 
of Q cuts the curve AA X Then NN =dx, NM=8x The 
change m NM due to a change from x to x+dx is d(NM), 
le d(8x) But d(NM)=N l M l -JSTM=MM l ^NN 1) which is 
the arbitrary change in NN X due to the deformation of the 
curve, and is therefore S(dx) Hence d(§x)=S(dx) 

1489 It follows that 8d(dx)=d8(dx) = dd(8x), etc, and generally 
8d n V ss d m 8d n ~ fn V=d n 8 V , and so on (See Lacroix, Calc Dijfr , n , p 658 ) 

1490 8 Commutative with regard to the Sign of Integration 

Let £— jV dx Then dz=V dx, and dSz=8dz=S(V dx) 
Therefoie integrating 8z=\^8(V dx) 

That is <$j7<fe;=J<S(7<fo:) 

1491 The Quantity co 

Again, UQ=SQ—SU=Sy—y'8x, where y' stands for or 

the tangent of the slope of the curve at P We shall call this 
quantity co It is the amount by which Q is raised by the 
vanation 8y above the tangent line at P, and the distance UT 
is a second-oider infinitesimal Thus, to the first order , co or 
8y-y'8x is the amount by which Q is raised above the curve 
y=<p(x) at the point V 

1492 Differential Coefficients of co 

Supposing y=<p(v), consider the vanation in where 

x and y aie aibitranly changed to x-\-8x and y+8y respec- 
tively We ha\ e at once 

. dy = d(y±Sy) dy (dy d Sy \ A d&sN- 1 dy 
0 dx <2(x-|-<Sa;) dx \dx dx J\ dx J dx 

d , , d . 

=dx s y~y dx Sx ’ 

to the first order of infinitesimals 
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Hence 

8y'- y ''Sx=£ x 6y-y'^8x-y"8x==± (Sy-y'8x)=^u>', say 
Similarly, 8y"—y"'8x—<a", Sy'"—y"'8x=u>", and so on 

1493 Geometrical Proof 

Let Tf — fix) be a cuive such that J r\dx = y, i e y lepresents the aiea 

bounded by the curve AP (Fig 433), the ordinates AL , PzV, viz X—a 
and X=x, and the s-axis 

Let the curve APP X be displaced by an arbitrary infinitesimal point to 
point deformation to the cuive BQQu A going to B , P to P x to §n etc 





Let (x } y ), (a?+$a;, y + 8y), ( x+dx , y + dy) be the coordinates of P, Q, P r 
respectively, and draw the ordinates AL , BL', etc , and PI 7, P\H\ parallel 
to the ar-axis 
Then 

y= f y dx = area LNPA , 8y = 8 f y cfa?=area L'MQB — siea. LNPA^ 

J a J « 

and 

rf(8y)=d(areaX / il/§P)-d(areaPiVP^) = aiea MM&Q - area NN^P (1) 
Also y 8ic=area NMRP to the first older , 

d(y8x) = area N ^M^SPx - area NMRP (2) 

Hence d(8y) — d(y 8a;) = area ifJJ/^Q-area N 1 M^SP l 

-aiea iW^P+area i^ifPP= area RSQ& 

1 e d]j!>J ydx-y 8r^=area RSQiQ> 

and to the first order RQ=8y-y'8x , and 

MM X = NN X + N t M ! - NM =* dx + 8 (a; + dx) -8x=dx+8fa 
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So that to the second order, area &c)da? , 

A /% dz - 17 &c^] - 7 ] &c, and y-y'y y'=y" > 

-r- [% — v' 617] — 8/ - y" Sos, and 8 y' — y" 8 x= to' 
ax 

This geometrical proof appears to be due to the late Dr E J Routh 


1494 Notation 

We shall use accents to denote differentiations with regard 
to the independent variable x, and when accents become 
inconvenient by their number, we shall replace them as 

elsewhere by an index in brackets Thus 3/ (w)== c£j» 

We shall represent by V any known function of x , y , y', 
2/", , y in) , the independent variable being x, and y a function 

of x of unknown form, and therefore, also, its several 
differential coefficients being of unknown foim 

For the present it is also assumed that V is independent 
of the limits of integration We shall adopt the notation and 
follow the method of De Morgan (Ehff and Int Calc ,p 449, 
etc ) In this notation Capitals denote partial differentiations 
of V Thus 







etc, 


the suffixes indicating the particular differential coefficient 
of y with regard to which the partial differentiation of V is 
effected Also accents will be used m these cases also to 
denote total differ entiations with regard to x Thus 




Lagrange, to whom this Calculus is in the first place due, 
uses a different notation, convenient when no differential 
coefficients of y beyond the second order occur, but not so 
convenient otherwise In Lagrange’s notation p stands for y\ 
q for y'\ etc , and 
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1495 Variation of J V dx 

Supposing ys= 0 {a y , y\ y'\ , y <»>}, where the relationship 
of y and x is unassigned and held in abeyance, remaining to 
be chosen to suit circumstances which may anse, let us take 
AA X (Fig 434) as the graph of a supposititious case of such 


B, 



Fig 434 


relationship, and let us suppose it subjected to a point to point 
deformation to a contiguous position BB 1 of the kind described 
Then we shall find the consequent variation in the integral 

u==jV dx, wheie the integration is taken from one terminal 

point A to another terminal pomt A x , which, like other points 
on the curve, may be subject to small variations of position, 
which may, however, m these terminal cases be paitially pre- 
scribed by the terminal circumstances, A going to B, P to Q, 
P x to Q v etc Then, since S is commutative with regaid to an 
integral sign, 

«Sw,=,sj7 <fo= j<$(F<fc)=J(<SF dx+YS cfa)=j(<SF dx+Vd, Sx) 

= j<SF dx+[V te]-J#BdF=[F < 5*] o +|(<5F dx-dV Sx), 

the integral being taken throughout the whole length of the 

curve from A to A v and the square brackets £ or round 

the integrated portion indicating that the included portion is 
to be taken between the same limits, viz (x 0> y 0 ) the coordi- 
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nata, of A to (ft. sJ H» coordinates of A, Ko* to the tot 
order, n .. 

SV=X8x+Y 8y+Y,8y'+Y„8y"+ + Y <»> > 
and + Y (») d 2/ B,> 

. sVdx-dV8x=Y(8y-y'8x)dx+Y,(&y'-y' Sx ) ** 

+ Y„(Sy"-y' ’"8x)dx+ 

-{r«+r,«'+r.« w + +V><fe j 

to the second order 


Hence to the first order 


vv V«v ~ 

d|Fda;=JV <Safj +j {r<i)+y-to'+y»‘»"+ -h Y {rt) u> { ’} dx 

1496 The integrand admits of a considerable amount of 
integration We have 


Y,<o - 
Ynto' — Yiu + 
Y m to" — Y m u> -\-Y in to 


j Yuda 
jy/octe, 
jyjfodx, 
Jy^'axte, 


jy<o(te = 

^Yrw'dx = 

j y „ ««)" da: = 
j Ym(o"dx= 

Now make a further abbreviation, and write 

E-y -y-y;+y;-y*+ +(-i)*r<:>> 

Y,m y,-y:,+y:- +(-i) n_i y ( w 1) > 

Y„= Y„-Y:,i+ +(-1)“- 2 Y ( w !l , etc , we then have 

dx=^V Sx+Yiio+Y ii<o' -\-Y + y<n)“ (n 

which may be written for short as 

S^Vdx=H 1 -H 0 +^Kiodx or [Er\]+)K<odv, 

which gives the variation of the integral to the first ordex 
Terms of the second and higher orders of the vanation are 
not needed for the present We shall recur to a consideration 
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of such terms later -when we come to foimulate an analytical 
test foi the discrimination between maxima and minima 
values But m a large number of cases the nature of t e 
stationary result found will be obvious from the circumstances 
of the problem without any formal analytical discriminatory 
test 

1497 We shall now count up the number of fiist-ordei 
variations involved at the terminals Written at full length 
to exhibit all these variations, we have, to the first order, 

pi 

<3 Fcfct 

Xl> =[T Sx+Y,(8y-y'Sx)+7„(8y'-y" 8x)+ +Y^ M {Sy {n ~ 1) -y {n) ^)h 

— [V &+ Y,{8y-ySx)+ Y„(8y'-y" <5»)+ + (<y n “ 1) -2/" )<5a 0]° 

+(*' Y(8y-y / 8x)dx, 

the suffixes to the square brackets having their usual signifi- 
cance There aie in each square biacket n+ 1 variations, viz 
8x, Sy, 8y\ Sy ln ~ 1] > but these are not necessarily all mde- 

P (i) If the terminals be faxed we have four equations of 
condition, viz te= 0 and «5y =0 at each end, and u - 1 arb > t ™J 
variations are left in each bracket, viz 8y , 8 y , 1 < ’ 

depending upon the direction of the tangent to the path, t e 

curvature, etc, at each terminal 

(n) If the terminals be not fixed but constrained to he upon 

assigned curves, say y~x o(*)> V~X i(®)> ^ben cj/o—Xo (^o) 

8y.= v/tojldiCi, so that two conditions aie imposed and two 
variations, viz Sy 0 and Sy x , cease to be aibitrary, which leaves 
n independent arbitrary terminal vanations in each biacket 

(m) Other teimmal stipulations may be made For instance, 

if the end s 0 , y 0 is to be fixed, and also the direction of de- 
parture from that point and the curvature at that point also 
fixed, this will entail 8x 0 =0, 8yo=0, $y 9 =0, Sy 0 — 0, an e 
number of arbitrary variations left in that biacket is u— 
Similarly, any specific data may be assigned for the otheT 

extremity , , , „ 

Thus, ou the whole, there are in the two brackets 2n+2 
terminal variations Every imposed terminal condition ex- 
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pressible by one equation, such as Xq=cc 9 y$ =c, etc, which is 
to hold at a terminal, reduces the number of independent 
ter min al variations by unity Hence, if there be p equations 
of condition, there are 2fi+2 — p independent terminal varia- 
tions Eg if the terminal (x 0 , y 0 ) be given, and the abscissa 
of x lt and the direction and curvature of the direction of 
approach to (x ly y^) be given, there are 5 equations of condition 
and 2^—3 independent teimmal variations 

1498 In the remaining part of the total variation, viz 

^Koodx or ^Y(8y— y'Sx)dx, 

there are an infinite number of variations, each pair Sx, 8y 
indicating the displacement of a point ( x , y) of the curve to 
be found to a hypothetical adjacent position The function 

Y or K is a linear function of the total differential coefficients 

with regard to a? of the partial differential coefficients of V, 
standing for Y- Y,'+Y"~ +(-l)"Y ( ( :! 

In general y<», itself contains y (n) , and therefore in general 

Y contains a term y i2n) Hence, if Y be equated to zero, as we 
shall see will be necessary in a search for a stationary value of 

j Vdx t 7=0 is in general a differential equation of order 2 n, 

le of double the order of the highest order differential 
coefficient occuinng in V The solution of such a differential 
equation will contain 2 n arbitrary constants This is less by 
2 than the number of teimmal conditions + the number of 
independent terminal variations, which is 2(w+l) 

1499 Conditions for a Stationary Value oi^Vdx 

The same line of argument as that employed in the Differential 
Calculus (Art 496), m searching for the maxima and minima 
values of a function of several variables, will now apply in a 

f Xi 

Vdx It follows that 

%0 

the first order terms of the variation of tins integral, viz 
C Xl 

[jy]J+ 1 u)K dx, must vanish, and further that the coefficients 

J £To 
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of the several independent aibitraiy variations contained m it 
must separately vanish 

Now one system of choices of these independent variations 
will be that m which all variations at each terminal aie fixed 
so that H is made zeio at each end Therefore we must have 

m all cases J K(Sy—y' Sx)dx = 0 Moreovei,as Sy—y'Sx is 

atbitrary at every point of the path, it follows that K must 
vanish as a pumaiy condition Hence the aggregate of the 
terms in [#]J must also vanish in any case And further, 
since it has been seen that if the number of prescribed 
terminal conditions be p, the number of independent terminal 
variations is 2n+2— p, there will be 2n+2— p relations arising 
from equating to zero the coefficients of these independent 
terminal vanations 

It has been seen that the solution of the differential equation 
K = 0 contains m general 2 n arbitrary constants (Ait 1498) 

It then appears that as the conditions for a stationary 

value of I V clx, we have 

( 1 ) Y or if =0, the solution containing 2 n ai bitrary constants, 

(2) 2w-)-2— p independent equations arising hom [#]J=0, 

(3) p terminal equations 

Thus we have 2n+2 terminal equations in all to find the 
2 n constants, which fix the nature of the path and two other 
quantities, usually the abscissae of the terminals The pro- 
blem is therefore in general completely determinate, as will 
be seen when we come to discuss examples of the method 

1500 Cases of Integrability of K=0 

The chief difficulty m this problem lies m the solution of 
the differential equation K= 0, and often this cannot be 
obtained 

(1) There is one case m which at least a first integration 
can be effected m general terms, viz when V does not ex- 
plicitly contain x , ^ e V=<f>(y, y\ y", y (n) ) 

For now 

X=0 and < ^=Yy'+Y,y"+Y„y"'+ +Y M y^ 
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But 

| Y,y" dx = 
f Y„y'"dx = 



\Yy'to, 

Y,y'~ |r '.tfdx, 

Y„y"-Y'„t/+ ^Yly'fa, 


f r, n) 2/ n+1) <fc= W 1 - y;.,y n - 1) + +( - V +( - 1 ) n { *ti y'dx 


Hence Y={Y l y'+Y„f+Y, l ,y"'+ +Y (n) tf n) }+C, 

for the coefficient of y r in the integrand of the unintegrated 
part is K , which vanishes 

(2) Another case of mtegrability (to a first integral) of the 
equation K = 0 is obvious, viz when V does not contain y, so 
that Y does not appear For K = 0 then becomes 

y;__ YII+ YZ- =0, of which a first integral is 
Y,— Y/, + Y," — = const , le Y,=C' 

(3) If V contains neither x nor y explicitly, we have also 

V=C'y'+C+Y„ y "+Y„'y'"+ +7 {n) y 


1501 A very Common Case 

If 7=<£(y, y'\ m which x does not explicitly occui, and 
no differential coefficients of y beyond the first, we have 
7=Y,fl/'-fC, with the condition V Sx+ Y,(8y— y' Sx)--0 at 
each terminal, i e 

[C Sx+ Y,8y] 0 = 0 and [0 &r+ Y^y^O 

(1) If the terminal points be fixed, the terminal conditions 
are identically satisfied, and the two constants which will be 
present m the final integration of V=Y,y'-\-C will be de- 
termined by making the curve obtained pass through the 
specified points, whose coordinates are m that case known 

(2) If the teiminal points are to lie on specific loci 

y=x :<.(*)> y=x iO)> 

we have 6y„— Xo'( x o)^ x o> ^Vi—X 

and tfieiefoie 

[C+r, Xo '(a: o )] 0 =O and [C+7, Xl '(x 1 )] 1 = 0 
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And supposing y=F(x, G , 0% the solution of the equation 
K=0, the substitutions of this value of y m the above 
equations, together with the equations 

Xo(*o)=F(x 0 , 0, O'), 0 , O'), 

suffice to determine the values of the two constants of the 
differential equation and the abscissae ot the terminals of the 
path (See Art 1499 ) 


1502 Illustrative Examples 

1 Let us apply the rule to find the nature of the shortest distance between 
two given points (v Q , y 0 ) } (v x , y the lesult to be expected being of course 
obvious (See Art 1484 ) 

Here Jds = j*J\+y ,2 dx is to be a minimum 

We have 

FWT+p, X=0, 7=0, Y,=y'/JT+y~ 2 , V-7J+C 

Thus \/l + y' 2 = t/ 2 /*J 1 +y' 2 4- C , le Vl +y' 2 = \/C or y' = const = m, say 

Then y=mv+n, m and n to be determined so that the straight-line 
path indicated shall pass thiough the terminals, t e 

x, y, 1 | = 0 
*oi yo, 1 
**i } Vi» 1 

2 Suppose we requite the shot test distance ft om the cutve y = x oW to the 
tut ve ?/= Xi(*) 

Then, in addition to the above, ve have teiminal conditions at each 

7 1 is 

end, viz FSr+ T,(S?/-y' &z) = 0, te C 8x+y'C 8y= 0 oi \+y' ^£=0 

each end, ? e the straight line is to cut the terminal curves at right 
angles at each end 

Also the equations 

1 + mx o' (^o) = 0, 1 + mxi' (#i ) = 0, mx 0 +n = \ o ( *o), w*i +™ = Xi(* ? i) 
determine the four quantities m, n , a 0 , 

It will be noted that maxima as well as minima distances aie 
included m the solution The discrimination depends upon the nature 
of the terminal cuives, but in particular cases the nature of the result 
will usually be obvious without formal test 

3 Let us enquire next the nature of the curve for which , with specific ter- 

minal conditions, f(fijj) da, attains a minimum value [Lacroix, Calc D , 
p 704] A / 

Here V=y"\ X=Y=Y,=0, Y„=2y", Y,„= 0, etc 

K=0 gives 

d 2 „v „ _ dSy _ ^ x x* or* 


^(2?/") = 0, or y=C 0 + C' 1 p+C , 2 


0 ) 
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The terminal variation conditions aie for each end 

F&r+(F,-n)(ay-y / Sx)+r / ,(V-y ,, ^)= 0 ( 2 > 

If we impose the condition that the curve is to pass thiough (0, 0), 
(a, 0) and its tangent to make with the x axis angles tan^a, tanka' at 
these points, equation (2) is satisfied and 

0=0*, 0=0 1 j-l-0 2 ~ + 03 ~, a f=0j, + + 

whence O 0 = 0, = a, 0 2 = — 2(2a-ha')/6f } 0 3 =6(a+a )/a 2 , 

and we have ?/=ar — ^a-i-a') r 2 /a-|- (a + a)x 2 /a 2 

If a'= — a, this becomes the paiabola a?/ = a#(a— #), in which case 
y /r = -2a /a, and is constant thioughout the cuive 

4 In t he case of a bead sliding freely on a smooth wire in a vertical plane 
under the action of gravity , to find the form of the wire so that the time of 
descent from one point of the wire to another is the least possible This cutve 
is called a brachistochrone 

The energy equation is ^=2 qy, wlieie y is the veitical distance of the 
bead at time t fiom the honzontal line of 7eio velocity This gives 

( 4 

s/lgJ siy v2 gJ \hj 

which is to be a minimum 



Here 

y=Vi+7vVy, X=0, Y= -Jl+plfy*, Y,=y'l'J~y*h+y' 1 
y = yy + C gives CJyJl+y'^l , oi, wilting 
i/'=ta,nylf and 0=l/N/2a, 

y=2a cos 2 i/r oi 2a-y=2asm 2 i/', (1) 

which indicates an aic of a cycloid with cmps on y = 0, i e on the line of 
zero velocity (-0 0, Ait 395 ) 
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At each terminal V Y,(8y-y' 8x) = Q i i e 

C 8x+Y,8y = 0 oi &r+/8y= 0 (2) 

(i) If the teimmal points be fixed, equation (2) is identically satisfied 
Equation (1) is only a hist integral, but sufficient to determine the 
nature of the curve 


To pi oceed with it, = tan \p = 


■v 


2a -i/ 


and putting y=a(l4- cos 6 ), we have 

dx= -a(l-fcos 0)d8 J le r-C'= -a(0-fsin 0) 

So the equations of the curve are 

x=C' -a(0 + sin 0),\ 
y— a(l + cos 0) J 

Moieover, as y=a(l + cos 6) and also = a (1 4- cos 2\p\ we have d — 2yp 
If the curve is to pass through (r 0 , y 0 ) and y\\ both supposed fixed, 
we have two equations to determine O' and a, te the position of the 
cusp and the magnitude of the curve 

If the bead is to start from rest at (:r 0 , y 0 ) this point must lie on the 
line of zero velocity, i e, y 0 =0, and this point is then a cusp of the cycloid 
But if the end (« 0 , y 0 ) be fixed, and the other end (t x , ?/i) is a point only 
known tolieona dehnite locus y = x( r )j ,we ^ ave &ro=%o = 0, 8 ? /i = X^i)^’ 
and the terminal equation at y x ) gives $v+y' 8y~0 at that point, t e 

y' — 1, and the path cuts y= x(^) orthogonally, and the same is true 

if (r 1} y t ) be fixed and (r 0 , ?/ 0 ) lies on a fixed locus y—X(x), viz the path 
must be such as to cut oithogonally the line fiom which it starts 

If both ends are to lie on fixed curves, viz y = XoO r )j V—XiWj we ^ ave 

the conditions y' = —1 at each end, and therefore each terminal curve 

is to be cut orthogonally 

If, for instance, the teimmal curves be (1) the line of zero velocity, 
(2) a vertical line at a distance b from the staitmg point, the starting 
point is the cusp of the cycloid, and 
the othei teimmal is the vertex 
The value of a is then found from 
the equation 6 = ira, % e a— birr, and 
the constant G is sjrj2b It will 
be noted that the staitmg velocity 
from (a 0 ,y 0 ) on the first curve must 
be that due to a fall to that point 
from the line of zero velocity, % e 
s/2gijo Paths starting fiom any 
other given horizontal line, and 
therefore with the same velocity, and describing paths in the least time 
to a given curve cut the curve at right angles, but not the straight line, 
except in the case when the line is the line of zei o velocity itself 



Fig 436 
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The problem just discussed is the celebrated problem of J ohn Bernoulli 
which gave rise to the Calculus of Variations It was proposed in the 
Acta Eruditorum, 1696 (see Cajon, Hist of Math , p 234) The geneial 
problem of biachistochionism foi any conservative system of forces will 
be considered later (Arts 1537 to 1544) 

5 Taking two given points A, B as terminals to find a curve connecting 
them such that the area bounded by the arc AB, the radii of curvature at A 
and B and the intercepted arc of the evolute is least [De Morgan ] 

Here - f pds==\ - dv is to be a minimum 

2 J 2 J y 

V^l+y'W', X=Y=0, Y,=4ty'(l +y' 2 )ly'% Y„ = -(l-H/' : W' 2 . 


and V=2G l y'+2C i +Y„y" gives (1 +y' 2 ) 2 ly"=C 1 y'+C i , 
or, putting y' = tan i p, p = C x sin ^ + C 2 cos \f/ = A sm ( ^ + B), say 
The curve is therefore a cycloid 

The tenxunal conditions are VBv+- Y, (By-y'Bx)+Y„ (By' — y"8x)=*0 at 
each end, and since &r=8y= 0 at each end, this reduces to Y f ,8y'=Q at 


each end 

Also Y„=Y„=-(l+y' 2 )*ly ¥2 , and the values of By' at each end aie 
arbitiaiy Hence y" must be oo at each end, and the iadn of curvatuie 

must therefore vanish The ter- 
minals must therefore be cusps of 
the cycloid 

If a condition be added that these 
ai e consecutive cusps the cycloid is 
then determinate, the length of the 
choid AB being given, say Z, the 
ladius of the lolling cncle must be 
Z/ 27 T If the cusps be not neces- 
saiily consecutive the aiea might 
be that contained between a set of 
such cycloidal arcs as shown in 
Fig 438, and their cycloidal evo 
lutes, and it will be obvious that 
if the number of these arcs be infinite, the area thus bounded becomes 
ultimately /eio, the ladius of the rolling circle having become mfinitesi- 
inallj small 



Fig 438 


If the terminals A , B be not fixed but constrained to move on given 
curves, there is a relation between 8r and By at each end, but the values of 
By' are still independent and arbitrary , therefore Y„ still vanishes at 
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each end, which aie cusps of the cycloidal path, which may 01 may not 
be consecutive , and other lelations also arise by equating to zero the 
coefficients of Sv for each end after substitution of the terminal conditions 
which give By m terms of dr 


1503 The Case when 7 depends upon the Terminals 
If V contains the cooidmates x 0 , y 0 and x v y 1 of the ter- 
minals and difFeiential coefficients of y 0 and y v in addition to 
y, y\ etc , % e 

V=<p(x,y,y',y", ,x 0 ,x lt y 0 , y v yj, y{, ), 

the variation SV will include terms in addition to those of 
Art 1495, and now 


SV=X6x+Y6y+ Y,Sy'+ 


+ 1 ^ SXl+ ly 0 Syo+ ^Ji Syi+ *y* Sy °' + 


and these additional terms in the variation djFdas give rise to 

+Sy 4w* dx+ ’ 


the variations 6x 0 , 8x x , Sy 0 , etc, not being functions of x 
but only of the limiting values of x, and the integrations 
being from x 0 to x l as before These extra terms are all to he 
added to the terminal variation portion of the total variation 

<$J Vdx The differential equation will be unaltered, and the 

general value of y in terms of x thence derived may be sub- 
stituted m the several additional integrals above, and their 
values may then be found and treated as part of the ter- 
minal variation [H] 


1504 Relative Maxima and Minima Lagrange's Rule 
Many problems occur in which j* Vdx is to be made 
a maximum or a minimum with the condition that at the 
same time a second integral JlTcfa; is to acquire a given value 
a, where W , like 7, is also a function of x, y, y\ y”, etc For 
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instance, we might require the cuive joining two specified 
points, such that with the cc-axis and the terminal oidmates 
a maximum aiea is to be enclosed whilst the length of the arc 
between the terminals is given 

Lagrange solves this ielati\ e species of maxima and minima 
problems by making sj(V+\W)dx=0 unconditionally, wheie 
X is some constant to be determined 

For clearly this gives S^Vdx-{-\8^Wdx= 0, %e 8^V dx 

vanishes foi all such relations between y and x as make JlF dx 

any constant quantity Now, upon solving this unconditional 
problem m the way described m the preceding articles, we shall 
get a relation involving X as well as the constants of integra- 
tion, say y=0(X, x , G lt C 2 , C S) ) Then substituting for y m 

Wdx and integrating, we are to make such a choice of X as 

will give the integral J*TP dx the stipulated value a 

We then have 8^Vdx+\8a= 0, ^ 8^Vdx=0, and the 

variation of jV dx is zero, and the integral has a stationary 

value for such a relation between x and y as gives to 

the prescribed constant value a The constants of integration 
are to be determined as descubed befoie fiom the terminal 
conditions 

1505 Illustrative Examples 

1 To two points A , B given % n position , whose distance apart is 2c, an 
inextensible thread is attached by its ends , whose length is 2ca cosec a To 
examine m what curve the thread must be arranged so that the area enclosed 
by the thread and the chord AB shall be as great as possible 

Taking the mid-point of AB as origin and OA as ?-axis, we aie to 
make - jp ds a maximum with a condition Jd s== 2ca cosec a 

By Lagrange’s rule we are to make us [(p+2\)ds=* maximum, t e 
m Cartesians J 

u=s f(y—&y'+2hs/l+y' 2 )dx; is to be a maximum 
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Here V^y-xtf +2WI+7», *= F=l, F,= -a+SA/Vl+y' 2 , 

F„=0, etc Along the path we are to have 

F=r-7!=0 01 l=-l + 2 \A 

Hence 


£ 

Vl+y ' 2 


^ _ 

n /1 +/ 2 


and dy= 


(x—a)dx 

VA. 2 -(#-a) 2 ’ 


te (x-a) 2 +(y-b) 2 =X 2 



Thus the thread must lie on a cucular arc of radius ± X of which A B 
is a chord Therefore the centre lies upon the y axis and a = 0 

Let D be the centre and A DO = /? Then X — ± c cosec /3, and the length 
of the arc = 2 (?r -/?)<? cosec /3, which is to be 2cacoseca , whence 
f3=7r — a, X= ±c cosec a and b= ± A.cos/3 = -ccota 
The equation of the arc is therefoie ^ + (y + ccota) 2 = 6 2 cosec 2 a 
In the limiting case when c = 0, a = 7r, and if i be the ladius 

Lt c cot a = Ltr cos a= -i and Lt c 2 ( cosec 2 a -cot 2 a) = <^=0, 
and the equation becomes x l -\-y 2 = < iry ) where 
2 tit = £, the length of the thread The thread 
then forms a complete circle x 2 +y 2 =li//‘rr 
Incidentally this shows that the closed 
curve of given perimeter and greatest area is 
a circle The piocess is the same if we 
require the curve of least perimeter with a 
given area, which is therefoie also a circle 
Note also that if the length of the thread 
exceeds i re, the cuive will cut the ordinates 
diawn at A and B and lie partly outside 

them For this reason we did not express the area as jydx, for m 

that case the limits -c to +c for x would not contain the whole area 
bounded, but onlj so much of it as lies between the ordinates at A and 
jB, and there would be the difficulty of assigning such limits for the 
integration as would give the whole area 
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A Case of Discontinuity 

If the condition be superimposed that the thiead in the above example 
is not allowed to extend beyond the ordinates at A and B, we should piefer 

to begin by expressing the aiea as J ^ ydv Rut when Z>7rc a discon- 
tinuity will be introduced by the imposition of the new condition We 
still have the condition J JTfy^dx- the given length = l Hence 

J(y+\\/T+y T )dx 

is to be an unconditional maximum, where X is a constant to be 

detei mined 

Heie Y—y+^sl l + y'\ X=0, 3^=1, Y,= \y'/*Jl +y /2 » — 0, etc , 

y + WI+p = + b, where 6 is a constant (1) 


Hence 


•</ i+y 5 


-b-y, te 


(Vztyk -dr 


and 


(*-a ) 2 + (y-&) 2 =A* 


So long as l > 7 rc this will lead to the same solution as before But 
the arc is now, by the new condition, precluded from lying outside the 
01 dinates at A and #, and therefoie, for the case where A > ttc, we must 
ie-examme the problem Now, it has been assumed m the reduction of 
equation (1) and in integrating, that y' is finite thioughout 

But equation (1) can be satisfied by 
making y' infinite, which indicates that 
part of the boundary of the aiea may be 
a straight line perpendicular to AB 
Examine next the limiting conditions along 
the 01 dinates AL, BM at the extremities 
of the choid , is to be zero, but By is 
arbitral y Now, for the terms involving 
B O A x the terminal vanations 

Fl * 441 [r8*+F,(Sy-/&r)]=0, 

and if the thread be ananged as AL and BM, straight portions, with an 
arc of a circle LM, which satisfies equation (1), we have at A , L, M, B , 
te at the teimmals and at the points where the thiead leaves the 
ordinates, &c=0 , whilst at A and B , By is also zero This reduces 
the conditions to [X, 8y]= 0 

That is (Y, By at A — Y, By at L) for the line AL-\- (Y, By&tL- Y, By at M) 
for the ciicular arc + (3^8^ at M- Y,8y at B) for the line O, and 
By at L is independent of By at M 
Hence Y, foi the line AL at L= Y, foi the cucle at L \ 
and Y, for the line BM at M- Y, for the circle at if J 



i 


\ 
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Bub in each case Y,/ A s . V becomes 1 for the lines, y f being infinite 

yf V 1 ^ 

i±eilCe ~ * * 01 cnc ^ e A ^ b0 » both afc L an< ^ at Therefore 


y'= co for the circle at L and M, and the circle touches both the ordinates 
The area in question is therefoie that of a rectangle sui mounted by a 
semicircle, and is such that 1= AL + which gives the lengths 

of the stiaight portions as — when l >tc 


2 The ends of a uniform heavy chain of given length l slide freely ujgon two 
smooth curves which lie m the same vertical plane Let us investigate its 
form on the supposition from the energy condition of stability that the 
centroid of the arc mil assume the lowest possible position 

Let the chain assume a position such as indicated by AB in Fig 442, 
the terminal curves being y=fi(i) We assume it as obvious 



that the chain will hang in the veitical plane of the terminal cuives 
Take any horizontal line in that plane as #-axis For the position of 

this #-axis shown m the figuie we are to make Jydsj jds a minimum 
with condition jds=l Therefore, by Lagiange’s rule we aie to make 
J (y+A)>/l +y' 2 dx a minimum 


The equation V=Y,y' + C gives ( y + A) Jl+y' 2 = (y + A) f 2 l*Jl +y' 2 + 0 , 
te y + A = C\ f 1 +y' 2 = C sec i/', wheie y' = ta,Ti\f This is enough to 
indicate that the chain is to lie m the arc of a certain catena! y cuive 
Proceeding further with the integration, 


Cdy 

^{y+hy-C 2 


= dx, te 


y + A _ 


cosh 


v+C' 
C * 
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wheie G is a new constant The catenary is therefoie one with it 
vei tex at ( - C\ -X . + C) and with paianieter C 
As to the teinnnals, we aie to have [ V8x+ T,(8y-y' 8v)]=0 

But = %o = /o / ( a; o) 8r 0 , so that only two of the four 

variations at the terminals aie independent, and we have C 8i + Cy'8y=0 

at each end, is l+/||=o at each end, and theiefoie each of the 

teinnnal cmves is cut at right angles by the curve of the chain 
The seven quantities i 0l y 0i r u y u C, V and A are determinable from 
the seven equations 


?/o + A__ 


= cosh 


Xa+C' 


3 + ^ -. ccr ;h *i+C' 

c “ costl (T* 


Vo foi^o), q — 

'o'M = _ i, //(*,) smh a±£. - 1, 


Csinh^^ — CsinhS+iL-; 

o c 

3 A vessel which is m the form of a surface of revolution with parallel 
circular ends of given diameters is just filled with an inelastic fluid The 

capacity of the vessel is given and the whole 
fluid is made to revolve about the axis at a 
definite angular velocity co It ts required 
to find the shape of the vessel so that the 
“ whole pressure ” upon the curved surface 
is a minimum , neglecting the effect of 
gravity 

Take the origin at the centre of one 
end and the axis of figure as A-axis Let 
the ladu of the ends be a and b and 
the length of the axis Taking the 
density as unity the hydrostatic pressure 
equation gives dp = o>*ydy 1 where p is the 
piessuie at any point, whence p—\o 2 y\ 
foi p vanishes along the axis by the 
condition of the vessel being jvst full 
as “whole pressure” is given byJpdS, 



Fig 443 


Now, the quantity known 
where S is an element of surface 


Thus 


f 


"a j 2 ^ 2 


j7ry 2 dx=zs, given quantity 


2irys/l +y 2 dx is to be a minimum with condition 

Hence j (y 3 fl+ip + Xy*)dx is to be aa unconditional minimum 

Sa^fTY>+Xf=yy>lfTT7 i +C, is ?MT+p+\ y*=C, and for 
the terminals [FSr + r,(8y-/&r)] = 0, and at the end through the 
origin & and Sy both vanish, whilst at the other end Sy=0, for the radius 
is fixed, i e C8v= 0, and therefore as 8v is not necessarily zeio, <7=0 
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Then 7=yy' 3 /( l+/ 2 ) + A.y 2 , F,=y(3/ J +y' 4 )/(l + y' 2 ) 2 , whence 

*« A# 2 - 2# am 3 \p cos ^ = (7 (1) 

For the teiminals [FSa-h F,(8?/-?/8a;)] = 0, ? e [C8a;+ 7,8y] = 0 

The ongin being taken at the centre 
of the flat base (Fig 446), and the base 
being given, we have 8x and 8?/ both zeio 
for the tei nnnal of the generating curve 
which lies on the y axis Also C 8a + Y, 8?/ 
must vanish at the other terminal Re- 
jecting the supposition of a discontinuous 
flat-nosed surface, this other teimmal 
must be on the 47-axis and 8y = 0 But 8a; 
is aibitiary Hence 0= 0 Rejecting 
also the solution of an end-on straight line 
experiencing zero resistance, we have 

sin 3 cost/* 

It follows that ^=J^= |(3sm^-4sm^)=-|sm3^ 

And s = ^ cos ixf/ + const , 

which indicates that the generating curve is pait of a thiee-cusped 
hypocycloid, and the values of A and the constant may be found from 
the given data 



1506 The Case where V dx is a Perfect Differential 

We have assumed so far that j V dx is not dnectly mtegiable If 

howevei this be so, the function is free from an integial sign and merely 

depends upon the terminal values of y and the differential coefficients, 

and is independent of the path of integration from the one terminal to 

the other We are therefoie not much concerned with this case Such 

a case would occur if, for instance, F= — , for then 

* x 1 ’ 

fV^=r^>=[YT 

Jx 0 JX 0 dx\tvj L. 1 -JXQ 

1507 Tests of Integrability 

Oui method of procedure, however, yields a test of integrability Foi 
supposing V to be the differential coefficient of some function of foim 
V> V\ 2/ {n ~% 

S L F<fo=8 [- F i r >y’2 ,, > 

and assuming the variation to be one which does not affect the terminal 
values of the variables, this vanishes independently of any assigned 
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i elation between v and y That is, the 1 elation F—O is identically 
satisfied And the conveise is also true, and the condition is sufficient 
as well as necessary 

Foi the demonstration of this converse the student may be lefened 
to Todhuntei, Int Calc , p 365 


1508 Two or more Dependent Variables 
Let V be a function of one independent variable x and two 
or more dependent variables y , z with then differential 
coefficients with regard to x , and suppose we are to search 
for the nature of this dependence which will give a stationary 

value to J V dx 

Here V=f(x > ^ K,’ ) We may proceed to find the 

\ z, z, z , / 

first order variation of the integral exactly as before, but it is 
necessary to extend our notation 


Let 


dx— Ai dy®~ I(n)i dd n) {n)t 


J] (n) = ^y(n)_y(n+l ) fa £(n) = fan) _ z (n+l) fa 

r M -F' ( „ +1 ,+y; +!1 - =r<»„ z w -z;„ +1) +z; +2) - =z ( 

Then, just as before, the first order variation of | Vdx is 


5 1 Fda;=[ 


VSx + -’ l+ -" ,, ' + 
+Z,s+Z.? + 


]+J(7,+Zf)^ 


or =- [H]+\(Y v +ZOdx, 

a result similar to that of Art 1496 

Obviously, a similar form will hold however many dependent 
variables there may be 


1509 The Subsequent Procedure 

As in the case of one dependent variable, m a search for 

the forms of the functions y and z which will give J Vdx a 

stationary value, we are to put <5 J Vdx= 0, and now two cases 
anse, viz 

(i) When y and z are independent functional forms . 

(ii) when they are connected by an equation L—0 
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( 1 ) In the first case, rj=Sy—y'Sx and £= Sz—z'Sx are inde- 
pendent variations, and we get Y=0 and Z—0 separately, 
which form two differential equations to determine y and z 
m terms of x 

(n) In the second case, tj and f are not independent varia- 
tions, but we have Ytj+Z£= 0, together with L— 0 

We shall consider these cases in detail 

1510 Case I y and % independent 

Here 

r=r-y;+r;:- =o, z=z-z;+z;;- =o 

Besides these equations, m the event of V not explicitly 
containing x , we have, as m Art 1500, 

V =(Y,y'+Y„y"+ ) + (Z,z'+Z„z"+ )+C 

And further special cases arise For instance, if y and z 
aie also absent from V , we have 

y;-y;:+ =o and z:-z::+ =o, 

whence Y,=C 1 and Z,=-C 2 , 

V=C 1 y'+C#'+C+ Y„y"+ +Z„ 2 "+ , 

and similarly m other cases 

Also, if other dependent variables be piesent, a corresponding 
modification of these results will obviously hold 

1511 Case II The Case when the Path lies on a Specified 
Surface 

Before considering Case II m detail, viz y and z inde- 
pendent, we may point out one very useful case which 
follows immediately from what has been said, viz the case 
where the equation L= 0 is a relation between x , y and z 
alone This equation is that of a surface on which the path 
to be discovered must necessarily lie And the case is useful 
for the very large class of problems dealing with maxima or 
minima conditions for lines drawn upon a given suiface 

In addition to Yrj-\-Z£=0, we have 

L x dx+L y dy+L 2 dz= 0 and L x Sx+L y Sy+L z Sz=0 

Multiplying the first by 8x/dx and subtracting, we have 
L y rj+L z ^— 0, whence, eliminating r\ and YIL y =Z/L z and 
L=0 for all such cases 



CURVES ON A GIVEN SURFACE 


631 


1512 Next suppose the equation of condition to contain 
x, y , z and differential coefficients of y and z with regard to x , 

)- 

Lagrange adopts a method similar to that of Art 1504, 
and makes 

3 j'(F+XL)cfa;=0 without condition, (1) 


where he regards X as a function of x only 

It is clear that this will make S j* V dx vanish for all such 

values of the variables as make L— 0, which is what we requne 
Now 


8^XLdx=^(Ldx 8\+Xdx 8L+XL dSx ) 


=[XZ&]+J X(8L dx—dL &r)+j*.L(<$X dx— 8xdX) 


The first term is a function of the variables and variations 
at the terminals only, and vanishes with L 

The thud term is the only one in which variations of X 
appear And it will be noticed that if X be legarded as a 
function of x only, say \=x( x )> ^ en smce dX=\(x)dx and 
SX=x( x ) we h ave dx—8xdX=Q, so that the suppositions 
(l) L— 0, (n) X=x( x ) Produce m that teim the same lesult 

Therefoie, m finding the vanation 8^ (V +XL)dx without 

condition, it is unnecessary to considei variations of X when 
we consider X to be a function of x alone The variation 

of | XLdx therefore produces m the unintegrated part of 
8 f {V+XL)dx, the additional term | X (sL—^ 8xj dx 


1513 Regai ding X therefore as a function of x alone, and 
writing V+XL instead of 7, let us put 

|T]^|(F+XZ), [V]^(F+XZ) etc, 
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the square biackets indicating that the substitution of V -\-\L 
tor V has been made therein Thus 


S 


J (T-hXJD) da:= |[F] <5* 


+[y,]„+[r„]„'+ 

+[z,K+[^]f+ 


} 


+|([y]>?+[z]D^» 

and as the variation is unconditional, we have rj and f inde- 
pendent and [Y]=0, [Z]=0 , that is 

ij<r+W-iw l - y +W+»W AT+XL) - 

»d |(7 + XI)-|^(7+U)+^ |.<7+XL>- -0, 


% e X being a function of x alone, 


d , 

dL\ 

, & , 

L ZL\ A 

dx 

^ dyO 

' + dx* { 

r> 

ii 

i 

<< 

d 

L dL 

. , d l . 

L dL\ A 

dx' 


]+ d& [ 

v x dz") -0, 

L= 0,J 


and Z/ -j- X ^ 
which, with 

give three equations to determine y, z and X as functions of x 


1514 It will be observed that the teims after the first 
in the first and second ot these equations, are those which 
accrue fiom the treatment of the term 

jx (j$L — ^ Sxjdx 

in the vanaton of jxL dx , after the manner of Art 1496 

We may note further that when L does not contain differ- 
ential coefficients of y or z with respect to x, these equations 
reduce to ¥+A£ v =0, Z+XL*=0, L= 0, 
and therefore give again the result of Art 1511, viz 
7/L y =Z/L z and L = 0 


1515 Illustrative Examples 

1 As an example of Case I of Art 1509, let us find the shortest distance 
from the surface F(x, y z) = 0 to the surface f(x, y,z)= 0 mthout any further 
condition as to the path Tins should obviously be a stiaight line cutting 
both surfaces perpendicularly 
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Weaieto make Jck = JVl +y' A +z'*dr a minimum, with specific tei- 
minal conditions Heie 

tWiTFm 7 ? 2 , X=0, 7 = 0, r,=- 


V' 


, ^=0, 


2 ,= - 


*Jl+y /2 +z' 2 

, Y=-~T„ Y,= 7„ 3—5*,, 


The equations 7=0, 2 = 0 give 

y.-o„ z,=c„ J=o 2 , 


and therefoie 


ds " 


That is, the tangent to the path is in a constant direction, and the path 
itself is a stiaiglit line 
At the terminals we have 

[FS*+F,(Sy-/te)+2(&-^8*)]=0, te [ 8 ^=p=§r] = °> 

and the vaiiations at one end are independent of those at the other, 
t e 8r4-y' Sy+/ 8z must be zeio at each end, i e 

S b +£*>’ + S *“ 0 

at each end But the variations Sr, 8y, 8z must lefer to displacements m 
the tangent planes of the teiminal suifaces, foi which 

I' x 8x+F J/ 8y+l' s 8z=0 and f x 8x+f v 8i/+f t 8z= 0 
Hence the path sought must cut each sui face orthogonally 

2 As an example of Case II of Art 1509, examine by aid of these 
equations Lagrange’s first rule , Ait 1*304, where we have to find a function y 

such that sjvdx = 0 under condition j W dx=a constant a 

Putting z = jwdXy we may write this as L=z' -W = 0 

Then we make sj'{V+\(z'-W)}dx=0, X being a function of x alone 

We have ’gp “° 


and 


-oj 


But *" 


zw 


J=o, J^(*'-JF)=o, £w-W)=k 

Hence these equations become 

r-r;+r,;- }=o a»d -f=o 
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The second shows that A. does not contain x, and is a constant , and 
the first mav then be written 

T-r,+n- )=°, »• cn-o. 

wheie [ 7 ] refeis to the operation 

fd d 3 N 

dvdy'^dz* dy" ) 

upon V — A, 17, legal ding A. as a constant, which is the rule of Art 1504 

l*z> r* y dec 

3 Consider the stationary value of I — dx Comparison of the two 

Jo V 

cases [Ohm Todhunter, Hist , p 35 ] 

Let z= j ydv Then z'=y, z"=y' We may either 

rb 2 

(l) consider / — dz unconditionally, 

Ja % 

rb 2 

or (n) J yd*, with condition z' -y = 0 

(i) Heie V = ^-„ X=0, Z=±-„ Z,= 0, Z„= 

The equation V = Z, z' 4* Z,, z" + C gives V = {Z, - Z'„)z' + Z„z" + C, i e 


2 ^ =z '^(f*) + c '’ 


a) 


a first integral of the equation to find z as a function of x 
(n) Or make [ 7] = 0 , [Z] - 0, with condition L = z'-y = 0, 


£ 

dx\i 


^)- x=0 > *'-y =0 


Eliminating y and A, we have 


— ( z \ 
T'~di l \z'V 


( 2 ) 


If (1) be differentiated to eliminate C, we find a result identical with 
(2), and equation (1) is a first integial of equation (2) The first method 
has therefore earned us one step onwaidin the integration, whilst the 
second has produced the original differential equation itself 


1516 If 3 (or t) denote the independent variable, and x, y , 
2 , viz the Cartesian or other coordinates, be the dependent 
variables, it will be desirable to alter our notation a little m 
conformity with such requirements 

We take the case of three dependent variables It will 
make no difference in the investigation however many there 
may be Accents will denote differentiations with regard to 
the independent variable 
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Let 


I x } x, X , 

7=0 y> y'> y"> 

\ *, z\ z", 


and ^ e shall write 

37_o 

TV* A} ^ VTW w V A| 


(O 

*(*»)» 


3 r /37\ „(,) , 

05 r W n V ^ (n) ’ ^ 


ds r \dx in) J = 

gr)=faW)_ x [r+ 1) ^ J? (/-) == ^r)_ 2/ (r+l)^ j ^(r) = ^(r) _^ ( r+l) ^ 

X—X — XZ+JCw — > X,—X, — X,^+X,// , etc, 

with similar meanings foi Y, Y,, etc , Z, Z ly etc 
Then we have, to the first oidei, 


,sjF&=|T<$s+(X£+X,f+ )+(F,» ) +r„» ? , + ) 
+(Z,£+Z„£'+ )]+J(rf+F v +Zf)<fe 


^[ff]+\(X£+Yv+Z£) 


ds , say, as m earlier cases 


1517 As before, if it be desired to discover the functional 

forms of x , y , z which will be requned to give jVds a 

stationary value, we have to make the above first order 
variation vanish 

There are two cases to consider, (i) when x , y , z are inde- 
pendent of each other, (n) when some relation L=0, or 
some set of such relations exists between them 


1518 In Case (i), m the absence of any such relation, the 
arbitrary variations from point to point of the path, £, t], f, 
are independent of each other, and we have 

X=0, Y=0, Z= 0, 

three differential equations, whose orders aie, in general, 
double the older of the highest respective differential co- 
efficients contained m V , and whose solutions severally con- 
tain the same number of arbitrary constants as their ordei 
Secondly, there are as many equations arising from [fl]=0, 
by equating to zero the independent terminal variations therein 
contained, as there aie independent terminal variations 
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Also, as in Art 1500 (i), if ¥ does not contain s explicitly, 
so that 8=0, we have 

¥=(X,x+X„x"+ )+(¥,y'+Y„y"+ ) 

+(Z,z'+Z„z"+ )+0 

Other special cases may arise For example, if 
¥=<p(x, y, z, x, y , z ), 

the independent variable being absent, we have 
¥=X,x'+Y,y'+Z,z'+C 
It ¥=<j>(x', y', z\ x", y", z"), we have 

r=(x,-x:)x'+x„x"+(Y'- ¥»)y'+ Y -y" 

+{z,-z;)z'+z„z''+c , 

and also X,—X,',=C lt Y,— Y!,=C it Z,—Z!,=C 3 , 
viz the solutions of X = — JT!+X»=0, etc, 
so that ¥=C+C l x'+C 3 y'+C i z'+X„x"+ Y r ,y"+Z„z " , 
and so on with other cases 


1519 In Case ( 11 ), when there is a connecting equation L=0, 
we make (F+\L)ds=0, according to Lagrange's rule, and 
consider X a function of s only 


Then Z+X 


T r I d 


?>x ds 


( 4 )+,£( 4 )- =»• 


which, with the two similar equations in y and z and the 
connecting equation L— 0, give foui equations from which 
os, y, 2 , X are to be determined as functions of s 

When L contains only x, y and z, so that L=0 is the equa- 
tion of a surface on which the path lies, these equations reduce to 

Z+XLa;=0, Y -\-\Tjy=Q, Z-\-\L z == 0, 

% 6 Z IL X =Y I L y =Z/L z , with L=0 

These equations could be derived otherwise, as in Art 1511 , 
for we have 

L%8x-\- I/ySy^Lz&z^ 0 and L x dx -\-Ly dy -h Lz dz 0 , 
and, since g=8x—x'8s, rj=8y—y'88, g=8z—z'S8 , 

we get Lx£+L y rj+L z £=0, 

an equation which constitutes a linear relation amongst the 
otherwise arbitrary variations £ y, £, which involve the four 
variations 8s, 8x, 8y, 8z 
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We also have JEf + Yrj+Z^O Let one of these variations 
be taken such that f=0, then X\L x —Y\L y ^Similarly taking 
another variation m which >7=0, then XIL x =Z/L z Thus we get 
X\L x — Y/L y =Z/L Z} with L=0, as befoxe 

1520 When z and its differential coefficients are absent 
from V and L , we obtain over again the relations of Art 1511, 
viz X\L x =Y\l v and Z=0 

1121 In any case, where we are to make jV a maximum 

or a minimum and 8 is an arc of the path and y , z f Caitesian 
coordinates of a point upon it, we have the relation 
L=x'*+y /2 +z' 2 - 1=0, 

and we may make J{y+^(a/ 2 +2/' 2 +*' 2 -l)} * aQ uncon ' 

ditional maximum or minimum Heie £A has been written 
instead of A for later convemence If Y be a function of 
a, y, z alone, not containing s explicitly, we have 

ro-g. m-f . ra-f . 

[X]-W, 

[Y]=etc, [Z]=e tc, 

and [7]=[X,]x , +[Y/]y H- [Zi]z -\-G, 

ie 7 + | (x' 2 +y' 2 +z' 2 - 1 )= x K 2 +2/' 2 +z' 2 ) +0, 

ie V=\+G . (1) 

1522 Again the terminal equations give 

[[7]<Ss+[X]^+[r,] JI +[Z,]n=0. 

+ \y'(Sy — “l"Xz (Sz z — 0 3 

or [(7-X) os+X (x'6x+y'Sy+z'Sz)]=0, 

or [0 <Ss+X (a , daj ++)]=0, 

t e O(5s l -«Ss 0 )+[x (x'Sx+y'Sy+z' <5z)] o =0, 
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and therefore 0(86^ £s 0 )=0 and £x (x f 8x+y f 8y+z 8z)^=0, 

for the terminal variations of s are independent of the terminal 
variations of x , y , z 

In isopeiimetric problems, 'ie those concerned with an arc 
of specific length, S$ x — Ss 0 vanishes , but m other cases S \ 
and Ss 0 aie not necessarily equal, and then 0=0 Thus, 
for lsopemnetiiG cases, 7=X+C, and the value of C is to 
be determined by the length of the arc, for non-isopen- 
metnc cases with an undefined length of arc 0=0 and 
7=X 

In either case, provided X be not such as to vanish at either 
terminal, we must have x' Sx-\-y' 8y +z' 8z= 0 at each terminal 
That is, if the terminals are to be on specific terminal curves 
the path must cut each orthogonally But if the terminals be 
fixed points this expression will vanish identically by virtue 
of the vanishing of Sx } 8y, Sz 

Since in non-isometnc problems 7=X, we may write 

|[7+|(£c'H 2/' 2 +2' 2 - 1 )]^ as \\v(x'°-+y' l +z l +l)ds 

at once (See Williamson, 1 0 , Ait 296 ) 

1 528 If 7 be any function of x , y, z alone, and jV ds is to 

be made of stationary value for curves to be discovered lying 
upon a given surface y , z)— 0, and with fixed terminals 

or fixed teimmal curves, we have <$jVd9— 0, and we may 

treat the variation ab %n%t%o as follows 

We have j(57 ds+Vd 8?)= 0 

But 8V=V x 8x+Y y 8y+ V z 8z, and dSs=xd8x+y dSy+z'dSz, 
so that 

8^7ds=^{{YJx+V v 8y+V t 8z)ds+Y{%'d8x+y'd8y+z'd8z)} 
=[Y{x'8x+y'8y +z'8z)\ 



CALCULUS OF VARIATIONS 


639 


So that we must have [F(cc'&B+y'5y +*'&)]= 0, as the 
terminal condition and 

along the path 

We also have <p x 8x-\-<f> v Sy-\-<p z 8z=0, a linear connection 
between the otherwise aibitrary point to point \anations 
8x, 8y, 8z Hence 

+( 7 - S > v -^>- 0 

Now, two of the variations are arbitrary, and X is at our 
choice 

Take <fe:=0, and choose 8x not equal to 0 and A=- 


<py 


Then it follows that V x -^Vx—\<p x =0 , and similarly we 
may show, by taking Sx= 0, that V 2 — ^Vz' —\<j> 2 —0 

d. 


Thus 


r ■ 


<i> x <t>v 

The terminal condition [ V(x'8x-{- y'8y-\- z'8z )] =0 shows that, 
provided V be not zero at the terminals, the 'path must cut 
each of the terminal curves orthogonally 

IMPORTANT APPLICATIONS 

1524 Geodesics 

To find the shortest line . , or geodesic , on a given surface 
<£(£> y> 2 )= 0 , from one given terminal curve to another drawn 
upon the surface 

Here u=^ds,ie V=\lx' 2 +y' 2 +z 2 


Then 


X=0, Xr- 


~~ s/x'*+y' 2 +z' 2 ' 


X=X-^X,= -^=-x", Y=-y", Z=-z" 



640 


CHAPTER XXXTV 


Thus, by Art 1519, x'l<p x =y"<p v =e"/4> x , ie the osculating 
plane at each point of the curve must contain the normal to 
the surface at that point __ _ __ 

The terminal condition is [F<5$+-Z)£+ 

^ e [8s+xX8x—x88)+y'($y—y'S8)+z'(Sz—z8't)]=0 i 

% e [x'Sx +y'8y+ z'Sz ] = 0 

Now fix one end, then x'8x-\- y'8y ~\~z / 8z=0 at the other end, 
so that the line sought must cut the terminal cuive at that 
end oithogonally Similarly foi the other end ot the path 
Thus the path must be such that 

(1) the osculating plane at each point contains the noimal 

to the surface at that point , 

(2) it must cut both terminal curves orthogonally 

1525 We might, without quoting the geneial theorem of Ait 1519 , 
proceed as follows, a course which is usually preferable 

Since we are to make 8 j \Zdcc 2 + dy 2 +dz 2 —0, we have 
[dx d 4- dy d 8y + dz d 8z _ n 

J ds 

[x r be +y' 8y 4- z' 82] - j {%" Sr 4- y ,f 8y 4- z" 82) ds= 0 , 
and along the path we' have 

of' 8x+y" 8y +z" with condition <j> x bc+cj> i ,8y+<l> z 8z=O i 

1 e [pc" — Xcj> x ) 4- ( y" — A (j>i ,) 8y 4 - [z" — A<£ z ) 82 = 0 

Now of the three 8r, 8y, 82, two are independent, say 8y and 8z 
Let 8 z= 0 , and take 8y =£0 , A is at our choice , take it = #"/<£* Then 
y" = \<t> y 1 hus cc"j<j> x = v"!$v > and similar ly = z"/<k 

We also have the terminal condition %' 8i4-^' S,y 4 -z' 82 = 0 at each end, 
and the path cuts the terminal cuives orthogonally 

1526 Geodesic on a Surface of Revolution 

Let the surface be, say, x 2 +y 2 =f(z), the z-axis being the 
axis of i evolution Then x"/x=y"ly, ^e xy"—yx"= 0, or 
xy'—yx ;'=const =h, say Referring to cylindrical coordinates 
(p> <t>> z )> p 2 <f> /z =K %e psinx=^ where x 18 the angle between 
the path and a meridian at any point of the curve This is 
the leading property of such geodesics 

1527 Geodesics on a Quadric 

For geodesics upon an ellipsoid we have the relation 
pd= const, where p is the perpendicular on the tangent plane 
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to the ellipsoid at any point on the curve and i is the semi- 
diametei parallel to the tangent to the curve at that point 
For proof of this and for the general properties of geodesics 
on a quadric, see Smith, Solid Geom , ch xn 

1528 Required the nature of the projection upon the z-plane of geodesics 
upon the helicoidal surface z—a tan -1 y/x 

Here <f>=a sin a/a -y cos 2 /a =0, <#> a =sinz/a, <j> v =-cosz/a 

The geodesic equations give x*l&m^=y* %e xc£ +yy r =0 » 

changing to cylindrical x — p cos 0, y =p sin 0, z=a$, ds 2 =dp*+p 2 dd 2 +dz 2 
Then indicating differentiations with regard to 6 hy suffixes, and those 
with regard to s by accents, 5 1 a =p 1 a +p* + a 2 , te SiSi=pipi+ppi 
Now p a = x 2 -f y *, pp* — xx' + yy* ' 

Hence pp''+p'*~xx*+yy"+x' 2 +y' t =x' t +y ,2 =p'*+p t Q '* , 

pp’=i>'0'' and § (ST =ft ,e 01 &(%) = £’ 

whence (p,^- PiS,)l8i=*phu *« pifli* - P>i> 

te (pt - p) (pi* +p*+<*’) = pi(piPt + ppi ) or p,(p , +a I )-2pp 1 *=p(p*+a‘) 

Let p=acotx, then p x = -ocosec« X ^ , Jy(%) = _sln X 003 X » 

(^) = - sm* X+p > 'wtere p is a constant > 1 , 

an( j Y - am fl+aY where a is a second arbitrary 

k -J 1-Psm‘x / 

constant Hence the projection of the geodesics on the z plane has an 
equation of the form r=actn^| + a^, mod &, k and a being constants 

depending upon the position of the terminals 

The readei will have no difficulty in showing that if <f> be the angle 
which the tangent at any point of the geodesic makes with the generatoi 
at this point, and yfr the angle the normal to the sui face makes with the 
axis of the helicoid, then sin <j>—k &m\p , and hence that if AyA^A* be 
any closed geodesic polygon drawn upon the surface, and <£ r , <£>/ be the 
angles which A f A T l7 AfAj+i make with the generator through A n then 
n sm ^> r = II sin <f>/ 

1529 Suppose we are to obtain the stationary value of 
J\/ 2?+ 2 Fy'-^-Gy' 2 dx y 

where E t F, G are known functions of the variables x and y 
Here y _&±*^±&£, 7-^, 

where suffixes denote partial differentiations 
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The differential equation to be satisfied ib Y=Y— Y,'=0, 

E v ~\-2j F yy'+G^y' 2 d F -\-Gy f 

ie 27 dx V 

After differentiation and considerable reduction, this leads 
to an equation 

A+By'+Cy'*+Dy'*+2{F*-EG)y"=0, (1) 

where A=EE y —2EF x -\-FE x , B-SFE y —2EG x —2FF x -\-GE X} 
0= — SFG x ~\~2GEy-\-2FFy — EG yi jD= — GG x -\-2GF y — FG y , 

for the terms in y' 4 , y'y ", yhj" all cancel out 

The equation (1) is incapable of general solution, but many 
cases arise in which at least a first integration may be effected, 
and sometimes the complete integration 


1530 (i) For instance, if E , F and 0 be constants, A=B=C=D= 0, 
and the solution is that of y* = 0, t e a stiaiglit line 
(n) If E=G—L-M where L is a function of x alone and M a function 
of y alone, and if F = 0, 

A = [L-M)[-M y \ B= -{L- M)L Xi 
C=(L-M)(-M y ), Z>= -(L-Jf)L x , 
and equation (1) becomes 

2 (L - M ) f + ( 1 +y' 2 ) [M y +y'L x ) = 0 



[log (1 + »/») - log (i - if)] + L x ^5= 0 , 


or putting 


1 ±vl-, 

L-M ~ *• 


1 d_ 
z dx 


logz + L*=0, 


whence \ < ^-+L x =0 
z 2 dx 


Hence a fiist integral is j ^ -L= - A, 


, 2 M-X 

= T -=L' 

[- r£Z=— f ~j~=L + const , a second integral, 
J *J\ — L jsJM — K 


foi by supposition L is a function of x alone and M a function of y alone, 
so that the variables aie “ separable ” in such cases 


1531 The case of Art 1529 is an important one, for it will 
be iemembered that if the coordinates of a point upon a surface 
be expressed m terms of two parameters u and v } the element of 
arc may be expressed m the form d$ 2 =E du 2 +2F dudv+Gdv 2 
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Hence the determination of a geodesic upon the surface 
depends upon the possibility of integrating the differential 
equation (1) 

1532 The direct investigation of the geodesic may be sometimes 
effected by a transformation For example, if the square of the linear 

element on a suiface be given by + 

let us take a thud vanable w such that ix 2 + 2 J 2 +w a = l, whence 
u du + v dv +w dw= 0 

Then ds 2 = {(u 2 +w 2 ) du 2 + (v 0 +iv 2 )dv 2 + 2 uv dudv}/w 2 

! = {(udu- \-v dv) 2 + u? ( du 2 + dv 2 ))ju ) 2 = du 2 + dv 2 + dw 2 , 

80 8=s f'/du 2 + dv 2 +dw 2 t with condition u 2 +v 2 + w 2 =l 

That is, the arc of the curve on the original suiface is the same length 
as the conesponding arc of a conesponding cuive on the unit sphere 
, m a system of lectangulai cooidinates w, v, w And the geodesics on 

t the spheie aie given by the gieat cncles, le by equations of the form 

au+bv+cw+O , hence the geodesics on the onginal surface are given by 
t au+bv+vJl -u*-v 2 =0, where a , 6, c are constants 

I 

i 1533 Principle of Least Action 

j Suppose a particle of mass m to be m motion under the action of any 

| conservative system of forces and either to be moving freely or under com - 

i pulsion to remain on a smooth surface from any one point to any other 

point Then, if v be the velocity at any time t, and ds an element of the 

i path, we shall show that the integral m j vds has a stationary value 

, The quantity A defined as m j vds is called the Action, oi the 

Characteristic Function, by Sir W E Hamilton, and the principle is 
known as the Pnnciple of Least Action 

1534 If X, Y, Z be the foice components pei unit mass, R the noimal 
pressure exerted by the suiface, if any piessuie exist, and A, /x, v the 
direction cosines of the noimal, the ordinary equations of motion aie 

u=X+R\, y=Y+Ry.i z=Z+Rv, 
and the energy equation is 

m V -=m J (Xdv+ Y d) + Z dz)^m\{x ) y, z) say, 

for the expression Xdx+ Y dy+Zdz satisfies the condition of integrability, 
since the foices form a conservative system, le are such as occur m 
nature 

Hence, we have 


v8v=>X8& + Y 8y+Z8z 
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But we also have ds 2, — dx 2 -b dy 2 + dz 2 , so that s d8s = x d8x 4- y d8y 4- z d8z y 
and the variation m A, te 8A=m8 j vds=m J (8vds+vd8s) 

= m j {(J8v+Y8y+Z8z)dt+xd8i+yd8y+&d8z} 
—m[x8v+y8y+zdz]+m J {(X-x)8x+(Y‘-y)8y+(Z — z)8z}dt 

=m[x8x+y 8y-\-z8z] — m J P(\8x+/i8y+v 8z)dt y 

and since the direction defined by A, /a, v, i e the normal to the surface, is 
necessanly peipendicular to any displacement 8v, 8y, 8z on the surface, 
A. 8z + /x 8y 4- v 8z 'vanishes, as also does each of the terminal values of 
x 8x+ y8y+z8z 

So that the variation of A is zero and the “action” has a stationary 
value Conveisely, if we assume that if J vds has a stationary value, we 
can establish the general equations of motion of the particle 

1535 It follows of corn se that if X, Y, Z be all zero, t e if the particle 
be lu motion on a smooth surface under the action of no forces except 
those due to the constraint of the suiface, then v is constant, as shown by 

the eueigy equation, and J v ds being of stationary value, so also is Jds 

That is, the particle searches out for itself and travels along a geodesic 
on the surface (See Tait and Steele, Dyn of a Particle, Art 233, also 
Bouth, Dyn of a Particle ) 


1536 Path of a Bay of Light in a Heterogeneous Medium 

When a ray of light travels m a medium of variable refractive index /x 

from me point to another , it does so in such a manner as to make j p.ds a 
minimum It is required to deduce the equations of the path of the ray 
This case is similar to the one just discussed 
We have 8 j fids= 0, te J (8fi.ds+pd8s)= 0, 

and ds d8s = dx d8x + dy d8y + dz d8z , 


J (8fids+fi(x / d8x+y / d8y+z / d8z)}—0 J 

8p=iA*$x+ii J ,8y+p*8z 


Hence [/z.r'8#+fly / 8y + /xa/8z] 


and since the ray is to pass from one definite point to another, the 
integrated poition vanishes at each terminal, and the variations 8x t 
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By, Bz under the integral sign being aibitrary from point to point, 
we must have also 

dfi, d ( dx\ d ( dy\ d f dz\ 

'bx~ dsy dsp 7 Sy~dsy~dsP 15z~ dsy dsf 
which form the differential equations of the path of the ray 


1537 Brachistochronism The General Problem 

A particle ts m motion under the action of a given conservative system of 
forces It is required to find the path along which it must be constrained to 
move so as to accomplish that path from one given point to another , or from 
one given surface to another, in the shortest time Such constrained paths 
are called Brachistochrones The case of brachistochronism undei the 
action of gravity has already been considered 
Let ?/, z) be the potential energy of the force system, m being the 

mass of the paiticle 

Then the eneigy equation gives Jv 2 + <£(#, y, z) — const 
The force-components per unit mass aie -<£ x , -<#>*, — <#>*, being the 
rates of decrease of potential eneigy By varying v , we have 


+ =0 

Also dsdBs=dv dBx + dy dBy + dz dBz , i e dBs = x' dBx 4- y' dBy + z' dBz 
Now we are to make t = a minimum 

So «*“«/* = /(?-> ®*)“0 

Therefore J^(x'dBx + + )| + +)J<fo=0, 


and Bx, By, Bz are arbitrary all along the path and independent of each 
other, and of the variations at the terminals Hence 



and 


d /v 'S <£* 
ds\v)~v* } 


ds\v) v 4 * ds\v) v 3 


1538 The Terminal Conditions 

If the teiminals be fixed points, the expression in square brackets 
vanishes identically at each end of the path 

If the path stait from a fixed point (a 0 , y Qy z 0 ) and terminate at the 
surface F( r, y, z)=0, then Bx, By, Bz vanish at the starting point, and 
provided the velocity be not infinite at the othei terminal x'Bx+y'By+z' Bz 
must vanish tlieie , that is, the path must cut the surface F(x, y, z)=0 
orthogonally, for the only admissible variations &r, By, Bz at this end are 
such as lie on the surface 

If the path start fiorn a point x 0} y 0 , z 0 , which is only defined as lying 
upon a surface F 0 (x, y, z) =0, a similar result will hold, provided that the 
whole energy of the system be a given quantity, and that ^=0 be an 
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equipotential surface of the foice system If the surface ^ 0 =° were nofc 
an equipotential surface, terms depending on &r 0 , Sy 0 , 8z 0 would make their 
appearance m the mtegial, and such terms if existent would have to be 
included with the rest of the terminal terms 

If the motion terminate at a given curve instead of at a given suiface, 
the terminal conditions may be discussed in a similar manner 


1539 The Normal Pressure in the Case of Brachistochronous 
Description 

From the general equations efcc » W ^ 1C ^ ma y be written 


l — w'x ' -<p x =0, etc , 


we have, by eliminating v 2 and w', 

a", x\ 4> x 

y"> y\ </>* 



so that the resultant force at any point lies in the osculating plane of 
the curve 

Moreover, multiplying the equations iPx" — w'x* — <p x = 0, etc, by 
px", py", pz" respectively, p being the radius of absolute curvature, 
we have by addition v 2 /p=cj> x px" +<t> v py"+<p z pz"= -N, whfre N is the 
normal force component 

If, however, R be the pressure per unit mass upon the curve, the 
normal resolution gives the equation &lp = N+R 

Hence R= — 2 N That is, the pressure upon the curve is equal to twice 
the normal component of the forces, and acts in the opposite direction 
Now for a free path under a conservative system of forces for which 
the components m the dnection of the tangent and principal normal are 
T and N'> theie being no component m the direction of the binomial, we 

have = T and — = N\ whilst for the same path to be brachistochionous 

ds p 9 r 

under frictionless constraint under the action of a corresponding set of 


forces whose components are T, N, 0, we have and 

(te =N+R where R= — 2V) # 



1540 Hence we have Townsend’s theorem “If for the same velocity 
of descuption any curve, plane or twisted, be at once a free path foi one 
conservative system of foices and a brachistochionous path under fric- 
tionless constraint for another consei vative system of forces, the resultants 
of the two force systems must at every point of the cui ve be reflexions 
of each other as regards both magnitude and dnection with respect to the 
cuirent tangent at the point ” 


1541 The principal cases are 

(а) When the motion is under a single force m a given direction 

(б) When the force tends to or from a fixed point 
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1542 Case (a) Force in a Given Direction 

Take the y axis paiallel to this dnection Let m be the mass of the 
pai tide, mF(y) the potential enei gy The foi co to increase y, being the rate 
of decrease of potential eneigy, is -mF'(y) The piessure on the curve 
is i2 = 2mF'(y) cos \f/, \p being the inclination of the tangent to the r axis 



Let y = a be the line of zero \ elocity , 
and v 2 /p=F'(y) cos i/> 


Hence 


p cos \j/ 


F\y H 


then we have \v 2 +F(y) = F(a), 


vdv 



t e 


—L_._ tan^, 
v ds ds p cos \y as 


whence v-u cos i where u is the value of v when \p=0 

Also the y i/» equation of the brachistochrone is \ ucoa 2 ip = F(a)-F(y) 
It is convenient to use the angle i, the angle between the oidmate and 


the current tangent, in place of \ and i = - 

Then the law of force necessary foi biachistochronism is given by 
-^(sin 2 i), pei unit mass, iepulsive from the ^-axlS, with a line of 

zero velocity found by the vanishing of i Also the piessure upon the 
curve is 12=2 mF'(y) cos ^ = - 2 mP cos i// towards the centie of cuivatuie 


1543 Case (b) Central Force 

Take the origin at the centie of force Let mF(r) be the potential 
eneigy Theiadialfoicefiomtheongin is - mF'(r) and R=ZmF'(r)&ux<l>, 
where <f> is the angle between the tangent and the ladius vector Let a 
be the ladius of the cncle of zero velocity 

Then ^’ + F(r) = F{a) and ir/p= - F'(r)s\n <j> 

v* r _ = \ 

psm<j> dr 3 v dr r dr p p dr 


Hence 
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Therefore vjp = const = h, say Whence the pedal equation of the 

n h* dp 8 

brachistochrone is + F(r)=F(a), and the law of force is -jgrj 

1 epulsive irotn the ongin, with a circle of zeio velocity whose radius is to 
be obtained by the vanishing of p 



The pressure on the curve towards the centre of curvatuie is 
— 2 mF '(r) sin <p = 2 mP sin <j> ~ 2mP ^ 


1544 Comparison of Analogous Results 

It is worth while for the student to note that 
(a) For parallel forces 


(i) for a free path 

jvds= min , 

v cos i p = u (a constant) , 

(n) for brachistochrone 

J- =min, 

vlcosxj/=u 

( b ) For central forces 



(i) for fiee path 

jvds=m m , 

vp = h (constant) , 

(u) for biachistochrone 

fds 

/ — s= mm , 

J v 

v/p = h 


Compile the following laws of central force for various circumstances 

_ , h 2 dp , 

(a) Particle m free motion , pv~n 

J 

(b) Particle in brachistochronous motion P = h 2 p jg- , v/p = h 

Ji d/D 

(c) Equilibrium of inextensible string Tp = h 

(d) Equilibiium of extensible string + ^ = ^ 

1545 Energy Condition for an Equilibrating System 

If V be the potential enei gy of a field of force m which any system of 
material pai tides has assumed a position of equilibiium, it is known that 
the configurations of stability and instability aie those of minimum or 
maximum values of V 

Cases m which a stationary value of V occuis without a true maximum 
or minimum give neutral equilibrium, m which there may be stability 
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for some displacements, instability foi others The Calculus of Variations 
supplies a very powerful instrument for the discussion of such problems 


1 546 Ex An inelastic string of uniform density and length l is attached to 
two fixed points A and B Find the condition that it disposes itself in a 
curve of specified shape under the action of a central force in a field of 


potential V 

Let m be the mass per unit length Then the potential energy of the 

whole string is JmVds, and for stability we are to make j(V+X)ds a 

minimum, V being a function of r alone Then, with the usual notation 

of polars, * r 

8J(V+X)\G*T7Zd0== 0 , 


(V+X)s 


vr 2 +r 


F+A C 
n/tMV 2 r 2 


Hence 


F-l- A = 


Cds _ C 
r 2 dO r 8in<£’ 


<f> being the angle between the tangent and the radius vector, le 

v+\=%, ( 1 ) 

C being a constant 

This gives the law of potential of the field of force 
Thus P (viz the repulsive force from the pole) = dr ^ 

F being supposed a known function of r, we now have a relation from 
(1) in terms of r, 6, A, C, and another constant which will be introduced 
when we have integiated equation (1) to get that relation into the r, 6 
form Two of the equations to determine the thiee constants will be 
obtained by making the curve pass thiough the terminal points , the 
othei is provided by making fB 

/ \ ! r 2 + r ' 2 dd = l 


If T be the tension, a resolution along the noimal gives 

ds sin <f>=P ds - , 

P r 

t e Tp =P = C7, i e T—V+X 

That Tp is constant is also obvious by taking moments about the 
centre of force foi any poition of the string (See Art 1544 ) 

Taking the more general case of a string of length l } attached to two given 
points A , j B, and of variable line-density p, which is a function of s , the arcual 
distance of any point from A, and constrained to he upon a given smooth 
surface f(x , y, z)=0, and m a field of force of which the potential is V, 
now a function of x, y, z, we are to make 

u= j[pV+Xf(x , y, z)+in{x' 2 +y /2 +z , *-l)]ds i 
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a minimum, A and /x being functions of s alone, to be determined so that 
x' a +y*+*' i =l and that /(a, y, z) = 0 
The terminals being fixed, we vaiy c, y, z alone, keeping 3 constant 

Then V x + )4"A( t / f x 8a + -|- ) +/x ^ St + + da 

The terms of the third group may be integiated by paits 

J | ^/xr' ^Sa^da=[/i^'Sr] — J && J- da, etc 

Hence, foi a minimum, we have 

pV x ~h A/* — ^ (fLV') = 0, 

w ith two sinulai equations 

These three equations, combined with $'*+ + =1 and /(r, y, z)—0, aie 
sufficient to determine A, /x, r, y, z in terms of s 


PROBLEMS 

1 Given that (x lf y x ), (z 2J y 2 ) are two points movable in a plane, 
and such that their distance apait is always equal to a definite 
constant a, what must be the circumstances of the motion m 
order that we shall always have 

*i 5a i + x 2 Sx 2 + Vi fyi + y 2 = 0 * 

[De Morgan, JD G , p 455 ] 

2 Prove that to the first ordei the variation of the integral 

J/( a . %p)dr, with constant limits, is Jo. <&> wheie 

o > = 8y-p8x and ^ 

Determine a curve joining the origin to the point ( a , 1) for which 

the integral I (y 2 4- ft 2 y 2 ) dx has a minimum value 

J [Math Trip , 1896 J 

3 Prove that the shortest time path between two cuives which 

lie in one plane when the velocity varies as the distance from a line 
in that plane, is the arc of a circle cutting the cuives orthogonally, 
and having its centre on the line [Coilegfs 7 , 1893 ] 

4 Find the relation between y and j? in a curve which makes 
Jy»Vl +fdts. maximum Obtain the polar equation of the cuive 

whose pole will generate this by rolling on a straight line 

[Colleges, 1877 ] 
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5 A particle is moving under the action of a force perpendicular 
to and proportional to the distance from the line of zero velocity 
Show that the brachistochrone is a circle [To w *. send ] 


6 Find the law of force parallel to the y axis for which each of 
the following cuives is brachistochronous, stating in each case the 
hne of zero velocity and the pressure upon the curve 


Curve x axis 

1 Circle, diameter 

3 Parabola, axis 

5 Tractrix, directnx 

7 E’volute of directnx 

Catenary, 

9 Rect Hyp , asymptote 


Curve 
2 Parabola, 

4 Catenary, 

6 Evolute of Para- 
bola, 

8 Four cusped hypo 
cycloid, 

10 Bifocal conic, 


x axis 
directrix: 
directrix 
axis 

line of oppo- 
site cusps 
axis 

[Townsend ] 


7 Find the law of central force for which each of the following 
curves is brachistochronous, stating whether the force is attractive 
or repulsive, the radius of the circle of zero velocity, and the pressure 
on the curve m each case 


Curve Pole 

1 Parabola, focus 
3 Cardioide, pole 

5 Lemiscate of node 
Bernoulli, 

7 ? n = a n cos nQ, pole 
9 Epi- or hypo- cent of fixed 
cycloid, circle 
1 1 Central Conic, centi e 


Curve Pole 

2 Equiang Spiral, pole 
4 Circle, point on 

cncumf 

6 Rect Hyp , centre 

8 Invol of Circle, centi e 
10 Reciprocal Spiral, pole 

1 2 Central Conic, focus 

[Townsend ] 


8 Show that the curve of quickest descent under gravity from a 
given point to a given vertical straight line is a complete semi 
cycloid with cusp at the given point 


9 


Determine the minimum value of 


f.©' 


dx, having given that 


y 0 = 1 and 


j: 


Vi 


dx - - 1, 


where y 0 , y x arc the values of y at the lower and upper limits 
respectively, and y l is subject to variation 

[St John’s, 1883, Todhunter, Hist of Calc Far ] 
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10 Find, the equation of a curve such that the area between it 
and the *-axis has a given value, whilst the area of the surface of 
revolution, bounded by it when revolving about the a axis, is a 
minimum [Oxr II P. 1880] 


11 A piece of string of given length in the plane of the curve 
^ 2 —^ its two ends movable on the two branches of the curve * 
find the form of the string when the area between the string and 
the curve is a maximum, and when that is the case prove that t e 

string at each of its ends is at light angles to the curve 

& [St John’s, 1889 ] 


12 A surface of revolution has a given area, and its generating 

curve intersects the axis in given points , determine the form of 
the surface so that its volume may he greatest [y, 1809-3 

13 Show how to connect two fixed points by a curve of given 
length, so that the area hounded by the curve, the ordinates of the 

fixed noints and the axis of abscissae shall be a minimum 

r [Math Trip , 1887 ] 

14 Tind the curve m which at every point 

is a maximum or a minimum Interpret this problem geometrically 

[Lacroix, Calc DiJT , II • P 3 

15 Prove by means of the Calculus of Y anations that the minimum 

value of p (a - xf (j^) dx 18 (Vi ~ 'Jo) 2 (« - *i) (« - ®o )/( a i ” r «)’ where 
y 0 , y x are the values of y corresponding respectively to the initial 
and final values of a, and supposing that ^ does not become 
infinite between the limits [Oaf II P , 1885 ] 

16 Find what functions of x, satisfying the conditions y = 0, when 
2=0 and when x=l, make j" (c^j dx stationary in value when 

y 2 dx is given [Math Ixip , 187t> ] 

17 Show that the equation in polar coordinates to the plane 

Cds 

curve of given length, for which I — is a maximum or minimum, 
is of one of the forms 

-=■71 -nr* - cos m (6 - a), ® =cosh m(6 - a) - v/l +■ m 2 

[Oxr II P , 1890 ] 
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18 A lamina of given mass is symmetrical with respeot to an 
.na, and its density at any point vanes as the square of the abscissa 
measured from one end of its axis , if the attraction upon a particle 
at that point of the axis be a maximum, prove that the lamina is 

bounded by the oval ,2 = a/|^ 008 where m 18 the S 1 ™ 11 maSS 
and cr the density at unit distance along the axis, assuming the law 
of attraction to be that of the inverse square of the distance 

[Math Trip , 1875 ] 

19 A curve passing through the point whose polar coordinates 

are a> acos^e, is such that j{2^ - cr 1 } 4 ^, taken along the arc of 

the ctjrve between the initial line and the given point, is a minimum 
Prove' that, provided that Zr-'-ar 1 is always finite and greater than 
zero, the required curve cuts the initial line at right angles in two 
points, the sum of whose distances from the origin is 2 a , and find 
the equation of the cur\ e [Oxr II P . 1903 ] 

Interpret the result dynamically 

20 If j Jk + pp*dx has a maximum or minimum, and A, /* are 

independent of p and of any higher differential coefficients, and the 
differential equation resulting is satisfied by y=ax + b for all 
constant values of a and b, prove that A and /* must be mere 
constants t 0xr 11 P - 1918 1 

21 A swimmer who can swim at a given rate v starts from the 
bank of a wide straight river, and the strength of the current 
vanes directly as the distance from the bank He wishes to get 
as far down the nver as he can in a given time T Show that 
he must start from the bank at an angle whose tangent is 
proportional to T Show also that the tangents of the angles 
his direction of swimming makes with the bank at equal intervals 
of time are in anthmetical progression, and that at the end of the 
time T he is swimming directly down stream If the s-axis be 
taken along the river bank, py the velocity of the stream and a his 
initial angle with the bank, show that he is ultimately swimming 

at a distance 2i> sec 2 ^- / p cos o from the bank 

22 An oval curve of given length rolls on a straight line , find 
its form when the area traced out in one revolution by a given 
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point on the plane of the curve is a minimum, the boundaries of 
the area being the curve traced out by the moving point, the given 
straight line and two perpendiculars upon it from the extremities of 
the curve [Math Trip , 1870 1 

23 If the velocity of a cai nage along a road be proportional to 
the cube of the cosine of the inclination of the load to the horizon, 
determine the path of quickest ascent from the bottom to the top of 
a hemispherical hill, and show that it consists of the spherical curve 
desenbed by a point of a great ciicle which rolls on a small circle 
described about the pole with a radius x/6, together with an arc of 
a groat circle How is the discontinuity introduced into this 
problem'* 1 Matb Trip , 1873 ] 

24 If r ' 1 = v 2 +y i and ds*=dx i +di/* prove, assuming such results 
of theory as may be convenient, that the curves along which from 

point to point [i ds is a maximum or minimum are rectangular 
hyperbolae J [Oxf II P , 1886 ] 

25 Find the curve of given length joining two fixed points, 
which is such that the distance of the centroid of the arc from the 

chord connecting the two points may he the greatest possible 

[Oxf II P , 1887 J 


26 A vanable curve of given length vrcis/2/4 has one extremity 
at a fixed point (3a, a) and the other on a fixed line *= 2a Show 
that -when the aiea enclosed hy the curve, the axis of x and the 

lines a= 2a, a.= 3a, is a maximum the curve is one-eighth of a circle 

[Oxf II P , 1888 ] 


27 On the surface of an ellipsoid a, curve is drawn winch 
mtei sects at a constant angle all the geodesics passing through a 
given umbilic Prove that its total length from umbilic to umbilic 
is l sec a, where l is the geodesic distance between that umbilic and 
the opposite one [Mxth Trip I , 1888 ] 


28 Find the form of the function j?, m order that 
may be a maximum, subject to the condition that 


is 


constant, and interpret the result geometrically 


[Oxf II P , 1889] 


29 A man swims from a point on the hank of a stiaight nver tc 
a point in mid-sticam, with a constant velocity relative to the water 
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Prove that, in order that the passage may occupy the shortest time, 
his actual course must be straight if the strength of the current is 
constant, but that if the strength of the current is proportional to 
the distance from the bank the path must have for its equation 

m si ~u cb U 2— i (cb + xUo-b + zf-P 

y = cj{cb + r) 2 - ¥ - 2 - 1 

b , - cb + x b i _] 
-h-costr 1 — j 2 C0S “ lc » 


where the starting point is the origin, the bank is the axis of y, 
l the distance fiom the bank where the velocity of the stream is equal 
to that ot the man relative to the watei, and c is a constant How 
isc obtained 1 [Co^ces, 1896] 


30 Apply the principle of energy to determine the equation of 
equilibrium of an mextensible string under the action of a central 
force, its ends being fixed ^ 0HIt b ’ 1881 ^ 


31 A heavy particle moves on the surface of a smooth circular 
cone with a vertical axis and vertex upwards Find the brachisto- 
chrone from a fixed point on the surface to a fixed generating line 

[St John’s, 1881 ] 


32 Show that the curve, such that j ? 71 ds between two fixed points 

in the plane of the curve may be a minimum, is ? n+1 = a n+1 sec(?i 4- 1) 0 

[Thin Coll , 1881 ] 


33 A man walks up a uniform incline from a given point to reach 
a given height His velocity varies as the sine of the angle between 
his path and the line of greatest slope on the incline If he exhausts 
himself at a rate proportional to the product of the whole height 
ascended, and the square of the cosine of the inclination of his path 
to the line of greatest slope, show that he will get to the required 
height with least exertion along a curve whose equation is 

yS = ax 2 [St John’s Coll , 1883 ] 

34 Prove that the minimum value of ^{xydxdy)^ between the 

limits x—cl, y = b and x — a\ y—b' is equal to J (u 2 *” 2 ” ^ 2 ) 

35 A curve is drawn on the surface x(y + z) = a? such that 

r,7c „ , /d$\ 2 c 4 2^ + a 4 

1^ is a maximum or a minimum, prove that 2c 4 

c being an arbitrary constant JoHN ’ s CoLL » 1882 ] 
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36 Show that the surface, whose superficial area is given and 
which encloses the greatest possible volume between lljself and a 
given plane, has the sum of its curvatures at every point constant 

[Math Tbif , 1888 ] 

37 Geodesics are drawn upon the surface formed by the rev olution 
of the curve x = 2 a sec u> y = a (sec u tan u - cosh -1 sec u) about the 
y axis Show that the projections of these geodesics upon a plane 
perpendicular to the axis of revolution are of the forms of the 
inverses with regaid to the origin of a certain Cotes’s spiral 

38 Show that if S, E be two fixed points at distance apart 2a, 
and 0 the mid-point of SH, the law of repulsive force from 0 under 
which the curve SP HP = c 2 can be described in a brachistochronous 
manner is one varying as ( OP 4 +d 4 ) (3 OP 4 - c£ 4 )/0P 3 wheie a 4 + d A = <? 
Show also that the normal pressure upon the curve vanes as 

(OP 4 4- d*f (3 OP 4 - <P)IOP 5 

39 Find the variation, to the first order, of the integral 

j/0»> y, *) ds 

taken along an arc of a curve traced on a surface y, z) = 0 
between two given points of the surface , and show that if the 
integral hav$ a maximum or minimum value the curve is found from 
the differential equations 



The line joining the centre of curvature at any point P of the 
above curve to the centre of curvature of the corresponding normal 
section of the surface meets the tangent plane at P in G 1 , GT is 
perpendicular to GP , and PT is the tangent at P to that curve of 
the family <#>-0, const which passes through P Show that 

V I = GT, [Math Tbw , 1897 ] 

40 A heavy particle moves on a smooth surface of revolution 
z=f(Jx 1 + y i ), the axis of which is vertical and -vertex upwards 
Find the brachistochrone from a fixed point on the surface at a 
depth c below the vertex to a given meridian, and prove that the 
brachistochrone cuts the given meridian at light angles, and that 
the area swept over by the radius vector on a horizontal plane is 
proportional to the Action If the brachistochrone he from the 



CALCULUS or VARIATIONS 


657 


cyhnduSCX.ate{ ( i low! 
end of the brachistochrone is given by the equa ions 
r sin 0 +/(0 = 

[sin 0 +/'(i)? = c°a 2 «[1 + 

[St John’s Coll , 1884 ] 

, ,, / Dn^tx)^^- is an exact 

41 Show that <#>(») ^,r " ' xw 

differential 

12 She" (tat (ta conditions (tat JJrta*. » l" * 

where V= (#>{>> V, 7. 7”'}> are 


W 

dy 


dZV d 2 2>V = o 


r U/ 

Jr, ?7 + (to 2 3? 


dx 8 cty'" 


and 


3F „ d 3r , d 2 = o 

ty- 2 TxW ,+ d**W" 


[Todhunter, I C t p 369 ] 

43 Show that the conditions that Jjjl^ dads das is integrable p« se 

are those of Question 42, together with 

. ji or/- /73 KV _ ~ 


, ,®r , 3^Z +3 4 d2 * -** r 

1 2 5U7' -2 3 rf7. Till'" + J 


4 5 dr 1 £)2/' l + 


- 37' ' -S3f T “ _ . 

and generally, that V is integrable • times pe.se, provided that each 

t u. iimuhniiB V xV ofiV sb* 1-1 V be so integrable once 
of the functions V, % V , zr , [Todhcntbb, / 0 , p 369 ] 

44 Show how to find the relation between * and y which will 

make the expression f /(*, y, *i> V\< Vo> P> Pi> Pe) a maxlmum 
or a minimum, it being* pven that *p Vl are connected by an equation, 
and that x Va are also connected by an equation 

A curve of given length l is drawn in the plane x, y so that one end 
18 on the axis of the parabola as’ = 4 ay and the other <md L on i the arc 
of the parabola If the figure revolves round the tangent at the 
vertex of the parabola, show that when the surface generated by the 
curve is the greatest possible the form of the curve is that of a 
portion of the catenary 

l cosh 22 + a cosech 2f - jMJmh 2f - 1 cosh (f s.nh 2*) 

[Math Trip , 1886 ] 
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45 It is required to find a smooth guiding cuive for a particle 
moving under gravity from rest, such that the honzontal space 
described m time t is the gieatest possible Show that the curve 
must be a cycloid, and that the space is gt 2 h 

[Math Trip II , 1914 ] 


46 Uniform elastic wire is held bent by proper forces between 
two points A and B so that the area between the wne and AB 
being given, the work expended in bending the wire may be the 
least possible Show that the curvature at any point varies as 
i 2 -a 2 , where AB = 2tt and ? is the distance of the point from the 
middle point of AB Show also that if the wire be bent completely 
round to satisfy the same conditions, the form of the wire will be 
given by 7 3 = ^cos 30 [Math Trip , 1878 ] 

[It may be assumed that the work done in bending the wne is 


measured 


, 1(V 
?* 


0 


47 A right cone is capable of revolving freely round its axis, 
which is vertical A groove is to be cut m the surface of the cone 
such that a particle of mass m sliding down the groove without 
initial velocity from a given point may m the shortest time reach 
a given point m the honzontal plane through the base of the cone , 
show that the diffeiential equation of the particle's path projected 
on the horizontal plane is 


where a is the semi-vertical angle of the cone and mk 2 its moment 
of inertia about its axis [Math Trip III , 1885 ] 


48 A curve is drawn to touch two fixed straight lines at the 
fixed points B and Q The area included by its pedal with respect 
to a fixed point 0 and the perpendiculars from 0 to the fixed 
tangents is a minimum, whilst the area included between the curve 
and the stiaight lines OP, OQ is constant Show that the curve 
is part of an epi- or hypo cycloid 

49 If a point move in a plane with velocity always proportional 
to the curvature of its path, show that the brachistochrone of 
continuous curvature between any two given points is a complete 
cycloid 

Prove that m the oidmaiy gravitation brachistochrone (which is 
also a cycloid), the velocity is inversely as the curvature of the 
path, and state the connexion between the two results 

[Math Trip , 1875 ] 
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50 Prove that the curve of a uniform chain of given length 
joining two fixed points is given by an equation of the form 

y=bsnK-. when the moment of inertia of the chain about a given 

fixed line, in a plane with the two given points, is a maximum , 

and by an equation of the form ymK-—b, when the moment of 

inertia is a minimum, the given straight line being taken as the 
q axis [Math Trip III , 1$84 ] 

51 Use the method of the Calculus of Variations to show that 

the general equation of the geodesics on a right circular cone, whose 
equation m polar coordinates is 9 — a, is 7 cos {(<£ - /3) sin a} -=«, 
where and a are arbitrary constants [Oxf II P , 1914 ] 

52 Prove that the polar equation of the projection of a geodesic on 
a catenoid formed by the revolution of a catenary about its directnx 
upon a plane perpendicular to the directrix is of one of the forms 

7 sn = const , ? sn 9 — const , 7 tanh 9 = const , 

and distinguish the cases 

[Math Trip III 1884, II 1913, Greenhill, E F , p 96 ] 

53 Prove that if, from any point of a surface, geodesic lines of 
equal length be diawn in all directions, the curve which is the 
locus of their extremities cuts all the geodesics at right angles 

54 Prove that on the surface of revolution determined by the 
equations 

/•u _____ 

% = ak cos co cos </>, y — ak cos w sin <£, z — a J J 1 -k 2 sm 2 w da>, 

the equation of a geodesic line is tan <o = A sin &(<£ + ft) 

Prove also that the locus of the extremities of geodesic lines of 
length a drawn from the point at which <o = 0 and <£ = 0 is 
cos h<f> + tan (o tan 0 = 0 

[Math Trip , 1896 ] 

55 Prove that the projection of a geodesic on a surface of 
revolution on a plane perpendicular to the axis is m polar 
coordinates r” 2 = a~ 2 cn 2 /x0 + /3 _2 sn 2 fi0, if the meridian curve of the 
surface is the roulette of the focus of an ellipse rolling upon the 
axis, a and /3 denoting the greatest and least values of the focal 
distances 
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Show that if the geodesic cuts the meridian plane at its maximum 
distance at an angle y, then 

fi =/3coty/(a + /3), /3 2 fc 2 = (a 2 - (P) tan 2 y 

[Math Trip III , 1885 ] 


56 The line element of a certain surface is expressed in terms of 

parameters w and v by the equation 

iW = {(du) 3 + (dv) 3 - (« dv - v dn) 3 }l( 1 - u 3 - v 3 ) 3 

Prove that the equations of the geodesics on the surface are of 

the form au + bv + c = 0, where a, b, c are constants 

TMath Trip II 1920] 


57 Prove that a surface for which 

ds 2 == {dx 2 + dy 2 -{zdy-y dx ) 2 }/(l -x 2 - y 2 ) 2 
has its geodesics represented by straight lines on the plane of xy 
and its geodesic circles by conics having double contact with 
*2 + 2,2 _ 1 = 0, and the geodesic distance p between (a- 0 , 7 0 ) and (*> V> 
being given by 

(1 -y 3 — y 3 ) (\-x 3 - y 3 ) coshV = (1 - aa: 0 - yy 0 ) 2 

Prove also that the specific curvature is constant and equal to - 1 

[Maih Trip II , 1919 ] 

58 Show that the conditions that the parametric curves may be 
geodesics on the surface of which the line element is given by 
ds 3 = E dv? + 2Fdudv + Gdv 1 are respectively that (E dn + F dv)j JE 
and (Fdu + Gdv)l-jG must be complete differentials. Show also 
that if these conditions he satisfied, the specific curvature at a 

point of the surface is where V 3 = EG- F 3 and <» is the 

angle between the parametnc curves at the point 

6 [Math Tbit II , 1919 ] 
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Section II 


DOUBLE INTEGRALS, ETC CULVERWELL’S 
METHOD OF DISCRIMINATION 


1547 Double Integrals The Case of two Independent 


Variables 

Suppose there are two independent variables and a depen- 
dent one z which is a function of x and y, but of unspecified 
form Let (p, q), (r, s, £), (w, v, w, m), etc , be the partial 
differential coefficients of z with regard to x and y, of the 
first, second, third, etc , orders That is, 


3z 


32 


3a; 2 


3 2 2 . 3 2 2 3 3 2 . 

S= 3^3? t_ 3j/ 2 ’ U ~^‘ 


We shall also use capital letters with the following signi- 
fication, viz 








etc, 


and the notation 




3 P 
dx 9 


q JL9. 


Pxx — 


3 2 R 
3a: 2 ’ 


etc, 


the dots being intended as a remindei to the leader that the 
letters x and y not only occur explicitly m the seA eral subjects 
of partial differentiation, but also implicitly through the 
presence of z and its partial differential coefficients 


1548 


We propose to discuss the variation of 



where 7 is a function of x, y, z , p, q, r, $, t 3 u , v, w,m, etc , 
and the integration ranges over th* region bounded by a 
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given contour m the x-y plane Moreover, we shall assume 
that V and the several differential coefficients occurring remain 
finite, continuous, and single valued at all points of the region 
bounded, and at all points lying upon its contour 

For each point x, y we shall suppose an infinitesimally 
small variation of position arbitiary liom point to point and 
denoted as before by Sx, Sy 

Now a; and y being independent, Sx ought not to vary m 
consequence of changes m y, nor should Sy vary m consequence of 

.3 3 

changes %n x We should therefore have — &r= 0, 

For convenience in the analysis, then, we shall suppose the 
vanation Sx m x to be the same for all points which lie on 
the same ordinate m the x-y plane, and similarly the variation 
Sy m y to be the same for points which lie on the same line 
parallel to the aj-axis The vanations being quite at our choice 
from point to point, we are entitled to do this In other 
words, we shall assume Sx and Sy to be iespecti\ely inde- 
pendent of y and x And this supposition m no way limits 
the results arrived at The supposition that Sx and Sy might 
be functions of both x and y is discussed by Poisson (M&m de 
TInstitut , T xn ), and the investigation there given leads to 
precisely the same result as that obtained by the supposition 
here made [See De Morgan, D and I C , p 454 ] 

1549 Preliminary Considerations 

If any function x( x > y) be varied by changing x to x+Sx, 
we have, as m Art 1492, 

Sx^^=^S x -^ < ^=l- x (Sx-x^-XySy)+X XX Sx+ Xxy 6y, 

' le &Xx-Xxxte—Xxyty=^.(Sx—Xx Sx —Xyty) 

Thus, if we write a > for Sz—p Sx—qSy, we have 
Sp—rSx~$Sy=c*) x , Sq—s Sx—tSy=(* y} Sr—u Sx—vSy=co XXf 
Ss—vSx—w8y=(jo SC y i St—wSx—mSy=ooyy, etc 

equations similar to those of Art 1492 for one independent 
variable 


* Lacroix, CD et I , T n , p 679 
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Again, to the fiist order, 

SV =X8x+YSy^-Z8z+PSj>+Q8q+R8r+S8s+T8t+ , 


whilst 

OX 


+ Zp +Pr +()$ +Ru +Sv +Tw 4 - , 
Y +Zq +Ps +Qt +j Rv + Sw +Tm+ , 


SV ^~ty — Z U) +P ( * 3 X + Q<»)y + ftMzX + S(0x y + T(Lyy-\- 

to the firat older 


1 550 Variation of || V dx dy 


Let the region of integration be bounded by any specific 
closed contour, consisting either of one closed curve or of a 
system of arcs of different curves in the x y plane, each of 



Fig 449 

such arcs being itself subject to variation Let the region m 
question be such as shown in Fig 449 We have 

<?|| V dxdy~^8(V dxdy)— |J<SF dxdy+^VdSxdy+^Y dxdSy 

Now || F^<5a:%=||^|7^^£2a;J% 

Integrating | F dx for a strip Q2Q3Q4Q1 defined by con- 

tiguous lines M(> 2 Q 3 , Q x Q 4 parallel to the cc-axis, we have 
[VSxU Q -[V 8xU (|j Sx) dx, 

and this is to be integrated with regaid to y to add up the 



664 


CHAPTER XXXIV 


results for all such strips Let dcr be an element of the arc of 
the contour , then 

for, if we integrate with regard to <r travelling m the positive 
or counter-clockwise direction, the value of dy m passing from 
to Q 2 is of opposite sign to that of dy in passing from Q s to 

Q 4 Thus, this mtegiation yields taken round 

the perimeter Hence, double integration referring to integra- 
tion for the whole area bounded by the contour, and single 
integration to that taken m a positive direction lound the 
penmetei, 

JJ™ 6 xdy=j (7 Sx ) Ax dy 

111 the same way, with JjV dx dSy, we have 

for a strip PJP t jP 8 P 4 , defined by the contiguous lines NP 1 P i , 
PjjPj, parallel to the y axis, which is 

[F(5y]atr 4 — [FfyJatP!— 

and this is to be integrated with regard to x to add up the 
results for all such strips , then 

=— J ^y^)d<r round the penmetei 

Hence JJ do-~J|(^^)ctecZ2/ 
Therefore the total result of the variation is to the fust order 

— ^2/ round the perimeter, 

|j(^W+^Wa+Q 0 O V -l-Pa) a ; a ;-|-^Sc() a . 1/ -|- Ttoyy + )dxdy f 
over the area 


+ 
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1551 In proceeding fuithei it will be sufficient foi our 
purposes to limit the discussion to the case wheie 


V=<p(x, y> Zj p, q, r,s,t), 

containing no partial differential coefficients of z of higher 
order than the second For this will include all cases likely 
to be useful, and m any case if higher order differential 
coefficients should occur the piocess to be followed would be 
the same 

Now, by Arts 471 and 472, writing o for U , 


ff( Pw «+ + \^) (b:dy+ l a, ( P Tcr~ Q To) d(T 

and <*»=[ \*(^+^+%£) dx dy 


where in each case the line mtegial is taken in the positive 
direction round the contour of the region 


Thus we have 8^Vdxdy=[H]+^Kwdxdy, 


, „ _ 3 P d Q , d 2 R , 3 2 S 

where K=Z — — — ^+-^-4 


3 2 T 


*dx 


and 




?>y ' dx 2 ' 'dx'dy 1 V 


+ 


1 [{| 


(t) } OOy 

T, 1\ 


+5*“} \ 


t+{\ R ’ Rx +S<» v W]d<r 
d<r 1 1 us, a> x J doJ 


The terms of the group H depend solely upon the variations 
at the boundary of the contour The terms in the suiface 
integral are multiplied by the variation o>, ^ e by 8z—p8x—q8y, 
which varies aibitranly fiorn point to point of the area 
bounded by the contour 


1552 Conditions for a Stationary Value 

As m the case of one independent variable, if the functional 

relation of z with x and y is to be determined 
is to have a stationary value, ^e so that <5 
must have m the fiist place K=0, viz a differential equation 


so that 


ijjVcfecdy 

Jj Vdxdy=0, we 



666 


CHAPTER XXXIV 


between z t x and t/ , and m addition the coefficients of the 
several independent variations in the limit terms [H] must 
also vanish 

1553 The Differential Equation 

For the case considered, viz 7=0(#, y, z , p, q , r y s, t ), the 
equation K= 0 is a partial differential equation, m general 
of the fourth oi der 

Forsyth (Diff Eq , Ch X) discusses the solution of some 
foirns of Partial Differential Equations of the second and 
higher order, but so far, even in the case of partial differential 
equations of the second order, it is only possible to perform 
the integration m special cases 

The chief methods a\ailable are in the cases m which the 
equation takes the form 

(a) Ar+Bs+Ct= IT \ where A, B, G , D , TJ are 

or (/3) Ai -\-Bs-\-Ct- |-D(> t—s 2 )=U,f functions of x, y,z,p and#, 
for which we have the methods of Monge and of Ampbre 
(Forsyth, Aits 232, 265) 

These methods, however are purely tentative and may fail 

( 7 ) We have also an important method known as the 
Punciple of Duality, which amounts to reciprocation with 
regard to a quadric, usually taken as an elliptic paraboloid 
(Forsyth, Arts 1 97 and 242) 

($) For equations of form A—(rt— s 2 ) n B, where A is a 
function ot p, q, ?, s, t, homogeneous with regard to r, s and t , 
and B a function of cr, y, z, p , q , remaining finite when rt~8 2 , 
we have Poisson’s method, which begins with the assumption 
of a functional 1 elation between p and q , and which thereby 
limits any solution to be found in that way to developable 
surfaces satisfying the equation 

(c) We have the case where the differential equation is of 
the class “ linear with constant coefficients ” 

(f) There are also various miscellaneous methods applicable 
in particular cases 

The solution of the equation K = 0 is therefore in any but 
very simple cases, m the present state of knowledge of the 
mode of treatment of Partial Differential Equations, an 
insuperable barrier 



VARIATION OF A DOUBLE INTEGRAL 


667 


When r, 8, t are absent and V=<f>(x, y, z, p, q), we have 

and K = 0 is in general an equation of the 

dxVy & 

second older, and if it be of one of the forms enumerated a 
solution may perhaps be effected 


Ex If is required to discover the class of surfaces for which J j (p^ + q^dxdy 
has a stationary value ^ ^ 

Heie Y=p 1 +q 2 ,Z=0,P = 2p, Q = 2q, and K=0 becomes + ^p= 0, 

whence z — F t (x + iy) + F%{v - iy) 


1554 It tmII be seen, however, that in some cases, even 
when the solution of the equation K — 0 in general terms 
is impossible, important geometrical properties of the class 
of surfaces satisfying it may neveitheless be deduced 

1555 If V be of form V^A +Br+2Cs+Dt+F(rt-s 2 ), the 
capitals A , B, C , D } E being functions of x, y , z , p, q, it will be 
found by ordinary differentiation that the function K is an 
expression of the same type Thus K — 0 becomes m this 
case an equation of the nature to which the tentative piocesses 
of Monge or Ampere may be applied 


1556 The Boundary Conditions 

Taking the case Vz=<j>(x, y } z , p, q , r, s,t) } we have 



which is to vanish when taken round the contoui of the 
region 

There will be as many equations resulting from this as 
there are independent boundary variations amongst the 
three Sx , Sy, Sz , and this will depend upon the natuie of 
the boundary 

Take the case r, $, t absent, %e V =<f>(x, y, z , p, q) 

Then [tf] = J [( 7 +<oP) ( 7 Sy + *><2) f;] ^ 

wheie oo—Sz—p Sx — qSy 
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1557 The ordmaiy cases occurring m geometrical applica- 
tions are 

( I ) When the boundary is altogether unspecified 

( II ) When the surface to be discovered is to pass through a 
given plane curve fixed in space 

(in) When the surface is to be bounded by a curve which 
lies on a given surface but is otherwise unspecified 

(iv) When in the latter case that given surface is a plane, 
to which the 2 -plane may be taken as parallel 

Take the case Vz=<p(x, y, % , p, q) and consider these cases 
( 1 ) Boundary unspecified Heie Sx, Sy, 8z are all inde- 
pendent at the boundary Hence 


p dy 

dcr 




dy 

dcr 





that is, ©^=0 and 7=0 are to hold at all points of 

the boundary for which all conditions are unassigned 

(u) Boundaiy a given fixed curve m a plane parallel to the 
x-y plane 

Here z is incapable of variation at all points of the 
boundary, xe <5z=0 Also at all points of the boundary, 


8y_dy 




fx = fx’ •• 

Hence P ^=0 ^ or P omts °f the fixed boundary 

(m) If the boundary of the surface sought is to be on a 
fixed surface, 0(x, y> z)= 0, but to be otherwise unspecified, 

we have <f> ai Sx+(f>ySy+(f> z 6z=l), 'he 8z= — &8x— < ^-8y, Sx, Sy 
being independent variations 
Hence 
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and therefore 

Remembering also that dz=pdx+qdy at all points of the 
surface to be discovered, and that <f> x dx+<p y dy+<j> 2 dz=() along 
the boundary, we have (<p x +p</>z)dx+(<p y +q<l> 2 )dy= 0 along 
the boundary, % e dx/(<p y -\- q<p 2 )= — dyKfa+pfa) 

Hence the equations obtained above become 

{P 0z=O 

and {Pifa+p^+Qi^y+q^z)} (fa+q^—V (<py+ ( l<l>z) 

le they each reduce to V<p z =P(<p x +p<p z )+Q((t> v -)rq<l>z), or 
(V—Pp—Qq)<p z =P<f> x +Q<l>y> which is to hold at all points of 
the bounding line upon the given surface 

(iv) When the surface is merely a plane z= const, 

<P x — 0, </>y"0, 02= 1> 

and the condition becomes V —Pp—Qq— 0 , which is to hold 
at all points of the bounding line which lies on the given 
plane 


1558 Relative Maxima and Minima 

In the case where a maximum or minimum value of 

is sought conditionally upon a second surface 

integral F= Jj* Wdxdy retaining a definite value a, the same 

process applies as already employed in the case of a single 
independent variable (Art 1504), viz to make 


JJ(7+XF)<fc<fy 


an unconditional maximum or minimum For it is obvious 
that if u is to be a maximum or minimum, w4-Xa is a 


maximum or minimum, i e 


^(V+\W)dxdy is so also 
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1559 Surfaces of Maximum or Minimum Area , Bubbles 

Apply the theoiems now established to obtain the condition that 


J j VT+F +? dx dy shall have 


a stationaiy value 


That is, we aie to 


find the nature of a suiface which, whilst satisfying ceitain bounding 
conditions which may be subsequently imposed, is to have a maximum 
or minimum curved aiea 


Here V^l+^+q^, X-T-B- 0, P=-^==, 

3 p d Q 

The equation K— 0 gives -gj- + ~0, i e 


n/T +p 2 +q 2 


r p(pr + gs) ^ J q(ps + qt) ^ 

(l+j^+g 2 ) 4 (l+j> 2 +g 2 )* (l+p i +g 2 )* (l+p 2 +g 2 )* 
tr (l+p i +g 2 )(r+<)=pV+2pg« + g 2 <, 

or (l+p 2 )J-2pg,s + (l+ 2 2 )r =0 

This is a second order partial differential equation to determine z as 
a function of x and y Without pioceeding to its solution, it will be 
noticed that since the equation giving the principal ladn of cuivatuie 
at any point of a surface z—f{x, y) is 

(rt - 8 2 ) p 2 - \f 1 +p l + q 2 {(1 +p 2 ) t - %pqs + (1 + q 2 )i } p + (1 4 ■p 2 +q s ) 2 = 0, 
this equation reduces foi such surfaces as we aie searching for to 


p fl =(l+jD 2 + ^ 2 ) 2 /(i 2 -?0 

The roots are equal and of opposite sign And if p 1} pz be the loots, 

Pi + /° 2 = 0 ) oi what is the same thing, — =0, te sum 

puncipal cuivatuies is zero, and the surface is an anticlastic one with 
this peculiarity Moreover, this is the condition of equilibrium (stable 
or unstable) of possible shapes of soap-bubble films with equal piessuies 
on opposite sides of the film For the hydrostatic equation for that 

difference of pressure is p = -+— ~ n where r is the suiface tension And 

P P 

it will be recalled that a number of known sui faces satisfy this condition 
and aie possible forms foi soap bubble films, e g the catenoid formed by 
the revolution of a catenary about its directrix , and this is the only 
possible form if it is to be also a suiface of revolution The helicoidal 
surface and the surfaces e*=cosy sec a;, sin z=sinha?sinh^ aie shown by 
Ca talan to satisfy the same differential equation {Journal de VEcole 
Polytechnique, 1856) See Besant, Hydromech , p 217, who lefeis to 
Darboux, TMorie Gbiirale de Surfaces, T l , Liv in , foi a full discussion 


of minima surfaces 

Since the Potential Energy of a soap-bubble film is JrdS, where r is 
the surface tension and a constant, it will be evident that if the potential 
energy is to be a minimum the surface is to be a minimum 
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If the pressure on opposite sides of the film be not the same, we have 
and the mean curvatuie is constant but not m this case zero 

P P t * 

1560 If the boundary is to be on the surface <£(#, y } z)—0 , the equation 
(V-Pp-Qq) <k =.?<£*+ of Art 1557 (iu) gives indicat- 

ing that the minimum surface is to cut <f>(v , y, z)=-0 oithogonally at all 
points of the bounding curve 


1561 Let us next find the conditions that must hold when, for a 


given volume expressed by J J zdx dy , w e have a surface of maximum or 
minimum area 


We are then to make J j(*J 1 +p y +q 2 + Xz)dxdy an unconditional 
maximum oi minimum Hei e 


r^i+p^+xz, z=k, x=r= o, p= ^, + ^ ’ 


and K=Z- 


d p d q 

bx 'by 


= 0 gives, similarly 


to the work in the last case, 


^ (l+p 2 )t-2pqs + CL+q 2 )r _^ 

(i+p 2 +? 2 )* 

so that in this case ire have — + — — A, a constant, which is the case of 
Pi Pi 

3 oap bubble films in equilibrium, with a constant difference of piessure 
on opposite sides, such as might be maintained by closing the ends in 
the case of a film in the form of a suiface of i evolution and maintaining 
a constant an pressure m the interior, so that, provided the tempeiatuie 
remains constant, the volume also remains constant 

It may he noted that a sphere and a right circular cylinder are sui faces 
which satisfy this differential equation, blit that neither of them satisfy 
that of Ait 1559 


1562 Case of a Surface of Revolution 

This case may he discussed in an elementaiy way by making J 2 ? ry ds 
a minimum whilst J iry 2 dv is constant , i e 8 j (y >/ 1 + ky 2 ) d x =0 

Here V=y Jl+y' 2 4- Ay 2 , X=0, Y,=yy'l*J\ -fy' 2 , 

w hence y v/l + y ri + A. ?/ 2 = yy f2 j\! 1+ y 2 4* 0 or yj\! 1 4- =C — A .y 2 

One of the radii of curvature ( p ') of the suiface is equal (in magnitude) 

l Q 

to the normal (n)=ys/l+y' 2 Thus, -=— 2 — A 
Foi the other, we have 


dx G . 

dTy- ky ' 



dy 

dS’ 


1_ dfv/dy_C,, 
p -~ds*/d8-y i + At 


and 
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Fig 460 


1563 It is convenient in many cases to choose a less 
general variation 

Let us take Sx and 8y both zero, but vary z and the partial 
differential coefficients of z We shall then have 

co= Sz, cdx=8p> (jo y =Sq, wxx" 8 t > y = $ s > M vy = ^ 

With this variation the limiting terms [H], 'when r, s, t are 
absent, reduce to 

m-[H p s-«sK] i" 1556 )' 

and for the very important case frequently occurring m 
geometrical applications, in which the legion to be considered 
is bounded by a fixed closed curve in the plane of x-y, we 
have 8z = 0 at every point of the bounding curve, so that [H] 
vanishes identically 

The partial differential equation K = 0 will, when solved, 
usually give z as a functional form containing x and y, and, 
in the case cited of a fixed boundary, the functional form 
occurring m the solution will have to be so chosen that the 
surface obtained passes through the bounding curve 

15(54 Ex Find whether a developable surface can he found which passes 

through the circle z=0, afi+y 2 = a\ and for which Jj+Jl -hp 2 +q J dz dy has a 
stationary value. 

The partial differential equation to he satisfied is 

(1 +g 2 ) r=^0 
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If the surface ib to be developable, we mubt take ?=/(f>) 

This -will give [1 + {/(|>)} 2 ] — 2j)/(p)/'(y)+(l + J> 2 ){/ , (p)F=0, 

which is of CLairaut’s form (see I C for Beginners, p 230), with a 
s >1 ition f{p)= Ap + \l A\ i e Ap-q= 

Applying Lagiange’s method to this (Forsyth, D Eq, A.rt 184), 
dx ^ di) dz 

T“^l~ —\J — \ — A 1 ’ 


whence x-^Ay—B, z-y\l - = 

te z—yJ — l — + + is the functional solution sought 

If we take <j> to be zeio and A to be \l — 1, we have a solution of our 
problem, viz z = 0 The circular disc bounded by x 2 + ?/ 2 = a 2 is the dev elop- 
able suiface which has a minimum area, and the puncipal curvatures 
of the plane suiface are both zero, so that all the conditions are satisfied 


1565 Consider the stationary value of jj UdS, whene dS is an 

dement of ike surface represented by a supposititious relation be- 
tween x , y and z , and suppose that there is an accompanying 


condition that dy—a, tahng TJ and W to be functions of 

x , y , z alone 

o rj “0 pJT 

Hero J r = DVl+i> 2 +g a + Air, •£=-gjVl+I> 2 +3 a +^~gp 


l’=V 


a P /dUZU\ 

'37“l ar+^J 
a Q m/dU \ 


y ■ v T u pir’+vL. 

(1 +J) 2 +S 2)i (l+j)2+g 2 )* {l+p-+qT 

i , + V 5 ,-V 

(l+^S + g 2 )* (l+y + jV (l+^+a 2 )’ 


Hence K=Z-^-\$=0 becomes 

_ g)g(i +y 2 + 2 ’) - mo +y s )«- *w+0- +« ! W= 0 ’ 

= V [(i + y 2 ) t - 2pq» + (i + 2 5 ) r ] » 




3* 


W 


-3^=U(l + 3» 2 + 3 2 ) i (^+^) 
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If l , m,n be the direction cosines of the normal to the supposititious 
surface z=<p(x, y\ say, viz (£-x)l(-p)~(r)-y)l(-q)={-z, 


l 




Vi+j^+g*’ 


\/i+p 2 + g 2 ’ 


1 

Vl +p 2 +g J ’ 


and 

and when 


1,1 1 , 3?7 , BEA A 3 TV 

* + ^ _ rrar +, ' l ^ +n wJ + F bp 


J J CrfS is unconditionally stationaiy, 


1,1 1 f 

PlP2~UV 


,ZU , W, dV 

l -5 h Til t=r h 11 -J-v— 

ov oy oz 


) 


If the surface in eitliei case is to terminate in a line on any suiface 
^(or,y, z)-0, the bounding condition (V-Pp- Qq)^ z =Pip x -\-Q^ii becomes 

(U + \Ws/l+pi+q*)\ls,= U(p\// x +q\p v ) oi p\p x + q\p 9 - ft = ~ 

and m the unconditional case pip x +qip y -\fi z = 0, and the surfaces then cut 
oithogonally at each point of such bounding line or lines 


1566 A Method of Discrimination, when the Limits are fixed 

If we consider the case of fixed limits of integration for such an integral 

as v = J Jjl +p 2 -\-q*dxdy) say fiom y=y 0 to y=y n and fioni x = t 0 to 

&=x u the disci lminati on between maxima and minima may be conducted 
as follows, taking such a variation as described in Ait 1563 

Suppose z becomes z + 8z and p, q lespectively p-fSp and 2 + (5g Then 
V becomes s/\ +(p+8pY + (q + 8qy This we must expand to terms of 
the second order, and we have 

l r + ^ F=s/r+^+? 1~1 , 1 -f2?8? + 8p 2 + ^ 1 (2 p Sp+ 2g SqY -] 

L 2 1 +p* + q 2 8 (1 +p 2 + ff 2 ) 2 J ’ 

5 V— jPfoP + gfy + 5p 2 + Sg 2 + {pBq-q 8p) z 

(l+jfi+tf)* 2(1+^ + ^ 

Hence the second older variation in Bv is 

g£ +8g* + (p8g-gfr)' 

(l+y+j 2 )* 

which being essentially positive foi all vanations, the solution of Art 1 559 
gives a true minimum solution 

1567 T aking the case of Art 1561, the second Older terms in 5 V aie 

those m ^ i +(3>+5» i +(s+5g) i +A(s+ 5s), * e the same as the above, and 
are essentially positive We therefoie find a true minimum m this case 
also We turn, howevei, to a more detailed consideration of the second 
order berms in the geneial case 
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1568 Culverwell’s Method of Discrimination. between Maxima 
and TWiniiria. Values Reconsideration of the Variations to be given 
In estimating the vanation of 

uss^V tlx, where V=<j>{x, y,y',y", 2/ (n) }> 

we have so far given to each letter, inclusive of x, an arbitrary 
change, so that the point x, y is displaced to x+Sx, y+Sy, 
and the direction of the path, its curvature and higher order 
peculiarities, indicated by y, y" and higher ordei differential 
coefficients, have also undergone arbitrary variations and 
become y'+Sy', y"+Sy", etc 

Many writers prefer to keep x unaltered, and to vary y and 
its differential coefficients alone (see Art 1563) 

Considerable simplification results in taking Sx to be zero 
For then we have (jo=Sy, <c=8y' } (a'=8y > etc, instead of the 
more cumbrous expressions Sy y Sx, Sy y Sx,Sy —y Sx, etc , 
for which they respectively stand But there is this dis- 
advantage, that when in an investigation Sx has once been 
taken to be zero it cannot be restored at a later stage, whilst 
if we retain the variation of x from the beginning we can at 
any tune make it zero And in dealing with the terminal 
conditions, these terminals are not in general compelled to 
move upon lines parallel to the y axis, but may lie on speci c 
curves in which Sx necessarily varies with Sy, and it has 
therefore been so far convenient to retain command of the 
variation of x as well as ovei those of the other letters 

1569 To make Sx = 0 throughout cleaily means that the 
defoimation chosen of the hypothetical curve which represents 
a relation between y and x, is one which is obtained by an 
arbitraiy point to point variation of each ordinate a is, 
each point is displaced parallel to the y-axis, throug an 
arbitiary small distance with consequent alterations in t e 
values of the differential coefficients of y, which depen upon 
the particular variations arbitrarily assigned from point o 
point to the ordinates That is, taking y=x( x ) to ® 
supposititious relation between x and y, which we are to es 
as to the possibility of its giving a stationary value to 

[ Ydx between the limits x=x 0 and x^, then y=x{x)+e6(x), 
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where e is an infinitesimal constant not containing x , and 6{x) 
is an arbitrary function of x understood to be finite for the 
whole range of integration, would be the equation of a 
contiguous curve to y=x( x )> an( ^ such that the variation 
of y at any point is $y=€d(x) We shall write x an( ^ 0 for 
X(x) and 6(x) respectively for short, and we shall take 6 to 
have been chosen so that neither it nor any of its differential 
coefficients up to the (n—l ) th becomes infinite or discontinuous, 
but that they each remain either zero or finite throughout the 
whole range of integration Then as e is taken independent of a?, 
8y'=t6', Sy"=ed ", Sy^=ed^ and 

But with regard to the last of these, viz e0 (n) , we reserve 
to ourselves the right to make an abrupt change m the value 
we choose for it, provided such change be from one finite 
value to another finite value With this supposition all the 
differentiations performed are valid operations, all the functions 
differentiated being finite and continuous real functions of x 
between the limits of the integration 


1570 With such a system of increments, V is changed to 
F+<$y=0{ x, y+e9, y'+ed\ y"+eQ", y^ n) + ed (n) } } 

and assuming 7 to be such that we may use Taylor’s Theorem, 


we have 


e 2 


V+8V=V+e±V+^AW+^R: 


where Asfl^-4 + ^ (n) ^- 7 ^,and ~R is the “Remainder” 

after three terms This expansion involves the assumption 
that all the Partial Differential Coefficients of V of the first 
and second orders with regard to y } y\ y", yW are finite 
and continuous functions for values of y, y\ etc , within the 
ranges from y , y\ etc , respectively to y+eO, y'+e6', etc, for 
all values of x which lie within the limits of integration of 

the integral jVefo, i e from a? 0 to 

Now x being taken as not subject to variation, we have 

^F(fo=f67(fo=ej(AF)rfa:+^((A ! 7)da:+J| J Rrfa: ) 


and by taking e sufficiently small each of the terms on the 
right-hand side may be made greater than the sum of all that 
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follow it Hence, so long as j (A 7) dx does not vanish, the faign 
of S^Vdx can be made to change by changing the sign of e 
Therefore the primary condition for a maximum or a minimum 
value is that J(A V)dx should vanish, the limits being the 
same as those of the integral (Vcfcc 


Now 


AV^(e 


Yy +0 W +e V' + 




wheie 0 itself is arbitiary And this will be recognised as 
what the expression Y<jo+Y / (a + Y Ji o) / + of Art 1495 
becomes upon putting &r=0 therein 

By integration by paits, as in Ait 1496, 

j(A7)<fc=[F,e+Y„0'+ +F ( „ ) 0 ( ”- 1) ]+ 

the term VSx not now appealing m the limit terms, as 6x=0 
Now let us take one variation between the two points 
(a?o, y 0 ) and (x lt y x ) to be such that at each tenmnal the values 
of V, y'> V"i are the same for the vcnied cwve 

c 0 as for supposititious curve y—x itself That is, 
suppose the two cuives to have contact of the {n l) th order 
at the teiminals Then Sy, Sy', Sy <*-» all vanish at the 

terminals, and therefore also 0, 0', 0", 8^ all vanish at the 

terminals 

Therefoie, with this variation J(A V)dx=^YQ dx, and 0 being 
aibitraiy fiom point to point along the path of integration, 
we must have Y=--0 as a necessary condition that |( AV)dx 

should vanish This is the differential equation before obtained, 
and its solution has been seen to be of the form 


y=F(x, c x , c 2 , c 2n ), or shortly, y=F, say, 

m which we may suppose that the several constants occurung 
have been found as heretofore explained by aid of the terminal 
conditions existing, and their values mseited This relation 

is that for which the integral j Vdx assumes a stationary value, 

and the graph is called a stationary curve This value of y 
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and those of its differential coefficients may now be substituted 
m V 

1571 The variation of the integral now reduces to 

f Xi -2 fa *3 rx 1 

m which we are to consider a variation from the stationary 
curve , the supposititious curve y=x( x ) having been discovered 
to be of the now known form y=F 

As before, if we take e sufficiently small the sign of 
e 2 f 

I (A 2 V)dx governs the sign of the right-hand side of the 

Jx * r*i 

equation, so that the variation S Vdx is positive oi negative 

f Xl Jso 

(A 2 V)dx is positive or negative for all 
«o 

sufficiently small values of e of whatever sign 

Cx i rxi 

Therefore if 1 (A 2 V)dx be positive, I Vdx is increased by 
Jx 9 JjCo 

such a variation from the stationary curve, and if negative, 
decreased It follows, therefore, that the stationary curve 

y=F gives a maximum or a minimum value to f Vdx 

I X t 

(A 2 V)dx is negative or positi\e We therefore 
_ 20 r* 

have to examine the second order terms (A 1 V)dx 

Jxq 

1572 In the following examination of the second order 
terms, we shall follow the method given by Mr E P 
Culverwell m Yol XXIII of the P'ioc of the Lond Math 
Soc , 1892 It is only possible to give here a very abridged 
account ot the results arrived at in Mr Culver well’s researches, 
and his paper should be read carefully by the advanced 
student Various modifications of his notation and procedure 
are necessarily adopted here to bring the discussion into line 
with previous work, but the mam course of his work is 
adhered to 

1573 Such a variation of a path between two specific 
terminals P and Q, as has been described in Art 1570, having 
contact of the (n — l) th order with y=x the terminals, so 
that 0=0'=6"= ==0 (n-1 )=O at P, and at Q, is said to be a 
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“ fixed limit ” variation, and is a legitimate vanation, provided 
the conditions for the existence and continuity of the several 
differential coefficients and the validity of Tayloi s Theorem 
are not violated 


1574 “ Short Range ” Variation 
Let APGQB be any path y=x> an< ^ ^ a 

limit” variation of the poition PCQ Let the abscissae of 
P and Q be £ 0 and £ respectively (|i> £o\ an( i £ ^e 
abscissa of an intermediate point C on the arc PCQ Then 



Fig 451 


[* &p\x) dr=[^- 1, (»)]f =Q {V ~' [ \£)- 6 ip -' ) (£o)=& p ~ 1) (£)’ 

•*£0 

where n <fc f > 0, for by the condition of Art 1573, 0° ,_ ' l) (£o) ==o 
If then the greatest numerical 
value of 0 (3)) (;r) m the range £ 0 to £ 
be called p, which is by supposition 
finite, we have 0 (3? “ a) (f) > {£—io)p> 
and therelore >(£i—£o)p> anc ^ % S 
ue take a very short range from P 
to Q, £i— £ 0 ma y ma( * e as small 
as we please Hence the numerical value of each of the 
quantities 9, 9', 6 ", 0<»>, may in such shoit range he 

regarded as indefinitely small in companson with the next 
in order Therefore 9, 6', 9", 9^ are all negligible in 

companson with the last variation 9 ^ for a shoit xe 
limit ” variation 

Now A and for such a 
■variation reduces to 


Hence for this short vanation, 


s\vdx=^](W)*^A+i] Rda:> 

and 6 occurs with an even power, so that if ^(yW) 2 X re ainS 

one sign within these short limits from P to Q, S^Vdx 

Z l V 

positive or negative according as 1S P 0Sltlve or 
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negative throughout that range when e is taken sufficiently 
small 

Now, considering the jmite lange from x==x 0 to x=x lf the 


rxi 

integral V dx could not have a maximum foi this range unless 

J Xq 

d 2 V 

3(y (n) ) a remained negative thi oughout the whole range from 


x=x 0 to z=x l} noT a minimum unless : 


dx remained posi- 


3(2/ Cw) ) 2 

tive throughout the same range For suppose that there be a 
small portion of the lange fiom x 0 to x v say from £ 0 to in 
d 2 V 

which 0 ^ ~ ( W )j 2 dx has ceased to be negative and become positive 


We could then take a “ short range fixed limit ” variation from 
P where #=£ 0 , to Q where without any variation at all 

for other parts of the stationary curve fiom x Q to x 1 Then 
for this short range vanation, 


and for the rest of the range from x Q to x x there is no vanation , 

Cxi 

therefore S J V dx for the whole range is positive for such a 
valuation, and the condition for a maximum is that it shall 


be negative Hence, unless dx retains a negative sign 

foi the whole range from x Q to x v a maximum value of 

f* 1 

J Ydx cannot occur Similarly a minimum could not occur if 
d 2 V , 

staitmg with a positive value, became negative for 
part of the range 

Hence, supposing that m the whole range from A(x=x 0 ) to 
B(x~x l ) y x mci easing throughout, there is no point at which 

J>D* small short range variations such as that 

just described from the point P to the point Q upon it can 

be supposed to be made, and if in each of these dx retains 

pi 3 yy {) ) 

the same sign, Ydx will have a maximum or a minim um 
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value according as that sign is negative or positive, remaining 
so throughout the whole range of integration 

1575 It will be noted that in the above statement we have 

written dx, including the ^ as a factor, because if in 

the case when in travelling from A to B we pass a point G 
at which the tangent to the path is paiallel to the y-axis, and 
x increases up to a certain amount, viz the abscissa of G, and 
then decreases on approaching B, dx itself m such cases changes 

d 2 V * 

sign Hence also m such cases must for a maximum 

or minimum also change sign at G m order to preserve an 

invariable sign in dx throughout the path 

We have now to considei the stipulation that there shall he 
no 'point between A and B, say with abscissa X , at which 

f A 2 V dx vanishes 
J Xq 



1576 Conjugate Points on a Stationary Curve 
Let A, Q be two points on a stationary path ACQB 
Then, if Q be the first point along the arc for which it is 
possible to draw a contiguous fixed limit variation AC Q, whw , 
is Uself also stationary, the points A, Q are said to be ‘ conjugate 
to each othei - 

If both paths be stationary, we must have <$] 7dx= 0 to the 

first order along each, and theieforejsach must be a solution 
of the same differential equation Y=0 Therefore, if the 
curve ACQ have the equation y=F(x, c lf c 2 , c 2 n)» ie varia 
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tion AC'Q must have an equation of the same form, and the 
corresponding ordmate may be wutten 

y+Sy=F(x, c^Sc^ c 2 +Sc 2 , c 2n +Sc 2n ), 


so that iy=ljL *,+ %L So,+ + If 


■ Set), 


Differentiating this (ft— 1) times with regard to n, 

Sy,= %. Sc ' + % Sc *+ + Sr n Sc *" 

etc, 

■ dc 2n 




a x r '^? r 


Now 8y> 8y\ 8y in - 1] aie to vanish at A(x 0 , y c ) and also at 

Q(x, y) Hence we obtain by elimination of 8c v 8c 2 , 8c 2n 
between the 2 n equations arising, a determinant with 2 n 
rows and columns, viz 



/ 3y (w - 1} \ /3y»-D\ 

\ 3 cj /„ V 2 /o’ \ /O I 

in. which the fiist n lows, without suffix, denote the values at Q , (r, y), 
and the second lows, with suffix 0 , denote the values at A, (*o,y<>) 

1 Ins equation determines x m terms of x 0 That is, it gives 
the various points Q on the first stationary curve ACQB , 
staitmg from A , to which it is possible to draw a contiguous 
fixed limit curve AG'Q } which is also stationary And the 
first of the points Q which satisfies this condition is the point 
conjugate to A 


1577 Now let a point P (abscissa X ) travel along the 
curve A B from A(x 0 , y 0 ) towards B(x y j), the curve being a 

stationary one for jV<ftr Then we have seen that for this 

curve to give a wicLX'imum value to the integral, it is a primary 
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necessary condition that should be negative for all 

values of x from A to B 

We shall show that as P travels along AB, the point con- 
jugate to A is also the first position of P for which 

f A 2 7das=0 

* %d 

Take a position of P very near A and connect AB by a 
“short range fixed limit” vanation AQPDB having contact 



of the (m— l) th ordei with the stationary curve at A and at P, 
and coinciding with it hom P to B Then, foi this vanation 


and ovei the slioit range x 0 to X, A 2 V is teplaceable by 


JfV 


which is of necessity negative, and theieforo within this shoit 


lanee f Vdx is deci eased by the vanation whatever be the 

■>*. „ 3 2 7 , i 

sign of « when sufficiently small Therefore « negative 

is a sufficient condition that the stationary path should yield 

a maximum value to j" Vdx for this short range 

Now let P travel onwards towards B Then, A 2 V being by 
supposition a finite and continuous function of x, it cannot 
change sign except by passing thiougli a zero value Suppose 
that A 2 V, which staited fiom A as a negative quantity, retains 
that sign until P amves at a point 0 on the stationary cuive 
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AB, and that at 0, A 2 F=0, and beyond 0 that A 2 F becomes 

positive Then Ja 2 Vdx fiom A to G is a negative quantity 

Suppose now that P travels beyond C to a point D such that 

j*A 2 F=0 when the integration is from A to D, the positive 

values of the integrand which accrue beyond C having can- 
celled the aggregate of the negative values occuning before 
ai rival at C Take a “ fixed limit” variation connecting 
A and D, viz ARDB , having (n— l) th Older contact with the 
stationary curve ACDB at A and at D , and coinciding with 
it fiom D to B Let X be now the abscissa of ID Then 

and therefore vanishes to the second order of infinitesimals 
Hence to that ordei 

j* F dx for the fixed limit variation ARDB 

=j* Vdx for the stationary path APDB 

It will follow that ARDB is itself also a stationary path 
from A to D 

For if any short portion of it, say LRM } were not of 
stationary charactei, we could connect RM by a stationaiy 
short-range fixed limit path LR'M, and therefore 

J Vdx (for LEM.) > J Vdx (for LRM) , 

J Vdx (for ALEMDB) > J Vdx (for ALRMDB), 

and • > jVcfa (for APDB), 

and this would necessitate Ja 2 Vdx becoming positive between 

A and D, which is contrary to the hypothesis that D is the 
first point foi winch the integral ceases to be negative 
Therefore the variation ALRMD must itself be a stationary 
curve between A and D , and D is itself the point conjugate 
to A 
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Since r A *Vdx is negative so long as x<\X, viz the abscissa 
Jxo 

,f 2), f* Vdx has a maximum value along APD for all values 
>f x which are less than X 

In the same way f V dx has a minimum value for all values 
if * which axe <X if A 2 7 be positive at starting from A 
1578 If, however, the conjugate point of A occurs before B 
is reached, f Vdx, though stationary, will hive neither a maxi- 

JXo 

mum nor a minimum, as we shall now show 

Take a short-range fixed limit vanation FGH connecting 
two points, F on ALRMD, H on DB having (n-l)‘ order 
contact with these curves at the terminals F and H Suppose 



this variation to have been selected a stationary curve Then, 
since by hypothesis ^dx is negative, this variation givesa 

maximum value for j Vdx for that range, and therefore 

jyfo (for FGH) > j7 dx (for FDH) 

Hence j Vdx (for ARFGHB) >Jf dx (foi ARFDB), 

and therefore > j Y dx ( for APDB) 
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maximum 
3*7 


Hence J V dx along APDB would not have a 

value, and it could not have a minimum value, for ^^dx 
is negative 

Therefore, if the conjugate point to A lies between A and B 
the stationary path AB gives neither a maximum value noi a 

minimum value for J 7 dx for that range 


We theiefore have the following test 

The stationary 'path AB having been determined, it will yield 

C 3 2 F 

a maximum 01 a minimum value for J V dx, according as 

is negative or positive from A to B, provided there be no point 
conjugate to A lying between A and B But m case of such point 
being existent between A and B the stationary curve from A to B 
yields neither a maximum no) a niinimum 


In the case when ^ — (u y dx vanishes at a point between A 

and B, but does not change sign, we could take a short-range 
fixed limit variation, including the point m question, vanishing 


to the second order, and the sign of <$[ V dx for this variation 

J*o 

depends on third-order terms, and unless these also vanish for 

J ^i 

V dx could be made 

*° 

to change by changing the sign of e Hence there would be 
neither a maximum nor a minimum foi such a variation But 


for other variations l 7 dx has a maximum oi a minimum as 
before 


1579 Illustrative Examples 

(i) Take the case of the integral J (y f, ) 2 dr of Art 1502 (3) To find the 
point conjugate to the point x 0 , y 0 on the stationary curve 
The stationary cui ve is y = c 0 + c \x -h ^ 

Heie 8y = 8c 0 +r8c 1 + ^ tHScg+^^Scg, 8y' = 86j -I- ^ 7 8c a -t- ^ x 2 3c if and 

these are to vanish at (-r 0 » V 0 ) and at ( x , y) Hence the point conjugate 
to (# 0 » Vo) is given by 
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0, l 




55’* 

1, 

Vy 

f.- 

^ 0 y 

1 2 
2 ,^° » 

1 1 
3 “ 10 

1, 

't 0» 

1 2 
St 10 


y j. j n 

and i = the on v 

solution 


Hence, in thus case, there is no point on the stationary cmve which is 
conjugate to any othei 

We also have F-y"* and |^=2, which, being positive, the stationaiy 
cuive gives a tiue minimum value to jy'^di for any selected poition 
of the cui ve 

(u) In Ex 1 of Art 1502, viz the shortest distance between two points, 

T 7 /Tw ! z A-D'' d — -- y/ — and is essentially 

V=-Jl+y , A = 0^,. a2/' 2_ 3/ Vl+/ 2 (1+y' 2 ) 3 

positive And there is obviously no point conjugate to any othei on the 
locus y = c t +c l x, which is the solution of AF=0 The solution a. nvod 
at is theiefore a tiue minimum solution, as is obvious o couise mm 
natuie of the case 

1580 The Case of two or more Dependent Variables 
Resuming the discussion in Art 1508 for the case 

f l y- y'> y”’ » w \, 

V = F \ X ’ z, z', z", Z {m) I 

and taking e] 0, e t <j> as the fundamental variations of y and z, 
we have, upon putting &c=0, 

r)—Sy=e l 8, rj' =€ 1 0', *]"=-€$ etc , 

£=Sz —e 2 (p } f'=e 2 4> / , r-%* e ^ c > 

and taking ^=6 + 0<,l> 3^ ’ 

As=<#>^+^+ 

djy <fe=[fl]+ J(y ei d +Zetf) +cA) 2 Fdx+ijfJ dx < 

and the general forms of y and z are determinable fiom the 
differential equations Y=0 and Z= 0, and the constants 
involved obtainable from [H]=0 as before explained And 
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the same theorems hold as m the case of one independent 
vanahle But the second-oider vanation will in its highest 
differential coefficients become 


2 1 j{ e i( ^ n) ) 2 3 (y«))2+ 2 W* n ty (m) f 2 2 (0 <m> ) 2 

in which the integrand is of the form 


re 1 2 (0 (n) ) 2 +25e 1 e 2 0 (u) ^ (w) +^ 2 2 (^ (m) ) 2 J 


and, as in DC, Art 497, the condition for an invariable sign 
is that rt—s 2 shall be positive, and the sign m question will 
be that of r or of t , for since rt—s 2 is to be positive, r and t must 
have the same sign 


Thus it will be essential that 


d 2 V 

W" ] ? 


d 2 v ( d 2 r \ 2 

d(z M ) 2 'd(y lr,) ) dz< m) ) 


shall be positive, and for a maxnni^m we must have 
negative, and for a minimum, positive 


cPV 

3( y < n) ) 2 


1381 The case rt=s 2 in general necessitates an examination 
of the terms of (e 1 A 1 -j-c 2 ^ 2 ) 2 ^ which contain lower order 
differentials This case is discussed by Mr Culverwell in the 
paper cited above, to which the reader is referred 

The method employed m the last article is clearly applicable 
if there be more dependent variables than two Following 
the same method as before, the second-order variation takes a 
form similar to that discussed m Art 502, Diff Calc , with an 
exactly similar result 


1582 Relative Maxima and Minima. 

It has been explained that when we are to search for the 
maximum or minimum value of dx, with condition 

w=JV<fe= a given constant, say a, we are totieat j'(F+XF)tf:r 
as an unconditional maximum or minimum, and we get 
a(«+Xw)=5j(F+AF)dz=j'(<SF+X AW)dx 

=eJ(AF+AAF) j(A 2 7 +XA 2 F) <fa;+ J* Jfldo;, 
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and with the same precautions as before with regard to choice 
of legitimate variations which will not violate conditions of 
continuity m the several differential coefficients, and which 
will ensuie the validity of Taylor’s expansion, the terms of 
first order having been made to vanish as a primary condition 

for a maximum or minimum, we have j'(AT r +X kW)dx-=O i 
equation already arrived at in Art 1504, and then 

S(v fXw)— fj|(A 2 F+XA 2 pr) das+lj Ju^ac, 


an 


and the terms of the highest order m the integrand A 2 T r +XA 2 TF 
are all we require m the discrimination between maxima and 

minima These terms are an( * ^ or a maxl “ 

mum this expression must be negative throughout the whole 
range of integration, and for a minimum, positive In case of 
the existence of a point conjugate to (x Qi y 0 )» suc h ^ D oi Art 
1577 on the stationaiy path, with abscissa Z, lying between 
the limits of integration, the variations chosen must be 

such as to make Wdx zero For (see Fig 455) beyond the 

point D the variation <$J Wdx has been taken as zero 

Therefore X must be such that \?Wdx along the stationaiy 

J Z° f*l 

fixed limit variation ALRD has the same value as 1 

*’*0 

along the original stationary curve APCDB, foi which m 
general the value of X is different 

The equation to find the position of the conjugate point is 
therefore modified by the introduction of X 

The equation of the stationary path is now of the form 
y= x ( x, X, Cp c 2 , c 2n ) If, upon substitution of this value of 
y and its several differential coefficients we get 


ie=J Wdx==F(xo, X, c,, c 2 , <*&») ®* 

upon variation of the constants we get the additional equation 

and the equations arising from the vanishing of Sy, 8y, 
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8y", 8y {n ' l) at (a? 0 , y 0 ) and at its conjugate, which are now 


altered by the presence of A to 




3* 

+ Sj“' 

+; 5 fc = + 


=0,' 

true at 



+1^ + 

+ %L Sc *' 

=0, 

(* 0 . Vo) 

• and its 



etc , 



conjugate 

3yn-l) 

3A 


s Cl + ^ j *,f 

+ r* 

oc 2n 

=0, 

(z. y) 


These 2n+l equations give, upon the elimination ot 
S\, Sc lf (teg, ^ 2 n > 



to determine the position ot a point (x 3 y) on the stationary 
path conjugate to (a? 0> y Q ) 

If such a point occurs between the limits x=-x 0 and x=x 1 
on the stationary path, this path will give neither a maximum 
nor a minimum 

1583 When V contains more than one dependent variable, 
and these dependent vanables are connected by an equation 
L= 0, viz the case discussed m Art 1513, we proceed as there 
explained with the first-order variation to obtain the stationary 
solution In passing to the second-order \ anation, we have 

!]Ja 2 (F-l wheie (Art 1580), 

where and e 2 0 are the fundamental vanations of y and 
z } and e 1 d (n) , e 2 ft n) those of y {n) and z [rx) We shall suppose 
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that the orders of the highest differentials occurring in V and 
L are the same Then taking as befoie a short-range varia- 
tion, the variations 0, 6', 0", 0 (n-1) may be all neglected in 

comparison with 6 {r \ and <p, <f>, <p"> 0 (n-11 m comparison 

with cj> M The only terms of A 2 {V+\L) which need be 
retained are therefore 


where & n \ are not independent but connected by the equation 

|p e ^ n,+ l^ (nl=0 ’ 


so that 


W+XL) 


1 d(y M f 

\3z (n V 


^ V ' I ' x — / — 

3?/ n) 3z (n) dz M dy [n) 


+ 




3(z ( *>) 2 Vdy 


must retain the same sign throughout the integration if a 
maximum or a minimum is to occur , and that sign must be 
negative for a maximum, positive for a minimum 

For details of the case in which the orders of the highest 
degree diffeientials in V and L are not the same, the readei is 
referred to Mr Culverweirs paper [p 252, L Math Soc Proc , 
Yol XXIII] 


1584 Bibliography 

Readers wishing to pursue the subject of the Calculus of Variations 
further are referred to Todhunter’s History of the Progress of the Calculus 
of Variations during the nineteenth century and Researches in the Calculus 
of Variations , and to the treatises on the subject by Jellett and Stiauch 
Professor Williamson, m Chapter XV of his Integral Calculus, gives an 
account of the “Sign of Substitution 55 used by San us m his Essay, 
Recherches sur le Cahul des Variations, and makes much use of the same 
In his Chapter XVII the student will find much useful information 
with regard to the bounding variations m the case of a double integial 
and a discussion of some cases which anse m the treatment of the partial 
differential equation as well as several other interesting matteis The 
papers by Culverwell, of which considerable use has been made, should 
be refer led to in R 8 Trans , 1887, and in Proc of the Lord Math Soc , 
1891-2 Other wnteis are Moigno and Lmdelof leferred to by Dr 
Williamson (I C , p 465), Lagiange (Th des Fonct ), Lacroix (Calc Int, 
pp 655-724), Jacobi, Legendre (Mim de VAcad des Sc , 1783), De Morgan 
(D and I Calc , pp 446 474), Poisson (Mim de VInsLitut , T XII ), Abbott 
(Calc of Var ), Any (Math Tracts ), Woodhouse (. Isopenmetncal Problems) 
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PROBLEMS 

1 Find the stationary value of jVcfa, taken between definitely 

fixed limits, where V=*y' 2 + 2myy' + ny 2 , and discuss its nature 

[Lacroix, C I , II , p 72 ] ] 

2 Mark out the range of limits on the parabola (x + a) 2 ~4cy 
between which the integral f 1 y 


Jar 0 u 


dx is a maximum, the range 

between which it is a minimum, and the range between which 
it is neither [Math Trip , 1890 ] 

3 The integral Jj/^, z > P> q)dxdy is found to be stationary 

when taken over the surface z = <f>(x , y) , show, by confining the 
actual variation of z to a small area on this surface, that the variation 
of the integral cannot always have the same sign within limits 
specified by a given curve through which the surface must pass, 
d 2 f d 2 f 

unless Bp 2 + 2 ^ always retains the same sign 

within these limits, and deduce a criterion for discriminating maxima 
and minima Show further that, for a true maximum or minimum, 
it must not be possible to draw a consecutive surface of stationary 
character which meets the original one m a closed curve within the 
given limits Are these conditions sufficient as well as necessary * 

[Math Trip , 1890 ] 



CHAPTER XXXV Section I 


FORMULAE OF LAGRANGE AND FOURIER 


1585 When a material particle is affected simultaneously 
by two harmonic oscillations, a 1 8in(n 1 ^+a 1 ) f a 2 &m(n 1 t-\-a 2 ) 9 
of the same period 2 irfn lt but their amplitudes and a 2 and 
their phases a x and a 2 being different, they compound into a 
single simple haimomc oscillation ism^+a) of the same 
period but with amplitude and phase respectively 


\/a 1 2 +2a 1 a 2 cos (c^— a 2 )+ a 2 2 and tan* -1 


sm a x <z 2 sin a 2 
a x cos ai+agCOS a 2 J 


and any number of such simple harmonic motions may be 
compounded in the same way, provided they all have the same 
periodicity 

Graphically the resultant motion may be represented by 
constiuctmg the graphs of the several \ibrations on the same 
plan and forming a new graph by the addition of their 
ordinates And this always results m an ordinary “curve 
of sines ” 


1586 But if the periodicity of the two or more funda- 
mental vibrations be different, as in 

<h sin (» J+ a 2 ), a 2 sm (n 2 t + a 2 ), 

the above analytical process of composition breaks down but 
the graphical method still holds, the resulting graph, however, 
no longer being the simple curve of sines 
Taking for instance as a simple case the graph of 

7T 1 - 1 - 1 * 

-y=sin#--psin 3#+jpsm5.z-^2Sin7.r+ , 

wheie the periodicities of the constituent \ibrations of y are respectively 
2 tt/1, 27t/ 3, 2ir/5, etc , and then amplitudes 4/7rl 2 , 4/ir3 2 , 4 /tt 5 2 , etc , we 
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have, fiom the fust thiee terms only, a figuie shown for the extent #=0 
to a;=ir/2 m Fig 456 And even for three terms of the series it will be 



Y =. £1 
_ TT Bts tn 5 ^ 


Fig 456 

seen that the resultant graph is lapidly approximating to a bioken 
system of portions of stiaight lines parallel to y=x and y—-x alter 
nately, the breaks in the continuity occuiring at x = 7t/2, 37t/2, 5it/ 2, etc , 



1587 The Building up of a Function for a Definite Range by 
Means of Harmonic Elements 

Let us examine then whether it be possible to build up a function of x 
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viz /(*), discontinuous as legal ds its differential coefficients at #=7 r/2 , 
3tt/2, 57 r/2, and equal to 

-'-*(-¥<*<■ -!)• 

lr ~ x 't <A< , — 2jr + 1, < » < —) , etc 

Let us assume tentatively that it is expiessible as a uniformly con- 
veigent senes of the form /(t) = a 0 -f 2 (a^ cos pi + 5pSin px\ and let us 
attend to the portion ( - 7r < x < t) P 
Then (1) integrating fi 0111 - ir to 7r, 


^ 7r — = J (-7 r-j)dt+j tdi+J (t - x) dx — 0 

(11) Multiply by cos7nr, and integiate from -tt to 7r, 

Qpf_^<Mb 2 pvdv=J (-7t-a)cos prde + J rcospvdv+J (-tt- t)oospx dx 


sm px cos 
i — H 

P 


1 

)s px ~ \ s 
p* . 1 


r , \Ssinpz , cospH T r 

= -L^+^)-^+-^J.,+L 

+ r (r -.)«!U2_2S!!£?T_o f 

L 3» J 5 

a p ir=0 and ^ = 0 

(m) Multiply by sin^a;, and integiate from -tt to tt, 
bf am 2 pxdx=-[-( r + x] c _^£? + HM?T 1 + [_ * + 51!1P?T 


+ [-(n 


■*) 


coapx sin pa;“| r 
P ’ 


V 1 -V 


whence 


, 4 ^7T 

^7 8 ln 2’ 


Jp am T 8ini>*= i(sin *- Jj sm 3a + ~ sin 5x- ~ sin 7*+ ) 

If we write a?+2n7r foi x , each teim of the senes lemams unaltered, 
and the result is therefore a pei iodic function with penodicity 27 r, which 
is m confoitmty with the graph in Figs 456 and 457 
The series is manifestly convergent for all values of x Hence we have 
expressed a discontinuous function of x which takes the value ( - l)\x-mr) 

from (2/1-1)- to (271 + 1)^, n being integral, as a senes of sines of odd 
multiples of x 


1588 Functions consisting essentially of a set of simple 
harmonic teirns are of constant occuirence in problems of 
Mechanical and Physical Science, e g m the vibration of a piano 
wire, the propagation of a signal along an electuc cable, m 
problems on the flux of heat, or in the motion of a slide valve 
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whose mode of travel is actuated by a system of linkages, or 
by a cam driven by a uniformly revolving shaft Primarily 
the nature of the problem in such cases as the lattei is that 
of the resolution of a compound motion known to be periodic, 
or of the function which expresses it, into its simple harmonic 
constituents 

A graphical method of piocedure is sometimes adopted m 
the analysis of such a given complex periodic vibration into 
its simple harmonic elements useful for the practical engineer 
Such methods may be found descubed m treatises on advanced 
practical mathematics The resolution may also be performed 
by mechanical means * 

P S3 00 

1589 A series of the form a^-r *5) (a D co'iVx+b v &inpx) 
00 1 

may be written as a 0 +2^sm (pz+ap), where c p 2 =a p 2 +b/ 

i 

and tan a p =a p /b p , m which we have half as many simple 
harmonics as before, but the phases are different. 

That a single- valued finite and continuous function is under 
certain circumstances, and for a certain range of the variable^ 
expressible by means of such a series is usually known as 
Fourier’s Theorem 


1590 Extension of the Rules of Art 1121 

Taking p, q and n as integers, 

1 r2nir+a 

cos px cos qxdx= 2 j {cos (p + q)x+ cos (p-q)x}dx 


r r+a sw PXB ui r_ ?i a (p +g) y m (g - g)* f 

A “ 2L p+q ^ p-q J a 


r sin ( p-\-q)x sin (p — * 

2L p+q p-q X 


r ir+a 

cos 2 pxdx 

piflv+a, 

J* si n 2 pxdx 

/* 2 »ir+a 


1 rinir+a 

~2Ja (1+C0S2 px)dx 

1 /\2nir-f-a 

= 2 J a (1 - cos 2px)dx 


r *+* 1 [2nr+<L 

sm px cos qxdx^-^J^ {sin (p +q)x+B\n (p -q)x}dx 


= 0, p*q, 
= 0, pj=q l 

= 7l7T, 

= 7l7T, 


_ 1 T cos(y+g)a; cos (p — q)x~\ (> nir+a. 

2L P+q p-q J a =0 > V + q, 

2pxdx=±[- cos 2^J’ W+ =0 

*See Castle's Manual (pages 448 464) , Modem InUnmmlt, Messrs Bell 
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1591 We shall assume for the present that we are dealing 
with a function of x, /(#), which is single-valued, real, finite 
and continuous and mtegrable for a range of real values of x 
from x=-ci to x=a+2i r, 01 that if f(x) be unbounded as to 
the values of which it is capable m that range, that its 
integral for that lange is absolutely convergent Moreover, 
we shall assume that f(x) is such that it is possible to find a 

CO 

series of the form J. 0 +2(^t jP cos^aj+jB ; ,smpa;) which is 

1 

uniformly convergent, converging to the value f(x) for each 
value ot x within the given range, and that for such senes 
term by term integration is a possible operation Then the 
values of the several coefficients may be found as m the 
particular case of Art 1587 For we have 

r tr+a r2rr-|-a 

f(x)dx=A 0 J dx—2TrA a , 


r +a Tiw+a 

f(x) cos px dx = A p J cos 2 px dx — ttA p , 


P27T + CL 


prr-t-a 


(m) J f(x)smpxdx=B p ] sin 2 pxdx=nrB p 

Before substituting the values of the several coefficients, 
write f foi x m the several integrands 
Then 

1 f2ir+a 1 j) = « f f2T+a 

/W= 2 ^j a /{£)&€+- 2{ cos P a: J a cos p£f(£)d£ 

f2ir+a 'j 

+sin2wj smp£f(i)dq 


-kl 


2 ir+a 1 P = *> P 2 ff+a 

f(£)di+±'Z\ A£)cosp(£-x)d£ 


7T /p — i J a 

In the cases a=0 and a= — 7r, we have lespectively 


™ S P (€-•) d t <* 


TT>X>0), 


and 




i’g r 


f{£) cos p (£-x)d£, (t r >X> - 7 r ) 



698 


CHAPTER XXX V 


If we wnte and , then Also writing 

'(tW then f{ 1[ f)=F(y), and we have 

jP( ' y)= 2l Jo j ’ (,)i, + r S J cos ^{n~y)dn, (M > y > 0), 

and 

^* 3 cos 2?( v -y)d v , (l >y>-l) 

m l 5 ,! 2 ^ 13 Celebr f ed th eorem was given by Fourier in 1822 , 
r j h 607 W na V^ue de la Ghaleur A pai ticular case 

rs 0 ”' 7 by •**» * 

m ® ee Thomson and Tait, />M.p 58 

whioli 4.1* a ^ Ul1 dlscusslon °* the many difficulties 

nerm bw * "TT “ *° the P 1 ^ of integral 
but m „J TV® t0 j nif ° rm convei gence of the series, etc, 
with it re T f r e rea der to other tieatises expressly dealing 
. eg Professor Carslaw's Introduction to the Theory of 
Foyer s Senes and Integrals We only seek here to present 

to beXtd " FaCtlCal W ° rklng kn ° Wledge ° f the m6th0d8 

1593 The Cosine Senes 

be f P r ded aS a C0nve> 9 f ‘ nt senes of cosines 
alone, for values of x between 0 and 7 r , as 

f(x) =A 0 + Ajcos x+A 2 cos 2 x+A s cos . 3®+ =^ 0 +jt 4 p cosx, 

;? have r (w > * > o), 

]/(*)°™PvcZx=A p j cos*?* dx=} T A p , and f/(a ;)&- T i 0 

Then Jo 

/(x)= tFo /( ^+^ E cos pxj o f(f) cos p£di, (ir > a: > 0) 

1594 The Sine Senes 

, ) .® l ":! arly, ; f/ ■*! CaQ b ® ex P anded as a convergent senes of 
sines alone, for values of * between 0 and w, as 

f(x)=B, sin x-ffi 2 sm 2a5-f.fi, sin 3 a: -f =jrfi p sm px, 

1 

(»> *> 0 ), 


i 
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we have J / (x) sin px dx = B p J sm 2 px dx=%irB p 

Thus /(*)=| 2 aia P x [ f(i) am Pi di, (■*■ > a > 0), 
a theorem due to Lagrange 

1595 As before, wilting i=j>i, %=jy, f(jy)=F(y), we 
have m the one case, 

F(y)=j^F(i)drrbj 2 COT cos ( l >y>0), 

and in the other case, 

F(y)=j2 8111 t ? / | 0 ^' ? ) sm ^T dr >’ ( l >y > °) 

1696 It will be noted that in the determination of these 
several Fourier coefficients as above, viz 

cos _p£c?£ B p = 2 -^f(i)smpidi, £/(£)d£ 

these coefficients are respectively the mean \alues of 
2f(x)cospx, 2f(x)smpx, and f(x) 
taken through the period 0 to it 

1597 A Remarkable Limiting Form 

As a prelimmaiy to the further consideration of the results 
obtained for the expansion of f(x) as a Senes of Simple 
Harmonic terms, let us examine the limit when a -*1 oi the 

integral Z«£/(f) 1 _ 2a ^L a . )+tt , df, the lange from fi to a 

not exceeding 2i r, and f(£) being any finite function of £ foi 
which /'(£) when existent is finite for all values of £ within 
that range We see at once 

( 1 ) that regarded as a function of x, I is a periodic function 
with periodicity 2ir t for if x be increased oi decreased by any 
multiple of 27 r, I will be unchanged, and therefore will have 
gone through the whole cycle of values of which it is capable 
as x increases through 2ir , 

(n) that when a approaches unity as a limit the integrand 
vanishes unless the denominator vanishes at the same time, 
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%e unless £=x, a; ±2*77*, x± 47r, x±2mr, where n is an 
integer , 

(in) that m consequence of the last fact, the only cases 
when the integrand can have a sensible value being m the 
vicinity of one of the above values of x, we may con fin e our 
integration to such limits as will just include such vicinity , 

(iv) that when £=x or #±27171“, the denominator becomes 
(1 — a) 2 , and therefore the integrand tends to an infinite value , 
but its integral is not necessarily infinite , 

(v) that if £ increases through any small interval to £+h, 
then f(g) becomes /(£+&)==/(£) +^/'(£+0A), where 9 is a 
positive proper fraction, provided f (£) be existent and remains 
finite throughout the interval £ to £+ h , and therefore that m 
that case when h is an infinitesimal, f(£) only changes by an 
infinitesimal amount m the mtei v al 

(vi) Since a— 2tt, £ in its march fiom /3 to a can only 
pass through one of the values x, x±2 7 r, #±4t r, , and it may 
not pass through any But if a — /3=2«7r, it must either pass 
through one of these values or start from one and terminate at the 
next m order of magnitude 

Suppose first that a— /3<27r, and consider one cycle of the 
values of I, x lying intermediate between /3 and £-1-2 tt 

First let a>&>/3 

Then f/ ,+ OL} ( )d £ where ^ 

are any two selected very small positive quantities It has 
been seen that when a is ultimately =1, the first and third of 
these integrals vanish through containing the factor (1-a) in 
the numerator Hence 

i_2aeos (£_£)+ a 2 d & 

and putting i=x+<p and remembering that /'(£), being finite 
by supposition, the change in /(£) is insensibly small between 
these close limits, we hav e 


1= J{x) Lt a ^ x p — -1 d<t> 

J - ei l— 2<xcos0+a 2 ^ 

=2/(*) Lt^ i [tan-' J-±J tan ±J 
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— 2/(&) Lt a ^, 1 j^tan- 1 > since <p is very small, 

= 2 f{x) Lt ar + 1 {tan- 1 tan- 1 

In pioceeding to the limit, however small and e 2 may have 
been taken, I— a becomes, in its unlimited decrease to zero, a 
positive infinitesimal of higher order than either or <? 2 

Hence 7 converges to the limiting value 

2/(«)(f+f) 01 2»/(«) 

Secondly, supposing x to lie beyond the limit a but</3 + 2 - 7 r, 
ie j8<a<£c< i 8+27r, then evidently 7=0, for the denominator 
of the integrand never vanishes as £ ranges from ft to a 

Thirdly, supposing x to lie at the upper limit, ie %=-a, 

^ 6n J /3 ^ ^ + j* ) ( ) in which the first integral 

vamshes as before and the second becomes 

-2/to) LWan- 1 g “*/(«), /=«/(«) 

In the same way if a; lie the lower limit, #=/?, we 
have similarly 7 = tt/(/3) 

Fourthly, supposing a— /3=2 tt and /3<#<a, we have, as 
before, 7 = 2 7r/(#) Bu t if £ = /3 or a; = «, the integrand becomes 
infinite at both ends of the range, and in either case we have 

Z=2/(a) f +2/08) J = tt{ /(a) +/ (/3)} 

Finally, supposing that at any point x=c between a and /3, 
/(£) becomes discontinuous, suddenly changing its value from 
/i(c) to/ 2 (c) as £ passes through the value c , then 

M «(r + n + L)< >* 

=Lt a ^i ( )dg, as m the first case, 

2 |/ 2 ( C ) tan-iy^ +/, (c) tan-ij^} 

= 2 {/,(<,) l+Uc) j] -x{/ 1 («)+/,(o)} 
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This completes the investigation of one cycle of the changes m 
the value of I as x increases from x—/3 to cc=/ 3 + 27 r 

1598 Extension of Range of Integration 
For a greater range of values of x the values found m the 
above cycle are merely repeated For instance, in the next 
cycle, viz to a?=/3+47r, putting £c=2 tt + x ', we have 

merely to replace f(x) m the above results by f{x'), i e f(x- 2tt), 
and to make no other change If x lies between x=- /3-f-2 yit 
and x=/3+2(n+l)7r, we replace/^) by/(r— 2mr) 

We exhibit m Figs 458 to 4(31 graphs of 

for the four cases a— /3<2 7r, a— / 3 = 27 r, with no discontinuity 
and with a discontinuity 

It will be noted that in the case of discontinuity m the 
ordinate of the graph of the limiting value of this mtegial, 
the value at the change is represented by half the sum of the 
two immediately contiguous adjacent ordinates on either side 

y\ 



Oqo. Ok kfc fe V 

N N * «■ 


+ + + + 

qcl a <0. a 

a-^ < 27 r no discontinuity 
Fig 458 
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Fig 461 


of the discontinuity The graphs consist then of an infinite 
series of equal arcs or lines, together with an infinite series of 
isolated points 


1599 Geometrical Examination of the above Results 

l — a 2 

Consider the nature of the curve qs 


1—2 a cos (£— x) + a 2 
referred to axes 0£ Orj , or, what is the same thing, 

of— a? 

n sec 2 

_l — a 2 

’~l+a /I — ct \ 2 2 f— x 

\l+7i) +tan 2 


where x is kept constant and a positive and not greater than 
unity 

The curve is obviously of periodic character, for is 
unaltered it we write f± 2 ri 7 r in place of £ n being an integer 
The maximum and minimum ordinates occur when 


sm(f— $)=(), 

ie at the points £=x, tt+x, 27t+x, 3tt H-a?, etc , the fiist, 
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third, fifth, etc , giving the maxima, and the second, fourth' 


sixth, etc , the minima 


1 +^ 


These maxima and minima values are alternately ^ 


an( i ail d the range from one stationary point to the nex^ 

is v Fig 462 represents a cycle of the values of th^ 
oidinate The iemamder of the curve consists of repetition^ 


of the portion between any two successive maxima 



As a increases to the vicinity of 1 the maxima increase 
very rapidly and tend to infinity, and the minima heconx® 
indefinitely small 

The area bounded by any complete half-cycle, the z-aX* B 
and the terminal ordinates, extending from a maximui** 
ordinate to the next minimum, is 

for any of the values of the parameter a 
Thus, in Fig 462, the area ANMBQA=2tt 
Let PR be an ordinate with abscissa cc+e The area of tli© 

portion ANRP is 2 tan" 1 (j±2 tan |), and evidently, 

however small e may have been taken, when 1 co, which is 
decreasing indefinitely, has become an infinitesimal of higher 
order than e, this converges to the value tt Hence it appears 
that the descent of the curve on each side of a maximum 
ordinate is very rapid when a is nearly unity, and that between 
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two successive maxima the curve in that case flattens out into 
ultimate coincidence with the intercepted portion of the f-axis, 
so that a point travelling along the curve travels along the 
£-axis up to immediate contiguity with a maximum ordinate, 
then travels to infinity along that ordinate, descends on the 
opposite side and then resumes its march along the £-axis 
Hence in integrating from any value £=/3 to another limit 
^=a, m which the range from /8 to a is < 2y r, the result will 
be zero unless a maximum ordmate lies between the limits, 
and the result will be 2 t if a maximum ordinate does lie 
between the limits 

Also if a— j8=27 r, one maximum must lie between the limits, 
and the result wall then be 2 x, as is also the case when one 
maximum lies at g=/3 and the next at £=a, the integial in 
that ease becoming sensible at each limit 

It becomes clear, then, that if tw o ordinates be drawn on 
opposite sides of a maximum ordinate and contiguous to it, 
the area bounded by these ordinates, the curve and the 
intercepted portion of the a-axis tends to the limit % r when a 
is made sufficiently near unity, however closely the ordinates 
are made to approach the maximum ordinate 

1600 Further, the presence of an y finite factor jf(£) in the 
integrand for which the integral takes the form j > 7 /(£)<££ 

will only affect the value of the integral when the value of 
yj is sensible, even if at any point £=x between the limits f{£) 
be discontinuous and suddenly changes its value from f x (x) to 
f 2 (x) at such point, provided that both f x (x) and / a (») be finite 

So that ^*)f(£)dg is zero when the range from jS to a does not 

include one of the maximum ^-values In case a maximum 
of 7 } does occur between the limits, say, between e 1 and 

£=£-fe 2 , where e x and <? 2 are vei 7 small > ^ an(i *>e 
respectively the greatest and least of the values of /(£) in 
this range Then 

| pA j ' rif(£)d £ > d£ 

ios between 2ttA and 2itB 




706 


CHAPTER XXXV 


Now, if f(£) be single valued, finite and continuous, as f 
passes from £=x—e 1 to f=a?+e 2 , where and e 2 are made 
infinitesimally small, the change m f(£) ra passing from f to 
f-f h intermediate between these limits has been shown to be 
infinitesimal, provided f'(£) be finite That is, A and B are 
ultimately equal when e 1 and e 2 are taken sufficiently small 

Therefore J r\f(£)d£=2Trf{x) 

But if whilst the range /3 to a includes one of the maxi- 
mum ^-values theie be at the same point a discontinuity, /(f) 
changing from f^x) to f 2 (x) as £ passes through f=£c, we have 

[,fiCW-r,f<£)dS+r vf(£)d£+\ x+€ \f(£)d£+ r ,f(£)d£ 

J/3 J /3 Jx-e ! Jx JX+c 2 

=0+7r/ 1 (x)+7r/ 2 (a;)+0=7r{/ 1 (a5)+/ 2 (a:)} 

[See Donkin, Acoustics , pages 60-66 ] 

1601 Consideration of Pourier’s Senes from the Point of View 
of a Summation Poisson’s Method of Investigation, mainly of 
Histoncal Interest 

We may now turn to the consideiation of the formulae of 
Art. 1591, from the point of view of a summation of the series, 
supposed to be uniformly convergent, 

| /(£)<*£ J/(i) cos p (£-r)d£, (1) 

and endeavoui to discover what such series represents m the 
vanous cases ( 1 ) /3 < x < a , ( 11 ) a?= /3 or x—a , (m) x outside 
these limits, (iv) when /(f) presents discontinuities 
Starting with the identity 

1 +2a cos 0+2<x 2 cos 20+2a s cos 3d + = 

1— 2a cos 0+a 2 

m which the left-hand member preserves its uniform con- 
vergency for any range of values of 6 so long as | a | < 1, 
put 0=f-fc, multiply by /(f) and integrate from f =/3 to f = a , 
where a— /3>27 t 
W e then get 

jV(f)^+2^a^£/(f) cosp (£—x)d£ 

= I/ ( ^l-2a cos (?-*)+a^ (2) 
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If we then make a approach indefinitely near to unity, the 
left side tends indefinitely closely to the value of the senes (1) 
The right-hand member of the equality (2) under the same 
circumstances tends to a limit which has been discussed m 
the previous articles 

If we assume the uniform convergency of series (1) and 
that what is true within any infinitesimal distance of the 
limit , of however high an order of smallness that distance 
may he , is true m the limit , we have 


b [Atw+i’x r*> cos25 <*-*>** 

ATTjfi 7T p = ljp 


=0 j°- 

=p} a ~^ = 


13 <2 X, 


=f(x) if a > a? > /3 
or =if(a) if x=a or £/(/ 3) if i 
or — 0 if 2ir+/3^> X^> a 

or =fix) if <*>&>, 

or =i{/(«)+/(/3)} lf x=a or ** 

The assumption made in Poisson’s investigation m the 
words italicised will be avoided in the method of investigation 
adopted by Dinchlet and discussed later 

In either case, if there be a discontinuity at x=c, where the 
value of fix) changes abruptly from fi(c) to / 2 (c), both being 
finite, the value is H/i( c )+/ 2( c )} f° r suclx value of x 

If x lie outside the limits /3 and a, say between fi+2mr 
and /3+2(n+-l)7r, fix) in the above lesults is to be replaced 
by f{x—2nir) 


1602 Important Cases 

The most important cases are (i) /3=0, a=2x , (h) /3— — 7r, 
a==7r } (m) /3=0, a=7 r, and in these we have respectively 

U & ±\ /(£) COS p(€-*)d£ 

=/(vC) if 2x > X > 0 , 

or — |{/(0)+/(27r)} if x—0 or 2ir or 2nir , 

or =/(&— 2 mr) if 2 (n + 1) ir > x > 2 mr 

(») ^ /tf) cos p (t-x)d£ 

=f(x) if X>X> — X, 

or =!{/(— x)+/(x)} if or X or(2» + l)x, 

or =/(x— 2 nx) if (2n + l)x> x> (2«.— 1) x 
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(m) «» V i£-*)d£ 

= f{ X ) if 7r]>SC>0, 

or =0 if 2x > a? > 7T , 

or =i f(P) if x=0 or 2m r, 

or =i/W if X—7T or (2^+1) x, 

or =f(x—2ri7r) if ( 2 n+l) 7 r > a? > 2mr , 

or =0 if 2 ti7t > sc > (271~1 )tt 

1603 The same results may be exhibited in another form 
with limits m terms of l instead of tt by changing the variables 

so that £=~r), x=-^y Then 

d £=jdq and f(g)=f(?^=F(q), say 
Then the result 

h coep (£-x)d£=f(x) 

<tl a.1 

becomes ^ j* 2 cos^(„-y)d„= ^(y) 

And the particular results (i), (n), (m) become, if we finally 
replace jj by £ y by x and F by / to preserve conformity in 
the notation, 

(l) 21 J/tf )<*f+ 1 Sj/(£) cos (£-x)d£ 

=/(*) it 2Z>o;>0, 

or =i(/(0R/(2Q} if x=0, 21 or 2nl, 

or =f(x—2nl) if 2(n+l)l>x>2nl 

M 2l\-/^ J 2 / (£) cos 1 j-(£-x)d£ 

=/(*) if l>x>-l , 

or =£{/(— 0+/(0} if *=— i or £ or (2n.+l)£, 
or =f(x-2nl) if (2w+l)Z> x> (2n- 1)J 

(m) 

“/(*) if l>x> 0, 
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or 

=0 

if 

21 > x > l , 

or 

=4/(0) 

if 

o?=0 or 2nl } 

Ol 

=W) 

if 

x—l or (2n+l)l } 

or 

=f(x-2nl) 

if 

(2n+l)l > x> 2nl , 

or 

=0 

if 

2wZ> a?> (2n—l)l 

If, m Art 

1601, we had written g+x for 9 instead of £■ 


equation (m) above would have been replaced by 


=0 it l > x > 0 , 

or = 1/(0) it x=0 , 

or =i/(0 ^ l 

Hence adding, 

=£/(*) if l>x> 0, 

or =i/(0) if 3=0, 

or =lf(l) if x=l, 

i e the formula holds inclusive of the values at the limits, viz 

r J/(f >#+£? COS^p £/(*) COS Zfidi=f(x) 

from 5c=0 to x—l inclusive 

If we change the sign of x the left side is unaltered The 
right side must then be written /(—a?) From x—l to x=2 1, 

putting x=2l—x, cos^=cos^ (2£— z')=cos^— , and the 


result is f(x') or f(2l—x ) , and so on So that the results are 


— J to 0 \ 

oton 

l to 21 ] 

2 1 to 3 1 ] 

31 to 

4n 

4? to 51 \ 

/(-*) 1 

1 Ml 

■’ m-x)\ 

■' f(x-2l)i 

V(«- 

■as) J 

’f(x-il)l 


and so on, as illustrated in Fig 463 


1604 If we subtract the same integrals, we get 

j 2 sm }/(£ ') sm lf 1 > X >°< 

or =0 if x=0 or l 

Hence in this case the values for £c=0 and %—l aie excluded 
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Moreover, a change in the sign of x changes the sign of the 
left side Hence if x lie between — l and 0, we have 

The graph of the several changes is exhibited m Fig 464 
1605 Graphical Representation of the Previous Results 

Let J°f(£)d£ + j2 cos - ~ £ / (£) cos foi any value of v 

Then if £=/(#) 

(a) Consider 2Z^?$s 7 

Put l-x' , then Z^'^0, cos^^=cos^^ 

Then S=f(v') =/(2Z-#) * 

(/3) Considei 3Z$5#$?2 1 

Put l+x" , then Z> r"^0, cos^y^cos^l' 

Then =/(^-2Z) * 

(y) Considei 4Z^^3Z 

Put #=4Z— a?'" , then Z^"'^0, cos^cos^' 

Then #=/(V")=/(4Z— a?) And so on * 

Also since a change of sign in v does not affect the value of S, the 
y-axis is an axis of symmetry of its graph 



The giaph of y-8 therefore consists of a succession of repetitions of the 
alternate arcs of y=f(-x) fiom -l to 0, and of y=f( x ) f 10m 0 to l, coin- 
ciding with the graph oiy=f(x) onlj from 0 to l and with its image with 
respect to the y axis fi om - Z to 0 

1606 Let S ' — j 2 am si n d£ for all values of x 

Then if #=0, £'=0 , if 1> X > 0, S'=f (%) , if ^ = ^ } £'=0 
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(a) Consider 21>%>1 

Put then Z>r'>0, sin = -sin 

Then S' = -f(x') = -f(2l-x ) , and if #=2 Z or Z, £'=0 
(/3) Considei 3Z>j?>2Z 

Put r=2Z+y', then l>x">0, sin^- = sin^- 
Then =/( ?") =/( i-2l) t and if r = 3Z or 2Z, #' = 0 
(y) Consider 4Z>#>3Z 

Put i?=4 l-v'" f then l>x'"> 0, sin -sm ^ 

Then £' = -f(x'") = -/(4Z-#) , and if r=4Z 01 3Z, /S' = 0 And so on 
Also S' changes sign with x Therefore the y axis is no longei an axis 
of symmetry, but the ongin is a centre of symmetry foi the giaph of S' 



The giaph of y — S' tlieiefore consists of a succession of repetitions of 
the alternate aics of y= - f( - ^) fiom -Z to 0 and of y=f(%) fiom 0 to Z, 
coinciding with the graph of y=f(z) only from 0 to Z, together with a 
senes of isolated points on the % axis equably distributed at distances =Z, 
starting with the ongm 

The effect of a discontinuity in }{x ) existing between 0 and Z would be 
similar to that shown in Fig 461 at C in the segment fiom /3 to a, with 
a corresponding change 111 each of the othei segments in Fig 464 

1607 Let S"=^i J i f(£)d£+j J * f(£) cos - v) foi all values 
of x ~ l * 

Then if x=-l, S"-^{f(l) -h/( - Z)} , if -Z<t<7, £' =/(*), if 1 =Z, 

(a) Consider 3 l>x>l 

Put x=2l+v' } then -l<z'<l y cosSp (£- t) = cos^(£-i?') 

Then S*=f(x')=f(v-2l ) , and if r = Z 01 37, £"=i{/(Z)+/( -Z)} 
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(ft) Consider bl>x>Zl 

Put *. = 41+#', then - l<v’<l, cos^(£-jt:) = co8^(£- v") 

Then S" =/(*•) =f(t- 41) , and if x=il or 6 1, 

And so on 



Hence the graph of y=8* consists of a senes of lepetitions of the 
portion of the graph of y=f(x) which lies between ^=:— Z and & = Z, 
togethei with a senes of isolated points whose abscissae aie —3 Z, — Z, Z, 
3Z, etc , and ordinates i{/(Z)-h/( — Z)} , the giaph of y=8" coinciding with 
that of y=/(r) itself only between — l and Z 

160fl Case of a Discontinuity 

If a discontinuity in j{x) occuis between a= -Z and r = Z, say at r=c, 
wlieie l>c> -Z, the function changing abruptly fiom /^r) to / 2 (#), say, 
both finite, the graph becomes that of Fig 466, wheie the thick line shows 



the vanation of the expiession S' for diffeient values of x and the dots, 
the values at -Z, c, Z, 2Z+c, 3Z, etc The graph of y=8" only coincides 
with that of y=f x (t) fiom -Z to c, and with that of y=f 2 (v) from c to Z 


1609 Another Form of the Result 
Wilting — £ foi £ in the foi inula 


2 ^©cos ^j-(£-v)dg=:f(r) between -Z and Z, 

01 =i(/(0+/(-l)} at i-dhZ, 


we have 


2 lf-r^ £)°^+ 1 2 J_j( f)cos^-(^+t)oZ^=/(^) between -Z and Z, 

01 =i{/(0+/(-Z)}at v=±Z 
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Hence 



=/(r) itl>x>-l and if t= ±1 

And the three infcegials occurring between limits -l and l are each 
double of the mtegials from 0 to l 



=f(x) if l>x> -Z and = H/(*) +/( “ *)} if * = ±1 

1610 It has been seen that a Fourier-Series 

eo 

A 0 +^A p sin ( px+ a p ) 

is under certain very geneial conditions a proper analytical 
expression for an arbitrary function f(x) between specific 
values of the vanable x The function has been assumed 
single valued, real, continuous and either lying between 
certain finite limits, and mtegrable for the range, or if not so 
bounded its integral for that range is assumed absolutely 
eonveigent The possibility of expansion bas been assumed 
m the method of undetermined coefficients, and the possibility 
of integration of the senes term by term when multiplied by 
f(x) throughout has also been assumed With these assump- 
tions it appears that when such a solution can be found and 
the convergence of the resulting series is uniform, the solution 
is unique 

1611 Applications 

(1) Apply Ait 1595 to expand % in a senes of smes of multiples of x 
(t>x>0) 

The formula is /(r)=|fsin£^ f‘f(g) sin (l>x> 0) But if 

L i l J o t 

x—0 or Iffiv) on the left side must be replaced by 0 

Take Z=r Then 
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Then 

l^s?/ i \o4.i Bin jm; 1 1 l i 

2 i'* p ~i 8in v “2 Sm 2fc-f.-sm3r--toin4r+ (A) 

for values of v between 0 and x And the left side must be replaced by 0 
if r— 0 oi it The expansion holds therefore from v=0 (inclusive) to 
v=t (exclusive) 

A change in sign of js affects both sides Hence if the theorem holds 
for any particular positive value of r, it holds also for the coi responding 
negative value of x It theiefoie holds foi all values of x from -tt to 
4 -it both exclusive 

If it < x < 27T, let % = 2 7r — le tt > a/ > 0 

Then the senes = -Qain a'-|sin2a'+i sina^- )= 

If 2x < x < 3x, let x= 2x+a", i e ir > x" > 0 

Then the senes = j sin a" - 1 sin 2a" + 1 sin 3x" - x ~ 27r 

If 3x < a < 4r, let a=4x-r'" Then the senes = - i x'"=^±~, and 

so on, and the graph of y=isina~ sin2a+I a in 3a - will consibt of 

lines through 0, 2x, 4 tt, etc , paiallel to 2y=a, with points on the x axis 
at 7 r, 3 tt, 5tt, etc 

y\ 



Fig 467 

1612 (2) Eapnnd e°* m a senes of sines of multiples of a, 0<a<x, and 
examine the m tes obtained 

Taking e'“=|;5 p sin ya, we have J* ef* am pxdx=B p | , 

7? -^r^.aainya-ycosweT' 2 x 

r ~*L e — 5 1 + ? J,=x^ti-(-im, 

a ax 2 jl + e air 1 I pfltr 

X la J +I aSmir+2 a 7 +^ sln2A + 3 ^p sln3;i; + } (x > a > 0) 

Rut the senes =0 at x=0 or j = ir 

If 2x > a > x, let a=2x-a', te x > a' > 0 Then the series becomes 


2 j l+e a w l- e arr 'j 

“ii : l?+P Sma+2 ^T22Sm2a'+ } = 


-e“ = - 


If 3x > a > 2x, let r = 2x+a", te x > a" > 0 Then the series 

becomes e* -*<-*!, and so on Also at a=0, x, 2x, etc, the senes 
is zeio * 



FOURIER’S SERIES 


715 


Hence we have for the graph of 

2 1 — gnir I JL-pan \ 

y= i?l^TP sini+2 ^T^ sin ^ +3 SM^ +etc } 

a figure consisting of a senes of arcs equal to that of the cuive 
between 0 and tt, alternately above and below the a-axis, the oi lgin being 
a centre of symmetry, together with the points #=0, ±ir, -t 27 T, etc, on 
the ^-axls, any of which is a centie of symmetry for the whole giaph 
(Fig 468) 



1613 (3) To find a function of x, viz f(v), which shall be periodic with 
pen wd 21, and shall be 

l j. , l i* l l 1,1 

=lf>om -l to--, ftom -- to + - , fiom - to l 

Let /(^) = ^o + 2^j)COS^y^, the cosine senes being selected because 

negative values and positive values of a are to give the same result 
_ 1 } 

Then 2L4 0 = f ~ -^dx + J t \ dx > d 0 =|, and 

dl = I-- cOS^pdl+f^COB^dx , 

whence ^=^( cos f-^ am f) giving 
,, x l , 21 £,/ 1 inr 2 ©7r\ pirx 

f W=e + ^\p cos 2 -^ sm 2 j cos r 

and the giaph is composed of equal aics of 
a paiabola and stiaight lines of length \ 

n 

which foun prolongations of then lateia recta, one cycle being exhibited 
in Fig 469 

1614 Further Remarks 

oo 

Any senes containing only cosines of multiples of %, as ^ 0 +Sd p cos^a;, 
being unaffected by a change of sign of x , must have a graph foi which 


x' -/ -Z O 1 
2 2 

Fig 469 


/ * 
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the y-axis is an axis of symmetry Any series containing only sines of 

eo 

multiples of x , as 2 sin ;pa;, changes sign with x, and the ongin is 

therefoie a centre of symmetry of the graph Therefore if it be required 
to construct a series which shall represent a discontinuous system of lines 
or arcs of curves for which neither kind of symmetry exists, it will be 
necessary to assume the most general foim of Founer Senes, viz 
00 00 
4 o + 2 A p cos px + 2-Bp sin px 

as the representative form 


1615 (4) Devise a series trhose qoaph shall agree with 

y—cfrom 0 to affront b to b + a,fiom 2 b to 2b + a, etc \ and so on, 
and y = c' from a to b, fiom b+ato 2b, from 2b i- a to etc , ) (a< b) 

Here there is no symmetry with legal d to the origin or the y-axis 
Thepenodisfc 

Assume /(*) = A 0 +S^ cos ^+22f P sm 38™, 

1 o I r o 

so that the senes is unaltered when x is mci eased by b, 2b, db, etc 
We have 


JO 'a ' 

5 4 = l eam ^r de+ l e ' 1 

- . 


y = - 


Vsm tefe, £„=— veis^ 

I o V TTp b 

^(*) = (c-o')f+c'+^2 Ism^?cos^ 

o 7T i p o O 

2p77X 


c-c ^ 1 2pira 2piza 

4 2 - vers sin - 

7r' i p b b 


01 * t 


6+a 2b+k 3i 


Fig 470 


x 


It will be seen that at the values x=a or x—b the series becomes 

Q Q f 

— 2~ by virtue of the result 

jsm0+lsm20+ism30+ (O<0<2 tt) 

The graph is represented m Fig 470 
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PROBLEMS 

1 Show that from a; = 0 to x=w exclusive 

ir 2 4 . 6 

j cos x = j— ^ sin 2x + g sin 4a; + g— ^ sin 6x + 


2 n 


rsm 2wc + 


(2n- l)(27i + l) k ' 

and examine what is the sum of the series for other values of x 
Show by a graph the nature of the series for all values of x 


2 Show that 

4 2 1 3 3 5 5 7 


0<£<7 r 


Show by a graph the nature of the series for all values of x Show 
also that this result may be derived from that of question 1 oi vice 
veisa 


3 Establish the result ^ =* sm % + 5 sin 6x + ~ sin 5 x + 
7r exclusive 

Draw a complete graph of y = ^ 

4 Prove that (0 <x<ir) 


from 0 to 




t cos x a cos 2x 


2a a 2 + 1 2 a 2 + 5 


+ e aw 


+ e air 


/ u \ 1 2 sin 2s 3 am 3s 

V ' 2 ~a*+l> + a? + 2 2 + lF+¥ + 

5 Prove that ( - r <x < tt) 

/,\ 77 sm h a x sin x 2 sin 2x 3 sin 3% 

^ ' 2 sinhair a 2 +l 2 a 2 + 2 2 + V + 32 ' 

7r cosh ax l a cos x a cos 2x a cos 3a; 


( 1 a cos a; t a cos 2a; \ 

2a“?+l !!+ a 2 + 2 2 “ ) 

/ smx 2 sin 2a; 3 sin 3a; 
V+l 2 ~ffl r T2 2 + o 2 + 3 2 


- ) 


and 


^2 sinhdTr 2a a 2 +l 2+ a 2 + 2 2 a 2 + 3 2 + 

cosha(7r - a;) 1 cos a* cos 2a; cos 3a; . 

2a sinh air 2a 2 + a 1 + 1 2 + a 2 + 2 2 + a 2 + 3 2 + >(v< x <2 7r ) 

6 Prove that, provided a be not an integer, and ( - t <x<tt), 

7r sm ax _ sm x 2 sm 2a; < 3 sm 3a; 4 sm 4a; 

2 sm arr ~ l 2 - a 2 ~ 2 2 - a 2 + 3 2 - a 2 “ A 2 -a 2 + 

7 Drew a graph of y = ^ + 

8 Exhibit graphically the nature of the curve y = V for 
all values of x 
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9 Deduce other senes from Examples 1, 2, 3, 4, 5 by differentia- 
tion and by integration 

10 Fmd a function of x m a senes of sines of multiples of x which 
shall be equal to c x from 0 to a ly c 2 from a x to a 2 , c 3 from a 2 to a 8 , 
and trace the graph for all values of x 

11 Find a function of x which shall be equal to c x from 0 to a x> 
c 2 from a t to a 2 , c s from a 2 to a S) c x from a 3 to a 3 c 2 from a 3 -Hq 
to a 3 + a 2 , from a 3 -f& 2 to 2 a S) and so on Trace the graph 
completely 

12 Trace the complete graph of - — 'V' - vers sin for all 

real values of* * ‘ ' » 1 1 


13 Show that J — a, tt-x m the respective intervals 
0 to a, a to 7T — a and tt - a to 7r, then 

ir N _ ^sin(2^+ l)asm (2^ + 1)* 

4 /W "V (2p + l) 2 

and give a geometrical interpretation 

14 Prove that 


x(i r 2 - £ 2 ) _ sin x sin 2% t sin 3x 

12 I 3 "" 2 s "* 3 s 

00 

and examine the graph °f V = 2 ( ” I)*’ -1 


, ( - 7T <a;<7r), 

Sln ^? for all values of x 
f 


15 Show that 


/(•) - i-J V(M + glj/tf) «*§ <f - e) if, (0 <x<l), 
hut that if x = 0, this expression = | /(0), and if x - Z, J/(/) 

16 Show that 


(<*) 7 g {7(0 cos (g - «) ig =/(*), (0<«<l), 

7r =|/(0), (* = 0) , or = */(Z), <a=Z) 

{b) ^> c °s<B-l)5 ( f + *)if = 0 , (0<*<Z), 

or =if(0), (x=0) , or = -J/(Z), (* = Z) 

LTodhunter, J (7 , p 306 ] 
17 Assuming that /(a) can he expanded m a Fourier’s series of 
sines and cosines of multiples of x in the interval x > x > - tt, obtain 
a senes of sines only which shall represent the function in the 
interval ir > x > 0 



FOURIER’S THEOREM 


719 


If f(x) — 0, 1 , 0 in the respective intervals (Z /2 -b>x> 0), 
(Z /2 + b > a; > Z /2 - b) and (l>x>l/2 +b), prove that throughout the 
interval (Z > a;> 0) 



( - l) n (2 + 1 ) 7rb 
- — -Ar sin — sin 

2n + 1 Z 


(2n+ l)irx 

l 


What are the values of the senes when x has the values Z /2 - b and 
1/2 + bt 

18 Show that 


2« 


cos 


( 2 p-l )>_P 




f/(a< 

Jo 


,(2p-l)lT 
■ 21 


$d£=f(x), (0<x<l), 


7 

1 J >=1 


sin 



or = 0 , (x — l) 

mmx V p -i l) * £d£=f(x), 


( 0 <x^l ) , 


or = 0 , (a: = 0 ) 

Apply these theorems in the case f(x) — x 

[Todhunter, I C , p 307 ] 
Exhibit by means of graphs the values of the above series foi 
values of x beyond the limits 0 and Z 

Also examine in each case the effect of a discontinuity at a point 
c between 0 and l in the value of the function /(£) 


19 Show that a function defined as equal to l when -2 l<x< -l , 
= -x when - l<x<0 , =$ when 0 <a<7, = l when l<x<2l, 
can be represented by 


3Z 4Z^ 1 tx 21 ^ 1 /0 lN 7r£c 

4 ^2(2m+l)2 cos ( 2m + 1) 27 * 2 „5 o(2™+1) 2C ° S ^ *) J 

[ICS, 1899 ] 

20 Prove that the graph of the function /(/) = - [ S1 — ^ dt 

^ J o 

consists of parts of the lines 4y= - 1 , y = 0 , 2 y = l, together with 
four isolated points [Math Trip II , 1916 ] 


21 If the function defined by y — x 2 from 0 to \ * and by y = 0 
from | 7 r to ir be represented by a senes of sines of multiples of cr, 
show that the coefficient of sin nx is 


. 1 , 2 
cos s mr +- ~J 
1 2 w 


, Sin ^ nrr 5 

- 2 2 7T71 8 


&-£)« 

To what value does the series converge at the point x= JttI Sketch 
the graph of the function represented by the series for values of x 
not restncted to lie between 0 and 7 r ; and also indicate the graph of 
the coBine senes which represents the same function in the intei val 
0 to 7T, [Math Trip II , 1916 ] 
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DIRICHLET’S INVESTIGATION 


1616 Fenner’s Formulae Dinchlet’s Investigation 

If <f>(x) be a single-valued finite and continuous function of x 
which remains 'positive and either constant or continually decreas- 
ing throughout the whole range of integration from x=0 to x— A, 
where 0 <h> 7 t/ 2 , then will 


Lt^ 


sm (jox 


Jo smx ' 2 ' 

This result is due to Fourier Separating the integration 


range 0 to A into intervals 
0 to -to—, 


ft) 


ft) 


Of 


, tv 7T , nnr 
(n— 1) - to — , 

ft) ft) 


nir 

ft) 


to A, 


where — is the greatest multiple of - contained in A, we have 

* ** (r± (r+2)y 

+L" +Lk. + • 


+JL. + £}S?*«* (1) 

CO CO 

Now as x increases from rx/o) to (r+1) x/to, cox increases by 
it Hence sm vox m this interval is of opposite sign to the 
value of sin tox m the next interval But sm x and <f> (x) retain 
the same sign Hence the several terms m the above series 
are alternately positive and negative (r+i)* 

Again comparing corresponding elements m ( )dx 

(r+2W J — 


(r+2) 

and 

CO 

becomes 


write aH — for x m the second, which then 
co 

(r+l)* 


-k' 


sin (ax 


720 
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And since x has increased to x+irjw, but is still < 7 t/ 2, 
sm(aj+7r/a)) is > sin sc, whilst </>(a?+7r/a>) > the element in 
the second integral is numencally less than the corresponding 
element m the first 

Hence the several terms of (1) are (a) of alternate sign, (b) of 
decreasing numerical magnitude 
Putting oox=z, 


(r+lW 


Tj f « sm cox , , s j r , f (r+1)7r sin2 

Lt ^)„ ^* {x)dx = Lt —\„ ^rJ (zla>)dz 


—<f>{ 0) T dz (See Art 1902) 


Hence the sum of the fiist r terms of (1) becomes 


* (0 >U + J. + H-LJt 5 *- m \« nr*-! * (0) 

when r is infinite 

And for the lemaimng terms from 


(H- l)ir 


f *> sin cox , f x , , f " sm a>x t x , 

Jnr -^Z*(*)** fc0 


the interval of each is infinitesimally small, and the integrands 
are finite Each integral is therefore infinitesimally small, 
they are of alternate sign and each numerically less than the 
preceding one Hence their sum is less than the first of the 
group, which is itself infinitesimally small 

Again, as to the final integral ^ ^ 18 

to 

integrated o vex an infinitesimal interval with a finite integrand? 
and therefore also vanishes 
Thus we have 

oo 

j o sm jo u 

where 0 < h > ^ under the special conditions stated as 
to <f>(x) 

The method adopted m this pi oof is due to Dmchlet It is 
given by Bertrand, Calc Int , p 228 
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1617 If <j>(x) becomes negative but not numerically greater 
than a definite positive constant C , remaining finite and 
continuous as before, then since cp(x)+C is positive and 
decreasing, we have 

£Sf[*«+c]*"C*(0)+cif 

But the theorem is also true for a function which remains 
constant and equal to C Hence subtracting, 

This has theiefoie been now pioved whether <£>(cc) be positive 
or negative, provided it is eithei constant 01 decreasing so 
long as it remains finite and continuous between the limits 

1618 Furthei, if <fi(x) be an increasing function, is a 

decreasing function to which the theorem is applicable, and 
therefore 

whence Lt^A S -^^<fi(x)dx='Z<fi(0), 
j q sin x a 

whether <j>[x) be continually either increasing or decreasing 
between the limits 


1619 Since the formula established is independent of h, 
taking p and q any two quantities between 0 and 7r/2, 
we have 




i 

Jo 


sill COX 
&U1® 


cp{x) dx. 


Hence if F(x) be any function of a?, continuous and 
coincident with <j>(x) foi the portion of <p(x) between q and p, 


Lt r a ^^F(x) dx= 0, 

J a since 

and here it is supposed that from q to p, F(x ) is always 
mcreasmg oi always deci easing, for it is coincident with 
<p (x) throughout that interval 
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1620 Existence of a Finite Number of Maxima and Minima 
Suppose that there are a finite number of maxima and 
minima on the graph of y=<t>(x) between x=0 and x=h, 
say at x=x v x s , x s , x n Then when 

Now <p{x) is 

continually increasing or continually deci easing from 0 to x v 
continually decreasing or continually increasing from x 1 to x 2 , 
continually increasing or continually decreasing from x 2 to ar 3 , 

etc 


The first term therefore contributes ^0(0) Each of the 

others contributes nothing by Art 1619 So that if the 
number of maxima and minima be finite, the Fourier formula 
still holds good 


1621 Existence of a Fmite Number of Discontinuities 
Finally, suppose a discontinuity m <p{x) occurs at a point 
x=Xl « A), where the function changes abruptly from 0(^) 
to remaining finite and \fr(x) retaining the property 

possessed by <p{x) as to continual increase or decrease through- 
out the remainder of the range of integration Then 
Ch 


Lt 


r 

Jo 


sin cox 
since 


<p(x)dx 


= Lt w , 


Thus each discontinuity introduces a zero term, and 
provided the number of such discontinuities be finite between 
0 and h , their aggregate contributes nothing to the integral 


1622 Generalised Restatement of the Theorem 
We may now restate the theorem thus 
Let <f>(x) be any function of x with any finite number of 
discontinuities and any finite number of maxima and minima 
between x=0 and x=h, where h is positive, not infinitesimally 
small, and not greater than 7 r/ 2 , then 
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1623 Geometrical View of the Result 

Drawing the graph of y-= sin lox/smx, the curve has a laige 
maximum, viz o, at 3 = 0 , and crossing the £-axis at x=tt /«, 
2x/«, 3x/co, etc, there aie successive minima and maxima, 
their positions being given by tan tanas 

Since sm wx lies between ± 1 and goes through a cycle of its 
numerical changes m each of the above intervals, whilst smx 

7T 

is increasing throughout the whole range from x=0 to * 

the excursions of the graph to one side or the othei of the 
x-axis diminish in extent, and these subsidiary maxima and 
minima aie relatively unimportant The multiplication of 
the function by <p(x) alters the magnitude and position of 
the maxima and minima ordinates, but leaves the general 
characteristic appearance of the graph unchanged (Fig 471) 



The geometrical interpretation of the formula of Art 1622 
is then as follows 

Let the graph of y~<f> ip) be drawn starting from 

35=0 and extending as tar as x^=h, and also the graph of 
y=<p(z) extending as far as x=wj2 Let the areas enclosed 
by the successive portions of the former bounded by the 
a-axis, and, for the principal maximum, by the y-axas, and 
lymg alternately above and below the x-axis be A lf A 2j A s , A if 
etc, and let B be the area ot the rectangle of which two 
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adjacent sides are the initial ordinate of the second graph, 
viz <y>(0) and the length then when id is indefinitely 
increased A x — A 2 +A 3 — A 4 + tends to the limit B 



1624 Extension of Range of Integration 

If the range of integration be extended beyond x/2, and h lies 
between nw and (w+l)ir, we may break up the whole range 
into sub-ranges of extent w/2 as far as mr, and we have 


&^-{J!+J? + <L )} + Dw?^ 

In the second, third, 2n th integrals replace x successively 


by it—y, ir+y, 2 w—y, nT—y 

If we take us to be an odd integer, these become 
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1628 Geometrical View of the Result 

Drawing the graph of y=amcox[amx t the curve has a laige 
maximum, viz < 0 , at a?= 0 , and crossing the a-axis at a?=7r joo, 
27r/o), Stt/w, etc, there are successive minima and maxima, 
their positions being given by tan a)£C=&> tana? 

Since sm oox lies between ±1 and goes through a cycle of its 
numencal changes in each of the above intervals, whilst since 

7 r 

is increasing throughout the whole range from a?=0 to , 

the excursions of the graph to one side or the other of the 
as-axis diminish m extent, and these subsidiary maxima and 
minima are relatively unimportant The multiplication of 
the function by <p(x) alters the magnitude and position of 
the maxima and minima ordinates, but leaves the general 
characteristic appearance of the graph unchanged (Fig 471) 



The geometrical interpretation of the formula of Art 1622 
is then as follows 

Let the graph of y==^(a0 8 *^*" be drawn starting from 

a?=0 and extending as tar as x— h, and also the graph of 
y=<f>(x) extending as far as ®= 7 r /2 Let the areas enclosed 
by the successive portions of the former bounded by the 
a-axis, and, foi the principal maximum, by the y-axis, and 
lying alternately above and below the a?- axis be A 2 , A s , A if 
etc, and let B be the area ot the rectangle of which two 
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adjacent sides are the initial ordinate of the second graph, 
viz 0(0) and the length then when co is indefinitely- 
increased 4 8 +4 8 — 4 4 + tends to the limit B 



1624 Extension of Range of Integration 

If the range of integration be extended beyond 7r/2, and h lies 
between m r and (n + l) 7 r, we may break up the whole range 
into sub-ranges of extent 7r/2 as far as nrhn r, and we have 


2 ' 2 

In the second, third, 2n th integrals replace x successively 


by x— y, ir+y, 2x— y, rnr—y 

If we take w to be an odd integer, these become 


E 

2 

E 

2 


sin<i)(x — y ) 
sm(x— y) 




•| sino)(x+y) 
lo sin (x+y) 


sin<i)(2x— y) 
sm (2-rr—y) 


<p(2ir—y)(—dy), etc, 


<t>(Tr-\-y)dy, 
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P 8 i!L 

Jo 81 M YS ' Jo sin® 

f 


whence 


2 sin egg 
o since 

>7l,r a * a fgg 
n since 


(j>(2T—x)dx } etc 


<j>(x)ckc 


== w [J 0 (0) + ^ (tt) +£ (271-) 4- H" l^r) + i^( 7l7r )] 


As regards the final term. 


smog 
Jfwr sm« 


0(cc) dec, 


(<x) if fc lies between ri 7 r and t nir\-ir\% inclusive of the 

latter, put cc=tit + 2/ and Ii—nir+h', wheie Ji -g The final 
integral then becomes in the limit 




' K ' Bin o?(n7r+2/) 
l 0 sin (Ttx+y) 


^(^ 7 r+ 2 /)% 


j o sin 2? ^ 

(&) and if h lies between 7i7rH~x/2 and (n-f 1 )t, the integral 

may be written 2 +j + ») 4> ( x ) <&*} > aiic * 

putting %=nfi' 7 r-\-y in the first and (n+1 )7r — 2/ ia ^he second, the 

first becomes 7 r), as has been seen, and the second becomes 
2 




Ltu-+ CO l 

Jv 


smw« 

since 




where h'=(n+ 1)tt— fc, which is positrv e and n> Therefore 

this limit vanishes by Ait 1619 Hence m either case the 

contribution of the final integral is ^(%i) But if A=u ir 
tlie contribution is zero 
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Hence in the limit when to is indefinitely increased, 

^ dx=Lt ^\i^ { ^ x)+ ^ v ~ x) 

-\-<p(ir+x)+(l>[2ir— a;)+ +<p{nr—x)}dx+^^ -^^ ^(x)dx 

= s-[^(O)+20(7r) + 2^( 27 t) 4- +20{(n— l)'7r}+20(/i7r)] 

z 

But if h=nn r the last term in the square bracket is to be 

<j>(mr) 

This therefore is the extended form of Fourier's formula 
for a range 0 to h, where h lies between mr and (w+l)7r, and 
a) is an indefinitely large odd integer with the same conditions 
for 0(a) as befoie stated 

If co became infinite as an even integer , the signs would be 
alternately + and — 

If there be discontinuities in the value of 0(a) m the range 
0 to h, and if the starting values ot 0(a) as x begins each of 

its marches 0 to ^ to "cp "g” t0 TT’ IT t0 T’ 6tC ’ ° e 
lespectively /», / 2 (®), /#(*), etc > the formula must 

be amended to 


2 {/i(°) +/*W 1 +/» W +A( 27r ) +A( 27r ) +/e( 37r ) +-/?( 37r ) 

+ ”b/ 2 n (^ 7r ) “H/ 2 n |-l(^ 7r )}> 

when co becomes infinite as an odd mtegei and the number 
of discontinuities between 0 and h is supposed finite 


1625 If a and b be two positive quantities, a > 6 and 
mi <C a <C (wi+1)tt, nir <C b <C (u+IJtt, then 


+0(m7r)] 

J o sin x 

=TrE m , say, 


and 


Lt a ^ « f 6 da=7r[i0(O) + 9i(7r) + ^ (2 tt) + + <t> C^)] 

J o sin a? 

=*•£„, say 

Then £<„_►„ f Mn (a;) dx=Tr(E m — E n ) 
j ^ sm x 
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If a— b > 2 x, so that a > ( 7 i+l) 7 r+ 2 x, te > (n+3)7r, the 
limit is 7r[<j>{{n+l)7r}+<j>{{n+2)T}, (n > 0) 

If b < 9 r, then a < 37 r, and the limit is 7r[^(7r)+^>(27r)] 

Still supposing a and b both positive, and 

a>b and mw <ict<i (m+l)7r, nw<C.b <^(n+l)Tr, 

considei Lt ^ M f Sl -~ <f>(cc)dx, write x=—y Then the 
J o sm x 

integral becomes 

—Lt m ^ f ^~0(— y)dy= — tt[J^(0)+^(— 7r)-\-<p(— 2x) 

J o sin. y 

+ +<£( — ht)]= — 7t.ELm, say 


Similarly j $ ( x ) ^ x —~ 

Thus we have 


Lt 

Lt\ 


' a sin tax 


b suia: 
f a sin ox 


since 


<j> (x) dx = ir(E m — E*)> 

<j>(x)dx=Lt\[ — f l?Hh^0( x )d!x = tt(# w +-#-«)> 
LJo Jo J sma; 


"r5s»«*- a Dr-o^ Mi * 

x«f; 


a sin cox 
b since 


*<X )dx=u [ P- [ ]^ ( />(^= - x(^n-B-n), 

LJ o J 0 -1 \ a 

771 > 71 > U 


In the case 0 < b < ci < 7r, 

It </»(*) d£C=x[H( () )-^(°)] =°> 

Lt f <p(x)dx=7r[i<p(0)+\<p (0)] =-7T<p( 0), 

J _ b sin x 

f 5H!J^^ ) (a5)da; == 7 r [— J^(0) — J0(O)]= — 7r^>(0), 

Jj sina; rw 

Lt f SB^^(se)dsp=7r[— J^(0)+J^(0)]=0, 

J _b sm x 7 

%e \i the limits be of the same sign the result is zero , if the 
limits be of opposite signs the result is 7 r<£( 0 ) or — 7 r^( 0 ), 
according as the upper limit is positive oi negative 
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1626 Application to the Evaluation of Fourier’s Senes 
Taking the identity cos yd, write 

81 U v/Z l 

therein d=-£—x=2y, 2n+l=<o, multiply by /(£) and in- 
tegrate with regaid to £ fiom /3 to a, where a—^ > 27t 
W e have 

a — X 

[/(^)^+2SjV(f)cosp(^-a ! )^=2f^ s ^/( a: + %y)dy , 

and increasing n without limit, oo-^^o and 

a — X 

For the right-hand side we have the following cases 

Case Upper Limit Lower Limit Result 

a >£ > /3 + 

l 8+2'7r>a:>a>/3 — 

a>/8>a;>a— 2 tt + 

£c=j8 + 

X=a 0 

Dividing by tt, we there foie have, if a —/ 3 < 27t, 


Trf( x ) ' 
0 
0 

|/(|3> 


fA«) 


a— j8 < 27 t 


27T 


/(^)^+^Sf/(£) cos (£— x)d£=f (x) if a>x>/3 

=if(a) if »=« 

=i/(/3) ^ *=£ 

=0 if a>/3>a?>a— 2?r 
or 27r+/3>«> a> /? j 


Again, if a— /3=2vr, we have as before for the limit, 7r/(se), if 
a > a; > /3 But if $=/3 the limit becomes 

It-*. f t/(*+ 2 0)+/(*+2r)] 

J o ° in 2/ 


[/(«+/(«)]. 
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and if £=a, the limit becomes 


=7 [/(«— 2 0)+/( ac — 2 tt )]=- ~ [/( a )+/(/3)]» 


and dividing by 7 r, we theiefoie have, if a— /3 — 2 tt, 


1 

2-7T 




cos p(i-x)di=f(x) li a >x>/3 

= hU(a)+fm lf *=« or £ 


And these results are the same as those obtained otherwise m 
Art 1601 It will be noted that this method of procedure is 
free from the objection of assuming that what is true within 
an immeasurably small distance of the limit is true m the 
limit (See Art 1601 ) 

For values of x which lie beyond /3-f 2x m the one direction 
01 a— 2 tt in the other, we may proceed exactly as before m 
Articles 1601, 1602, etc 


1627 Cauchy’s Identity 

Taking the identity used in Ait 1626, and putting 
0- 2£ and /(£)=«-***', 

we have 

J" (1 + 2 cos 2£+2cos 4£+ +2 cos 2ii£) e-**Pd£ = f o 

* r~ zl 

But f «-«'{* coa 2 r£d £=^0 «*, aud by Art 1625 the limit of the 

7T / “ \ 

right-hand side, when n is indefinitely increased, (^1 +25>“ ?,7rla *J 

Hence ^ (l + SST*) = f (l + ^ w ) > 

and writing a=a/7r=l/6, 

JZ(l f = Jb(l + «|r- »), 

a curious and remarkable result due to Cauchy 

Senes of the chaiacter here involved occur in the theoiy of Theta 
Functions, wheie ®(w) may be defined by the equation 

Q(u) = 1 -2g'cos2#+2<? 4 cos4a? — 2 j 9 cos6j?+ , 

- E. 

where q=e * K and k and K> ^ avin g their usual significations as 

used in Elliptic Integrals 
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1628 To prove Lt f S1 ^ -— <p(x)dx='^ <p{ 0) 
Jq X * 

This limiting form follows at once by writing 


x 


<p(x)= x) 

sin a? T v 

7T 

For we then have, if 0 < h > ^ > 


T± f A 8ina>sc v, r . f^sincoas . , x , 

J ^ ^ ^ (£») cia? == Z:^_ >C o J Q (^) 


== f'M°) == I fo- 
under the same conditions as regards ^($) as stated m Aits 
1616 to 1622 

An d further, when h has a larger range, beyond ~ , as in 
Art 1624, we have as the limit, 


|W(0)+2^(t)+2^(2t)+2^(8t)+ } 

But \p-(ir)=^^- <f>(Tr)= 0, \/^(2Tr)=^^-^>(2x)=0, etc , 

so that whatever the range of mtegiation provided h be 

positive and not an infinitesimal, we have 

r± f /l sin cox J . x , 7r /AX 
— cj>(x)dx — 2 4 * (®) 

In the same way the lesult still holds good if <p(x) presents 
a finite number of finite discontinuities, none of which are 
infinitesimally near cc=0 

1629 Graphical Illustration 

Since Lt *~+ « Pitting £= -y 9 

Lt ^ oo [ q -|<£(0) , 

and writing <^>( -?;) = i^(?/), 

</'(r))dy= -g f (0) , 

and the letter denoting the function ^ being immaterial, we may leplace 
it again by <£, so that 
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Also xf i=0 the limit vanishes and theie is a discontinuity Hence the 


eiaph of _ / 

y = j 

is that shown in Fig 473 consistmi 
ar-axis, with an isolated point at th( 

y 

a £ 

g of two straight lines parallel to the 
3 origin 

^ . wy =< PM 


x' 0 

JL 

? 


Fig 473 


1630 Let o, fi he any two positive quantities 

Then £<„-*.» [ g /„ £ ^ 

Therefore ? in ^ <j>(g)d^=0, (a>/3>0) 

Similarly £<„->.«> £ £</>(£) <J£=0 

Again !<„->« j” 

and ft,-*. 




Hence when the limits are of the same sign, the result =0 When of 
opposite sign, theiesult is ±w</>(0), the sign being that of the upper limit 
(Compaie Art 1625 ) 


Again 


r-**-p¥a - 


]%(£){/„ «os(£«) du} d£=Ltu-*-x J g 




h 
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Fuithei, 


J l <#>(£) cosgudg 


du 


= 2X>-* oo f a <£(£){ [ 0 cos(£u) cfoj cZ£=jLC-k* ^Y^<t>(£)d£ 
=0, if a, /3 are of the same sign, 

= ±ir</>(0), according as a is positive or negative when ft is of 
the opposite sign 


1631 Graphical Illustration 
Taking a>/3> 0 and £ - j, =77, 


L^u) — >-oo 


l 


sm 


<p(£)d£=LL. 


r x E^n^ v+v)dr , 

Jp-X v 


=0 

if &>a>/? 


0. “*♦<•>}« 

if V = (L>ft J 


= TT<p{x) \ 
if a >v>/3 J 


if a>x = /3 ' 


= 0 

or if a>/3> v 


The values of this mtegial may be shown giaphically by the heavy 
lines and the two isolated points in Fig 474, in which the dotted line 
is the graph of y=ir<j>(z) 



Obvious modifications will occui if a ol ft or both of them be negative 
or if a < /B 


1632 Still supposing that a and j3 aie both positive and a>/?, and 
putting £+%*='> 7, we have 

1 or =1*(- J H* ( 0> \ or f =**(-*) ) 


if -/3>x= - a J 


= 0 

if — /3> — a> j: 
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And the graph of this integral is shown by the heavy lines and the 
two isolated points in Fig 475, and is an image with regard to the y axis 
of the graph of Fig 474 



1633 Various Deductions 


Since j cos u(%— x) dg du 


and 


cos u(£+x) <j>(£) d£du 


whose values 
}• have been 
found above, 


we have by addition and subtraction, if x be positive, 

| j <p(£)coaug coauxd£du=^ | </>(£) amv£ am uxdgdu 


=0 

if x > a > /3 


- or 




ifa?;=a >/3 i ifa>x >/3 


z m 


7T 

oi 4 

if a > x~l 
and if x be negative, 


■ or 


0 

i£a>P>x 


P 0 (I) cos cos uxd£du= — $(£) sin u£ sin uxd£du 

J/3J0 


=0 


if x ' 


lor “T*<» 


o \ 1" or * ' " ' f or ^ 

“J if®=-fl>-oJ if — /3>a> — a 


or 


=**(«) 

if — /3 > x= — a 


or 


if 


=0 1 

— j8>— a>® J 
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1634 If /3=0 and a=oo and x be > 0, 

poo p» p 00 

J j <j>(£)vo$u£ cosux dgdu=^ J (p(£)$mu£ smiix d£du 

7T 

, and if x be < 0, 

poo poo P^O poo 

I J <!>(£) cosw £ cos uxd£du=—^ J 0(£)sinw£ smuxd£du 

These results are all obvious on compounding the two 
graphs, Figs 474 and 475 

When x—0 the second mtegial in each case vanishes 

1635 Since the products cos cos was and sm u£ sm ux are 
both even functions of u, they are not affected by a change 
of sign of u Hence the integration of eithei of them with 
respect to u fiom — oo to oo yields double the result of that 
from 0 to oo , therefore if x be positive, 

| j </>{£) Wing cos uxd£du=^ j 4>(£)&mu£ sm uxd£ du 

=0, ^0(/3 ), t r(j>(x), ^</>(a) or 0 in the seveial cases, 

and if x be negative, 

| | 0(f)cosw£coswa;tf£dw==-- <j>(£)amu£ smux d£du 

= 0, U(I3)> 7 r0(— vc), Z<j>(a) oi 0 m the corresponding cases 
2 2 

1636 If |8=0 and a=»,wc have 

1 30 poo poo poo 

J ^(^)co3w^cosM®d|dw=J o J ^ <p (£) sm sin vx dg du 

=tt<I>(x), (x + ve ), (1) 

1 30 p00 j*00 |*00 

I <p(£)zosu£co8uxdgdu=—^ J ^ vx dgdu 

—■jr<l>(—x), ( x — y °) ( 2 ) 
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1637 Fourier’s Formula 

Put £= — rj t and write \{r for <p Then, as x is + ve or — ve , 

r f" ro 

ooj ^(-^osu^cosvxdrjdu^^] I ^r (— riamuijamitxdrjdu 

=7n[s(x) or tt\}s(—x), as a; is + ve or — Vf * 

Let yjr(—ri)=(f)(ri) ) and write £ foi r\ Then, as x is + ve or — Te , 
ro [*» fO r°° 

J-ooJ w <!>(£) cos cos 'uxdgdu==F\ ^(l>(£)$mu£&inuxdgdu 


= 7 r0(— a?) or ^(r), as x is + ve or — ve (3) 
Hence from equations 1, 2 and 3, whether a? be + ve or — ve , 

| | <P(£) cos cos ux dgdu=Tr{(j)(x)+<p(—x)} j 

j*» 1*00 I 

and I I <p(g)smugsmuxd£du==T{<l>(x)— <f>(— a;)} I 

By addition, 

r® r» 

<t>(g)coau(g-x)dgdu=2Tr(l>(x), 

J — 00 J - 00 

which is Fourier’s Formula 

1638 For + ve values of x it follows that the graph of 

I J3 |*00 

<p(0 cos u(£—x)dg du 

— co J — oo 


only diffeis from that of y = (p(x) ) in that all the ordinates 
of the latter are increased in the ratio 27 r 1 
Similarly for — Te values of x 

1639 A Remarkable Application (Beitrand, Calc Int , p 238) 

I <#> (f ) cos u£ cos ux d£ du= — <p (x) oi 
o Jo 2 2' 

as a? is +** or — ”, we put <£(£)=e" a £, wheie a is + v * , and since 

fe-co^)^, 

we have jf or ^e**, according as # is + v, or - Vi 

(Art 1048) 
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PROBLEMS 


1 Find m a senes a function of penod 4a which shall he equal to 
a + x from x = - 2a to z = 0, and equal to a -a; from x=0 to a? = 2 a 

[Tri*» Coll , 1881 ] 

2 Expand x 2 m a series of cosines of multiples of x between ir 
and - v What will the series so obtained represent for other values 

Of £C 1 


3 Find a series of sines which shall be equal to Jcx from x = 0 to 
x = lj2, and equal to k(l - x) from x = 1/2 to x = l 

Find also a series of cosines to answer the same description 


[Ox II P , 1900 ] 

4 Expand aj(jr-a:)ina series of sines [Ox II P , 1900 ] 

5 Find a series of sines which shall represent nkx/l from x = 0 

to Jc from z = ljn to x = (n-l)l/n , andt nJc(l-x)/l from 

x = (n- 1) l/u to x=l [Colleges, 1878 ] 

6 Trace the locus of the equation 


c 


l) n mra mrx 
-an- sin — sin — 


2c 


2c 


[St John’s, 1884 ] 

7 A function of x is equal to x 2 for values of x between *c = 0 and 
x = Z/2, and vanishes when x is between lj 3 and l, express the 
function by a series of sines, and also by a series of cosines of 
multiples of ir xjl Draw figures showing the functions represented 
by the two senes respectively for all values of x not restneted to lie 
between 0 and l What are the sums of the series for the value 
«=Z/2? [7,1899] 


8 Show that 

log cosec a; = log 2 4- cos 2x4- £ cos 4a; + £cos 6x4- 4- ^ cos 2nx +• , 

(0<X<ir), 

and deduce therefrom 


w ,r 

logsmxdx = ^log£ , (b) I cos2nx logsinxcJe* 


7T 

4 n 


9 Prove that 

2c 2 id (j nirc mrc ) mrx 

y = S3 + ? ^ V* sm "2" ■ n7rc 008 T } 008 

represents a senes of circles of radius c with their centres on the 
x-aaas at distances 2d apart, and also the portions of the axis exterior 
to the circles, one circle having its centre at the origin [ 7) 1893 ] 
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10 Find a senes of cosines of multiples of irxll which shall repre- 
sent a function which is equal to a 2 /4 a for values of x between 0 and 
7/2, and is equal to ( l-x) 2 /ia when x is between 7/2 and 7 
What does the senes represent for values of x not lying between 
0 an d l * [Colleges, 1892 ] 


11 Find a Founer series to be equal to jc 3 between #= ±c } and 
trace the locus 2 ( _ 1)r _ v 6 ^ 

r;?— r-O-s*; 0 " — 


12 Show by evaluation of the integral that 

2 f 00 fh , A sm qb - sm qa\ , 

-j^ sin |- + tan a g2 ] dq 

is the ordinate of a broken line running parallel to the axis of x 
fiom $=0 to x = a and from x — b to x — oo , and inclined to the axis 

of x at an angle a between x = a and x = b [Math Trip , 1883 ] 

13 If f(x) = '2,A /l sinn7rxll and f(x) ^=JB Q + ^B n cos nrrx/l for all 
values of x between 0 and 7, prove that, provided f(x) be continuous 
from x = 0 to a, = Z, 

2?«=yA + f{(-l)V(/)-/(0)} 

Write down the corresponding formula if f{x) be discontinuous 
for the value £ = a which lies between 0 and 7 [Colleges, 1896 ] 

14 Prove that the locus represented by 




sm nx sin ny — 0 


is two systems of lines at right angles dividing the coordinate plane 
into squares of area w* [MirH Tbip , 1895 j 

15 Show that the equation 

y=l + «-- 5 {c°s-(!S4-y) + -i c os^(!s+y)4.i C os^(as + y) +e tc j 

represents a staircase formed of straight lines of length a, starting 
from the origin and parallel, alternately, to the axes of y and x 

[St John’s Con , 1881 ] 

16 If f(6) be a finite function of 6 with the period 2w, show how 
to find a function which, in the space between two concentric circles, 

is a finite and continuous solution of the equation ^5 + ^=0, with 
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the value f(6) at the point of the outer circle whoso polar coordinate 
is 9, and the value zeio at every point of the inner circle 

[After transformation to polais, [Math Trip , 1896 ] 

CO CO 

M = A 0 + 2 ( A "- rn + cos nO + V (C n r n + D n i ->‘) sin nd 

1 1 


may bo taken as the solution of this equation ] 

17 If y be defined as coincident with y==x from z = Q to x-tt/ 2 } 
y=ir/2 from x — t/Z to x=3ir/2, y = 2w-x from a=3jr/2 to x=2v, 

and be represented by a Fourier senes of form y = A.+ y'A r , coswr 
show that i ’ 


„_ 3 ’ r 2 •^ cos(2p-l)!i l^oos[47r-21r 

8 irAf (2p-l f (2 p- ])2 > 

and draw a graph of this series when a; is not restricted to lie between 
0 and 2w 


18 Prove that the senes 


if* /(•)+«-•) 
do 2 


dv + ? 2 cos f 

l £i l Jo 2 

+ "y sm — P 
l i=i * Jo 2 


COS 

sm 


m rv 
~ 


do 


mrv 

~T 


dv 


is equal to /(*) between the limits * = + Zand x = -l, and trace the 
curve lepresented by the series for values of x outside these limits 

[Math Trip , 1885 ] 

19 Find by Fourier's method a function of x which shall be equal 
to -i-l from a;=0 to a- -a, and equal to - 1 from x = a tos = 2a, and 
so on alternately 


20 Two uniform plates of the same substance and thickness a are 
in contact The outside surface of one is impervious to heat, and 
that of the othei is kept at zero temper ature It can be shown that 
if one slips over the surface of the othei with constant velocity the 
friction per unit of aiea being F } then at any time t the temperatures 
of the two plates are given by 

Fv f _ <8n+l)W< 

e i ^{a + 2A in+1 e cos (*»+ 1) 

Fv ( <2»+l)VW . 

e 2 = ji 2 \ 2 a-x + 2A 2n+l e cos(2n + l)g|, 
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respectively, at a distance x from the impervious surface, where /, 
C t c are certain constants Show that, if when t = 0, 6 is zero every- 
where, the coefficients A in+1 are given by 

[Math Trip III , 1884 ] 

21 Deduce from the result f 6 ”**cos 2bx dv = e~ b *, or other- 
wise obtain the result 0 


=-0 
a \ 


+ e -(% - a)* + e - (*+a) + e - (*- 2a)» 4. e - (*+2a)» + e fc C 
4ir* , 9 t* 


, « ~h 2?ra; - iwx . 

1 + 2e a cos h 2e a cos — + ! 

CL CL 


67 TX \ 

“ COS + ) 

a ) 

[Math Trip , 1887 ] 


22 Prove that the equation 

2 1 j 12 2 

— = - cos ^(z+y) cos 2 (*-'/) + cos ^(x + y) cos ^{x-y) 

13 3 

- 32 COS 2 (* ■ + y) cos 5 (® - y) + 

represents a series of circles of radius 7 r, and trace them 

[Math Trip , 1885 ] 

23 Show that if all effects of atmosphere be neglected, then the 
intensity of daylight at a given place at t o’clock true solar time at 
an equinox will be 


ri l irt 2 1 

1 irt 

1 2 Tt 1 3*r< )1 

|_ff + 2 C ° S 12 + ir 1 

11 3 C0S 6 

—1 3 coa -6- + r7 cos x- }} 


then will 


where I is the intensity at noon Examine the values of the above 
expression when (1) f = 0, (n) = (m) t=* 12 [Math Trip , 1884 ] 

24 Prove that if 

s/n f(p ) = n/2 | 4>(x) sin px dx, 

W2 j o fix) sin pxdt [Maih Tbip _ 1884 J 

25 Show that, if = | — dx, then 

J 00 X 

1 f 50 

-1 {eV*JSi(-qx) -erw Ei (qx)} am pxdx 

2 Jo 

If" 7T 

=-J o { Ei (~qx) + e~i* Ei (qx ) } cos jpx dx = j 

[Math Irip , 1884 ] 
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26 Find two harmonic senes, each of which shall be equal to 

bx/a from x = 0 to 3 = a, one containing only harmonic functions of 
the form sm 2nrxja and the other those of the form cos nrx/a, where 
t is any mtegei Trace the complete curve given by the harmonic 
series m each case [Math Trip ? 1876 

27 Sum the senes m cos 9 - cos 36 +■ £m 6 cos 50 - ad inf, 
m being < 1, and prove that it always has the same sign as m cos 0 

Trace the cuive 

r =a(cos acos0--| cos 3a cos 3 0 + £ cos 5a cos 50 - ) 

[Maih Trip , 1878 ] 

28 Express the doubly infinite series 

1)1 = 00 ft — 00 

V V f - 1 \n»4.i» COS ^COS7iy 
ih£i n =i { } 7?in(m 2 + n 2 ) 

m the form of a singly infinite series of cosines of multiples of y 

■rail.., .. ,, . H Problems, 1878 ] 

Exhibit the result m the form 

71 = 0° r- r -J 

2) + jjp log 2| cosh nx 

+ smh n(x - u) log cos “ H ^ coa 

29 Deduce Fourier’s formula 

2<j>(x) = ^-[ f </>(£) cos w(£ -x)d£du 

from the formula 

2m = ! f_, + 7 2 Jl, * (& cos T « - *> 

[Poisson See Todhunter, / <7 , Art 332 ] 

30 Examine the limiting form of the curve 

y = e- kw dw^j cosw(v-$) vdv J. 
when k, being positn o, tends to a zero limit 

31 Prove the two formulae 


cos xu du 


/w-jr 

77 Jo 

2 f* f 50 

f(x) = - I sin a;w I /(ft sm wtf dtf, 
^ Jo Jo 


[De Morgan, D C r p 629 ] 

’> f f(t) cos ut dt , 

Jo 


and point out the distinction between the two expressions for f(x) 

[St John’s Coll , 1881 ] 
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32 Show that for all values of x between — b and b , 

F(x) — F( — %) = — j* sm xu du J E(y) sin uy dy 

[St John’s Coil , 1881 ] 

33, If a uniform honzontal bar, both of whose ends are fixed, be 
so displaced horizontally in the direction of its length that initially 
one a is uniformly extended and the other uniformly compressed, 

an J en prove that the displacement y of any particle x at 

any time t will be 


&vil 1 

tt 2_ 2 cos ~ 2 l cos (2* + 1) 2^ » 

21 being the length of the bar, the middle point being the ongin and 
nl the displacement of the middle point 

[The equation determining these vibrations may be assumed to 
i 3 2 //_ 

6 dt 2 ~ a Vx*’ anc ^ a sult able foim of solution of this equation is 
y = '2C vn cos mx cos mat 

Or more generally, for an equation of type ^ = + y » 

of the form ^ 


A + Bx + Ct + Dx 2 + E'xt + Ft 2 + 2 L sin {n(at - x) + a} 

+ 2Afsm { n (at + £) + /?} 

with certain conditions (See Forsyth, D Equation * ) We are to 
have y -0 for all values of t when x*=±l, and if * = 0, y = n(l-x) 
fiom x = 0 to x = l, and y = n (l + x) from a;- -Ztoz = 0] 

34 A stream of umfoim depth and of uniform width 2a flows 
slowly through a bridge consisting of two equal arches lesting on a 
rectangular pier of width 26, the bridge being so broad that under 
it the water moves uniformly with velocity U Show that after the 
stream has passed through the bridge the velocity potential of the 
motion is 




a-b jj 2aU A 1 mb my - — 


the axis of x being in the forward direction of the stream and the 
origm at the middle point of the pier [Math Xeip j , 878 j 

[The equation for * is g* + 0) and we are to have 

a - b rr . 

^ w h en a is infinite, ^-= U when 0, 
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except from y= - b toy = b, where = 0 , also |^ = 0 when y=±a, 
and a suitable solution of the equation is 

4> = A ( p+'^A t cos l — e”'« 1 
1 « J 

35 Show that ^=2 ( -_i__ sm (2 J p + i) a;S in(2^+l)y repre- 
sents the foui sloping faces of a legular pyramid built upon a 
horizontal square base of side tt units, two sides coinciding with the 
axes of coordinates, the height of the pyramid being tt /2 units 

[Todhunter, 10 , p 304 ] 

36 A membrane is uniformly stretched upon a square frame to 
which it is attached along the edges The centre is displaced slightly 
through a small distance Jc perpendicularly to the frame, the form 
being that of four planes passing through the edges of the square 
and a common point above the centre The side of the square is a 
The constraint is then lemoved The equation to determine the 

subsequent vibrations is and a solution suitable 

for such a case as the above may be assumed to be 

w = 2A n , cos yt s,„ 21£±£) sin , 

2 a 2a ’ 

the ongm being taken at the centre of the squaie and the axes 
parallel to its sides, t being the time measuied fiom tho instant of the 
lemoval of the constiaint, and n and i being integers Also it will be 
noted that x=±a and y= ±a will each give ic = 0 foi all values of t 

Plw e (i) 4« V = + ■> 2 ), (u) that n and i are odd, 

(m) A n ,,=0 if «£*, (iv) A n , „ = 
and 



cos ( 2 t 4 - 1 ) 


Crrt 

ttv'2 


37 The fixed boundaiy of a membiano is a square, and tho cent.e 
ot the membrane is displaced peipemhcularly through a small space 
k, the membrane being made to take tho foim of two portions of 
intersecting ouculai cylindeis Taking tho same general form of 
solution as befoie of the equation for tho vibrations when the con- 


straints ai 
and that 


c suddenly destroyed, prove that n and 7 are odd 

j 1 21^, /n 2 + ? 2 _ Mr 7 ir\ 


■^n, 1 — 




/n 2 _ < 

\ 71 ? 


MT ?7 

sin *r sin -- 


integers, 




[Mini Trip III , 1886 ] 
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CHAPTER XXXVI 

MEAN VALUES 

1640 We next exhibit the application of the principles of the 
Integral Calculus to the calculation of mean values This sub- 
ject andthat of Chances to be considered in the following chapter 
are wide, and the devices and artifices numerous The general 
principles and theorems are however but few, and the pioblems 
arising depend for the most pait directly upon the fundamental 
definitions A considerable number of illustrative examples 
are appended to illustrate the moie important modes of 
procedure m the application of the Calculus, and also m the 
evasion of the necessity in some cases for absolute integration 
Many of these are fully worked out, others are left for the 
reader to complete the details of the mtegration when it is 
not necessary to supply them , for it is in the formation of 
the proper expressions to integiate and rn the assignment 
of the correct limits that difficulties arise rather than m the 
subsequent mechanical pi ocess of evaluation 

1641 Def The quantity +<*„) „ defined as 

the Mean Value of the n quantities a v « 2 , supposed all 
*\f Ihe same kind, n bewy a finite numbei 

This is the quantity known arithmetically as the « arithmetic 

mean” or average value It may be written as -2(a), and 
denoted by M(a) n 

1642 Combination of Means of Several Groups 

_ If tbeie be several gioups of quantities of the same kind, 
V1Z («i. «*. (ip), (ftp b it /),), f 8 , f,), of respective 

741 
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numbers p, q, o , etc , and M(a ), M(6), iW(c), the respective 
means of the groups, then the mean M of the whole set is 
X (a)+ 2 (?))+S(o)+ _ pM(a)+qM(b)+rM(c)+ SpJf(a) 

2 >+q+r+ p+q+i + ?P 

which is the same foimula as that foi the ordinate of the 
centroid of weights t p > q, i , placed at points whose ordinates 
are M(b), M(<), etc 


1643 Mean Values of Products two and two, etc 
Let theie he a group of n quantities of the same kmd 


Then 


(2a) j _Sa 2 + 22a^ 


71 s 


n* 


1 

n 


Yard, 


Hence 


Xa 2 n -1 

)i + n \n(n 


-i) 


- 2 T(<Mfc) 


Sinnlai ly 

(Xa)* 1 2a* 32^, 620^^3 g^2a_ 2 ga] (n-lX^ ) 

~ w 3 + 7i 3 + 9^ 7i n n n l n n l i 72 ( 7i ^)( n 2 ) 

J f {M(a))*=*M(a)M(a) ~ ~ — M(a x a< A a z ) 

Wo may nolo that when n is indefinitely laige, the mean of the products 
of pan s is the squat e of tilt mean of all quantities , and the mean of the 
products three at a time is the cube of the mean of them all 

These rules deteimine the mean values of the products, two at a time 
and three at a time respectively in terms of the means of the ongma 
quantities, of their squaies and of their cubes 

1644 Extension, of the Conception of a Mean 

If the number of the quantities cl x , cc 2 , etc, be very large, 

and tlieir sum very large, the fi action tends to take the 

form 00/00 In this case suppose the several quantities 
a„, etc, to he the equidistant oidmates of a continuous 
cuive y =<!>(%) corresponding to abscissae 

x=a, a+h, a+ 2 h, n+(n—l)h^b, say 


Then the mean is 

i{0(«) J r <f,(a- 1 rh)+(p(<i+2h)+ +<f>(a-+n-lh)}, 

which may be written as — which 

when n is indefinitely increased takes the form 
[ <p(x)dxl(h - a) 
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It is assumed here that the several quantities a lt a 2 , a n 
are such that no two consecutive ones differ by a finite 
difference when n is indefinitely great, but that the curve 
y~<j>(x) is one in which there is a continuous change of 
the ordinates between the limits considered Otherwise the 
integral expression would be meaningless 

1645 Geometrical Meaning of the “ Mean Ordinate ” 

It follows that the value of the mean ordinate, taken for 
equidistant and indefinitely close ordinates, is lepresented by 
the area bounded by the curve, the sc-axis and the teimmal 
ordinates divided by the projection of the curve upon the ac-axis 
That is the mean ordinate PN of a curve P x Q Xi between the 
initial and final ordinates N X P X , M X Q X is such that the aiea 
P l N l M l Q 1 PP 1 is equal to that of the rectangle FN x M x G t where 
FG is drawn through P parallel to the z-axis (Fig 476) So 
that as much of the aiea of this figuie lies between PG 
and the curve as lies between PF and the cuive 



1646 The Case when the Quantities are Functions of Several 
Variables Nature of the Distribution 

If the quantities a v a 2 , a z , be functions of seveial 
variables, first say of two, x and y, let us considei a v a 2 , to 
be the z-ordmates of a surface z=<p(x , y) Let the plane 
x-y be imagined ruled by lines 8x apait parallel to the 
y axis, and by lines 8y apart parallel to the os-axis Let one 
ordinate z, viz <p(x, y), be erected at the corner x , y nearest 
the origin of the elemental y rectangle 8x, 8y, and let the same 
be done at each oi the corners nearest the ongm of the 
remaining net-work of elementary rectangles Then we shall 
understand by the “ mean \alue ” of z the limit of the fraction 
whose numerator is the sum of all these ordinates and whose 
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denominator is their number, or, what is the same thing, 


Jp dx dy |pa5 dy , % e the volume bounded by the x-y plane, 

the surface z=<p(x, y), and cylindrical surface bounding the 
portion of the surface considei ed, whose generators are parallel 
to the z-axis, divided by the projection of that portion upon 
the x-y plane It will be observed that the number of these 

ordinates is measured by ||dcccZ2/, that is the area ot the 
projection described 

And if there be three independent variables, so that 
u,= 0 (a?, y } 0), we shall understand m the same way that by 

the “mean value” of u is meant ||pd® dy d^|||d® dydz, 

and the number of cases is measured by 

similaily if there be a greater number of independent variables 
And as before it will be noted that it is assumed that no two 


contiguous quantities of the group considered differ by a finite 
difference when their number is infinitely great That is 
to say, that unless some other distribution of the various 
quantities a lf <z 2 , a z , etc, is expressly notified, the distubution 
in the case of two independent variables is that m which 
there is one oidmate to each of the elementary areas SxSy, 
which go to fill up the area on the x-y plane which may be 
bounded by the prescribed limits of the summation , and that 
for three independent variables the legion through which 
the summation is to be effected is divided into equal volume 
elements SxSy Sz, and that this summation is to be taken for 
one value of u, viz cp{x, y , z), fox each element of volume 
$ x Sy Sz 


1647 Other Systems of Variables 

Of course the elements of area and of volume expressed in 
the Cartesian manner as SxSy, or as Sx Sy Sz respectively , may 
be replaced at will by the corresponding expiessions 0 SO Sr 
or r* sin 6 SO S<p Sr, if woik in polar coordinates be indicated 
as more convenient for the problem under consideration, or 
by the corresponding elements for any othei system o£ 
coordinates 
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And if theie be more independent variables than three so 
that we fail to interpret the summation by geometry of two 
or of three dimensions, we shall still understand the mean of 
the function u=uj>(x v x it x it x,) to be 

JJJ dx n j jj dXnt 

and the number of cases to be measured by 

If \ dx ^ dx<i dXn 

when the limits have been properly ascnbed so as to effect 
the summations m the numerator and denominator for all 
values of the independent variables included in the compass 
of the summation to which the “ mean value” refeis 

1648 Nature of Various Distributions 

It will be manifest that in the case of a distribution of an 
infinite number of quantities such as the ordinates of a curve 
or ot a surface, and whose mean is required, and which have 
so far been taken as equally distributed along the z-axis m 
the one case or over the x-y plane in the other, if this equable 
distnbution ceases to hold good it will be necessary to form a 
clear conception of the nature of the distribution which is to 
be adopted It will make this 
mattei obvious if we take a simple 
example 

Consider the problem of finding 
the mean value of all focal radii 
vectores of an ellipse Usually we 
should understand this to mean 
that if A , 5, C, D, be indefinitely 
close points on the cncumference and S the focus from which 
the radii vectores are drawn, then the mean is to be taken 
for all the radii vectores such that the successive angles ASB , 
BSC, CSD, etc , aie all equal infinitesimal angles $6 In which 
case, r being the radius vector for an angle 6, the mean value 

rdd l^cW 

But it might bo that the successive arcs AB, BC, CD, are 
to be taken as equal, or that the successive areas are all equal. 
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or that the successive points A, B, C> D , are defined by an 
equable distribution of the feet of then 01 dilates upon the 
$-axis, oi other conceivable distubutions may be adopted 
The mean values m these cases aie lespectively 


Jrds/jcfo, jV i^doj < 16 , 



and the several results are obviously not the same 


1649 “ Density” of a Distribution General Remarks 

It will appear therefore that in each case the nature of the 
distubution, or, as it may be called, the “Density, must be 
carefully defined This is of primary importance 

When the distribution is one m which the angles between 
the successive radii vectores are equal infinitesimal angles, as 
in the case cited, they may be described as equally distributed 
about the origin from which they are diawn This is the 
usual case 

In the same way, in three dimensions, when a distribution 
of radii vectores drawn tiom an ongm to a surface is said to 
be “ equable/’ we shall understand this to mean that a unit 
sphere having been drawn with centre at the origin, and its 
surface having been divided into equal elementary areas, one, 
or the same number of radii vectores, passes through each of 
these elementary areas The mean value of r will then be 

[f r sm 6d6d(j>l^sm6d0d(j> or |rdo)||do), where Soo is the 

elementary solid angle subtended at the origin by each element 
of the surface 

If the surface itself be divided into equal elementaiy areas 
SS , and the same number of radii vectores pass through each 
such element, the distribution may be called an “equable 

surface distribution/’ and the mean value will be ^rdsj^dS 

If radii vectores be drawn from the origin to points within 
the region bounded by a given surface, it is usually under- 
stood that they are drawn to equal elements of volume. 
The mean is then 

JJjr r 2 sm 6 d6 d<j> drj JJjr 2 sm 0 dd d<j> dr , 
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1650 Illustrative Examples 

1 Find, the mean distance of points on the circumference of the ellipse 
from a focus, the density of the distribution being defined as one tn which 
successive pairs of points subtend equal angles at the focus 

Taking the equation as Zr-^l +e cos 0, we have, b being the senn- 
nunor axis, 

frdO 21 r (l + ecos#)” 1 ^ 

M(r)=L - A 


/■ 


d0 


2t 




2 b 7T 
7T 2 


-6 


2 Find the mean inverse distance of points within an ellipse from the 
focus, the distribution being an equable areal one 


Heie 


M 




rdddt 


JjdQdr j\ 


Aiea 


Aiea irab a 1 


j dOdi 
a, b being the semi-axes 

3 Find the mean distance of a point within an ellipse from a focus 

[Colleges a, 1886 and 1879 ] 
ffrrdOdr p 

H.„ mr,JL ra j[ 


//' 


t&dd=7 


rdOdi 


,£ 


dd 


3nab lo (1 -he cos d) s 


073 I r* 

= W^i/o (A lt 196) 

2Z 3 1 f_, a > 1tt\ Z 3 2 -he 2 l 

= ^ab n~IJAV +2e 2 2/Za l 


! (1 - e*y~ 3 


4 Find the mean distance of points within an ellipse from the centre 

[Collk( es a, 1886 ] 

Here, measuring 6 from the minor axis, 


l sm 2 0 , cos 2 0 


. cos 2 0 j mt i \ 4 f . 4 <r 2 i 2 f 


dd 


ZT 0 ( a 2 cos 2 0 ^ £2 sm 2 

=4^-f dd W 1 f\i- e i am tff)hdo (Art 391(1)) 

3rraJo (l -e 2 sm 2 0) 7 ^ 7ra x 7 

= ^-x (Perimeter ot Ellipse) (Art r >67) 
iir 

6 JPtnd! (fee mean of the distances from one of the foci of a prolate spheroid 
to points mthin the surface [Wolstkis holme, Educ Time s ] 

Taking Zr~ 1 = l + ecos0 as the generating ellipse, 


jjjr rHm8ddd4>d, ^ ? 

' r Volume Vol 4 Jo (1 + ecos 


j^id0=etc =-(3+<?) 
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6 A particle describes an ellipse about a centre of force in the focus 8 

Show that its mean distance from S with regard to time [R P ] 

If t be the time, then r 2 ^— const =h, foi equal sectorial areas are 
descubed in equal times 

frdt (r*dO f* f*d$ , o x 

H ““ ( 1+ *> (bJrE,3> 

7 Find the mean value of r~ 2 with regard to time under the same circum 
stances 


M(r*) = 


!■ 


do 


27 r 


jdt /h 


r 2 d6 


"2 Area ab 


8 Show that the mean distance of points within a square from one of the 
angular points is to a side of the square in the ratio {*j2 + log (n/ 2 -hi)} to 3 
Take OAj OG , sides of the square OABC, as coordinate axes We may 
confine our attention to points ■within the tuangle OAB without altering 
the result Let a be a side of the square OP=r Then (Fig 478) 


M{r)^ 


r*dOdr 


W 


■ §aj sec 3 0d0= ( ?{*/2-hlog(>/2-i-l)} 



6 

f 

0 

a 


Fig 478 


Fig 479 


9 Find the mean distance of a point within a rectangle from the centre 

[Ox II P , 1885 ] 

Taking 2a, 26, 2 d as the aides and diagonal, and axes paiallel to the 
sides through the centie (Fig 479), 

fir rdOdr . 

J} - 4 (f °aW0<W+/ o 


Jf(r) = 




3 Aiea Uo 


jjrdddr 

1 a 2 fd b. d+bX.lbtfd a , 

=6b\a a +l0 «— j + 6a\6 i +lo «ir| 


6 s sec 3 O' 


fdff) 


d a 2 . d + 6 6 2 , d-\-a 

=3 + ^ l0g — + 6i l0g — 
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Thm ih atao obviously the tesult for the mean distance of a point 
within a i oofcangie of mdtm o, b and diagonal d from one of the angular 
point* 

10 b\nd the mean distance of points on a spherical surface from a fixed 
point 0 on the surface for an equable surface distribution of radii vectores 

Hero M (r) -Jrdtfjjdfl, where d3 is an element of the surface, and 
with the notation indicated m Fig 480, 


M(r) £ ^"huumO i UidO aBin2^rf<#>/47ra 2 «167ra 3 /127ra 2 =4a/3 

11 Find the same mean for a distribution of radii vectores equably drawn 
%n all directions from O 

l)d(o j 4 , ln 

Hete M(r) ^ j j 2aum0 mn 0d0d</>=a 

Jdw 00 




12 Triangles are drawn on a given b<ise a, and with a given vertical angle 
a Fmd the average area [SanjAna, Educ Times ] 

Ul A ho tlrn voitox, BO the baao^a, 0 the cncumcentre, OA=R , 
making an angle $ with a \m fnatidaculax to the base Then R-a/2 sin a 
The imt pendicnlar fiom A upon BO #(cos 0+oosa), and if the mean 
\m for an nquable diatrilmtion of poaitionH of 0A } (Fig 481), 

M{f\ABO) | attf (co»<9 + co«a )dOfj Q M 


1 uR 

2 ir a 



(os a 



,*( -L.+ 

4 \tan a ir 


y 


13. (a) A person is left a triangular piece of ground whose perimeter only 
m known ; show that he may fairly calculate that the area is to that of a circle 
whose radius u the known perimeter as 1 105, sides of all possible lengths 
being equally likely to occur [Math Tkipos ] 
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(6) A straight line of length a is broken into three parts at random If the 
three parts can he formed into a triangle , j find its mean area 

[St Joh^s Coll , 1881 ] 

(a) and (6) are the same problem 

Let OA be the lme, P, Q the random points of division, P being the 
nearer to 0 , OP=x, OQ—y , OA — a Then 

and M (&) =J dxdy j J jdx dy 


o * p y~ x q a ~y a 

Fig 482 

The limits of integration are to be such that 
(i) (n) (y-a?)-Ka-?/)<t: v, (m) (a -y) + v <fc (y-a), 

%e an( * So the bmits aie, for x y y-^ to 

for to a Now putting ^—x—u y a — y=h ) 

a 

[Mb-u)du=^ =?(a-yf 

Therefore writing y=^+3, 

lu 

Also j fdxdy^j\a-}/)dy=^-, 

2 f 

^^ = I5B = l05 area a circ ^ e ^bose radius is a 

1651 The Mean Inverse Distance considered as a Potential 
Function 

In problems on the mean value of the inverse distance 
between pairs of points, much labour of integration may 
often be avoided if it be recognised that such problems are in 
fact problems on the mutual potential of two gravitating 
systems of material particles 

The potential at any point P of a system of gravitating 
particles of masses m ly m 2 , m 3 , etc , at distances r 19 r 2 , r s , etc , 
from P is defined as Sm/r 

The Mutual Potential of two giavitatmg systems of masses 
of two separate groups (m x , m/, tn/', ) and (m 2> m 2 ', m 2 ", ) 
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is defined as 'Sm l mJr Vi9 where r 12 lepresents the distance 
between m x and m 2 , etc 

But if the particles be particles of the same group , the 
mutual potential is JSm 1 m 2 /r 12 [See Eouth, Attractions , p 29 ] 


1652 Theorems in Potential required for the Problems to be 
considered 

In the case of a spherical shell of mass M % the potential at 
an external point at a distance r from the centre is Mfr But 
at an internal point it is M\a> where a is the radius 

In the case of a solid sphere, the potential at an external 
point at a distance r from the centre is again ikf/r, at an in- 
ternal point ^^(3a 2 — r 2 ), M being m each case the mass and 
o 

p the uniform volume density 
The potential of a thin rod AB at any point P is 

m log cot \PAB cot \PBA , 
m being the mass per unit length = mass/length 

These integrals are all well known, and are useful in the 
present class of problem Many other cases will be found m 
Routh’s Attractions 


1653 Suppose we are to find the mean of the inverse distance 
between two points P and Q, of which P hes on a spherical surface 
of centre C and radius a, and Q lies m any other region R which 
lies entirely without the shell 

Let dS be an element of the spherical surface, dR an ele- 



Suppose the surface and volume densities to be unity, and 
let PQ=p Then 


M J(potential of shell at Q)dR 

=Af S SETS P otentialofBatC 
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If any portion of R lies within the shell, let R t and R 0 
be the masses of the portions lying respectively within and 
without the shell , Q and Q' two points of the region R, the 
one outside, the other inside the shell Then 

ffd/S dR ((dS dR 0 , ff dS dR { 

JJ PQ ~))~PQ~ + }) PQ' 

=S potential of R 0 at C+S ^ 



Hence {potential of R 0 at 

(See a Theorem due to Gauss , Routh, Attractions , Art 70 ) 
If R lies entirely mside S, R o =0, R t =R and 


1654 Examples 

1 Find the mean inverse distance between a point P which lies on a 
spherical surface of radius a, and cl point Q which lies on a circular disc of 
radius b, whose plane passes through the centre of the sphere , and the disc 
lying (i) entirely without the spherical surface , (n) entirely within 



(i) Let 0 be the centre of the sphei e, p the distance between a pair of 
the points Then we have 


Af potential of disc at 0 
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If c = tlie distance between the centres, this may be expressed as 
_L_ f 2 » b(b-c cos d)dQ 

irb 1 I o x/^-26ccos^+ / c 2 ’ [Math Trip , 1884 ] 
•as 

(n) If the disc lie entirely within the spherical shell, we have at once 



2 Find the mean inverse distance of two points P and Q, one within a 
sphere of centre A and radius a, the other within a sphere of centre B and 
radius b, the centres being at a distance c apart (c > a -f 6) 



If F, V* be the respective volumes, PQ—p y 

M (l\ IJ^TGT J (potential of V at G) dV' dV' 

\p/ TV V ^ = vV 

1 fdV' 1 1 F' l 

-V'JlQ-V' Potential of Fat A-y, £,-1 

1G55 A Useful Artifice 


Let M 1 represent tlie mean value of any function of the 
distance between two points, one fixed on tlie boundary of any 
region, the other free to traverse the region Let M» be the 
mean of the same function when each point may traverse the 
region Then either of these quantities may be deduced from 
the other 


Let A be the aiea, or V the volume of the region, according 
as it be of two or of three dimensions 
Let R stand for A or V as the case may be Construct a 
parallel curve or suifacc by taking a length dn (a constant) 
upon each outward drawn normal, thus making an annulus 
or shell round the ongmal region (Fig 487 ) 

By this increase of the legion R , M % is increased by the 
cases m which one or other of the points lies in this shell, oi 
by both lying m the shell 
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The number of cases to be examined in finding M„ is 
measured by R 2 

The sum of the cases is measured by M^R 2 
The increase in this sum due to the increase of the normals 
from n to n+dn is ^(M 2 R 2 ) *» 


Again, the number of cases added by taking one end of the 
me on the shell and the other free to traverse the region it 
encloses, is measuied by R Sdn, where 8 is the perimeter 
(or the surface, as the case may be) of the region The same 
is true if the second end lies in the shell and the first is free 
to traverse the bounded region, whilst if both ends lie on the 
shell the number of added cases is measured by (Sdn) 2 

HenCe iL^ 2 W)dn=2M x R Sdn+M^Sdn) 2 , 


and as the second teim on the right is a second-order infini- 
tesimal, we have in the limit when in is indefinitely small, 

^(M 2 R 2 )=2M 1 RS, by which equation the value of eitliei 


M 2 can be deduced when the other has been found 
This artifice is usetul for circular areas or spherical regions, 
and may be used m other cases 




1656 Illustrative Examples 

1 (i) Show that the mean distance of points mthm a circle from a fixed 
point in the circumference, viz M v is 32a/9ir, a being the radius 
(n)Show that the mean distance between my two points mthm the circle, 
vis Jf* =128a/45jr [St John's Coll , 1885 ] 

Let O be the fixed point on the circumference and Ox the diameter 
through 0 r, 6 the coordinates of any point P (Fig 488 ) 

j Jr 2 d$ di 2 jj(2a cos 6fd6 g 2 


(i) Jf 1 = Jlf(OP) = 


(frdedi 3 /■*.. 3 

JJ (2a o*4)* d$ 


3 32q 

*1 7r 9ir 
2 2 
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(») A gam <*{0ra*) J Jf,}-2 ira? %nada ^=i|® T0 4 rfOf 
and M t vanishes with a 

and Jf.-IM* 

457 r 


2 (i) J?W Jf l( the mean distance of a point on the surface of a sphere of 
radius a from internal points 

(u) Find M 2 , the mean distance hetxoeen two points within a sphere of 
radius a 


(i) M t = 


jj Ji 7 2 fain 6 dd d<j> dr * 

iff. ...... = 4 jtc? i 2,r < 2 “) 4 * [*«** 0 sin 0 (id = ^ 

I I 1 9 2 sm ddQdfydt * Ta 5 


(") d{(}ira*) a -«C>=2 lira? W da y, 

and Jjf 2 vanishes with a , 

Uira^-MWiirW and Jf 3 =ffa 

3 Jfeon distance of points within a sphere of radius a and centre 0 from 
a given external point 0, OC—c 

Let OQQ' he a choid through an internal point P, whose coor dinates are 
*> 6 with tefeienoe to Oas ongin, and let <j> he the azimuthal angle of the 
plane OOP Then 6 

U<r) ~i£ ’Hr ,a Ve /4 -O0*)sin 9d6 



Let QQ'=2z , then 

«* =“ 2 - S 111 J 9, z dz— - <2 sm 9 cos 9 dd = - } (OQ+OQ')c sin 9 d9, 
and the limits for z ai e from a to 0 

4 Mean distance of points upon the surface of the sphere from a point O 

without the sphere 

The number of cases in which P can travel se the whole sphere is 
measured by %7ro* Theiefoie the sum of such cases is — J 
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The change effected in this by increasing a to a+da, is 

E* ™*( C+ 5 f)*-w( tf +} a l)da 

The number of these introduced cases is to the first order 4x« s io, the 
new cases being ^ those of the points on the shell Hence the mean 

required =c+i — 

3 c 

5 Find the mean distance of all points P within a sphere of radius a and 
centre C from a fixed internal point 0 , 0C=c 

Here M{OP)=±j j jr'sweded<t>dr=JL ^J|>*]sin0dd 

Let QOQ' be the chord through P, AO A' a diameter and BOS' the 
perpendicular choid Let AOQ=0, AVQ’~0' We may replace [r*] sin 6 
by OQ l sin 0 + 0$'* sm 0’ and integrate with regard to 6 ( = ff) from 0 to 
I , for having integrated for <j> from 0 to 2r, all elements will be thus 
summed Now 0Q*+0<P-2(<*+4»)-44*sin»& and 

OQ*+ OQ 1 * = {4 (»’ + c*)* - 2 (a* - c*)*} — 1 6c* (a* + c*) sin* d + 16c 4 sin 4 8 


Hence 



• Jf(OP)= ^»{< 2<l * +12 “ ,c, + 2 < ; ‘)-?^ J +c*)+i6c‘ i*l_2 a+ l£!.2 t 

K 3 ' 5 3/ 4“^2 a 20 o* 

When c=o this becomes 6a/5 

6 Deduce from, the last result the mean distance between two random points 
within a sphere 

Taking C for pole and r„ $ v <#>, as the coordinates of 0, the sum of the 
cases with a given point 0 for an extremity is 


Multiplying by ij* 
we have 



T— 4.1 ?jl_ J_ !1 4 ”1 
L4 2 a 20 a* J 


sin 6 < l d& 1 d<l> 1 dr l and integrating through the sphere, 


Mean value required =^r }1 ~ira‘ 2x 2 
as otherwise m Ex 2 


f § a a? J_ X 

L 4 3 + 2a 5 20a 8 


a 7 T 36a 
7j” 35 8 
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JJ^fw ^ dl3tanCe ° fa g% ™ *"* 0 • Where from pants 

The m of the cases of distances of internal points from O being as m 
the last example x(a‘+|c«a*-*c‘) is increased by ,(4 a *+ S 

« .1. „*« fc» u. „ v .„ ™ *‘oT "“* " PO “* 


T^4a*+ j c*a^(fo j 4jra*(fa=-a+i — 


JL *"J ‘ Ae , roCaB **!"“■ 6etoeen tie snr/ace* o/ ftoo conceninc 

o/ radn a lt a, /row an external point P at a distance c from the 



therefore 4jnr* dx^o+g ; 


M(PQ)= j . 


-=c+I 5j1=V 


Taking Q any point of the shell distant * from the centre, the mean 
value of PQ is c+- 1 , and the number of cases between the spheres of 
radii *, x+dx s The sum of the cases for this thin shell is 

J - m y / 1 a; , \ 

for the shell of finite thickness, 

/q> a, ( C + 5 7> 

/ _ «| 

4ttx* dv 

a, 

2^^ ^ d ' etanC * ° J P ° mta “ Where of radius a and 

« ASL-ls- -ST JT" •*- XI 

Ut r id 9 b. tm „<4 ppm,, « I,,„g tflI , l ,„ i o,. , Fo , 

V «h» b, | £) H „ 

Let dV be an element of its volume Then 

, jV _ v 

J a i 


762 


CHAPTER XXXVI 


In the pai ticular cases stated below, we have 


I a 2 

( i ) = 0 ^, M=a l +~ — , 

(...) a=0) ^=?tok^p, 

4 a 1 2 +a l a 2 -\-a 2 i 


6a 


(u) a 1 = a 2 =a, M=-^ . 

(iv) ^ =a 2 and a=0, M—a x , 


z v ,y 3 (a + a 2 )(7rt 2 +5«, 2 ) , s ^ n at <*a 2 

(V) W M= % a'+aai + a^f ’ < vl > a ' = a = °’ 



Fig 492 Fig 493 


10 Find the mean distance of a point P which lies between the surfaces of 
a spherical shell of inner and outer radii a x and a 2 from a point Q, which 
lies between the surfaces of a concentric spherical shell whose inner and outer 
radii are b x and b z (& 2 > b x > a 2 > a,) (Fig 493 ) 

Let 0 be the centre, OQ=x Foi a fixed position of Q , 

M(PQ)=x +~ “ 2 ‘— 4 
v 5a af — uf 

and the numbei of such cases is measuied by — c^ 8 ), and their 

r 1 a 6 — a 5_ l 

sum by $7r(a 2 8 - «i 3 ) #+* — ^ ^ = F{x\ say Hence when Q is 

L. DOS a 2 

fi ee to traverse the outer shell, we have 


M(PQ)= 




J ±irx 2 dx x |7r(a 2 3 - «i 3 ) J a? dz 

3 bf-bf , 3 a^-aS bj-b? 

”4 V - b* * 10 a 2 3 - ctf bf - bf 


11 Mean distance of points Q within a sphere of radius a, from points P 
on the surface of a second of radius b external to the former 

A and B being the respective centres and P a given point on the 
suitace of the second sphere, the mean of distances from P of points 
1 a z 

within the first =r+- — , where AP=r 
5 r ’ 
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Hence the sum of the cases is measuied by -7ra 3 (V4*- 

3 V 5 r) 

J±±±rt 

JjTTU 3 d/S 


are to find foi the second sphere 



Fig 494 


Hence we 


Now f? dS= 4irb*x mean distance of points on the second sphere 
from A = 47 t& 2 ^g + i j 

and = potential of a shell of unit density at the point A = — ' , 

mean value i equn ed = - ^ c { c 5 + I — 

4 4^ C + 3c + 5o 

12 Mean distance of two point* Q and P, one on each of two spherical 
surfaces of radii a and b, each outside the other 
A and B being the centies, ? = A}\ the mean of the distances on the 



sui face of the first spheie fiom P=r+l — , and the sum of the cases is 
f 1 ^2\ ^ ^ 

measuied by 4ira*^f +3 Hence, we have to find foi the second spheie 

fdS 


J 47 r« a 

.( , X ct‘) 

V+srJ 

| dS 

1 

4ira t d8 


a* J r 1 6* 1 a* 

+ J~S~ =c+ 37 + 2 7 
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13 If each of the points in Case 12 be allowed to traverse the interior of its 
own sphere , 


M(PQ)= 


/W r +i7) ff 
/ 1- 


taken through the second sphere 


-7ra*dV 

14 Mean distance between points P and Q, P lying anywhere within a 
sphere of centre A and radius a, Q within a sphere of centre B and radius b, 
enclosed entirely by the first 

Let AB=c, BP=r First fix P Then 

(i) if Plie without the smaller sphere 
1 b 2 

M(PQ)=r+- — , and the number of 
o r 

such cases is measuied by 
(n) if Pile within the smaller sphere 

the number of 





Fig 496 


cases being, as before, measured by 
^7 t6* 

The sums of the cases are therefore 

3 ri *( ,+ 5?) 

md 3’ r6s (f 6+ i5~2fjJ 5 ) 

These are to be summed for all positions of P In the second expression, 
P necessarily lies in the smaller sphere and in the first expression the 
integral through the shell is the difference of the integrals taken through 
the two spheres 

The first therefore yields -r7r b*( frd1 r +tL [*L . !_\ dV being an element 
of volume, 3 r ' * 

The second yields 

L 1 JJ vb ’(i 6+ M-m^y , ‘ nD0ddi< i ,dr= ^ b7 2 if 


Adding and dividing by $7ra*x^r&*, the mean value required is 

— 1 c> r< 1 W 3_ b* 

4 + 2a 20a* iOa 10a 3 ~l40a» 

When c^O and a= b this reduces to §£a, the result Ex 2 
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15 Mean distance PQ , where P and Q he , one wthin a sphere of centre A 
and radius a t and the other within a sphere of centre 1$ and radius b f the 
spheres intersecting , where AB=c ( > a) 

Let BP=r Fix P Then, (Fig 407), 

(i) if Plies without the 6-sphoie, the sum of tin* case s is measured by 



(n) if P lies (at P / ) within the h sphoi e, tho sum of the t ast h hi measur ed 
by |rf3(|6 + I j-£ bz ), whole » 1H now nr 




We have now to sum +^)<f Ffoi the oc-Hphm e, omitting the Imw, 

and fi Tb ’( l 6 2 b M») d V f '“ thn lm,M > 

and after addition to divide by the measuio of tlm whole number of 
compouud cases, viz ^ ira* fab* 

Now the integration of any function </>(/) of the distance r of n point 
F flora an external point P, can bo conducted thiough the legion en< lotted 
by the lens as follows 

Let 7, V' be the vertices of tho lens (Fig 4f)H) Then if t be distance 
from V of the common piano section of the sphoi e of radius a and 
centre A with the sphere of centre It and ladms >, we have 

a t t f Ml 

r " 2c» ^ % 


and if r increases to r+dr, the volume of tho lens increases by 

a*-(7 -c) 1 . 


2wr -- 


2c 


dr, 


this being the volume of tho added lay pi 
Every point of this layer is at the same dwtanc e r from It Hence the 

integration of <j>(i) thiough tho lens is |V(>)^(<i 3 (* with 
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limits c — a to b, and for the rest of the ct-spheie with limits front b 
to c + a And we have 


J'r n dl r =?J^’‘+ , {( a 1 -c 2 )+'2cr-> 2 } di 


Hence 


— C r n + 2 »"+ 8 » w+4 1 

=?{(“ 2 - c2 )^r 2 +2c ^3-,TT4}= 7 '‘ 


say 


The mtegials [/_! I and /o are mtezesting fiom anothei point 
L J 6 L_ -*0 — a 

of view, and reduce as follows 

r/_ 1 T +a =~(c+a~6) 2 (2a+6-c), and is the potential at B of the 
L J& 3c meniscus FGO taken as of unifoim unit 

volume density 

[l 0 T (a +■ & - c) 2 [(a + 6 + c) 2 - 4(a 2 - a& + 6 2 )], and is the volume 

c ~ a ° of the double convex lens 

1657 Mean Square of Distance between Two Points 
Let P and P r be random points m the respective legions 
R and R r , which may be one-, two- or three-dimensional Let 

G, G' be the respective 
centroids of these regions 
for a uniform mass-dis- 
tnbution, and the line, 
surface or volume den- 
sity, as the case may be, 
be taken as unity Let 
H and H' be the moments of inertia with regard to the respec- 
tive centroids, viz SmGP 2 and 'Em'GP' 2 Then taking R, R! as 
the lengths, areas or volumes of the regions, as the case may be, 
M(p 2 )=GG' 2 +H/R+H'IR' 

For M(p 2 )=^PP'*dRdRj^dRdR', 

and ^PFHR'=K PG' 2 +H' , 

(Lagrange's Theorem, Routh, A St, I 436 ) 
PG' 2 +E')dR= R'{R GG' 2 -j-H)+H' R , 

also JjiB dR'=R R, , M( P 2 )=GG' 2 ^-H/R+H'jR' 




Fig 499 
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The values of H and H' are known for many elementary 
cases 

Cor I Centroids coincident, GG'=0, M(p 2 )=H/R+H'/R' 
Cor II ( 1 ) Regions identical, M(p 2 )=2H/R 

(n) If the region be a plane lamina, 

H/R= sq of radius of gyration=& 2 , M(p 2 )= 2F 

1658 Examples 

1 For two ellipses, semi-axes (a, b) and (a', P), lying in the same plane, 
c the distance between the centies, ^(p 2 )=(a 2 + 6 2 + a' 2 + 6 /2 )/4 + c 2 

2 If R And R be the same square of side a, J/'(/j 2 ) = a 2 /3 

3 If II and li! be the same sphere of radius a, within, which each point 
may move, J/(p 2 )=6a 2 /5 

4 If R and R be the same sphere of radius a , on the suiface of which 
each point may move, M(p i )=2a 2 

5 If P moves on the suiface of a sphere, and i^ona diaruetial plane, 

Af(p 2 ) = 3a 2 /2 

6 If ? moves on the surface of a sphoie, and P'ona great circle, 

M(p 2 ) = 2a 2 . 

7 If Pand P / move one on each of two stiaight lines of lengths 2a, 2 6, 
whose centies are a distance c apait, i/(p 2 ) = c 2 + (a 2 + Z> 2 )/) 

If the lines be identical, J/(p 2 ) = 2a 2 /3, 

with the same result if not identical, but with the same centre and of the 
same length 


1659 If one of the two points be fixed, say l y > and P traverses a 
region P, then taking P' as origin 0 Then 

M(p 2 )=j0P !i dR/ fdR=OG 2 + l//R 


1660 Examplfs 

1 If 0 be the centre of a square of side 2a which P may travel se, 
J/(p 2 ) = 2a 2 /3 


2 If 0 be a point at distance c from the centre of a circle of radius a in 
any position which P may traverse, M(p 2 )=*c 2 +a 2 /2 

3 If 0 be the centre of an ellipsoid of senu-axes a, 5, c, throughout 
which the free point may ti a vel , M (p 2 ) = (a 2 + b 1 + c^/S 

If 0 be the extremity of the a axis, i/’(p 2 )=a 2 + (a 2 +6 2 +c 2 )/5 

4 If P lies on the circumference of a semicn cle and P' on the diameter 

of length 2a, , , , , , . 5 

M{p 2 )=-%i+™ (a 2 --^jira+j= 4a 2 /3 
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Others is© — with the notation of Fig 500, 



Fig 500 Fig 501 


5 If P lies on the cucumfeience of a circle, and on one side of a given 
diameter AB and P' on the opposite semi circumference, OQ'=4al ir , 

Otherwise — If 0 be the centre, AQP—0 , A0Q=<p, (Fig 501), 

M(p*)~fJ f* ia 1 sin 2 ddd<f> I J* j” d$df=^ £ J’ {l-cos (6+<f>))de<fy 

= etc = 2a 2 ( it 2 + 4)/7r 5 


1661 Mean nP Power of Distance between two points P and Q 

Examples 

1 Let AB he a given straight line of length a , P and Q two random 
points upon AB, P being the one more distant from A , AP=x, AQ=y 

*«*■> =r r ( *-3' )n ‘Wr r d * d ^ix jji ^JZ dx i f *** 

*=— i-r f x n+1 dx I I xdz—SaPftn + l)(n+2) 
a+ 1 Jo J Jo 

2 If P lies on the cncumference of a circle, and Q be at a fixed point 
0 of the circumference, C the centre, (Fig 502), 

v ir 

r-j o rT 2 n + 1 a” 

M^OP 11 )— 2 1 OP n 2ad0/cncumf = -(2 a) n J^ coa n $d$ = — — — K u 


where X 1 = 


(n-l)(n-3) 2 

n(n—2) 3 


(?i odd) oi 


(a- 1) 1 t r 


- (n even) 
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3 If P lie within the cncle, and Q be at 0, (Fig 503), 


/•a r 2a cos 0 

Jf(OP") = 2 r» 

'0 IQ 


wheie 



Fig 502 


2 n+a a n 


"(n+2)ir^ s ’ 



Fig 603 


4 If P and Q both lie within a circle of radius a, M(PQ n ) may be 
inferred from the last result Let M be the result required The 
number of cases is measured by ttcl 2 x i ra? and their sum is measured by 
MirW If the radius be increased to a -{-da, the increase in the sum 
d 

rW)da This increase is brought about by the addition of the 


cases in which P oi Q or both lie on the annulus, and is 

2 n+* a n 2 

2 2ira da 7r a 2 — — g -r - K 2 + 27ra da 27 ra da , 

(n + 2)7r * 7 r 11 

the first factor 2 being inserted because either P oi Q may lie on the 
annulus, and the second term arises for the case m which both lie on the 
annulus, but is a second-order infinitesimal 
Hence, M vanishing with a, no constant of integiation is requned, and 

2 n + 5 a n K 2 


2"+‘a"+* ^ 


jW— 7 


w + 2 '‘“ a » (ti + 2) (w-b 4) 7 r 

[The lesult was given by the Re\ T C Simmons, Educ Times, 7943, 
p 120, vol xlm , a different proof being adopted ] 


5 If P lies on the surface of a sphere of radius a and Q is at a fixed 
point O of the surface, then, (n > 0), 

ir 

JU(OP n )=^p jT( 2a cos 0)"2jr(2asm 0cos d) 2ad# = 2(2a) n /(n+2) 


6 If P and Q aie both free to move on the surface of the sphere and 

n> 1, M(PQ n )= j J rHSdsj J jdSdS= etc =2(2a) n /(«+2) 

[This result might be inferred from Ex 5 ] 

7 If P lies within the spheie and Q is at a fixed point O on the sm face, 

M (OP n ) = 12(2 a ) n /(n -H 3 )(n+ 4) 
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8 If P lies within the sphere and Q be at the centre C, 

M(CP n )=2a n l{n+2) [St John’s Coll , 1883 ] 

9 If both P and Q lie within the spheie, proceed as m Ex 4 
Then M{PQ n ) = 2 n +* 3 2 a"/(w+3)(?i + 4)(w+6) 

10 If one point lie within the spheie and the other lie at a fixed point 
0 without the sphere, let OQQ' be a chord through P, C the centre, 

C0Q= 0, a the radius, CO = c, OP =r, 

M(OP n )=j JJr» r J sm 9 dd d<p dr/xol =^ 3 ^ 3 / (W***- - OQ n+> ) sin 9 id, 

and OQ , OQ' are the roots of p 2 - 2 cpcos 0 +c 2 -a 2 — 0 
For the evaluation of this integral it is convenient to take QQ' as the 
variable when n is odd and 6 as the variable when n is even There are 
two algebraical identities useful m such cases Let «, ti — r 2 —d. 


r i r 2—P 

Then, by putting into Partial Fractions [a? - 8x+pY~\ expanding both 
sides in inverse powers of x , and equating coefficients of l/^? w+1 . 



Fig 504 Fig 505 


If m be odd, the indices of a are all even Substituting for a 2 its value 
d 2 + 4 p and exp an ding each term, the series all terminate, and we obtain 

r m _ r m = d m + md m ~ 2 p + ~ ^ ^ d n ~ a p 3 + (-A.) 

If m be even, 

( »-a) - 

0,8 v 12 

m-2 m-i * . .. m ~ 6 

= (i‘ + 4j>) 2 -(m-2)(^+4p) 2 y+ (m - 3 1 ) 7 -- ) (^+4j) ) 2 p-- .. , 

whence, expandmg as before, the series all terminate and, m even, 

r t OT -r t m =sd {d™-* + (m - 2) d”*-* j) + j. (B' 

( 1 ) Suppose, for instance, ra=3, m =6 Let QQ'=x, 

Jf(OP3)=-^ smddd 

= 4a 5 / t- 27 * + 4jpa? a -i- 3j) a ) sin 8 d& (from B) 
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Also 

«=2ccos0, # a =4(a a -c , ’sin 2 0), p=c 2 -a 2 , %dx= - 4c a sin 6 cos 0 dQ , 
whence 5 sin 0 dd~= — t di/2c, 

and M(On= a*o + A £ 


(n) Suppose w=4, m= 7, 

T / (ri? “ ra,) sm 9 w 

o / sm- 1 - 

=— 3 J c (& 7 + 7pr 5 4-142> a ^+7p 2 s)sin0rf0 

..Bin- 1 - 

Let I r —j c i r sm 0d0 Put P = t r cos0, a <fo?= -46 2 sin 0 cos 0d0, 

^=etc = -(r+l)^sm0-4i>rr’- s sin0, ^=^1 

Using this reduction formula,, we may show that 

I, + 7pI t + Up%+ 7 =^+/g (2«) 5 P + 3^ (to)»jp*, 
and finally Jf(OP 4 )=c 4 +2o2c2+ ?a 4 

11 Jf’iTid the mean value of x 2n for all points on a spherical surface with 
centre at the origin and radius a , the distribution being for equal surface 
elements 

1 f* a 2n 

W=^J o (acos0) an 2n-a sin 6 ad ^=2^+l 

M(x 2n+1 ) is e\ idently <seio Foi the values of # 2n+1 for which ^ is 
negative, cancel the corresponding ones foi which % is positive 

12 Find the mean value of (lx+my+nz) 2I> taken over the same spherical 
surface 

Changing the axes so that Ix+my +nz=0 becomes the new y z plane, 
lx-{- + = X>fl 2 -b +, and 

M[ (Ix+my+nz )™] = ( l 2 + m 2 + n 2 )» a 2V /(2p + 1) 


13 Find M (x 2p y 2Q z 2r ) over the same spherical surface 
Jjetp+g+r=k 

(2 ky 

Then — — 


(ap)i(2sr)»(8r) . 

=coef l**mwn ir in (P+m 2 + n 2 )k jX zk dS 

= coef l 2V m 2Q n 2r in ( l 2 + m 2 + n 2 ) k 47ra 2 *+ a /(2& + 1) 

k « W^+ 2 

p'qlr' 2 & + 1 * 

y 2 ' (2fc)' pig'r 1 2jH-2j+2r+l 
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14 Find M (Px 2 Vy 2<2 z tr ) taken over the surface of an ellipsoid of superficial 
area A , semi-axes a, b, c, where P is the central perpendicular on a tangent 
plane , the distribution being for equal elements of area . 


M {Px>»y™ 2 ir ) = i | dS Then 'writing |=-|, |=^, 

l PdS =\t £d *> 


where do- is the corresponding surface element on th e sphere ^ -f t? 2 + f 2 = -B 2 * 
we have as the mean value required 

1 a™b*W r abc n U (2^)» (2?)t (2r)i 4 tt a 2 »+ 1 &w-H<;*'+i 

4 2* 2 ** 2 «+ 2r ip ^^“(2*)' ^ ? «rl 2A?+1 A 1 

where 2 >+g+r— fe (See Routh, Pig Dyn , pp 7 and 8 ) 


1662 Mean Areas and Volumes 

Examples 

1 Find the mean value of the areas of all triangles which can be found by 
taking at random three points on the circumference of a circle of radius B 

A A 

Let 0 "be the centre, A PC a specimen of the triangles , AOB = 0, BOC = <p 



We may fix A <£ vanes from 0 to 2ir - 0 , and 6 from 0 to 2rr Then 

r2ir r2i r—0 

1 {sm 0-f- sm<J> -sin (0 + <p)} d0d<f> 

M(&ABC)=%- etc -aV/ftr 

Jo l ■“* 

2 Find the mean of the areas of all acute-angled triangles inscribable as 
m Ex 1 

Here 6<ir, <f><rr, 2ir— 0 — <f><rr The lnmts are therefore 0= 0 to 7r, 
<f)~7r — 0 to it, and the mean = 3i?*/7r 

3 Find the mean area of all right angled triangles inscribed as before 
Take A as the right angle Then = it and the mean ~ 2B i Jir y and 

there are the same number of cases "with the same sums if B or C be the 
right angle Hence the mean = 2B?/r. 

4 Find the mean area of all obtuse-angled triangles inscribed as above 
Let A be the obtuse angle Here 6<tt ) </>> 7 t, 2tt— 6— <f><rr Then 

the limits for 6 are 0 and 7r, and for </>, t and 2ir - 8, and the mean = B*/rr 
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5 Find the mean area of all triangles formed by joining three random 
points on a sphere of radius a [Math lgg3 

Let O be the centre Consider first all the circular sections nomal to 
a given dnection OA Let P be any point on this circle, PN a peipen- 

dicular on OA AOP= X Then the mean area of all tnangles inscribed 
in this cucle =3o J sm 2 X /2ir, and the number of such triangles is measured 
by 2ir* (Ex 1) Theiefoie the mean for all triangles peipendicular to the 
line OA for equal increments of x is j’^^Xd^^/in-, and the 

mean is obviously the same for all dnections of (Ll.since the number of eases 
and the sum of the cases is the same for each direction of OA (Fig 507 ) 
A disti ibution of different nature, e g for equal mciements of x, would 
give a diffeient result, viz dx^a 2 /^ 




6 Find the mean value of the volume of a tetrahedron whose angular points are 
four random points on a sphere of radius a (Fig 508 ) [Math Tbip , 1883 ] 
Without affecting the pioblem, we may take a set of bases fixed in 
duection, say noimal to a given radius OA Let one of the bases be on 
the circular section thiough the ordinate PN Then, as the vertex of the 
tetiahedion travels in a circular section parallel to the base and thiough 
a second oidinato P'N ', the volume remains constant Theiefore the 
mean volume of the tetrahedron, with veitices on the plane through P'N' 
and bases on the piano thiough PN 

l 3 NP 2 a A 

= ]nN' Let A0P= Xli AOP' = X2 

The me«isuro NN' of the per pendiculai height of the tetrahedron changes 
sign as N' passes thiough N To avoid negative signs for the volumes of 
tetrahedia with vertices on opposite sides of their respective bases, we 
separate the intogiation into two paits The expression foi the mean 
volume lequiied is then 

jTT| 0 ( 1 < >l f Xi - w,fi Xi) d Xi d Xi + [J I *' 3 ^^«(M>s Xt -cos Xi) d Xi d Xi 

0 > a xi 

which, after intogiation, gives 1 6a 3 /97r’ 1 
The distnbution hero taken is for equal increments of \i and Xa 
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7 If P, Q, R be random points on the three sides BO , GA, AB of a 
triangle, find the mean values of the triangles AQB , BRP, CPQ, PQB 

A [R Chartres, Educ Times ] 

Let *!, x 2 , y u Vi , ** be the respective 

parts into which the sides aie divided at P, 
Q,B,A the area of the triangle ABC, 

^ 2 ^ 1=1 



Jf(4QB)= J‘J° ^ 


‘ft fO 

fo Jo 


Similarly 


M(PPP) = Af(CPQ)==j 


K(PQR)= 


1663 Miscellaneous Mean Values 

Examples 

1 The value of a diamond being proportional to the square of its weight , 
prove that, if a diamond be broken into three pieces, the mean value of the 
three pieces together is half the value of the whole diamond [M Trip , 1875 3 
Let x y y, z be the -weights of the portions, W that of the whole Then 
we have to find the mean value of x*+y 2 + *\ where x + y+z=W Refer- 



ring to Cartesian cooi dinates, s + 1 / + s= F is the equation of a plane If 
d<r be an element of aiea of the intei cepted tuangle, the mean value is 

j* (ic 2 +S/ 2 4z 2 ) d<r j j <Zcr=(morn of m with respect to the origin)/ area 

(the sum of the moments of m about the axes)/area 
Let 3A he the area of the triangle Then, concentrating A at each 
mid-point (Routh, Big Dyn , Ait 35), 

{(? H?) )] 
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2 It is required to find the mean value of the inverse distances of points 
on a circle of radius a, from points on a fixed diameter AB 
Let P be a point on the arc, Q a point on the diameter, 0 the centre 

POB=9, POA = 9'=w-9, PAB=<f> u PBA=<p lt PQ=p, OQ=x 
Then 0=2<fi, ff = 2<#> a (Fig 511 ) 

Now f* ~ is the potential at P of a matenal line AB of unit line 

J-a p 

density = log cot ~ cot ^ ( Ai t 1652) 

{f logcot T^ + r logoo 4 a ^} 

=Mf log cot 2 1 d<t>l+ /> COt ^ ***}"« />- 2 a X 

= 4s / 2 /ira (Ait 1074) 




Fig 511 Fig 512 


3 o is a fixed point on the circumference of the base of a hemisphere 
with centre G P and Q are random points on the surface , find the meab value 
of the angle between the planes OCP, OCQ (Fig 512 ) [Cams Coll , 1877 ] 

Let AOA'O' be the base of the heniisplieie, and B its vertex, C the 
centre, CM, CB } CO being taken as the lectangulai cooidinate axes Let 
and </> 2 be the azimuthal angles of the two planes OCP, OCQ , P being 
taken as the point on the plane with the guatei a/unuthal angle Then 
if the distubution of the points P, Q be ono foi equal elements of aiea, 
the mean requned is 
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4 Prove that if 2c be the distance between the foci of an ellipse of semi- 
axes a and b, the mean value of r~ 2 r 2 -2 / {i"( r i + r a ) a - c 2 }, with respect to the 

area, w eq^ial to i > r i> r 2 hetng the focal radii of any point 

within the ellipse (Fig 513) [ 7 , 1890 ] 

_ x 2 y2 %2 yi 

Taking -f ^ =1, ~ = 1 as confoeals through the point, 

fi 2 =(c+a:) 2 -fy 2 , r 2 2 = ( g - xf+y\ r t 2 - r 2 2 = 4cx, 

ri+r 2 =2^+-A., fj — r 2 =2s/c 2 — p, 
^=n / '(c 2 +A.)(c 2 -/i), cy=z\f\fj., A+j^ry^, 

3(a> y) _1 Vj_ 

3(A, /a) 4 c 2 ay 

Mean required = fj ^/(X)/ffdxd V = ^ ffjffi/O), 

the integration being taken through the first quadrant, 

4 (i* [*l 1 f(X)d\dp 

irab Jo Jo 4 A+/x \/Api \/(c 2 -f- A)(c^ — /a) 
s I [» f(X)dX re djjL 
irab Jo VAn/^-hA Jo (A + /x)\/jx\/c 2 — p 

I*t A*=tj (1 -COS 6), d,j.=~ Bin Odd 


* dji_ 

(A+/x) \ZJi - 


A+^sin 2 -^ 


Hence the mean required 



Fig 613 Fig 514 


6 Through P, any point within an ellipse , a chord QPQ' is dr aim parallel 
to a given semi dwtmetei p Slimo that the mean value of (j>(QP PQ') for 
all points within the ellipse is 

ir 

2/ o <K P W0)sin0cos0cW 1885 i 

Draw a similar and similarly situated ellipse thiough P (Fig 514 ) 
Then QP PQ retains the same value for all points on this ellipse, viz* 
OB 2 - OB'*=p 2 cos 2 6, where p= OB and sm 6 is the ratio OB' OB 
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m<KQP PQ')}=- 


If A and A' be the areas of the larger and smaller ellipses, 
A'=Asm*0 and dA'=U sm <9cos<?rf0 

[<\>{QP PQ')dA' 

Q'ft = i_ /•* 

JdA ' ~ Jo ^ 0088 ^ 81,1 9 00 i6d< * 

6 EU%pses art drawn mth the same rmjor owe 2a and any eccen 
tnaUes, show that the mean length of their perimeters is 

IT 

)} 

[Sr John’s, 1886 ] 

Taking all eccentricities as equally likely, the mean perimeter is 
4 a J 0 [ *y/r<fyd»j£de (Art 567) 

J t -Jl - e 2 sin 2 ^- =sin \]s jf* V cosec 2 ^ - ? de 

= 2 31r * Vcosec^i/f - s 2 -}- cosec 2 ^ sin^esin^-J 1 

= i (cos \p -f \p cosec \js) 

Mean Peumetei 

ri v 

= 2a / (tos-f +i/r cosec i/r) cty=2a { 1 + F-JL-mX 

L Jo sin ^ r J 

= 2a|l -1-2 (p - i +-, - by Art 1074, 

= a x 5 66386 


Now 


7 Show that the average values of the lengths of the least, mean and 

greatest sides of all possible triangles which can be formed with lines whose 
lengths lie between a and 2a are m the ratio 5 6 7 [Math Trip ] 

If the sides he taken ci-t- r, a + y* ct-j-s, the iatio of their means is 

8 Find the mean value of xyz for points within the positive octant of the 

ellipsoid a -2 # 2 + ■ +<’” V- 1 [Ox II , 1890 ] 

Use DuichletN integral, -Ait 962 M(ayz) = abcf 87 r 

9 If a point be taken at random within a tetrahedron, then, of all 
parallelepipeds which can he deacnbed having the line joining the point 
to one of the angular points as diagonal and its edges parallel to the 
edges of the tetrahedron winch meet at that point, the average volume is 
one twentieth that of the tetialiedion 
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10 Show that for positive values of v y y, s, with condition 

ar 2 x 2 -\-b~ z y z -hc~ 2 z 2 ~ 1, and ? being >1, 
the mean value of (xyzf- 1 foi an equable distnbution of aiea oi 

(«6.)~>{ r (i) j"r (’±3)/» r (^±i), 

*hich for 9=2 reduces to iabc/l5r 

11 Find the mean value of [xyz) T ~ l y t > 0, where r, y, z < 
coordinates foi points within the triangle of reference 

[ [ v r ~ 1 y r ~ :L (I — x—y ) r - 1 dx dy 
We requue JJ 

for positive values of r, y, 2 (see Art 975) = 2{I>)}7r(30 

12 Show that if y, z, u are the tetrahedial coordinates of 
within the lefeience tetrahedron, M{{xyzuf-^, (r > 0), =6{r<r) 

13 Show that if ? > 0 and a lf ^ 2 , # n be all positive and si 
the condition a^-f x % + +s n = 1, then 

Maw* an) f “ 1 } = r(?i){r(r)>«/r(? i ? ) 

14 Show that if i 2 , i n be all positive, the mean 

for positive values of x x , x 2: v n subje< 

condition % r = 1 is YMT^) r(» a ) r(i n )/r& t ) 

15 Show that the mean value of Ayz-\-Bzx + Cxy for positive 
y , 2 subject to the condition ^-+y-hz = 1 is ^(A-hB+O) 

16 Show that the mean value ^-{-y 4 H-« 4 foi positive values 
subject to the condition x^y + zsslis} 

17 Show that the mean value of (A, B , <7, D, E \ F)(x, y, *)* foi 
values of *, y, 2 subject to the aieal condition x+y+z = 1 is 

^(A -I- i? -{- (7 -f- .Z) •+■ -P) 

18 Zetf thei e ben points upon the v criis y and let positive Old 
increasing magnitude be elected at these points , their sum being l 
mean length of the i th ordniute [Laplace, ToDHUurtR, Hist , 

Taking as oidmatesy^ ?/ 1 -fy 2 , yi+*y 2 4 -y 3 > 2/i+ -f y w , then 

+(»-%!+(*-%•+ +y n = l 
Putting wy x = a 1} (« — l)y 2 =^a 5 we have 



We then requue IL Et^ll + ^Tl) ***** d 

Jj j di 1 dx i dx n _ t 

which gives i{I + _L^_l_ + 4 ._L_} 
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19 The de n8l ty at any point of a tnangular lamina vanes as the 
product of the perpendiculars on the sides Show that the mean density 
is 9/20 of the density at the centie of inei tia of the triangle * 

1664 Certain Inequalities 


If a, b, c, be any positive quantities, n m number, and 
m, r, a, ji, positive integers and a-)-/3-f =w and m> r, 
we have 


w 



/ H \ ^ Ea r Sa m-r 

W n ^ n * n ’ 


, . 2ov 

' n n n n 


(Smith, Alg , Art 348 ) 


That is, the mean of the squares > the square of the mean , 
the mean of the m tl ‘ powers > the product of the means of 
the r th and (m—rf" powers , and so on. 


1665 If a, b, c, beieplacedby <}>(%)> <j>(a 0 +2h), . , 

the values of a positive continuous single-valued function of sc 
for equal infinitesimal increments of the variable, we have the 
mean value of the squaie of the function > the square of the 
mean value of the function between the same limits, with other 
theorems of a sirmlai natui e. That is* 



> 


> 


| < p (x) dx 

l ITT 

| 4 [<•/•> (as)]' dx f 4 [<j> (»)]”•-•• dx 

_ Jp 

[dx [dx 

Jp Jp 


etc 


1666 General Mean m Terms of Means restneted m Various 


Let thoie ho two legions f2 x and mutually exclusive 
Let two random points P and Q be taken m the combined 
region, and let </> be Home function of their positions, say- foi 
instance then distance apart, its square ox its n th power 
Several cases may occui ( 1 ) Both may lie m ( 11 ) botli 
may lie m 12 a , (in) and (iv) eithoi may lie m and the other 
m f2 2 
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Let M ltl , M %29 M lt2 be the mean values of </> respectively 
in case (1), case (11), cases (in) and ( iv ), and let M be the mean 
value of <j> when the positions of P and Q are umestncted 
The number of cases occurring are measured by the magnitudes 
of the regions, viz £2 X 2 if both lie in Q x , f} 2 2 if both lie m Cl 2 , 
if P lies m Q x and Q m Q 2 , and QjOg if Q lies in and 
P in fl 2 , and (Q 1 +f] 2 ) 2 if they lie m either region, unspecified 
Hence Q ± 2 M ltli Q 2 2 ikf 2i 2 , 2fi 1 f} 2 M lt 2 and are the 

sums of the several cases occurring But the first three must 
make up the whole sum of the possible values of <j>, % e 

1 2~t~^2 2 ^2 , 2 

(Ol + fi 2 ) 2 


1667 Ex If the two regions be mutually exclusive spheies of radii 
a and b and centies distance c apart, then foi the mean distance PQ , 


TLT 36<Z 

^ 11= 35 J 



2 = C-f- 


a?+b 2 

5c 


Hence the mean distance between P and Q when each may lie withm 
either sphere oi in different spheres is 



a+2 | ( c + T?) + (f ’ ri3 ) 2 1 5 ]/(| + 1 

_36 a 7 + i 7 a*6 3 2 a 8 & 8 (a 2 + Z> 2 ) 1 

35 (a a + & a )*^( a 3 + &»)* c + 5 (a a + 6 3 ) a c 


In the case where the spheres are equal and in contact, c=2a=2b and 


1668 In the same way, if there be three or more mutually 
exclusive legions Q l9 Q 2 , fi 3 , say, and <p be a function of the 
positions of three points P, Q, R which lie m one or other of 
these regions, then (a) all may lie m any one of the regions, 
(£>) two may lie m one region, and one m either of the other 
regions, or ( c ) one may lie in each region 
Let M s 0 0 be the mean \alue of <p when all he in £2 X , 
■^ 0 , 3,0 w hen all lie in Q 2 , Af g lt0 when two lie in J2 X and one 
in fi 2 , and so on , and let M be the mean irrespective of 
where they lie The respective numbers of cases are measured 
by flj 3 , Q 2 S , etc, and H 8 ) 3 , and the sums of 

these cases are respectively measured by 

^i 3 ^3.o o> Q 2 3 ^o s o> 3Q 2 2 D 2 M 2 j 0 , etc, and (Q 1 +fi 2 +fl 3 )W, 
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and the last, being the sum of all possible values of <f>, is equal to 
the sum of all the several cases previously enumerated Hence 
Jlf SQ 1 8 -M s 

tfVHirw • 

and so on if there be more than three mutually exclusive 
regions 

1669 Regions not mutually exclusive 

To go back to the case of two regions, suppose next that the 
regions and Q 2 have a common region Q The whole region 
bounded is then Q 1 +fi 2 — £2 



(Not mutually exclusive) 

Fig 515 


Let ^+ 0,-0 be the mean value of <j>, when the random 
points P, Q lie anywhere m the whole legion, M a _ a the 
mean when both lie in Oj £2, the mean when both 

he in fijj— £2 , M the mean when one lies in £2 1 and one m Q 2 
The respective numbers of cases are (fij+flj— £2) 2 , (Oj— £2) 2 , 
(fi 2 — £2) 2 and 2Q 1 Q 2 — Q' 2 , for m allowing P and Q each to 
range over and 0 2 respectively, or fi 2 and respectively, 
the region £1 is counted twice over 
The sum of the values of <j> when one lies in £2 X and one in Q 2 

is (2£2 x Q 2 — £2 2 )2lf 

The sum when both lie in Q t -0 is (fy-QJW,, _ a 

The sum when both he in fi 2 -0 is (£2 2 -£2) 2 M^_ n> 

and the three make up the total sum (D 1 +Q 2 -Q)W 0i+0( _ 0 | 

M a +n n— ' (£2 t — Q) 2 M 0l _ n +(fl 2 — £2) 2 ilf { i,_n+(2£2 1 £2 S! — £2 2 ).8f 
1+ * 
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1670 Similarly more complex cases may be examined Also the 
present fonnulae admit of consideiable reduction foi special cases, 
eg when the regions are equal or when one legion is enclosed completely 
by the other 


1671 The Geometric Mean Clerk Maxwell An Integral 
useful m Electromagnetic Problems 
If log R AB be the mean value of the logarithm of the distance 
between points P and Q, one m each of the areas A and B 
lying m the same plane, then obviously 

log-R«=|jlogPQ dA dB l^dA dB, 

the integrations being conducted for all elements of area m A, 
and for all elements of area in B 


The integration jjjjlo gr dxdy dx' dy\ over two such areas 

occurs m the determination of the electromagnetic action 
between two parallel straight currents flowing in conductors 
of given sections (Clerk Maxwell, E and M , n , p 294) 

Clearly A B logP^=J|logPQ dAdB 

If C be a third area m the same plane, m which P or Q 
could lie, ( A+B)ClogR (A+S)c represents on some scale the sum 
of the logarithms of the distances of points m C, from points 
m the composite area A-j-B, whilst .A £7 log R AC xepresents on 
the same scale the sum of those cases of the aforesaid group 
which refer to lines joining points in A with points in G } and 
similarly with BC log R BC Hence 


(A -f-B) G log R (A + B )c=AC\ogR AC + BC log R BC 

And this rule may be extended Thus, if theie be a fourth 
area P m the same plane, 

(A+B+G)D log B iA+B+C)D = (A +B) D log R (A+b)D +CD log R 0D 
, = AD\ogR A1) -\-BD log Rbj)-^ CD log R cd , 

n.Yirl on An 0 


Thus, if R be found for pairs of parts of a composite figure 
the rule will give R for the whole figure 
Also A, B, G, are not necessarily different figures 
Maxwell states the results for a number of cases He calls 
the line R thus determined the Geometuc mean of all the 
distances between such pairs of points 
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1672 Cases of Maxwell’s Geometric Mean 

I To find R for a point C , and a finite straight line AB (Fig 516 ) 
Let GO be drawn at light angles to the direction of AB 
P a point on AB, OA =a=r l5 OB=b=x 2i OC=p, OP=v CP=i 
A£=l=b -a CA=r l9 CB=r 2 


Then l log R = £ log \/W^> 2 Ax = [ r log Jx* + p* - a ; + p tan"* 1 -] *, 


J(logP+l)=0Plog CB - OA log CA + OCx arc meaa of ACB , 
te (* 2 -Vi)(logR + l) = x a logt 2 -a; 1 logr 1 +p ? ^ 2 

In the case when G lies on A B produced, p = 0, and 
log R + 1 = (x 2 log x 2 - x ! log x^Kx a - xf) 




1673 II Let ABCD be a rectangle, AB=a, AD = b Let P and Q be 
Points respectively upon AB and CB PO the perpendicular upon CD 
AP=x (Fig 517) 

Foi a given point P let li x refer to the value of R for the fixed point P ; 
a(logPi+l) = OZHog PB+ (9 Clog PC-hb CPD 

=x\og\/x 2 -i-b 2 +{a- v) log V(a - xf + b* -f b ^tan“* ~ + tan" 1 
Integrating with legal d to x fiom 0 to a, 
a 2 (logP"Hl ) 

= ,°g - ^- 2 J‘ - [(^-) 2 _±A 2 log 

® 4 Jo 

+b [a; tan' 1 | - 4 log Ji a T6 2 ]* - 4 [(a - a) tan- 1 —■ -41og<s/(a =IpqTpJ a , 

te a\log R + jj) = (a 1 - b 1 ) log D + b* log b + iab tan” 1 1 , 

where D is the diagonal 

1674 III If P lies upon AB and Q upon AD, and P x as before tef&n 
to the result for a fixed point P, 

ftflogPi + lJs&logN/^-f itan” 1 ^, and integrating fiom 0 to a , 

o4(log U+l) = 4^a; log s/?TP- r 4- 4 tan- 1 4- \f—^~ tan -1 * 4- £4r J , 

«4{logA + j) = »ilog£)+'| a tan- 1 - + ~ tan- 1 “ 
a a 2 b 
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1675 IV If Q lies on the circumference of a circle of radius a, and centre 
O t and P he any point m its plane distant c from the centrey 



27ralogP~2j log V a 2 — 2 ac cos 6+ c 2 ad6 


Therefore f2=the 
is accordingly 


= 27raloga, {c<a) , or 27ralogc, (c>a) 
greater of the two a ore, and the mean of logr 
log a, (c<a), oi logo, ( c>a ) 


1676 V If P travels on the circumference of a second circle of radius h 
entirely without the former , the distance of the centres being d, and if log R 
stand for the mean value of log PQ, 



2irb 2iralogf2=2ra 2 J log PO bd$' 

= 27ra 2 ij log f b* — 2 bd cos & 4- d 2 b d$' 

= 2:ra 27r61ogc?, R — d 
Similarly if one circle be entirely within the other 
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1677 VI If Q hes upon a circular annulus , centre 0 , external 
and internal radii and a 2 , and P be at a point distant c from 0 , and 

log R = M{log PQ), QO = r, QOP= 0 » 
ir(a 1 2 -a/)logR=:2 [ [ log n/c 2 - 2or cos 0+r 2 rdOdr 

'ai 1 0 

r* i r*i 

= 2j a irlogc ?c?r,(Or), oi =2 rlogr rdr } (c<r) ) 

= 7rlo gc — if c>a u 


oi 

le 


53 7T log ? - =7r^a i noga l -a 2 2 loga i - 



lf c>a 1? 
if c<a iy 


log Z2 = log c , 

B af-af 


1 

2 


(a) 

05 ) 



If a 1 >c>a 2) and Prtself lies upon the annulus, 
iria^-a^logR — j° 27rlogc i d) 4- j* Zirlogr 7 di , 
whence log«=ii^ilog C+ ^-^''‘" -1 if-S 

af — af ° ad — ad Q ad — /t.A 


af-a/ 


2 


<y> 


Since R = c when P is without the annulus, the mean value of log P(J } 
wheie Plies upon any region entirely without the annul uh ih tlio moan 
value of logPO And if P hes upon any region entirely within the 
annulus, the expression foi It, in that case not containing r, is independent 
of the shape oi position of the region 
We may deduce the result (y) from (a) and (/3) by Art 167 L Let A 
aud B be the regions of the annulus lospoctively outside and inside a 
concentric circle through Q Then if 0 bo an elementary small hku 
in which P hes, 

(A+Z?) log R(a+ b)o— A log It u^B log Rug , 

cW-«rtlog W-rW-*) { -5} +-(' J «i*)l«Kr, 

giving the same result as before 
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1678 VII If P be not at a fixed point within the annulus, but may 
travel anywhere within it, 

{tt (aj 2 — ff 2 2 )} 2 log R = J Jj j log s/ - 2? x r 2 cos (0 X - 0 2 ) + f idO l dr 1 r 2 dS 2 dr 2) 

where r l5 0 X and r 2 , 0 2 aie the polar coordinates of P and § 

The limits for 0 X aie 0 2 to 0 2 + 2tt , for 9 2 , 0 to 7 r, and double the result , 
for from a 2 to ? x and r x to a x , for r u from a 2 to a 1 
The first integration gives 

2(rlog r^r^dr-^dr^dd^ or 2 ( 7r log r 2 ) r x r 2 dr x dr 2 d $ 2 , 
according as r x or r 2 is the greater 

The second merely multiplies the result by 27 r 
The third gives 

47r 2 f ’ fjfa log r x dr x dr 2 + 4t r* [ 1 r x r 2 log r 2 rfr x dr 2 

•'“a A 

= 2tt 2 [a x * log % r- x - log r x - £(, a - r^ 8 )]^ 

The final integration gives, after dividing by it 2 (a^ — a 2 2 ) 2 , 

log ji = log a x - lo g ~ + 4 ^a a result stated b y Maxwell 

For the mean of the logarithms for pairs of points within any circular 
area , put a 2 =0, then logP— loga^- J, that is P = a 1 e - ^ or R is a little 
more than 3a/4 

Other results of similar character are stated by Maxwell with a 
reference to Trans B S , Edinb , 1871-2 

1679 Other cases of mean values will be considered in the next 
chapter, which are moie intimately connected with the general Theory of 
Probability 


PROBLEMS 


1 If the sides of a rectangle may have any values between a and 

b, prove that the mean area « (a + b) 2 l 4 [R p ] 

2 Find the average area of a random sector whose vertex is taken 
at a given point on a given circle 


3 ABCD is a square Show that the average distance of A from 
points on BC for an equable distribution of radii vectores about A is 

~ 7 r~" ^ but * or an e< l ua ^ e distribution of points on BG 

. „ ACAB . AC+AB 

ltlS _ + _log___ 

4 A rod of length a is broken into two parts at random Show 
that the mean value of the sum of the squares of the paits = 2a 2 /3 

[Ox II , 1886 ] 
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5 A rod of length a is broken into two parts at random Show 
that the mean value of the rectangle contained by the parts is a 2 /6 

6 The sum of two positive numbers is given =N Show that the 
mean value of the product of the f h power of the one and the 2 th 
power of the other is p\q\ NP+i/(p+ q + i)i, p an d q being positive 
integers 

7 Find the mean value of the (l) squares, (n) cubes of all radii 
vectores of a cardioide for an equable angular distribution of radii 
vectores about the pole 


8 Given the base and the radius of the circumcircle of a triangle, 

determine its mean area, stating clearly what assumptions you make 
as to equal probability [St JoH Vs, 1884 ] 

9 Show that the average of the squares of the distances of all 

points within a given cncle from a point on the circumference is 
three times that of the squares of all points within the circle from 
the centre [Colleges, 1878 ] 

10 Find the mean value of the squares of the distances of all 
points within a rectangle (i) from the centre of the rectangle, (n) 
from any point m the plane of the rectangle, (m) from any point not 
in the plane of the rectangle 


11 Find the mean value of the focal radii vectores of a cardioide 
(i) for an equable angular distribution of radii, (n) for an equable 
arcual distribution 


12 If a solid be formed by the revolution of a cardioide about its 
axis, find the mean value of the focal distances of points on the 
surface of the solid ( 1 ) for an equable surface distribution, ( 11 ) for an 
equable solid angle distribution 

13 Find the mean value of the squares of the distances between 
any two points within a given ( 1 ) triangle, ( 11 ) square, (in) sphere, 
(iv) cube 

14 (i) Find the mean of the inverse distances of points within an 
ellipse from a focus for an equable areal distribution 

(n) Find the mean of the inverse distances of points within a 
prolate spheroid from a focus for an equable volume distribution 

15 Show that the mean distance of points within a sphere of 
radius a from points of the suiface of a shell of double the radius of 
the sphere is 2 la/ 10, and that the mean distance of points on the 
surface of the sphere from points on the shell is 13a/6 
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16 Show that the mean distance of all points within a sphere of 
radius a from a point midway between the centre and the surface 
is 279&/320 

17 Show that the mean distance of a point on the external 
surface of a spherical shell of thickness T fiom points m the material 

of the shell is g^ + j= where R is the external 

iadius ' ' 

18 Show that the mean distance between points P and Q , of 
which P lies within a sphere of radius R and Q lies between this 
sphere and a concentric sphere of double the radius, is 3 6 .ft/140 

19 There are two concentric spherical shells, the bounding 
surfaces of which are 1 inch, 2 inches, 3 inches, and 4 inches Show 
that the average distance of points in the material of the first from 
points in the material of the second is 3f|^ inches 

20 Two equal spherical surfaces are in contact Show that the 
mean distance of points on the one surface from points on the other 
= 7/3 of the radius of either 

Show further that if the points may lie anywhere within their 
respective spheres, their mean distance is 11/5 of the radius of either , 
hut that if one of the points lies within one of the spheres and the 
other point on the surface of the other sphere, their mean distance 
is 34/15 of the radius 

21 If M n be the mean of the 7i fch power of the distance between 

two points on the area hounded by a circle of diameter unity, show 
that JfJn* = M n (n + 2) (» + 3)/(» + 4) (n. +• 6) 

22 If M n be the mean of the 71 th power of the distance between 
two points on the surface of a sphere of unit diameter, show that 

•^n+l = (w + 2)/(m + 3) 

23 If M n be the mean of the power of the distance between 
two points within a sphere of diameter unity, show that 

M n +i = M n {n+ 3) (a + 6 )/(» + 5) (»+ 7) 

24 A poiut 0 is taken outside a sphere with centre C and radius 
a C0=2a Show that the mean of the cubes of the distances of 0 
from points withm the sphere = 731a»/70, and that the mean of the 
fourth powers = 171a 4 /7 

25 Show that the mean value of over the surface of a sphere 
of radius a is a 12 /5005 
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26 Show that the mean value of ccP~^- yQ~^z r ~~*- for positive values 
of x y y, z, subject to the condition a~ 2 x 2 + b~ 2 y 2 + cr 2 z 2 = 1 for an 
equable distribution of aieas on the x-y plane, is 

g) r gj r g+T) I w . r g+g + r+g , 
where p, q, ? are all greater than unity 

27 On a straight line of unit length two random points are taken 
Show that the mean of the square of the distance between them is 
1/6 of a unit of area 

28 Circles are inscribed in the triangles formed by joining points 
on an ellipse of semi axes a , b and eccentncity e to the foci Show 
that the mean value of the areas of the circles for equal increments 
of a focal vectorial angle is 

7ra 2 (l - e) 2 (a/b - 1) [Math Trip , 1892 ] 

29 Show that the mean value of the product of the three per- 
pendiculars from any point within a triangle upon the sides is 
PiPzPjbOy where p v p 2 , p z are the perpendiculars from the angular 
points upon the opposite sides 

30 Show that the mean value of the product of the four per- 
pendiculars from any point within a tetrahedron upon the faces is 
PiPiP&PjSGQ, where p 19 jp 2 , jp 8 , p± are the perpendiculars from the 
several quoins upon the opposite faces 

31 Five points, A , B, C, D , E, are taken upon a straight line AE , 
to which peipendiculars are drawn through these points of increasing 
magnitude The sum of these five perpendiculars is 10 inches 
Show that the mean length of the middle perpendicular is 47/30 of 
an inch 


32 Show that the mean distance of all points within a given 
regular polygon of side 2 a from the centre is ^ “ log — * where 
B and r are the radii of the circumscribed and inscribed circles 


33 Show that the rectangle contained between the average value 
of the radius of curvature at points equally distributed along a curve 
and the corresponding arc is double the area contained between the 
curve, the evolute and the normals at the extremities of the arc 

[5, 1883 ] 
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34 Prove that the mean value of the radius of cuivature at points 

equally distributed along the cardioide ? =a(l + cos 0) is an/ 3, while 
the density distribution of the corresponding points along the pedal 
with respect to the pole varies at any point as the cuivature at the 
corresponding point of the cardioide [5, 1883 ] 

35 Prove that the square of the mean value of any function of a 

variable between any limits of the variable is less than the mean 
value of the square of that function between the same limits of the 
variable [St John’s, 1883 ] 

36 Pmd the mean value of the squares of the distances from a 
focus of all points within an ellipse whose eccentricity is \/3/2 

[5, 1881 ] 

37 The circumference of the auxiliary circle of an ellipse, whose 

axes are AC A' = 2a, BOB' = 2J, is divided at Q 19 Q 2 , into a large 
number of equal arcs At P lf the point on the ellipse whose 
eccentric angle is ACQ a circle is described so as to touch the 
ellipse at and to have its centre on the major axis Show that 
the mean area of all such circles is tz b 2 (a 2 + J 2 )/2a 2 [a, 1881 ] 

38 At any point P of a catenary whose parameter is c 9 the ordinate 
PN and the normal PG are drawn to meet the directrix at N and G 
respectively Prove that the mean values of the area of the triangle 
NPG for points proceeding by equal increments of (i) abscissa, (n) 
ordinate, (m) arc, up to a point whose coordinates are (x, y), are 
respectively 

(i) (y 8 - <?)/6x , (n) c 2 (c smh y - 4cX ^ j 64 (y - c ) , (m) (y 4 - ct)l8cs 

39 Find the mean of the inverse distances of two random points, 
one on the surface of a sphere, the other on a circular area exterior 
to the sphere and whose plane is at right angles to the line of 
centres 

40 Prove that the mean of the inverse distance between points 
on the surface of a sphere and points on a straight rod of length l , 
external to the sphere, which is bisected at right angles by a per- 

2 7T 4 1 OL 

pendicular upon it from the centre of the sphere, is | log tan — j— , 
where a is the angle at the centre of the sphere subtended by the rod 

41 Prove that the mean inverse distance between points on the 
surface of a sphere of radius a and points on a concentric ring of 
radius b is b~ l if b>a or ar l if b<a 
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42 Prove that the mean value of x for all points within the 
positive octant of the surface (%/a)$ + (y/b)% + (z/c)%= 1 is 21a/128 

43 On a given finite arc n points are drawn dividing it into equal 
small lengths, and n other points are taken, parallels to the normals 
at yhich divide the angle between the extreme noimals into equal 
small angles Prove that when n is indefinitely increased the mean 
of the radii of curvature at the former n points is greater than the 
mean of the radii of curvature at the latter n points, the curvature 
being supposed finite at every point of the aic [St John’s, 1889 ] 

44 If log R be the mean value of the logarithm of the distance 
between two points P and Q which lie on a line AB of length a, 

show that R = ae~* [Clerk Maxwell, El and Mag , II , p 296 ] 
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CHANCE 

1680 Def If an event can happen m a ways and fail m 
b ways, and all these ways are equally likely to occur, the 
probability of the happening is afca,-\-b) and of the failure to 
happen is bj(a-\-b) 

These measures are essentially numerical positive proper 
fractions Certainty is denoted by unity A mean value is 
essentially a quantity of the same kind as those of which the 
mean is taken So long as a and b are finite, the theory of 
probability does not call for any mode of treatment other 
than the processes of ordinary arithmetic and algebia If, 
however, a problem incurs the existence of an infinite number 
of ways m which an event could happen and an infinite 
number of ways m which it could fail to happen, all these 
being equally likely, the calculation of a, b and a-f b may call 
for the processes of the Integral Calculus, or at least the 
fundamental conceptions of the Calculus, to effect the neces- 
sary summations, though sometimes in such cases the actual 
labour of integration may be avoided by geometrical or other 
considerations 

1681 Take, for instance, the case of a material paiticle 
thrown down upon a region of area A , and which is equally 
likely to fall at any joomt of the area , and let us explain this 
phrase. Imagine the area A to be divided up mto an infinite 
number of infinitesimally small elements of equal area, and 
suppose that an infinite number of trials is made We shall 
also suppose that, after these trials, the particle has fallen as 
many times upon any one element as upon any other Then 
if a be any region of finite area enclosed completely within 

792 
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the contour of A, a and A contain numbers of the infinitesimal 
elements of area proportional to and measured by their own 
areas Hence the numbers of particles which have fallen respec- 
tively upon a and upon A are measured by the respective areas 
of a and A , and the chance that a particle which falls upon A 

also falls upon a is and that it does not so fall is 1— — 

A 

The chance that of two hazard throws of a particle upon A 
both fall upon a is ^ -j That the first does and the second 


does not, the chance is ) That the first does not 

and the second does is an< ^ that nei ther does is 

(l — -^) (l — an( * the sum of these is unity And so on if 


there be more than two throws 

It will appear that m such cases, unless the areas be known 
or obtainable by some elementary means, either the Integial 
Calculus or some equivalent graphical method will be neces- 
sary for then evaluation Taking any pair of rectangular axes 
m the plane of the region A , the chance that the throw upon 
A results in the particle falling upon a may be expressed as 

JJcfajdy (taken over a)J^dxdy (taken over A) 


1682 We note that the chance that a particle should fall 
upon the perimeter of the contour of a is infinitesimal m com- 
parison with the chance that it should fall upon the area of a 

1683 We indicate by a few examples how the Integial 
Calculus is to be applied m some cases, and how the actual 
integration may be evaded in others 

1 OA-2a is the axis of a cardioide G is the midpoint ofOA What 
is the chance that a random point P taken within the cardioide is further from 
C than C is from Of 

Drawing a circle with centie C and 
radius CO, Pmust lie without the circle 
hut within the caidioide The aiea of 
the cardioide 

=2 %J Q a 2 ( 1 + cos 0) 2 dQ * gwa 2 

Therefore the chance lequired is 
(gira 2 - 7ra 2 )/g7ra 2 = J 
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2 Given that p, q a/re any positive quantities of which neither %8 > 4 , what 
ts the probability that when real values are assigned to them at random, the 
roots of the quadratic x*-px-\-q = 0 shall be real ? 

If leal, p i ^.4dq Constiuct the parabola T 2 =4X The point (4, 4) lies 
upon it "We may then intei pret the condition geometrically A random 
point H is selected upon a square ONPQ, whose side is 4 The above 
parabola is drawn with axes ON, OQ The values of p and q ai e denoted 
by the abscissa and ordinate of H When H lies without the parabola 
jp 2 > 4 q Therefore the chance that p 2 <fc4g is measured by the latio of 
the aiea OPQ to that of the squaie , that is, 1/3 (Fig 522 ) 



A' 



Fig 523 


3 A rod , three feet long, is broken at random into three parts What is 
the chance that we may he able to form a triangle with them 9 
(i) If v, y, z be the parts, x -fy 4-2=1, the unit being a yard We are 
to have g-\-z>x, z-\-x>y, x+y>z Interpreting a, y, z as areal co- 
ordinates, then y + 3 ==#, etc , 
are the joins of the mid- 
points of the sides of the tn- 
angle of reference In ordei 
that all the inequalities may 
be satisfied, the representa- 
tive point jc y y, z must lie 
within the triangle formed 
by them (unshaded, Fig 
523), which is one quarter of 
the whole triangle Hence 
the chance is £ 

(n) We might also legard 
#, y, z as the rectangular 
cooi dmates of a representa- 
524 tive point Taking 1 foot as 

unit, , and this 

is the equation of a plane making intercepts 3, 3, 3 upon the coordinate 
axes If A , J3, C be the intercepted triangle , P,Q y R the mid-points of 
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its sides, y+z-A ;, etc, aie the respecbne planes OQR, etc , and of all the 
unrestricted positions upon the tiiangle which the repiesentative point 
a, y, z may occupy those foi which y+z>x, etc, lie within the triangle 
PQR Therefore, as befoie, the chance = J 

(in) Again, without evasion of integration, we may proceed thus 

0 P Q A 

Fig 525 


Let OA (*= a) be the lod, P and Q the random fiactuies, P being that 
which is nearer to 0 , OP —a,, OQ—y , y >x 
Then, since 

x+(y-x)>(a-y) i (y-tf)+(a-y)>A, and (a-y)+ v>(y-v\ 
we have y> 2 > #“^<1 Hence the chance leqiuied is 

/ r« rv 2 rTt 

. **/JL J,**-?], 

(iv) Or still again, with the above inequalities, construct a squaie 
OABG of side a, OA, OC being the x and y axes Let P, Q , R, S (Fig 526) 
be the mid points of the sides, T that of the square The representative 
point must be in some position on the tiiangle OBO as y>cc, and both are 

positive and neither of them >a The conditions x< y>%, y-x<- 

2 2 2 

restrict it fuither to the triangle TRJS , which is obviously £ of OBO 
Hence the chance required is £ 

It will be noted that the integration process is meiely the evaluation 
by that method of the aieas of the tnangles TRS, OBO 



Fig 526 



4 An ellipse has its centre at a random point 0 of a semicircle AOB, 
and two vertices at A , B the extremities of the diameter AB=c Find (i) 
the mean area for different positions of C , (u) the chance that its area shall 
be less than that of the circle ( Fig 527 ) 

( 1 ) LetO be the centre of the circle , B0C=6 , AG = i x , BC=sr 2 
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7TC 2 

Then Area of ellipse = ir rf 2 = — am 0 , 

2 

„ [ Bin $ dd 

and Mean area=—— — = c 2 

2 

L dd 

(n) When area of ellipse = area of circle, r x r 2 = Jc 2 , and 0 = 30° 

Hence, from 0=30° to 0=150°, we have area of ellipse > area of cncle 
Therefore the chance that the ai ea of the ellipse is less than that of the 

circle =2 x w 4 


5 If a quantity of homogeneous fluid contained in a vessel he thoroughly 
shaken up and allowed to come to rest again , prove that the chance that no 
particle of the fluid now occupies its original position is 1/e 

[Whxtv- orth’s Problem ] 

Let there be n particles a, /?, y, occupying specific positions 

N the number of ways of arranging them in those positions=II( 7 &), 
say, = a», 

.W(A) the number of ways of arranging them with a m its original 
place, 

N[a) the number of ways of ai ranging them with a out of its 
original place, 

N(aB) the number of ways of arranging them with /? in and a out 
of their oi lginal places, and so on 
Thus N=i I(»), tf(A) =II(7i-l), N(a) = U(n)-Il(n-l) 

Hence N(aB)=U(n- l)-II(7i-2) , 

N(ab) = N(a)-N(aB) = U(n)- 211(71-1) + 11(71-2) , 
writing n - 1 for n f N(abC) = II (ti- 1) - 2 ll( 7 i- 2) + II( 7 i- 3) , 

subtracting, N (abc) = II (n) - 311 (n - 1) + 311 (n - 2) - II (?i - 3), 
and so on 

Thus N(abc k)=TL(n)-nIl(n-\)+ -^™ 2) ton + lterms 

=n ( »){i-i+i-I+ +<-i )-!} 


Hence the chance that all the particles are misplaced 
= Ltn= a ^& &,C ’ 


n * 




1 

e 


[See the Problem of li n letters and n directed envelopes,” Smith, 
Algebra , p 293 ] 

In this case, although the number of cases is infinite, the pioblem does 
not call for the assistance of the Integral Calculus 
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6 Find the chance that a random triangle inscribed m a cucle is ( 1 ) acute 
angled , ( 11 ) obtuse angled 

( 1 ) Let ABC (Fig 528) be the triangle , 0 the centre of the circle 
Let the angles A OB, AOC , measured in opposite directions from OA, be 
called 6 and <f> 

Then A=(2tt- 6- <£)/2, P=<£/2, C~$l 2 , and if ABC be acute angled, 

0 < 7T, <f> < tt, 0+<£ > T 

The chance for an acute-angled case is therefore 

fj L"* _ i 

r2ir r2ir—6 r 2ir A. 

| o J o ddd<f> I ( 2 TT-d)de 

(u) The probability that A is obtuse is 

fir frr—0 / /■ 2rr f2ir—$ T 

Jo Jo ^^//„ L ddd ^=4 
The probability that one of the thiee A, B or C is obtuse = J 
The probability that the triangle is right angled is of course 
infinitesimal 




(m) Let us examine this problem in an elementary way Three points 
being taken at random on the circumference of a circle , what is the chance 
that they lie on the same semicircle ? 

Let the arcs BC , CA , AB be y, z , and take the circumference as 
unity Then x+y+z=\ The triangle will be obtuse angled in any of 
the three cases y+z < x y z+x < ?/, x+y < z 
Interpi eting x f y, z sis areal cooi dinates of a point r ef erred to a reference 
triangle A'B'C', we may pioceed as in 3 ( 1 ;, and if P, Q, JR be the mid 
points of the sides, the chance required will be the same as the chance 
that an arbitrary point of the triangle A'B'C' shall fall upon one of the 
three equal tnangles A'QR, B'RP, C'PQ (shaded in Fig 529), t e }, and 
the chance the triangle ABC is acute angled is J 
(iv) A curious fallacy lies m the following argument One pair of points, 
say A t B y must lie on a semicircle terminated at A 1 he chance that C 
lies on this semicucle is £ , therefote the chance that all three lie on the 
same semicircle is 
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This is incorrect where lies the fallacy l (Rev T C Simmons, Educ 
Times) Let the student obtain the correct result by this line of 
argument 


7 Two points P, Q are taken at random within a circle whose centre is G 
Prove that the odds are 3 to 1 against the triangle CPQ being acute angled 

[St John’s Coll, 1883] 

Let a be the radius , P, (r, <£), the position of one of the points 
Let a diameter AGB and a chord DPE be drawn perpendiculaily to 
CP Then (Fig 530) 

W ™ i ,, , , , area of a semicircle APB 1 

The chance that PCQ is obtuse is 5 

area of circle 2 

(n) The chance that CPQ is obtuse is the compound chance that P 
should lie on the particular element rd<f>dr , and that if so, Q lies on the 

smaller segment cut off by the chord, = - x ai ea segment 


fore the whole chance that wheiever P lies, CPQ is obtuse is, with the 
notation indicated in the figure, 

re=o /<f)= 2 n rdd> dr \aH6- Vi 2 sm 20 , , m , , 

I / — -Sr- - —> , (where r = a cos 6) =etc 

J. * o rrd 2 rca 1 9 ' 7 s 


(m) Similarly the chance that CQP is obtuse — J And these are 
mutually exclusive events Therefore the chance that one of the three 
is obtuse isJ- + J+J==J Therefore the chance that the triangle is acute 
angled is J, and the odds against this aie 3 to 1 




1684 We have seen that when a region ft entirely encloses 
a second region w, the chances that a random point taken 
within ft should or should not lie within co are respectively 

^ and l-~ It n random points he taken within ft, the 
chance that r specified points lie within w, but the rest do 


not, is 



and if the several points be denoted 



CHANCE 


799 


as A, B, C, , the chance that some unspecified r of them he 
within w, whilst the rest do not, is n O r times as great, that is 

/ft)W 0)\ n ~ r 

n C> \Q/ \ — Q/ ^ ie c ^ ance ^ r unspecified 

points of the whole number lie within ft> is 




Now suppose that the region w itself is variable with the 
different trials, and let the regions which it represents m the 
several trials be denoted by a> v ft> 2 , ft) 3 , <o m , and let there be 
a very large number m of such tnals, and that any of these 
<o’& may be equally likely to be selected for any particular 
trial of the taking of a random point P within the region Q 
The chance that at any particular trial any specified one 

value of m, say (o pt is selected is ~ , and therefore that r specified 

points of the whole group should fall within ft) p , and the rest 
not within it, we have the compound chance 



Hence m all the m tnals the chance that r specified points 
he within the particular w selected for each trial, and that the 
rest do not, is 


]gs(3) , ( 1 -3) n r= - the mean value of (?i) r ( l ~nT r 

And if the r points be not specific points of the group 
A, jB, 0, which are to fall within the selected w s, the result 

will be the mean value of n C r (^) (l —7?)" ** That is, the 
two results are 


according as the random points falling within the particular 
g/s are to be specified or unspecified members of the group of 
random points A, B t C, 

It is convenient to picture the two cases as those of n sand 
grains thrown at random upon tho region f), the grams being 
coloured differently in the first case, uncoloured and in- 
distinguishable m the second 
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1685 Taking, for instance, the case of a rod AB of length a , this is 
the region 12 Take two points at random upon it This marks a 
random region to, viz PQ, within 12 Now take n other random points 
on AB, say differently coloured sand grains thrown at liazaid upon the 
line The chance that a specified group of r of these lies between P 
and Q, and the rest do not, «* M {PQ r [a-PQ) n - T )la n , and if the group be 
unspecified, the chance w ill be =■ n C^M {PQ r (a-PQ) n ~ r }/a n 

Let Pbe the landom point which is the nearer to A , AP- r, AQ=y 

Then M{P^ r (a- PQ) n ~ T } = j“ [* ( 3 - xf{a - y +- x) n ~ r dydxj J“ [J Ay dx 

11 >afl * T ( 1-z ) n-rarf2: ^ ^putting y—x=az, x=£, 

Sa»^(l = 2a»r(f 4l)r(n-f + S)/T(« + 3) = 5 ^ 

Therefore the chance required for ? specified points, and r only, to 

lie between P and Q is &nd if the r points be 

1) n C r ' 

unspecified = (? y^gt a 


1686 This result is obtainable directly For the total n umbel of 
points to be chosen on A B is n +2 The number of permutations of these 
is (n+ 2) 1 Let us fix positions for two of these, X and Y, on the array, 
say the l A and Then there are ?i' permutations of the remaining 
points Hence the chance that two particular points X and Y shall be 


the I th and m th of the airay ■ 


2 n ] 


, for these two may stand in either 


" (?i-t-2) 1 5 

older, eithei as first and (?4-2) th , second and (r + 3) th , third and 
(r-h 4)* (n-i +l) th and (?i + 2) th , i e in n-r+1 ways, events equally 
likely to occur, and therefore the total chance that these two points shall 

2 ^ ^ i | \ 

find i unspecified other points between them is 


1687 For instance, if there be eight indistinguishable points taken at 
hazard on AB after P, Q have been selected at landom , the chance that 
thiee unspecified ones should lie between P and Q and five on the lest of 
2 6 2 

the line AB is an( * the thance for three specified ones to lie 

10 9 15 

between P and Q and the others on the i est of the line is 

2_ J. _2_ 1_- _L 

15 8 C 3 — 15 56 ~ 420* 


1688 Random Points 

It is necessary bo examine carefully what is meant when, it 
is stated that points are taken at random within a given 
region 
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(1) When a point P is said to be taken at random upon a 
line AB of length a, it is understood that AB is divided into 
an infinite number of equal elements, and that each element 
has the same chance of finding itself the recipient of the point 

A P Q R B 

Fig 532 


P Thus, measuring a length x along AB from A, the chance 
of the random point P falling between x and x+dx is dx/a 
If a random selection of several points P, Q, R be made upon 
the line, the chances they will severally fall between the respec- 
tive distances x and x+dx, y and y+dy, z and z+dz from A 
are dx/a, dy/a and dz/a , and the compound chance that all 


three chances should concui is — 

a 


dx dy dz 


a a 


, dx, dy , dz denoting 


increments of equal length 

But if, after a choice of P and Q has been made at random, 
B is then selected at random between P and Q , the respective 
chances are dx/a , dy/a, dz/(y — x) , for now the possible region 
for the selection of a position for R has been restricted The 
compound chance that all three things should happen is 
dx dy dz_ 
a a y—x 

If a rod be broken simultaneously at two points at landom, 
the chance that one fracture lies at a distance between x and 
x+dx from A, and that the other lies between the distances 
dx dv 

y and y+dy from A, is -- -A But if the rod be first broken 


at P and then the portion AP be again broken at Q, the 
chance that these fractuies should respectively lie at distances 
from A between x and x+dx and between y and y+dy is 
dx dy 
a x 

(11) When a point P is said to be taken at random on a 
given area A or within a volume V, then, if R be the whole 
region in question, and if R be divided up into an infinite 
number of equal infinitesimally small legions $R y SR', SR", , 
it is understood that each element has the same chance of 
finding itself the lecipient of the point P, and the chance 
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that specified points P, P', P ", should occupy the respective 

. A (D #D/ . D , SR SR' SR" 
elements SR, SR , SR , is -g- -g- -g- 

1689 To return to the case of a distribution of possible 
positions on a line AP (=a) If, after a random selection of 
one point P on AP, a selection of Q be made at hazard upon 

A Q P B 

Fig 533 

AP , it is evident that, since the number of possible positions 
for Q on AP is smaller than the number of possible positions 
for P m the whole line AB, the chance of any one element of 
AP distant between y and y+dy from A being the recipient 
of Q is greater than that of the element between x and x~\-dx 
being the recipient of P The circumstance of the random 
choice of Q being made subsequently to the random choice of 
P, upon a limited range, has increased the chance of the dy 
element, but all equal elements between A and P have the 
same chance, the compound chance being, as before stated, 
dx dy 
a x 

1690 We have, then, for the total chance that AQ shall 
not be less than a certain length c ( < a), 


0 

' X dx dy 

C CL X 

f a dx . x , a 

J , m {x ~ c) 

Fi 

' z dx dy 

f a dx a 

1 X 

J o* 

o a x 

J 0 ax 


1691 Thus for a rod four feet long and AQ to exceed one 
foot, the chance =(3— log4)/4= 4034 

1692 It will be observed from Art 1690 that for the com- 
pound event the chance of the element between x and cc+cZa? 
being the recipient of the random point P, and also being such, 
that the subsequent random choice of Q will give a result for 

which AQ<£c, is no longer — but — — - — , and therefore the 

density of the possible positions of P on the line is not the 

c 

same at various positions, but varies as 1 — , in a hyper- 
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bolic manner This “ density ” of distribution may be repre- 
sented graphically as m Fig 534, and shows that the 
condensation of points P m an element dx, which can bring 
about a value AQ greater than c, mci eases from zero at x=c, 
and continues its mciease as P approaches B , tending m a 
hyperbolic manner to an asymptote parallel to the x axis 

Taking - as the equation of this graph, rjdx is a 

x 

measuie of the number of cases in which P lies m the element 
dx That is, this number is proportional to the ordinate of the 
graph And the total number of cases is measured on the 
same scale by the area between the cc-axis, the curve and 
the ordinate at x—a This area up to any definite ordinate is 

| dx=k^x-~c--clog^ 



If we take an ordinate which bisects the whole area, viz 

x=x 0 , we have k(x 0 - c—clog^=^k ^a—c—clog®^ , and 

this ordinate divides the whole line AB into two portions such 
that there are as many favourable cases for the event desned 
m defect of i4P(=a? 0 ) as there are in excess On these grounds 
the value x=x 0 is said to give the most probable case to secure 
the event 

In the case a = 4 feet, c=l foot, \ -log 4 0 =s J(3 -log 4)=0 8068 
a?o- log 4o=18068, and by trial, oi giaphically, tf 0 =2 8563 nearly 

That is, m order that the portion AQ should exceed one fourth of the 
rod, the most likely position for the first fracture to have been made is 
a little less than three-fourths of the length of the rod fiom A 

We shall call such a graph, indicating the density or con- 
densation of points P m an element which are such that the 
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event may "be brought to pass, the “ Condensation ” or “ Den- 
sity ” graph We shall return to it later It is also sometimes 
called the “ Curve of Frequency ” (See Williamson, Int Cede , 
p 369, ed 8) 

In all previous cases the density or condensation has been 
uniform It will now appear that many cases will arise when 
this is not so 

The mean value of the ordinates of the graph from x=c to 
x=a is given by 

L* I e <*»=*(«— c-o iog c) = fc_ log- 

for which the abscissa is ^ 

log a— log c 

la the numerical case cited, viz a- 4, c= 1, #=3/loge4=2 164 

1693 Illustrative Examples 

1 From a rod of given length a piece is cut off From the remainder 
another piece is cut off Show that the chance that the second piece is less 
than the first is log t 2 

Let 0 A (=a) he the rod , P and Q the fractures , OP=x 9 OQ=y Then 
y> -s, y - a <x,y < a 


o p a a 

Fig 535 


So that if x < a/2, y < 2.? , hut if x > a/2, y cannot range as far as 2a;, 
and the inequality y < 2a: is necessai lly satisfied and replaced by y < a, i e 
when x ranges from 0 to $a, y ranges fiom x to 2.2? , 
when x r anges from \a to a, y ranges from x to a 
The chance of R lying between x and x 4- dx is dr/a, and the chance 
of Q lying between y and y+dy is dyf(a- x) 


a 

Thus the chance required = f* L+. f° _^L_ e tc =log a 2 

/ 0 U a a — x la Jx a a — x 
2 * 

2 (1) Find the average distance between two points P and Q, where P is 
taken at random on a line AB of length a and Q ts taken at random on AP 

[Math Trip , 1883 J 

Let AP=i, AQ=y,x<£y 


A Q P B 

Fig 536 


Then 


1// s\ t\ J' 0 ax 

Jo Iq Ct X 


a 

=etc =7 
4 
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(u) Find the average distance between the two points P and Q when 
JP and Q are taken at random on AB [Math Trip 1883 

Here Q maybe on either side of P, and x-y changes sign as Q passes P 


J/(positive value of QP) = 


nVy^+ff 

Jo lo ” a a Jo Jx 

rjww 

Jo 'o a a 


V*)-- y 

' a a 


3 Two lines are taken at random . , each of length < a Prove that the 
chance that , together with a line of length \a, they can farm the three sides of 
a triangle is f [St John’s, 1883 ] 

(i) If x , y, \a be the sides, we have 

x < a, y<a , , x+y>\a , y + \a >X} x+\ a >y 
Take x y y as Cartesian coordinates of a point Construct a square 
OABGoi side a, with OA , 00 as coordinate axes Let P, Q y P, & be the 
mid-points of the sides (Fig 537) Then, of all points within the square, 
any point within the shaded area PSBRQ will satisfy the conditions of 
the problem Hence the chance required is § 

(n) Or we may pioceed duectly thus The chance that a; lies between 
x and x + dx , and that y lies between y and y + dy , is dxdyja 2 

If * < V ranges fiom ^ -x to ^ + a , if x > |, y ranges from x~ to a 

Therefore the chance required = f f ft + f f = 

’oJn_ x a JaJ x __a a 2 8 

It will be noted that this is the exact process of integrating dxdyja 2 
over the shaded area 



r 

Fig 537 Fig 538 


4 Three lines are chosen at random , each of length < a Prove that the 
chance that they can form a triangle is ^ 

If r, y, z be the lengths, we must have x < a, etc , y +z > x } etc 
Consider a y y } z the rectangular coordinates of a point Of all points 
within a cube of edge or, thiee of whose edges coincide with the axes of 
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coordinates, those which give the result sought must be included between 
the three planes y+z = x, 2 4 -#=?/, x+y—z, le half the whole cube 
Hence the chance is ^ 

5 A tod of length a is broken at random into two parte, and one of the 
two parte is taken at oandom and again broken at random Show that far 
the two parte thus obtained the chance that neither is lees than \a is ■£ 

[Ox IIP, 1886] 

Let OQ be the part first broken off (Fig 539), P the second fractuie, 
OP=x, PQ=y, QA=z y x+y+z=a Unless x 4-y>2a/3 there is no chance 
that x and y shall be each > a/3 Therefore the larger portion must be 

O 30 P y Q 8 A 



selected Regard v , y, z as the rectangular coordinates of a point This 
must lie on a plane A'BCf making equal intercepts a on the cooidinate 
axes The planes x=aj3, y~a{ \ 2=0 isolate on the triangle A'B'C' } a 
triangle PQR whose aiea is that of the triangle A'B'C' In order that 
the specified condition must be satisfied, the representative point cc, y, z 
must lie within the triangle PQR The chance is therefore £ 

6 If three points P, Q, It be taken at random on a straight Ime OA (=»), 
what is the chance that, %j n > 3, OP 2 -f PQ 2 4 - QJRP+RA 2 shall be > ? 

Let OP = x, PQ =y 9 QR =z Then RA —a-x-y — z, and we are to have 

Yh I 1 

+ 3 ^ 4 - # 4 - (a - x — y — zf a 2 , w hilst x , y , z ai e positive and their 

sum < a 

Take an orthogonal transformation in which 

v+y +z=Z*j3 and z?+y 2 -\-z 2 = K 2 -^ Y 2 + Z 2 , 
where AT, F, Z are new variables Then 

X t +T a +Z i +(a-Z^3y^>^a i , te J 2 +7 2 + 
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The "whole lauge of the values of X,_ Y, Z is comprised mb, a 
spheroid of semi axes a/2V», a/2\Ai, a/ iJn, which lies entirely within the 
tetrahedron x=0, y = 0, z=0, x+y+z = a, provided n he large enough 
The centre of the spheroid is at the point given by x=y=z=a-x—y- z 
x e (a/4, a/4, a/4) The minor axis lies along The perpendicular 

from the centre on the plane x+y + z=a is a/4 ^3, and the minor semi axis 
being a/4 Jn, we must have n > 3 in order that the spheroid shall not cut 
the face x+y+z=a The same limitation will secure that the spheroid 
shall not cut any of the other faces of the tetrahedron, and must therefore 
be completely contained by the tetrahedron With this limitation we 
therefore have 


Chance required = 


Yol Spheroid rr 

Yol Tetrahedron” 2 Wn 


7 If n random points P, Q , 72 be taken upon a line OA, what w the 

chance that the sum of the squares of the (n+ 1) parts shall not exceed - the 
square of the whole line 9 71 


t Q 
Fig 640 


Let af XJ a; 2 , rr n , a-x l -x 2 — —x n , be tbe lengths of the successive 
pai ts We are to have x ^ + a 2 2 4- + (a - x x - - x n y > a 2 In 

Take an orthogonal tiansformation in which x 1 -\-x 2 -{’ +3 n =\/»X t , 

n n 

and let X 1} X 2 , X n be the new variables Then EV=2 ^t 2 > an< * tbe 
condition becomes 

JCj 2 4- X 2 2 + 4- X n 2 4- [cl - iJnX n ) 2 > a 2 Jn 

i e \\* 4- X 2 * + + (n 4- 1) {X n - ccsfn/(n + 1 )} 2 > a*l%(n + 1) 

oi Ai + Xa-h * 4 fl 2 /7i(n + 1 ), 

where X n — a*J n/(n-\- 1) = Xnl>/n+l 

With the new variables the signs of X l9 X 2i may he either positive 
oi negative / 

The chance lequned is Y/Z), wheie Y = JJ* JdX x dX 2 dj„_i^==» 


for all values of X lt X 2t X «_i, X n ' , for which 

Xi + Xl + q-Xi -1 4- Xn a 2 In (n + 1) (see note m the next article) , 

and J )= f f jdx l dx 2 dx n for positive values of x lt x 2) x nf for which 


®i+a?i 4* 4*®n a 

By Diriohlet’s theorem Y= 


r ' 


3 —!-, 


factor 2" occuri ing because at each integration the result ib to be doubled 
to take into account the negative signs of tbe respective variables , 
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ira? 

31(?l-bl) 


} 


2 


I 

•iir+ir^+i] 


D g- ffd)) 
i” r(»+i) 


it . J 1 ( r l 1 r(n + l) 

the chance required =-== —)■ /<H , g r 

1694 Note 

Consider the equations 

*}+a&+ +x\+\ = a?/p, »i+a; 2 + +■«»+! = «( -h ve ) 


Multiplying the second by 2 a/n and subtracting, 


and theiefoie when one of the a?’s is ?ero, say a ft+ i, 

\2 




and if p>n, this would he negative, and theietoie impossible to be 
satisfied by any leal values of 5^, a 2 , x n If y>=rc-, the unique leal 
solution would be x 1 =x 2 = = x n =aj7i, wheie x n +\ = 0 , and sitnilaily if 

any of the other k’s were zeio We may suppose x n+ \ as an abbreviation 
for a- x L — — x n , and * ll x z , x n as geneialised cooidinates 
( 1 ) If 7 i= 2 , Xi+x% % + x 9 *ssc?fi 9 where x 2 =a-x 1 -x 2i is a conic, and can 
only meet the lines ^ = 0, a;,=0, z 3 =0 at 

a; l =0, ^t 2 = ot/2, 5 c 3 =cr /2 , x l = aj 2, a; 3 =0, » 3 = a/2 , fc^a/2, x 2 = a/2, «j=0 , 
le it is the ellipse which touches the lines 3^ = 0, a: 2 =0, ^ 3 =0, at tbe 
mid-points of the sides of the tnangle foimed The centre is at 


% 1= v 2 = x s = al3, 

and the ellipse is the maximum ellipse msciibahle m the tnangle In 
homogeneous coordinates i u r 2 , x z we may write it as 

2(r 1 a -l-H-) = (r 1 H-a; 2 4- i 3 ) 2 01 \/*i+n/^2+^3 = 0 


(u) If 31 = 3, x^ + x* J +JB } 2 + a; 4 2 = a73, ^vheie x K = a - x 1 - x 2 - x 3 , is a 
spheroid msct ibed in the tetiahedron ^ = 0, x t = 0, as 3 =0, s 4 = 0, touching 
the faces at then seveial centroids 

Inhomogeneous coordinates a?„ x 2) x 3) a; 4 , 

3{X X * + X? + X? + V) = (*l +^2 + ^3 + a 4 ) 2 * 

The centre is at x 1 =x,=x z =x i = a/4, and the spheioid lies entirely* 
within the tetrahedron 
(m) In the geneial case, 

31(^1 + ®2+- + a5 n+l)”'( a! i + a; 2+ + aj TM-l) 2= ^ 

may be arranged as 

J ° r-w+l »i+l 

(n-i)^ 2 - 2 ^,( 1 ,+^+ +!„+.,)+ 2 K-* r ) 2 -i- 2 (v 3 - x rr 

+ +(^-*«4l) 2 = ° 
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Hence if n > 1, « x cannot be negative unless x,+Xj+ +*rvH 
negative, which is impossible, since x t + (x,+ »+x n +i)=' 1 ' 18 

positive And the same follows for each of the variables That is, 
using language in analogy with the geometrical interpretations of W 
and (n), the n dimensional “spheioid” *i+*a+ +a&+i = “ In, in w ic ^ 

» Ei-i,- -x«, lies entirely within the n dimensional legion 
defined by x x =0, x s =0, x n+1 = 0, and touches each of the “faces,” viz , 

say, x, = 0 at (o, £, £, f),ie at its “ centroid,” and has its “ centre ” at 

a/(»+l), «/(« + !), the “centroid” of the region, and may be wntten 


( r >"^l) + ( r2 "« + l) + 


( a Y_ a 2 

n + l) 


It will be seen, therefore, that in the integration of the preceding article 
it is proper to take the limits for X„ X 2 , for all values of the variables 
for which Xi 2 + + K 2 3> a?ln(n+l) , for negative values of these vari- 
ables cannot imply any but positive values of the original variables 

®li X 1 » x n+l 

1695 GENERAL ILLUSTRATIONS 

1 If a rod be divided into p pieces at random, prove that the chance that 
none of the pieces shall be less than l/m“o/ the wAofe, JjJ"^*** “ 

^ ^ n pieces f-n pieces 

a “ K B 

Pig 541 

Let x be the distance of the n» point of division fiom one end, and let 
the length of the rod be taken as unity Then, as each piece is to be 

> 1 hi, ^ e must have , ^ „ , 

x>«/» and 1-x >(p-n)!m, te !-(»■ -»)/«> x>n/m 
Hence each point of division, P„, has a favourable range from x=a/m to 
x=l -plm+nlm, and the length of this lange is (l-3>/») of th ® whole 
And since there are p-l points of division, the required chance is 

(1 

2 To examine the same problem by means of the Integral Calculus 


X n 


X s x, x, a 

Fig 542 

If X X, be the several points of division of the rod OA ( = a) at 

respective distances x x , x 2 , etc , fiom 0, we have x r >ra/« and <*"*-•* 
from , =1 to , -p-l. and x p =« = l And the inquired chance is N/D, 

where N= T” a '*** **’ 

in mm 

and D is the same when m= oc , a . 

Hence performing the integiations, A/Z)=(l -pH^, as before 
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3 A rod XT ( = a) %a broken at hazard into three portions If these three 
parts can form the sides of a triangle, what ts the chance it is acute angled f 


X P q Y 

Fig 543 


In Art 1683, Ex 3 (iv), it has been seen that the chance tlie parts form 
a triangle is £ 

Let P, Q be the fractures, XP=tx, XQ=y, y > x As m the article cited, 
we must have 

# < a/2 y<x+a/2 , y>a/2 

To be acute angled, we must also have 

(y-xY+{a-y)*>x\ (a-yf+xfi>(y-x)\ x* + (y - x)* > (a - y) 3 , 
»e. y(y -x-a) + a 2 /2 > 0 , y(x-a)+a ! / 2 > 0 , (x-a)(x-y+a)+a i / 2>0 

All values of x and y from x=0 to x=y, and y = 0 to y =a, are equally 
likely Refer to rectangular axes Ox, Oy, as before, with the same 
description of figure 

The region bounded by the hyperbolae y(y-x-a)+a?l2 = Q, etc, in- 
cludes the only positions in which the representative point (x, y) can lie to 
ensuie that the tiungle formed by the poitions of the rod shall be acute 



angled These hyperbolae, which we designate as L, M, N respectively, 
pass through R and H, H and I, / and R, and touch each other at these 

chords aro^* 8egment3 Wded by L, M, N and their respective 

4 $-)*-£<$ -»-g)e -!«•-£ k*., 

((r-t-ibi-i Kv» 
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Therefore the area of the curnhneal triangle SHI 

= |--3(fa 2 — ia 2 log2)=(gio g 2-i) a 2 

Therefoie the chance that the three segments of the rod form an acute 
angled triangle =(J log2-l) 0 ^=31og2-2 ' " ' 

^The chance that any specific angle is obtuse 

= (|“ 2 -Tlog2)^=(3-41og2)/4 
The chance that the triangle is obtuse angled = ^(3-4i 0 g2) 

The chance that the triangle is right angled is of course infinitesimally 

4 P, Q, R are random points , one on each of three equal lines X x Y , 
-^3-^s ( = ^) What is the chance that the portions X P X Q ^2? 
may form an acute-angled triangle 9 1,2,3 



In Ait 1693, 4, the chance the parts foim a tnangle has been seen to 
be i If r, y, z bo l espectively X x P , X 2 Q and X*S, we have the additional 
conditions y 2 +z* > A z 2 +x*> y\ o?+y 2 > z* Referring to rectangular 
axes, as befoie, the suifaces of the right cones y 2 +z 2 =a\ etc, separate 
the favourable positions of the lepresentative point from the unfavourable 
ones These cones touch in pans along then common generators, which 
he in the coordinate planes The volume of the part of the cube in- 
cluded between them 


= 0*- 3 


1 

3 


7ra 2 

4 



a 3 


Hence the chance returned = ^1 -~J a 3 /a 3 = 1 -^= 2146 
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5 Two points P and Q are taken at hazard upon a Ime AB ( = a), P being 
the nearer to A What u the chance that the mm of the products of the 
segments two and two together exceeds one fourth of the square of the line 9 
Let AP-a, A Q=y, y > x Then x ranges from 0 to y and y from 0 to or 
The limiting case is x{y-x)+(y-x)(a-y)+(a-y)x=~ 

deferring to rectangular coordinates Ox , Oy, the representative point x , y 
may lie anywhere within the half OBC of a square OABG of side a, 
whose sides OA , OB are along the axes Ox, Oy , and the favourable cases 

are indicated by points lying within the ellipse / i?—xy-\-y 2 -ay+~ = 0, 


P Q ct-y B 



which touches the sides of the triangle OBC at their mid-points, and is 
the maximum inscribed ellipse 

By projection its area is to that of the triangle OBC in the ratio of 
that of a circle inscribed in an equilateral triangle to that of the 
equilateial, te ir/3-J3 The chance required is therefore rr/3^3 

6 A rod of length a. is broken at random, tj ito three parts What is the 
chance that the square on the mean, segment shall be less than the rectangle 
contained by the other two 9 v 


x i Hi z be the lengths of the segments 
segment Then 


Suppose y the mean 


x>y >z or x<y< Zf x+y+z^a, y . < %x 
Eefer to i ectangular axes Ox, Oy, Oz Let 0A = 0B=0C=a (Fib 647) 
2T “f the , pUDe ABG Let L ' £ ’ F < be Aw nud-pomt. of 


A V 
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The cone y 2 = zx has OA and OC foi geneiators, the cooidinate planes 
m-0 and z= 0 being tangential, and it passes through O, cutting the 
plane ABC in an aic A PGQC Tor points of the tnangle AGB on the 
concave side of the arc we have f < zv This fuithei linnts the range 



of the representative point r, y, z to the segment A PGA Theiefoie, foi 
the case x > y > z, y 2 < zi, the chance lequiied = Aiea APGA/Aiea, ABC 
Now, since 2rz = («- y) 2 - r*-z 2 , we have along the inteisection of 
the cone and the plane ABC, z' + y 2 + z->+2 a y = , so that it is possible to 

pass a sphere through the aic APQC, which is theiefoie circulai, as may 
be seen geometrically, the conti e being at the point K wlieie A A' diawn 


parallel to FG meets BE pioduced The iadius of this ciicle = a *jW [& , 

and Area APQA = i % » I ?“* 

2 3 3 2 3 2 1 

Hence foi tins case the chance is (2 jt - dV3) /— v',i = ~ 9 

18 7 2 27 

There are six such cases, vi/ 


1} with f Car, 


y>z>x 
y <z< r 



2 2 < rj / , 


Z>x>yx 

z<x<y) 


with x % < yz 


Theiefore the total (hance = /t, (2ws/3- 9) = j(W3-9) = 4183% 

If a specific segment of the line, say the middle one, is to satisfy the 
same conditions, wo then have the turn cases x>y > z, x < y <z, with 

y 2 < zj, and the chance is (2irVl-9), t e one thud of the total chance 
considered above 
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edges t/Zy7ombkh^£ PlPed U mth a 9*ven diagonal, and 

ZngL JmZ cITIT T*? ^ Wk * ** ** cha ™ «-» • 

Let ^ y )Zb e the edgea, a the diagonal Then*»4 *s+* 2 =a t 

the pla2.*y+*-* * eferrm S the problem to a set of rectangukr axes,’ 
radius a The » a l spher “ al tmn S le *Q* on a sphere of 
quadrantal tnaagle ^A I mii ?° 1Dta of *» «des of the 

coordinate phi T t! " ** sphere *+*■+*-«• by the 

PUn6S The sldes of triangle PQR are each ir/3, and 



“Scos-H-r- The area of 

The “favourable” reSonfor'^ triangle 

tmngles.^BBP.^tb^J’J^rla? ** *"* 

TO* / In , 

-^-a^acos-i.-^^d-ooa-i^a^^l 

Hence the required chance = -?sm-il 
it 3 

8 ^ ^ -df? (=a) w hrofea at hazard at two points P, Q What is the 
chance that PQ shall he such that PQ* ^(APi+QB*) / 

RrfefL = W PC 7’ *+y+*=a, and we are to have «x* * 

Befer, as before, to rectangular axes 0*, Oy, Oz Then, of all 
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the plane x+y+z=a (Fig 549), those wh.ch he within the nght 
circular cone *»+^ = **‘ aie “favourable » The projection A" S' of the 
line of intersection A'B' upon the 2-plane is a?+y 2 = n((t-a;-y)a ie 


P * $ ~y b 



a conic with focus at 0, dnectnx s+y=a, eccenti icity v/IS" Turning 
the axes round so that ON , the peipendicular upon x+y=za, is the new 
a;-axis, the conic becomes T«=n(a~ AVI)*, % e in polars 

a*Jn}r=l+*j2ru.08 6 

The area of the portion of this conic between the ladu 0A* y OB * (Fig 549) 
in the case when n< £, is e h 


ir 

r>dff=^r jg etc - ahl frnn- 1 + 

2 J-I(lW2ncos6))' (l-2n)*L a/S(lW»j 1 Wn J 

And the chance requited 

= Area OA'JT/Area OAB= — U , fcos-*/' 1 "*'- 2 -'^ 1\ 

(1-2?i) 8 *- \l+\/n a/I/ X + v/nJ 

If »»}, the conic A"B" is a parabola, viz a/r\/ 2 = 2 cos 2 ^ 

2 

ir 

In this case, Area OA "S ' = “- £sec 4 1 <*0 = etc «® 3 (4^2-5), 
and the chance required =(4\/2 - 5)/3 - 21896 q p 

. 1 il J // 1 t . , . . * 


T 1 ~ \ v y 

If w. > the conic /l' B" is hypeibohc, and the chance requited is 

2w / , \/2« - 1 
W n— 7 - — - < 

^ V71+ 1 


"(Sto-l)* 1 


Vw+1 %/2(\/n + l)/ 
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9 The equation ax 2 + Zhxy + by 2 = 1 is written down at random with real 
coefficients Find the chance that it represents a hyperbola 

[Ox II P , 1887 ] 

The condition is h 1 > ah Consider the poi tion of the volume of the 
cone z 2 -xy enclosed by the planes y=±c, 3 = ±c Let PMN 



(Fig 550) be a parabolic section by a plane parallel to the y-z plane 
bounded by the planes t?=y, z=0 The volume, to x—c , 

- £ \iltr MP dON=-$t? 

The volume enclosed within the cube, x=±c, y=±c, 2 = ±c, is 8 \ c 3 , 
and the volume of the cube = 8c 3 

Ihe representative point of a , 6, h, viz x , y, z must lie outside the cone 
but inside the cube, however large c may be 

Hence the chance required = 1 — $ = $ 

10 Six points are taken at hazard on the circumference of a circle 
What is the chance that no two consecutive selected points are separated by 
more than a quadrant 9 

It will not affect the problem if vie legal d one of the points, viz A, to 
be at a paiticulai point of the circle Let AC, BD be perpendiculai 
diameters Let the other five selected points be P u P 2 , P z , P A and Q at 
arcual distances x ly x 2 , x z , and x respectively from A measured counter- 
clockwise One of these five must be m each quadrant, and not more 
than two in any one quadrant Let Pi, a. p 3 , p t be the points which 
lie in the first, second, third and four th quadrants, and Q the one whose 
quadiant is unassigned It will be sufficient to consider the two cases, (1) 
when Q lies in the first quadrant, (2) when Q lies m the second quadiant, 
for the number of cases when two lie in the four th or third quadrants 
are the same as if two lie in the first or second respectively Also when 
Q lies in the first or the second quadrant, we shall suppose that point of 
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the two winch is nearer to A to be designated as Q Let the length of a 
quadiantal aic =a Then the two cases to consider aie 

(1) a<x 1 <a and a< % < i 2 <2a (Tig* 551, 552) 



( r-a pi rrt+xi ra+x a / 

dx dxJ dxJ dxJ 

0 Jx 'a •'SJrt •'3a 

f a r a+*a /■<*+ 

dx 2 dx 5 

J2n Jla 


*.=r< 

fla fXi fx s fx t fx x 

Ho No No N No ** 


dx , 4 


dx.. 


The values of these integrals are readily shown to be ^=4 a 6 / 5' , 

N 2 =9a s /5’ , D = (4a) 5 /5 * 

' ' , . , 26a 5 /5 1 13 

Hence the chance i equn ed = ^ ^ 

11 Three random points L, M, N are taken within a circle of centre 0 
and radius a Find the chance that the circumcircle of LMN lies wholly 


[BP] 


within the original circle 

Let F be the centre and x the radius 
of the cucumcircle, and OP=r Take an 
aLbitiary and indefinitely small strip of 
breadth k round the circuincucle Its 
ar ea = Qirxk to the fii st order The chance 
that tluee random points should fall upon 
it =(-”"r) 3 > which we may write as 

Integrating with regard to sc 
a 0 

from 37=0 to x = a-i, which vanes the 
size of this circle from radius zero to such 
a size that it will just not cut the onginal 

circle, we have ^(ct-r) 4 , where & is au aibitiaiy elementary area at our 
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choice We are now to sum up all such results as the above for various 
positions of P within the original circle Replace k 2 by r dQ dr, and 
integrate over the large circle 

2 /*2tt fa 2 tt 

The required chance = j (a- rfirdd dr = — 

12 7/ 7i+l p articles P , Q, R, 8, be thrown down at hazard upon a 
straight line OA (=a) each has the same chance of finding itself the (r+l)** 
in order reckoned from 0 towards A Also , since some one of them must 
occupy the (r+1)** position, that chance is l/(?i + 1) Examine this otherwise 

P 

6 l ~ H A 

Fig 554 

The composite chance that P falls at a distance from 0 lying between 
x and x-t-dx, and that r unspecified particles he between 0 and P , and the 

rest between P and A, is n C r \-j (—jj-J — , and therefore the chance 

that P occupies the (f+l) th place lnespective of where it lies upon 

OA = * C r f x r (a- x) n ~ r dx/a n+1 = etc = \f{n + 1) 

Jo 

13 Two points P and Q are selected at random within the volume of a right 
circular cone, and circular sections are drawn through them What is the 
chance that the volume of the slice exceeds 1/8 of the cone 9 

Take the vertex as the origin and the axis as x axis, x and y the 
abscissae of the points and y>x The chance that a landom point has an 
abscissa lying between x and x+dx is pioportional to the volume of a slice 
of thickness dx, the abscissa of one of its faces being x, le to x*dx , 
Also if a be the length of the axis, y 3 - re 3 £a 3 The chance may 
then be vntten either as 



The condensation curves (Ait 1692) for P - points and for ^-points, 
indicating the density of clustering on the x axis of the ends of their 
abscissae, are 

<0«W(irf-r> and (n) aS=£ 2 (£ 3 -| 3 ) 
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Each touches the £-axis at the ongin , ( 1 ) crosses the £-axis at |?/7, and 

has a maximum oidmate at 70473 , ( 11 ) ciosses the 

£ axis at % y has a minimum ordinate at £=a and tj increases and is 
b 2 

positive from — to a In Fig 556 a is taken equal 2 units 


We are only concerned with the part of (i) from 0 to 
from %. to a 

Both densities increase from - to a Vfo 


a\fi 


, and of (n) 



The fiist decreases and the second increases foi the iest of the range 

If we require the chance that under the stated circumstances the point 
P possesses an abscissa lying between certain limits, say and aa, where 
0</3<a<l, that chance is 

C= J -%- =(a 3 - -rf-P) 

I a?(a z — jfl)dx 

It will be found that the chances that x lies between 6a and 7a, or 
between 7a and 8a, are respectively 151257 and 151255, and aie almost 
exactly the same This is in the immediate neighbourhood of max 
condensation 

The point at which the condensation of the r-values reaches its maxi- 
mum is aXTfa—a'X 70473 

If ya be the “ most probable value ” of x, i e such that it is an even 
chance whether x exceeds or falls short of ya, it is given by 

il le 7 2 > 1_ 72 

The ordinate at this point bisects the portion of the area in the first 
quadrant of the condensation cuive for P points 
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1696 Inverse Probability 

Questions involving the probability of causes as deduced 
from observed events are called questions on “inverse” pro- 
bability Supposing P v P 2f P n , the probabilities of the 
existence of the several causes of an event known to have 
happened, and that these causes are mutually exclusive, and 
that these are the only causes through which the event could 
have happened, and further, supposing that p 19 p 2 , Vn ate 
the respective probabilities that when the cause exists the event 
will follow, then it is known that in any case when the 
event has been observed to happen, the probability of its 


having done so from the r th cause is P r p r j 2 P r p r (Smith, 

Alg } p 521) This result is stated by Laplace [MSm sur la 
prob des causes par les evenemens, Mem, par divers savans, 
T vi, 1774] 

If Q r be the probability of the compound happening of 
the r th cause followed by the event, Q r =P r p r , and the above 


expression may be written Q 



1697 Let the probability of the happening of a certain event A , 
which we may call the cause of a second event B, be x , which varies 
from 0 to 1 Let the happening of B depend upon the happening 
of A m such a manner that the compound probability of B's 
happening is <p(x) It is observed that B happens What is 
the chance that x lies between two assigned limits /8 and a ? 
(0</3<a<l) 

Let 00 denote unit length on the a-axis, and let the gi aph 
°f y=<t>(n) be drawn (Fig 557) The ordinates represent the 
probability of B happening corresponding to the abscissa 
which represents that of A 

Let OC be divided into n equal elements of length h> nh = 1 
The points of division are at distances from 0, 0/w, 1/n, 
2 ! n > etc , and the probability of the existence of the r th cause is 

S'° 

Hence the probability of the abscissa lying between x and 
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x-\-dx is </>(x)dxj^ <p{x)dx , and therefore the chance that the 
abscissa lies between /3 and a is ^4>(x)dxj P <j>(x)dx 



This chance is therefore measured by the ratio of the area 
bounded by the curve and the z-axia comprised between the 
ordinates x=(S and x=a to that comprised between x=0 
and a=l 

1698 In the same way, if the secondary event B be de- 
pendent upon two (or moie) primary events A v A 2 , whose 
probabilities aie represented by x v x 2 , whilst that of the 
dependent secondary event is (t>(x 1 , x 2 ), the chance that the 
probabilities of these pi unary events respectively lie between /3 X 
and a v /3 2 and a 2 , where 0</3 1 <a 1 <l and 0</3 2 <a 2 <l, is 

x i) dx ] dx l / | o | o ^ ( x i > xjdx^, 

with corresponding expressions if there be more than two 
variables 


1699 Recurring to Ex 12, Art 1695, we have seen that if 
a point X be taken at landom on a line OA = a, and then 
m+n other points be taken at random on the same line, the 
chance that m unspecified points of the group lie between 
0 and X and the lomamdei between X and A is 

^cS( x X( a -^) n ^-- 1 


\ a J a ’ m+n+l * 
a fact obvious fiom anothei consideration as pointed out 
We may use this pioblem to lllustiate the result obtained in 
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Art 1697 Ihe fact that X lies at a distance x from 0 may 
be regarded as a primary event or cause from which the 
nature of the secondary event, viz the particular allocation 
of the m+n unspecified points, arises, and the chance of the 
happening of the secondary event is a function of the variable 
x which defines the cause 



Fig 558 

The total number of ways in which it can happen that 
whilst X lies between an unassigned x and x-\-dx> an un- 
specified m of the m-\rn random points lie on OX and the 
remainder on XA for all values of x from 0 to a is measured by 

;©■(=?)•*. 

&nd. the number of ways the same thing can happen when 
X lies between an assigned x and x+dx is measured by 

m+n c ro o ”‘+”+ i ^^”‘^-~ ~y — 

Therefore, when the compound event happens, the chance 
that x lies between x and x+dx is the ratio of the second of 

these expressions to the first, le x m (a—x) n dxj^x m (a-x) n dx 

And the chance that when the compound event happens, X 
will he between <c=/3 and x=a, (0</3<q<q) is 

x) n dxj^\ m (a~ x) n dx 

1700 Next suppose that a new group of P+Q random 
points is taken upon the line OA What is the chance that an 
unspecified p of these points also lie between 0 and X and 
the remainder between X and A * 

The total number of such cases when X falls between 
x and x+dx will be 

^HJ m P +q Cp(l rn+n+ 1 >+ Q + 1 "* P ^q— » dx 

and the total number of cases for all positions of X, in which 
m unspecified points of the m+n lie on OX, whilst the other 
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n lie on XA , whilst the p+q points are distributed any- 
where on the line, is w+n O n a m+r * +1 a^ + « 

Therefoie the compound chance that ( 1 ) X lies between x 
and x+dx , (n) m unspecified members of the first group fall 
on OX and the other n on XA , (in) that p unspecified members 
of the second group fall on OX and the other q on XA, is 
P^C P x m+ t>(a-x) n +*dx 

Op+q ra 

J x m (a—x) n dx 

Hence the whole probability that this compound event 
happens when X lies anywhere on OA is 


^ (P+,), (.+,»■ („+, )■ (■»+»+!)< 

® rH ' \ a x r»( a - x )»dx ( OT + w +2>+2+l)' »'»' 

Jo 

1701 The above problem forms a landmark m the History 
of Probability It is associated with the names of many 
investigatois, Bayes, Condorcet, Trembley, Laplace and others 
(See Todhunter’s History , pages 295, 383, 399, 414, 467, etc ) 

It is often enunciated in a different way 
An urn is supposed to contain an infinite number of white 
tickets and an infinite number of black tickets, and no others, 
and that is all that is supposed to be known as to the tickets 
These tickets coriespond to possible situations of a point to 
the left of X or to the right of X in the foregoing problem 
Then m-\-n tickets having been drawn from the urn, m are 
found to be white and the remainder black What is the pro- 
bability that a further drawing of p+q tickets will result in 
p being white and q black ? 

J x' n 'P(l-x ) n +«dx 

Laplace gives the required result as » 

I cc m (I— x) n dx 

Jo 

which, without the factor (p + qY/p ] q ] , supposes the tickets to 
have been drawn in a specific order Todhunter quotes the 
following remark of Laplace “ La solution do ce problbme 
donne une m^thode directe pour determiner la probability des 
yvfenemens futuis d’apr^s ceux qui sont d^ja arrives” 
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1702 Next suppose that on the line OA (=a) several random 
points X v X 2 , , X be taken at distances x l9 x 2i , x 

5 % £ xT x^Ta 

Fig 550 

from 0, in this order, and let P 1 +P 2 + +p n other random 
points be taken upon OA Then the compound chance that 
(i) X 1 lies between x x and x x +dx lf X 2 between x z and x z 4-dx 29 
etc , (n) p x specified points fall on OX 19 p 2 on X x X 2 , p % on 
<^ 2^3 > etc j is 

( X l\ Pl ( X 2~ X l \ P2 ( a ~ X n-l \ Pn dXl fa 2 fan-1 

Hence, for unspecified groups of p 1 points between 0 and X 19 
p 2 between X 1 and X l9 etc, whilst X l9 X 2 , X n _ x lie at any 
points of OA f m this order, the chance is 

( P1+P2+ +PnV [ a f ^" 1 [ Xn ~ 2 PfoWfbzS)* 

Pl'Pt' Pn 1 J0J0 Jo Jo'*' \ a / 

x f a— X n-l \ Pn fan -1 fan-2 ^2 

\ a ) a a a a 9 

which at once reduces to l/(E^+l)(E^+2) (2/p+n— 1) And 

this is an obvious result For of the p x +p 2 + +p n +n — l 
points of division, the chance of the n— 1 points standing m 
the specified order m the (p x 4 l) th , {p 1 +p z + 2) th , etc , positions 
is clearly 

CPl+P2+ +i ) n) , /0 ? l+j ? 2+ +n— l) 1 

=l/(2^+l)(2^+2) (E^+%— 1) 

If now another group of q x +q 2 + +q n points be chosen at 
random on OA , the chance that q x unspecified ones shall lie 
in the same segment as the p 1 points, q 2 m the same segment 
as the p 2) and so on, will be 

1 (ffl+g2+ +gn) ! 

a«+ +«* q n \ 

If f s i* 1+3, (*2~ 2; i) ! ’ ,+4 ' (a-x^ 1 ¥"- H, *dx n _ 1 dx„_t ix l 

JJ (a — x n -i) ? " dx n _ x dx n _ 2 dx 1 
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the limits for x x being 0 to x 2) foi x % , 0 to sc 8 , etc , for cc n . 1} 
0 to a, which we may evaluate as before 


1703 Ex From a bag containing an infinite number of tickets, each of 
which is known to be black or white, ten are drawn at random, and found to 
be four white, six black What is the chance that a further draw of two 
tickets gives one white, one black 9 


Here m= 4, n=Q,p= 1 , 1, a— 1 , and the chance required 

=^fo^(i- W f/U -*)•<**= r$Ta)=fi 


What would be the chance that a draw of one ticket only should yield a 
white one , and that a subsequent draw should yield a black one 9 
The chance for a white one at the next draw 


=s I x s (l -x) 9 drj^ & 4 (1 
The chance for a black to follow = J x*( l - 


^(1 -x)*dx=jg 

The chance for the two draws to result in this order =~ 

lss 1.3 loo 

The chance that i , which represents the pioportion of the number of 
white tickets to the whole number of tickets in the bag, should be more 

than J of the whole is j -r 4 (l - ^(l — a?) 6 <&c=281/2 10 


1704 Buffon’s Problem Parallel Rulings 

An infinite plane is ruled by an infinite system of equidistant 
parallel lines , whose distances apart =2a A thin rod of length 
21 ( < 2a) is thrown at random upon the plane What is the chance 
that the rod will cut one of the parallels ? 

Take as y-axis that one of the paiallels to which the centre 
C of the iod falls nearest, and the <c-axis perpendicular to the 
set The problem is unaffected if we suppose the centre of 
the rod to fall upon the sc-axis, for the proportion of the 
number of cases in which the rod cuts one of the rulings to 
the whole number of possible cases is not altered thereby 

Let 0 be the ongm, OC=x Let the figure represent the 
case in which one end of the rod lies upon the y-axis, the 
angle between the rod and CO being $ Then a;— !cos^ 
Then for a given position of G , the chance of a cut 


—2 — cos -1 ? 

-* 2ir — ir C0S V 


and the chance that C lies between x and x+dx on a line of 
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length a is dx/a t and when C falls between x—l and x=a, 
theie is no chance of a cut Hence the whole chance required is 

^ f cos~^dx=®f </> sm ^ ^=^-= d0 ^ le , tll - e - Ien g t V f * he rod 
o / ^Jo ^ ira circ of a circle of radius a 



This is a particular case of a remarkable general result to 
be seen latei It is another landmark m the history of the 
subject It was given by the naturalist BufFon in his Essai 
d’ Anthnndtique Morale , 1777 Also see Laplace, Thdome de 
Prob , p 359 (Todhunter, History) 

1705 Rectangular Rulings 

Suppose a second system of parallel lines drawn at right 
angles to the former set, whose distances apart =26 ( > 22), 
thus mapping out the infinite plane into a net- work of equal 
parallelograms Consider that rectangle formed by a con- 
secutive pair of each family of rulmgs which finds itself the 
recipient of the centre of the rod Suppose the rod to have 
come to rest, making an angle <f> with the side of length 2 a 
If we join the centres of the extreme positions of the rod 
at this inclination, an inner rectangle is formed of sides 
2a 21 cos </>, 2b — 22 sin <f > , and no rod at this inclination, whose 
centre falls within this rectangle, can cut a side of the mesh, 
whilst those whose centres fall without it do so Taking axes 
coincident with two sides of the rectangle, the angulai position 
of the rod may range from being parallel to the a-axis to 
being perpendicular to it The chance that the inclination 
lies between <j> and <p-\-d<j> is proportional to d<j> 9 and we are 
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to evaluate the ratio of J J J f° r the favourable cases 

to the same integral for the whole number of eases The inte- 
gration for x and for y has been effected geometrically above 
The chance required is therefoie 

IF „ 

£ Jo ^ ^ cos ^)(^ — 2Z sin 0) } d<f> J yj 4 abdfi 

2 1 r£ 7 

^^abJo Sm cos sm <t > cos 0) d<p=—^(2a+2b-l) 

BufFon’s result 2 l/ira follows at once by making b infinite 
Putting a=.b, the result is Z(4a-Z)/7ra 2 for square meshes 




1706 Suppose a squaie of diagonal 2 Z to be thrown upon the above 
rectangular mesh-woik, Z being less than either a or b , and let the 
inclination of a diagonal to the side of length 2 b be 
To avoid a cut, the centie of the squaie must lie within an inner 
lectangle of aiea 4(<x -Z cos </>)(& -Z cos <£) The lange foi </> is from 0 

to and the lesnlt {4(a + 6)\/2- ( 7 r + 2)Z} 


If 5=00, this becomes — « 

unumf of cnclo of lad 


(See Ait 1707 ) 


If a cnculai lamina of ladius r (< a or b) be tlnown at ha /aid m the 
same way, the chance of a cut is obviously 

2a 26-(2a-2r)(25-2r) r(a + 6-r) 

2a 26 a6 

And when 6 becomes eo tins becomes - c iL c . umf o f c L‘d : ll_ of ii l< Lr 

cncumf of cnclo of iad a 
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This class of problem leads us to enquire as to the chance of a hazard 
throw of a lamina of any shape cutting one of a system of equidistant 
parallels drawn upon a plane This we proceed to consider 

1707 Random Lines 

Let an infinite plane be ruled by parallel lines at distances 
apart =2 a Let n equal short lines of lengths Ss, whether m 
rigid connection or not is immaterial, be thrown down at 
hazard upon the plane so ruled Then each one has an equal 
chance of finding itself crossing one of the rulings If p be 
that chance, the chance that some one of them crosses a ruling 
—np 

Suppose that the n elementary lines Ss are the infinitesimal 
elements of the perimeter of some oval of perimeter $ Then 
nSs=s, n being infinitely great The chance of the perimeter 

of the curve cutting one of the rulings is therefore £ $, that is 

Xs } where X is the limit of p/Ss when Ss is infinitesimally 
small Next consider the case of a cncle of radius a If 
this be thrown at hazard upon the plane, it is a eertamty 
that it must cut one of the rulings, and only one Hence 
X27ra=l This determines X 

Thus the chance of a curve of perimeter s , whose greatest 
breadth does not exceed 2a, cutting a ruling is s/ 27 ra Curves 
therefore of the same perimeter, and whose greatest breadths 
do not exceed 2a, have equal chances of cutting a rul in g 

1708 Examples 

1 If a circle of radius b (< a) be thrown down at hazaid upon the 
plane, the chance of crossing a ruling = 27 r 6 / 27 ra= 6 /a 

2 If the contour be a square of side b ( < WJ), the chance is 2b fr ra 

3 If the “curve” thrown down be a straight line of length 2 1 (< 2a), 
it may be considered as an ellipse of minor axis zero and perimeter 4 1, 
and the chance is 2 l/ica (Art 1704) 

4 For a semicircle of radius b (< a), the chance is ( ir + 2)b/2Tra 

1709 Let 0 be a point fixed to the contour thrown down, 
and OA a fixed axis on it 

Let 0 fall at a distance p from one of the rulings, RS, and 
let OA make an angle \fr with the perpendicular p Let t.hia 
contour he thrown down at random upon the ruled plane a 
very arge number of times, and let the trace of the rulings 
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be marked at each throw upon the plane of the contour 
Now it is immaterial whether we regard the contour as 
thrown down at hazard upon the 
ruled plane, or the ruled plane 
thrown at hazard upon the plane 
containing the contour Take the 
latter case Let a doubly infinite 
number of lines be drawn upon the 
plane of the contour according to 
the following plan 

(a) Let the lines be drawn parallel 
to a standard line 

p=xcos\fr+ysm y[s, 
which we may call the line (p, y^), 
at equal distances apait, such that 
n of them are contained between the lines (p, \js) and 
(p+Sp f \fr) 

(b) Let us suppose drawn foi each value of p } p+8p,e tc, 
the infinite family of lines \[s, yjs+Sy/r, ^+2 S\[r, etc, there 
being m lines with the same value of p between ( p , y,) and 
(p, yfr+ty), viz those for which p makes with OA angles 

A\e shall define any line chosen at random fioin this 
double set foi equal gradations of p and of as a “ random 
line ” 

The actual number of lines from (p, \J,) to (p+8p, \js+S\(s) 
is mn, and wo obtain in this way the same system of lines as 
those obtained by the tracings of the lulmgs upon the plane 
of the contour aftei the contour plane is tin own down at 
hazard upon the ruled plane 

Taking the case of a cnclo of ladius a and conti e 0, the 
number of such lines crossing it is 

O 'iir 

dpd\}r-=mn ra say 

Hence the number fiom (p, \],) to p+Sp, i/H S\Js, viz mn Sp 

' B ZT a SpS+ 
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Now, if 0 be a point within any closed convex contour, 

Jj* dp perimeter 

Hence the number of lines crossing such a closed convex 
contour X perimeter, % e 

No of lines crossing any closed convex contour _ penm of curve 

No of lines crossing a circle of radius a ~ penm of circle 

The length of the penmeter therefore measures the number 
of lines crossing the contour 

This is the same result as that of Art 1707, from a different 
point of view 

1710 If there be any re-entiant portion of the contour, 
the perimeter must be regarded as the length of a stretched 
elastic band which encircles it , that is, the re-entrant portions 
must be excluded by double tangents Otherwise some of 
the random chords will be counted more than once by the 
above rule 

1711 Examples 

1 If a closed convex contour* of perimeter 2 completely encloses a 
second closed convex contour of perimeter S, the number of chords of 
the outer which cut the inner is XSj^ira And the total number of choids 
of the outer is X2/2ira Therefore the chance of a chord of the outer 
cutting the inner also is Sf2 

If the outer be a circle of radius -R, and the inner a square of side b, 
the chance is 26/7 TjR 

2 If the inner degenerates into a straight line of length 2 1, and the 
outer be a circle of radius jR, the chance is 4Z/2itjR— 2 Z/ 7 T.R 

3 The chance that a random chord of a circle cuts a given diameter 
IS 2/7T 

1712 "We may then speak of S or jj dp d\fr as “ the number 

of lines ” which cross any convex contour throughout which 
the integration is conducted, whenever a comparison is to be 
instituted between the number of lines which cut one convex 
contour with the number which cut another 

1713 Various Gases 

In the case of a straight line of length c, which is the limit 
of an elhpse of zero minor axis and perimeter 2c, the number 
of random lines cutting it is then measured by 2c 
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1 

I 


1714 In the case of an arc of length s bounded by a chord 
of length c, there being no re-entrant portion, the number of 
random chords crossing the contour is measured by s-fc 
But the number which cross c is 2c 

Hence the number which cross $ twice and do not cut c is 


s— c 


s 



Fig 564 



Fig 565 


1715 In the case of the contour bounded by an aic s and a 
pair of tangents of lengths x and y , let c be the length of the 
chord , then, if s be concave at each point to the foot of the 
perpendicular upon the chord, 

the number of landom lines which cut x and y , but not 
c, is x+y-c , 

the number which cut s, but not c, is s—c 

Therefore the number which cut x and y, but not s, is 

x+y—$ 

1716 In the case of two arcs s v s 2 and a chord c, each arc 
being convex at every point to the foot of the perpendicular 
upon the chord, as in Fig 566 , let c lf c 2 
be the chords of the arcs s l9 s 2 respec- 
tively 

Then the number ot chords cutting 
c v c 2 , but not c, =c x +c 2 —c These 
necessarily all cut^ and s 2 , each once 
only 

The number of those which cut s x twice, but not c x> =^s 1 —c l 
These also cut $ 2 once and c once 

The number of those which cut s 2 twice, but not c 2 , =s 2 —c 2 
These also cut s x once and c once 

Hence the number which cut both s x and s 2 

= (C 1 + C 2 -c) + (6i-C 1 ) + (5 2 -C 2 )=5i + 5 2 -C 

1717 In the case where the region considered is bounded 
by three aics s X) s 2 , s 2 , lying within the chordal triangle 
c v c 2 , c 3 , and each concave at all points to the foot ol the 
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ordinate from the point to the chord of the arc (Fig 567), 
the number of chords catting s 1? but not c x , c x These 
necessarily cut s 2 and $ 3 , c 2 and c 3 
The number of chords cutting one or other of the three arcs 
twice, and therefore cutting all three arcs, 

=(*x— <h)+ ($2 ~ c 2)+(s a -o 6 ) 

The number which cut $ 2 and s 3 =s 2 -|-s 3 — c L 
Therefore the number which cut $ 2 and s 3 , but not s u 

= (*a + 5 s“ c i) - ( s i ~ <h) =* 2 +**— *i 
Therefore the number which cut any two of the arcs, but 
not the third, is 

( 5 2 +^3“" 5 l) "H*a + s i~ s 2 ) + ( 5 l + 5 2“~ O =s i +* s 2^- 



1718 Consider the case of a region bounded by such a com- 
bination of arcs and lines as exhibited m Fig 568, where t is 
a chord or a double tangent , , $ 2 any arcs convex at each 

point throughout their lengths to the foot of the ordinate to t , 
l v l 2 straight lines tangential to Sj and s 2 , and <t an arc concave 
at each point to the foot of the ordinate drawn upon its own 
chord, which lies within the region considered, and either 
touching and l 2 or meeting them and lying between \ and l 2 
produced 

The number of lines crossing this contour, but which do not 
cut t , with the exception of such as meet 5 1 -|-Z 1 or s 2 -J-Z 2 twice 
and incidentally meet t, is 

{®i+Zi+ <r + \ +a? 2 “ (* “ Vi—Vz)} - («i 4- ft— O “ (^ 2 + ft — O » 
where the meanings of the various letters are indicated in the 
figure For the first bracket includes those which cut x 1 -(-i 
V\> not s 1 +l l> or a? 2 +£ 2 , ft, and not $ 2 -f-Z 2 , the number of 
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which cases i& subtracted m the second and thud brackets 
The expression reduces to s 1 ^ r s 2 +h^~h J r (J ~^ 

1719 In the case of two non-intersecting non-re-entrant 
ovals A and B , of perimeters P Ai P B) external to each other, 
let the lengths of the several arcs and tangents he as indicated 
In Fig 569 Let j3 c and 0, be the stretched lengths of the 
crossed and uncrossed elastic belts surrounding the ovals 
Eandom chords crossing both ovals must either 

(i) cross the region s 1 x 1 x 2 o- 1 T l , and except for those which 
cross s l +x 1 or crj+ccg twice, not cross T x , or 

(n) cross the region and except for those which 

cross s^ J r y 1 or cr 3 4 * 2/2 twice, not cross T 2 



Their number is therefore 

(s 1 4-5Ci4" a? 2"t’ 0 ‘i __ ^i)“l“(^3 - l”2/i"^2/ 2 ’^ cr3 ^ 2 ) “A* 
le the difference of the crossed and uncrossed belts Hence 
the probabilities that a random chord of A crosses B, or that 
a random chord of B crosses A, are respectively (Ac Pu)/Pa 
and (j8.-A.yP* 

1720 If the ovals touch externally ^ c =^Pa+ p b 

1721 If the ovals intersect, indicate the several arcs and 
tangents as m Fig 570 

The chords which cut both may be classified as 

( I ) those crossing and cr 1? but which, with the exception 
of those cutting s x twice or <t y twice, do not cut T 1 , 

( II ) those crossing s 2 and <r 2 , but which, with the exception 
of those cutting $ 2 twice or or 2 twice, do not cut T % , 

( III ) those which cut the region hounded by and <r 3 
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Their number is therefore 


(s 1 +<r 1 — : r i )+<*+<r i )+(*+ < r 1 — T 1 )~P^+P J ,-fl 1 , 
i e the sum of the perimeters less by the belt 



chords which cut both is therefore P B 

1723 If a third non-re-entrant oval X lie partly between A 
and B and be cut by the uncrossed belt, but not by the crossed 
belt, as shown in Fig 57 2, we shall consider how many random 
lines can be drawn cutting all three contours, it being under- 
stood that the ovals are so situated that for all chords cutting 
all three the Z-segment is intermediate between the other two 



Indicating the lengths of the several arcs and tangents as m 
Fig 572, all such random lines as are chords of all these regions 
must be chords of the region («,, t,, e , t 2 , <r lt T), but must not 
cross T, with the exception of those which cross twice or 
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c r 1 +t 2 twice, with an incidental crossing of T By Art 1718 
their number is ^ 4 -^ + 0 * 1 — T 7 , %e the amount by which 
the imcrossed belt has been lengthened by X having been 
pushed into position from outside the belt 

1724 If in the last case the oval X has been pushed com- 
pletely within the region bounded by the uncrossed belt, but 
still not so as to cut the crossed one, denote the various lengths 
of arcs and lines as m Fig 573 



Then the number of random lines which cut all three ovals 
is a— / 3 — y+d, wheie 

(l) a is the number which cut the contour hut 

do not cut c, with the exception of those which cut s x -\-t z or 
<r 1 +^ twice, = 5 1 +^+e 1 +^+o* 1 —c, 

(n) j 8 is the number which cut (^—y, t 2 ~x, c), but do not 
cut c, ^ — -v 

(m) y is the numbei ' Sn \C ) 

which cut (j x , y, c 2 ), but not 
0 |, =X+y-C 2i V'S 574 

(iv) <5 is the number which cut e 2 twice, but not c a , =e a — c a 

The total, aftei rearranging, is 

f €x+e 3 +€ 2 +e 4 +€ 1 +^+<r 1 ) “(^+e 8 + ^+ 64 + t 4 ) f 
which is the difference oi the increases ot length of the un 
crossed belt caused by its being made to pass round the contour 
of X in opposite directions (Fig 574) 
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1725 In a similar manner it is easy to examine other 
special eases The last two resalts are due to Sylvester [Educ 
Times], who refers for simplex eases to Czuber’s Geometmsche 
Wahrschemhchkeiten 

1726 Ex Three pennies of diameters d are soldered together in mutual 
contact at their edges 

Thu figure is thrown upon a table ruled with parallel lines at equal 
distances (2 a) apart {a> d) What u the chance of 2, 4 or 6 intersections 9 

[Biddle’s Problfm ] 

Let the discs be labelled A, B,C 

Let the number of chords which cut 

(i) A alone, (n) A and B , but not C, and (m) all three 
be respectively v, y, 3 z Then 

3a? + 3y+ 32= length of surrounding belt = (t 4-3 )d, 

32=3 x lengthening of an unciossed belt round A and B 
by pushing C into position 

y~ (crossed belt round A , B- uncrossed belt) — 3 z 
=(ir - 2)d- (r - 3)d= d 
Hence x=y = d ) z=(ir-3)dj3 
Therefore the chances required are respectively 
3d/27ra, Sd/Sira, (rr -3)dl2ira 




1727 Ciofbon’s Theorem 

In any centric convex contour of area A, let AB be a diameter 
and G the centroid of the area of either semi-oval Let P be 
the perimeter of the path ofGas AB rotates, then the mean 
radial distance of any point within the contotur from the 
centre 0 is \P 

If x, y he the coordinates of G referred to OB as cc-axis, 
W the weight of the half oval, AB— 27, and if we place two 
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small weights w and —w at distances %OB and %OA from 0, 
the new coordinates of ff will be 


x f(fa;=|lf5+w 

y+dy=^ (Wy+0)/W=-y 


Hence 


7 - 4 w 

dx ~B W r ’ 


dy=Q 


The centroid has therefore been moved parallel to AB The 
effect upon ff is the same as the above, if AB lotate through 
a small infinitesimal angle d\js to a contiguous position A'0B\ 
and then w is the weight of the sector =^r z dyjr ) and 


W — d\fs = \A, 

Jo 

and dx is an element of the arc of the ff- path =ds Hence the 

4 

intrinsic equation of the (?-path is ds =- 5 and its radius 


. . 1 (Chord AB) 3 , _ 1 f ! 

of curvature = g Area of oy T l and P=,- | 


bi) 0 < Chord w 


Again M(r)-- 


ff r(rdyfrdr) , ff , f2)r , 

(Chord, 


Prof Crofton’s pi oof of this result [. Proc Bond Math Soc , vm ] 
runs on different lines, but he indicates the above as a method 
of procedure 


1728 Useful Results for a Convex Contour of Area A and 
Perimeter L 

Let G be the length of a chord, coordinates (#>, >//■), with 
regard to an origin 0 within the oval, G the centroid of the 
oval, Off (=c) the initial line from which \}s is measured, 0£ 
a line parallel to the chord, p the perpendicular from ff upon 
0 £ , p x and p 2 the perpendiculars upon the tangents parallel to 
the chord Then we have, taking limits from — p x to p 2i 

(i) ^Gdp=A, (n )^Cdp=Af, (m) j <p* C dp=Ap*+Ak*, 

where Ah 2 is the moment of meitia about a paiallel through ff 
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Hence integrating ( 1 ) and (n) with regard to fiom 0 to 7 r, 
which takes m all random chords, 


(i) JJ<7dp<&/r=J.4 dyfr^irA , whence 

^ JJ Cdpdyf, Area of contour 

( 11 ) ^pGdpd\f^=^Apdy]/=Ac^sm\p' d\]r=2Ac 9 and in this 


integration it is to be noted that p changes 
sign as C passes through the origin 




If the oval be centric and the origin be taken at the centre, 
we shall integrate for p from 0 to p 1} the perpendicular upon 
the tangent parallel to 0 , and for \js from 0 to 2?r Then 


(l) j*j'(7dpd‘^r=-Jj4 2iT^=A.7T, as before , 

( n ) dp A\ls=%A^p dy{f f where p is the perpendicular from 


the centroid of the half area upon a line through 0 
parallel to the chord ( p , \js)=^A Penm of (2-path 


Thus M(AOAB) 


j^pCdpdyJs 

JJ dp d\fs 


-u 


Penm of (?-path 
Penm of oval 


1729 Mean Power of the Distance between two Random 
Points within an Oval 

This mean may he expressed as an integral in terms of a 
chord Let JT, Y be the random points, and \fr the inclination 
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of IF to a given direction Let G be the length of the 
choid AB through X , Y , ON (=p) the perpendicular from 
an origin 0 within the oval to AB, XA=r , XB=—r' } XY=p 
Keep X fixed at fiist Then the sum of all the values of p n 
which are contained between A XB and a chord A! X&, making 
an angle d\Js with the former, each multiplied by an element 
of aiea, is 

jV‘(p d’A dp ) +£ p n {p d\fs dp)=^-—^~— d\js , 


and integrating this for all positions of 
X lying between the parallel chords 
(p,\js) and (p+dp, \jr), we have 


dp dr being the element of area in which 
JTlies Andr varies from zero to G and 
r'=C— r We therefoie obtain 
[yn4nc r/n+aio , 2 C n+3 , f , 

(n+2)(n+3)~ d ^ (ti+2)(??+3) ^ p 



The final stage of the integration is to sum this expiession 
for all elements dp d\fs within the contour and then to divide 
by the number of cases, which is measured by A 2 

Hence (n>-2) 


1730 In the case, wheie n= — 1, we have 

This may be inteipieted as an expiession foi the mean value 
of the mutual potential of a pan of unit particles at random 
points within the contour 

The case n—0 gives A 2 — 

The case n=l gives M(p)~- 
The case n= 2 gives M(p 2 )=~^^G b dpd\\r 


jj O'd/pdf 
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But since M (p 2 ) = 2A 2 , where ^ is the radius oi gyration 
about the centroid, 

We obtain thus the mean values oi various powers of C tor 
cases m which the mean values of the corresponding powers 
of p have been otherwise found 
Thus, for instance, 


M(C 3 )= 


|J C*dpdyjs 


jjdp d\js 


M(C S )= 



3£ 2 =3 (Area) 2 
L Perimeter* 


20 Area (Moment oi In about centro id) 
Perimeter 


1731 Other Results due to Crofton 

Let p be the distance between any two random points X, Y 
within a given convex contour of area A and perimeter L 
Then the probability that any random line drawn across the 
contour also crosses a particular position XY of the line 
joining the random points is 2 pjL 

If n be the number of cases of a random line XY, the chance 
that any particular one is selected is ljn Therefore the 
ihance that a particular one is selected and cut by the random 
chord is 2 p/nL , and the chance that a random chord cuts a 
random lme XY is the sum of the values of 2p/nL for all the 
cases of a pair of random points (Fig 580), 

Agam, suppose the random chord to divide A into two 
parts 2 and 2' The chance that X lies in 2 and Y m 2', or 
X m 2 and F in 2=222'/ A 2 for any particular position of 
the chord If m be the numbei of random chords, the chance 
of selection of any particular one is 1/m, and the chance that 
a particular chord should be selected for which X and Y lie 
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1 2 ES / 

on opposite sides is , and the chance that a random 

m 

chord should cut a random XY } 


=^M(S 2')=^ 


jjss'dpty- 


Jj'dp d\js 


A 2 L 




Hence, by equating the two values of the chance, we have 

d\fs 

Moreover we have two expressions for M(p) y viz 

gpJJ CPdpty and 1 Jjsrdfri* 

(Ciofton, Proc Lond Math Soc , vm ) This furnishes an 
interesting illustration of a difficult geometrical result arrived 
at by a consideration of mean values and chances 





1732 A and L being respectively the area and perimeter of a 
given convex contour which encloses a second contour of area B, it 
is required to find the chance that a pair of random chords PQ , 
P'Q' of the former should intersect withm the latter (Fig 581 ) 
Take an origin 0 within the smaller contour, and let the 
random chords be denoted by the p-\jr system Let a par 
ticular position of PQ intersect B, and suppose C the length 
of the chord intercepted upon it by B The number of 
random lines cutting G is measured by 2(7 The number ot 
random chords of A is measured by L Therefore the chance 
that one of these cuts C is 2 0/L 
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The chance that the paiticular chord C is one of the lines 
whose p and lie between p and \fr } p+dp and yjs+dyjs is 

dp d\j/ J JJdp d\fs=dp d\[s/L, the integration being taken for 

the A-contour 

Therefore the chance that whilst the choid PQ lies between 
these limits it is met by a second random chord at a 
point within B is 2C dp dxfr/L 2 , and the total chance of the 
intersection of two random chords of A lying within B is 

j 2 ^C dpd\fr for all values of p , yfr which can give chords 

intersecting B Therefore 

the ieqmred chance = 2 x5/X 2 =2tt Area of J?/(Penm of Af 

1733 The above result is independent of the area of A or 
the perimeter of B, and except that it involves B and L it is 
independent of the shape and relative position of the ovals 

When the inner cui ve coincides with the outer, B=A y and 
the result becomes 2ir Area/(Penmeter) 2 

1734 Next take a very small convex contour of area da 
external to A Let a landom chord of A cut the perimeter of 
this small contour at P and Q, and let PQ= A, which is a 
small quantity of, say, the first order The chance that 
the p and \fs of this chord should lie between ( p , \]s) and 

(p-\-dp, \]r-\-d\fr) is dp d\]s j d\fs, the integration being for 
the contour A, i e dp d\JsJL 

Let 0 1 and 0 2 the angles which the tangents from P to 
the oval make with any specific position of PQ (Fig 582) 
Then regarding the chord PQ as itself a narrow oval whose 
greatest breadth is an infinitesimal of the second order, the 
chance that a random chord of A cuts this line PQ is, by 
Art 1719, (Crossed Belt -Uncrossed Belt)/Z, le m the limit 
(2 \—\ cos 0j- X cos 0 2 )/L Hence the chance that the chord of 
A should be selected to lie between (p } \fr) and (p+dp, 
and then cut by a second random chord of A within the small 
contour, is d d 

T r (ve* s 0,+vers d 2 ) 
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Now X being an infinitesimal of the first order, Q x and 0 2 
may be regarded as constant throughout da for a given 

direction of PQ, and the integration jx d<p gives the area da 

when taken for the small aiea This integration therefore 
gives da dyp (vers 0 X + vers 0^)/L 2 We next integrate with 
regard to \Js, and \ers 0!+ vers 0 2 =2—cos (o> — 0 2 ) — cos 0 2 , where 
(a is the angle subtended by A at the elemental y area da 




The possible dnections of the chord cutting PQ will vaiy 
between the dnections of the common non-ciossmg tangents 
to A and da , and one of these tangents may be taken as the 
fixed direction ftoin which \js is measuied We therefoie 
have d\jf=dQ 1 , and we have to integrate from \//=0 to ^=a> 
This gives 

^ | [2 — cos (a — V') - cos 'M ( w sm ® ) 

We may now mtegiate this through any finite convex oval 
of area B external to A Thus the chance that two random 

chords of A intersect within B m j^oo—smu^da 

1735 If B be taken as the whole oi space external to A, 
the chance of the random chords intersecting outside A must 

be 1— the chance oi intersecting withm A, le 1— 

Hence wo obtain the remarkable theorem that 

2j(a> -Hina>)da s =L 2 — 27tA, 
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toT t l “ t ® gratl0n 18 ‘ aken over the whole plane external 
bJ T m 18 ° due to Crofton Ifc 18 quoted by 

a D ?’ P 491 Xt 18 curious* example 

(see Art 1781) of a geometrical fact brought to light by 
consideration of chances ® ^ 

p 268 6 ) D>Alembert ’ sMortallt y Curve (See Todhunter, History, 

Definitions Mean Duration of Life For a person of age * 

5S , the “ ean f *“*“ of W* beyond * years is the sum 
of the lengths of the lives lived by a large number of persons 
beyond that age, divided by the number of persons 
Probable Duration of Life For a person of age * years the 
probaWe duration of life beyond , years is such a period 
that it is an even chance whether the life of the individual 
exceeds or falls short of it 

1737 Let \fr(x) denote the number of persons still hvinc 
? yCar8 a ^ their b ^s Then the gr!ph of 

known as the cuive of mortality V ^ ' 

^:r TS bC the SUpreme hnut of llte > * • the greatest age 
to which any person can attain Then \lr(c) = 0 * 

By the definition, 

Mean duration for a person aged a years =P ^(x)dxj^(a), 

Probable duration for a person aged a years =5°years 
where ^(6 )=^ (,( a ) 



M P 
Fig 584 


Fig 584, OC=c is the limit of longevity, OA=a vears 
The ordinate AR represents the number of persons alive at 
age a years, AP the probable duration of life beyond the 
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age a for persons now of age a, the ordinate at P being 
half that at A AM measures the mean duration for persons 
of age a years, and is such that AR AM=a,te& RAPCQR 

1738 A Different View 

The usual method of estimating the mean and probable 
duration of life for a person aged a years is somewhat 
different from that explained above, but will be shown to be 
in agreement with it 

Let <f>(x)dx be the number of persons who die between the 
ages of x and x+dx Then, since ^(z)=the number of persons 
living at age x, ^(x+dx) is the number living at age x+ dx 
Hence to the first ordei, <p(x) <to=is(x)—yf,(x+dx)=—\fr'(x)dx 
and <p(x) = -yj,'(x) Suppose a person to die at the age of x 
years, where s>a The length of life for this person beyond 
a years —x—a, and the average value of this is 

£ (x—a) <f>{x)dx I £ <p(x) dx 

This then is the mean duration for persons of age a years 
The probable duration is b years where 

£ <l>(x) (a;) dx, le J%(a;)da:=|£ <p( x )dx 

1739 Agreement 

The agreement of these estimates with those of D’Alembert 
will be clear 

For (i) £ <p (x ) = - £ y,' ( x ) dx=^(a)-yfr ( c ) = y, (a) 

and f (x—a) <j> (x) dx^-\\ x - a) y/ (x) dx 
Ja J a ' 

= — a)^(®)£ +£ \l,(x)dx—^ \js (x ) dx , 
£ (x-a) <t>(x) dxj^jix) <fc=£ ^( X ) dx/yj,(a) 

(") A S am ' since ^ <t>(x)dx=\ [ <p(x)dx, we have 

Ja j a 
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1740 Chance of Survival 

For a person of present age a, the chance of death between 
the ages p and q(p<q) is and 

and the chance of survival to at least the age of q is 

V'teW'fa) 

The probability of death between the ages of x and x+dx 
for a person of age a is 

yfs(x) — \[s(x+dx) _ +'{x) j 

*(«) 

The probability of death for a person of age x years, 
between the ages of x and x+dx, le of almost immediate 
death, is — \//(sc) dxj \Js(x) = — d log +- (x) 

1741 Expectation of Life 

Defining the “ Expectation of Life ” at a definite age of a 
years as the average or mean duration of life after that age, the 
following results were calculated by Neison ( Vital Statistics, 
p 8) fiom the tables of the Registrar General (See Boole, 
Finite Differences , p 45 ) 


Age 

1 10 

20 

| 80 

40 

50 

60 

r T ° i 

80 

90 


Expectation 

47 7564 

40 6910 

| 34 0990 

27 4760 J 

20 8463 

14 5854 

9 2176 

5 2160 

2 8930 



A (Expectation) -7 0654 -6 5920 -6 6230 -6 6297 -6 2609 -5 8678 -4 0016 -2 8230, 
(Expectation) 4784 - 0810 - 0067 3688 8931 1 3662 1 6786, 

etc * 


The expectations for intervening ages may be very closely 
obtained by the ordinary interpolation methods, e g 

*„-».+»4«. + 2!£=il 4V . + 

But probably no purely algebraical law expressed as a 
senes m powers of the age, on which supposition interpolation 
formulae are based, would be adequate to express the true law 
of expectation for all ages , particularly near the extremities 
of the table, for ages of very young children or foi persons of 
very advanced years The graph of this expectation is shown 
in Fig 585 
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In the decades of the first differences from 20 to 60, it will he 
noted that there is but small change Hence in the graph of 
the expectation the fall in the value of the expectation 
between these ages is loughly uniform, and this portion of 



the graph is very approximately straight From the age of 
60 onwards the curvature shows a definite bending away lrom 
the axis of age, the curve becoming more definitely convex 
at each point to the foot of the ordinate This is the curve 

that is JV-a;) 4> (i) ^ j j"W) d£ 

1742 Remarks on the mortality Curve 

It has been remaiked by Todhunter (Hist ofProb , p 269) 
that the “ mean duration ’ beyond a represents the abscissa 
of the “ centre ot gravity of a certain area,” namely of that 
area which is bounded by the cuive y=<p(x), the a-axis and 
its ordinate for age a, the abscissa in question being measured 
from x=a The “ probable duiation ” beyond a is represented 
by the abscissa, also measured fiom x=a, of the ordinate 
which bisects that area It would appeal fiom tables that the 
“ mortality curve” y=\[s(x) is not eithei always concave or 
always convex to the foot of the ordinate upon the a>-axis, and 
also that the probable duiation is not always greatei tlian the 
mean duration (See Todliuntoi’s lemarks on Buffon’s tables 
and on d’Alembei t’s views, History of Prob , p 285 ) 
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1743 Let us take a supposititious law that the probability of a person 
of present age x years dying before he is aged x + dx is kx n dx, where k 
and n are certain constants 

Let yfr{x) denote the number of peisons alive a? yeais after then birth, 
<t>(x)dx the number who die between x and x+ dx Then <j>(v)=- $\%) 

a a 4>(*)dae 

An<1 X P( V ) 18 P robablht y tbat a Person aged x will die between 

x n+1 

x and x+dx Hence 'l' , (x)l*p(x)= -kti*', le \jr(x)=Ae~ X n+i J 
wheie A is a constant and \j/(0)=A 

r 0 £ n+1 

Hence the mean duration of life from birth is j e~ k «+* dx 

When * is large, the integrand becomes extremely small, and its value 
is insensible Hence we may, without sensible error, take c, the supenoi 
limit of age, to be oo Put 


n+l ~ Z * 


dx=~ fn±l\»+y nil- 1 1 fn+ ISnk-' STi- 1 

»+h a ) z *=u-rj 


dz 


Mean duration at birth 


The Probable duration of life at birth is b years, where e »+i 
te &n+1=5 -X^Iog.2, le 6=^^iiog,2j- n 


i 

i«+i 


For a person of age a years, the probability of death within the next 
r years 

Xa” +1 A(a+?) n+1 

e ~e~ n+1 Xa n+1 f 

= \ a «+l “1-6 


-[Kr-o 


e *+i 


If r be small m comparison with a, this becomes approximately 
K a ;}> where £=Aan+1 
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PKOBLEMS 

1 A cardioide is drawn upon a plane and a point P is taken at 
random within the contour , show that the chance that it is neaier to 
the vertex than to the cusp is 

-fa + ^cos^aV where cos« = 2sm~ 
v\ 3 r 10 

2 Given that^? and q are any two positive quantities, of which q 
cannot exceed 9 and p cannot exceed 6, show that it is a 2 1 chance 
that the roots of the quadratic & - pi + q = 0 are lmagmaiy 

3 Three positive quantities are chosen at random, except that 
their sum is known Show that the chance that the sum of any 
two is greater than l/n ih of the third is 1 - 3 /(?h- l) 2 , provided n<fcl 

4 There are n letters and n directed envelopes The letteis are 
placed at random, one m each envelope Show that the chance that 
r specified letters go wrong and s specified letters go light is 

[(n-i)i -r(n-s- 1 ) ' 4 - y~ « p (« - s - 2 ) < - 4 ( - 1)' («-s-r) '!/«<, 

where u<fcr + s 

5 A circle of radius ? lies entirely within an ellipse of semi-axes 
a and h , m + n random points are taken within the ellipse What is 
the chance that m of them lie within the cnclo and the rest do not'? 

6 Let two points P and Q be taken at hazard in a line AB in 
either order, and let three other points be now taken at hazard upon 
the line What is the chance th.it ( 1 ) all three should lie between 
jP and Q y ( 11 ) one should lie between P and Q and the others not so, 
(in) two specified ones should fall between P and Q and the othei 
not so *? 

7 A point P is chosen at random upon a line A By and then a 
random point Q is taken upon AP Show that the chance that AQ 
is less than l/nP of AB is log ^Jm 9 (n> 1) 

8 Four random points are taken upon a straight lino Show that 
the chance that the sum of the squares of the five parts should not 
exceed the square on half the line is 3 tt 2 /100n/5 

9 A rod is divided into five pieces at random Show that the 
chance that none of them is less than 1/10 of the whole is 1/16 

10 A rod AB is biokon into throe pieces APy PQ> QB at random 
Show that the chance that the sum of the squares of AP and QB 
shall be less than the square of 5 PQ is 
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11 A random point X is taken upon a line AB Six other 
random points are then taken on AB What is the chance that two 
of these will he on AX and four on XB ? 

12 From an urn containing an infinite number of balls, all of 
which are known to be either red or white, a group of seven is 
drawn out at random, and four are found to be red and three white 
What is the chance that a second draw of seven shall also produce 
four red and three white 1 

13 A square ticket of side a is thrown at hazard upon a large 
table mled into squaies of side 2a Show that the chance that the 
ticket will cross a ruling is about 0 86 

1 4 A circle of radius a is thrown at hazard upon a table ruled m 
squares of side 3 a Show that the chance of crossing a ruling is 5/9 

15 A large table is ruled with parallel lines two inches apart A 
one-inch equilateral triangle is thrown at hazaid upon the table 
Show that the chance it cuts a ruling is 3/2 tt 

16 A letter L, with thm arms 3 inches long and at right angles 
to each other, is thrown at hazard upon a large table ruled with 
parallels 4 inches apart Show that the chance of crossing a ruling 
is 3(2 + \/2)/47 r 

17 A cardioide of axis 2 a inches is thrown at hazard upon a large 
table ruled with parallel lines at a distance 4 a inches apart Show 
that the chance it cuts a luling is 9 \/ 3 / 87 r 

18 Show that the mean value of the cubes of all random chords 
of a circle = x area of circle x radius 

19 Show that the mean value of the cubes of all random chords 
which meet an equilateral triangle of side a is 3a 8 /16 

20 Show that the mean value of the lengths of all random lines 
terminated by the sides of a square of side a is 7 ra /4 

21 A circle of radius b lies entirely within a circle of radius a 
Show that the chance that a pair of chords of the latter intersect 
within the former is b'/Za 2 

22 Show that the chance that a pair of landom chords of the 
director cncle of an ellipse of semi-axes a and b should not intersect 
withm the ellipse is 1 - ab/2(a 2 + b 2 ) 

23 Evaluate the integral j*(w — sin to) cW foi all elements of area 
d<r which lie outside a given circle of radius a, w being the angle 
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between the tangents from the element da - to the circle Explain 
the connection of this integral with the theory of chances 

24 Find the chance that if two points be taken at random within 
a circle of radius a the distance between them will be <c where c<2a 

[St John’s, 1885 ] 

25 Two men, A and B, aie walking at rates equally likely to be 

anything from 0 to a miles an hour and from 0 to b miles an hour 
respectively They walk in the same direction along a straight road 
for a time c/(a - b) hours, where c miles is the initial distance between 
them What is the probability that A , who starts behind B , will 
overtake him? [Trinity, 1889 ] 

26 Suppose there are n sugar sticks each of length 2a, each broken 
at random into two pieces A child is promised the biggest of the 
2 n pieces What is the value of his expectation ? 

[W A Whitworth, E T , 13736 ] 

Show that the expectation of the piece of r th largest size is 
{(r+ 1 )n+ 1 }/2? (w+ 1) of a whole stick 

27 If there be an infinite number of balls in an urn, each ball 

being known to be of one of n different colours, and if + + Vn 

balls have been drawn and found to be of one colour, of 
another colour, etc , what is the chance that a further drawing of 
q i + 9% **" 9z + +* $n will yield q x of the first colour, q 2 of the second, 
etc? [Zfrr, E T , 11924 ] 

28 Two points are taken at landom within a circle of radius r, and 

a chord is drawn at random Find the chance that the chord passes 
between the points [Colleges jS, 1888 ] 

29 An equilateral tuangle lies entirely within a regular hexagon 
whose sides are equal to those of the triangle A random chord is 
drawn to cut the hexagon Show that it is an even chance that it 
also cuts the triangle 

30 In a circle of radius a the mean of the inverse distance between 
two random points within the circle is 1 6/37ra 

[Crofton, Land M 8 Proc , vm , p 309 ] 

3 1 If the probability of a person of age x years dying before he 
is aged x + di be Xxdx, show that the average length of life from 
birth is n/tt/ 2A. (See a problem by Stanham, E T , 13021 ) Also 
show that the probable duration of life is */(2 log 2)/A, which is 
rather less than the average duration, 
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32 Prove that (9 - sin 8 cos 9) sin 8coa9d6 = -- 

Jv 16 64 

Two points are taken at random within a circle Find the chance 
that their distance apart is less than the radius of the circle 

[Ox I P , 1916 ] 

33 Show that the mean of the cubes of all lines PQ, which are 
random chords drawn across the contour, are (i) foi a square of side 
a, 3 a? 1 4, (n) for a circle of radius a, 3iro 8 /2 , (in) for a semicircle of 
radius a, 3irV/4 (t + 2) 

34 Show that the mean of the fifth powers of all lines PQ, which 
are random chords drawn across the contour, are (i) for a square of 
side a, 5a®/6 , (n) for an equilateral triangle of side a and area A, 
5aA 2 /9 , (m) for a circle of radius a, 5 tt a, 0 

35 If two pennies of diametei d be soldered together by their 
edges so as to be in firm contact in a plane, and be thrown upon a 
plane ruled with equidistant parallel lines whose distance apart is 
a (a>2d), show that the chance of both pennies being cut by a ruling 
is (r - 2 )d/ira 

36 If a straight line be divided at random into four parts, prove 
that the chance that one of the parts shall be gi eater than half the 
line is 1/2 Show also that the chance that three times the sum of the 
squares on the parts is less than the square on the whole line is 
W3/18 

37 If a straight line be divided at random into five parts, show 
that the chance that four times the sum of the squares of the parts 
is less than the square on the whole line is 3W5/500 

[ W OLSTFNHOT MB, E T , 2753 ] 

38 If random values between ±a 2 be assigned to H and between 
±(2a» + /? 2 ) to 0 m the cubic z 8 + 3ffx+G = 0, show that the chance 

2 a® 

of three real roots = = ; — — 

5 2a« + £2 

39 Obtain the mean value of x 2 + y* + zt subject to the condition 
x + y + z=0, and that z, y, z each lie between -c and +c 

[Laplace , Todhtjnter, Hi sC , p 411 ] 
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ERRORS OR UNCERTAINTIES OF OBSERVATIONS 

1744 Suppose a large number of observations to be made 
to ascertain the measurement of some physical element To 
fix the ideas take one of the simplest kind, the distance 
between two marked points A and B on a straight rod 
Suppose the distance AB to be roughly known to be 10 feet 
long, but that its true value T is unknown to the observers, 
of whom there are many, but known to some other person 
And suppose that as great accuiacy as possible is required 
Out of a large number of observations by careful observers, 
it is clear that there will be none of them which differ very 
much from the true value T The more care is taken, and 
the more accurate the means of measurement at disposal, 
the closer will the estimates be together And it is a matter 
of experience that slight over estimates are as likely as 
under estimates, and occur with equal frequency Absolute 
"mistakes” of counting feet or inches, or of registration of 
units, or of the use of the instruments we are not considering 
In fact we eliminate from this explanation any errors which 
are of the class of careless “ blunders ” 

It will be found by the person who knows the true value 
T , that very few of the estimates differ from I 7 by as much 
as i an inch either way, fewer still by | of an inch, still 
fewer by a whole inch, whilst errors of 4 or 5 inches would 
not occur in the tabulated results of the observations at all 
And if the number of observations which give an error be- 
tween x and x+dx be represented graphically, it will be 
found that the graph takes the foim of a curve symmetrical 

853 
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about the y-axis, having a maximum ordinate at the origin, 
falling rapidly to the u-axis, the ordinate speedily becoming 
insensibly small (see Fig 586) 



1745 It follows, therefore, that for the existence of an 
error of magnitude lying between x and x-\-dx t there will be 
a far greatei probability when x is small than when x is 
large, te & far greater number of errors of observation will 
fall between x and x-\-dx for small values of x than for largei 
ones Let <f>(x)dx be that number We wish to examine the 
nature of this function </>(x). And about it we know that 

(l) it decreases very rapidly as x increases , 

(n) it must be such as to become insensibly small within a 
short range of values of x , 

(m) it must be an even function of x> as errors of excess or 
defect are equally numerous within corresponding 
limits , 

(iv) it must contain some constant or constants dependmg 

upon the goodness of the observation, the training 
and competence of the observer, the accuracy of the 
instruments used, and the circumstances under which 
the observation is made , 

(v) the number of observations must be f <j>(x)dx, and 

J -GO 

supposing N be this number, the chance that the 
error of any particular observation lies between 
x and x-\-dx=<p(x)dx/N=\l/'(x)dx, say 

1746 Laplace’s Investigation 

Starting with the hypothesis that an error in an observation 
is due to no one single cause, but is the aggregate of the 
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cumulative effects of a large number of causes, each pro- 
ducing its own separate effect, and that these effects are 
extremely small, and as likely to be positive as negative, 
Laplace has shown by a veiy laborious and difficult investi- 
gation that the chance that the error lies in magnitude 

between x and x+dsc, viz \j/(x)dx, is ^ e- M 'dx for some value 

of u> which depends upon the goodness of the observation 
The argument is of such length that we must refei the reader 
to Laplace’s original work ( Thione Analytique des Probability) 
We therefore assume the law as our fundamental hypothesis 
in what follows A good idea of the principal steps in the 
process, which avoids the obscunty of the ouginnl work of 
Laplace, will be found in Airy’s Theory of Errors of Observation, 
pages 7 to 15 Todhunter’s History of Probability, Aits 1001 
onwards, may be consulted, also a paper by Leslie F/lhg (Trans 
Camb Phil Soc , vm ), and a paper by Mernman (Tram. Conn 
Acad , iv ) 

1747 The Frequency Law 

The law \p-(x)=^J^e- M ' is termed the law of “Facility” or 

“Frequency” of Errois It will be noticed at once that this 
is a probable law, for it answers all the requirements laid 
down in Art 1745 It has a maximum at 3 = 0 , it is an even 
function of x, it contains an arbitiary constant <o, it diminishes 
with great rapidity as x inci eases, and speedily becomes of 
insensible magnitude, and 

j" <f>(x)dx=N^ <\J ^e~“ x 'dx=N 

1748 Weight and Modulus 

The constant w is called the weight of the observation It 
is sometimes replaced by i Then c or is called the 

c s/ft) 

modulus The weight <*> measures the care, skill and precision 
of the observer, the goodness of his instruments and the 
excellence of the conditions undei which the observation is 
made 
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1749 The ordinary method of estimating the value of a 
physical element of which a number of presumably equally good 
measurements have been made is to take the arithmetical 
mean of the result As a matter of experience this gives good 
results, and therefore this mean is frequently adopted as giving 
the best estimate available, and regaided as the most likely 
value If we might assume this, the above law of Facility of 
Errors easily follows 

Let T be the true value of the measured quantity, T being 
unknown Let z 19 z 2 , z n be n independent results of obser- 
vation, the law of Facility 

Then T, z 2 — T } z n —T are the actual errors, some 
positive, some negative, and the d prion probability of the 
coexistence of these eirors is proportional to the product 
P=<t>(zi -T)<f>{z 2 -T) <p(z n -T) 

Then, by the principles of inverse probability, the probability 

that the true value lies between T and T+dT is PdT j j P dT , 

the limits being such that the integration is conducted over 
all values of T which it is capable of assuming That is, 
after the observations were made, the probability that T is 
the tiue value is also proportional to the product P, and 
therefore this expression is to be made a maximum by 
variation of T Taking logarithms and differentiating, we 

have jp </>' (z T — T)j <j> (z r — T) = 0 

Now, if we take for T the arithmetic mean of the observa- 
tions, this equation is to hold when nT= ^ z r To find the 

form of <p which will satisfy these requirements, take the case 
z 2 =z &= =z n =z 1 —nr Then 

nT=z 1 +(n—l)z 2 =z 1 +(n—l)(z 1 —nT)=nz 1 —n(n—l)T, 
ze z 1 —T=(n—l)T, z 2 -T==(z 2 ^z 1 )+(z 1 -T)=-r, 
z 3 — T= — t , etc , 


or 


1) t 


■(»“ 1 ) 




(n— 1) r<p (n— 1 ) t (— — t) 
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which is independent of n, and this is to be true for all 
positive integral values of n 

This will be satisfied if <h be such that - ^4= const =G 

u <t>(u) ’ 

u 2 

whence log <p(u)=C-^ and <j>(u)=Ae 2 


And since </>(u) is to decrease as u increases, 0 must be 
2 — ^ 

negative Let (7=-^ Then </>(u)=Ae °‘ Again, if N be 
the total number of observations, 

I o° _M* 

_^(u)du=J^ Ae °'du=AcJ^r, A=N/c*Jt, 

N 

*« <t>{ x)——r=e «*, 

W TT 

which establishes the law of facility under the hypothesis 
specified as to the Arithmetic mean 
This remark is made by Dr Glaisher in the solutions of 
the Senate H Problems for 1878, pages 167, 168, where there 
will also be found a concise account of the allied subject of the 
principle of “Least Squares” [See also Todhunter, Hist, 
Art 1014] 


1750 Mean of the Errors, Mean of the Squares, Error of Mean 
Square, Probable Errors 

The following facts will now appear 

(1) The mean of all the positive errors 


r i 

Jo oj 7T 


e *dc e 


r* / 


r i ■ 

Jo cj 7T 


°'dx 


7T \/ 71 


(2) The mean of all the negative errors with their signs 
changed is also ~——= 

Vf V TTCO 

(3) The mean of all the eirors taken positively is C * 




iron 
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(4) The mean of the squares of all the errors 

E 


1 -- 

, x 2 — e e *dx 

J-°° Cy 7r 

~ ; n — 

— pe 

5 cVtt 


E 


t- 

2~ 


__1 

2co 


(5) The “ Erroi of Mean Square,” 1 0 the square root of the 

mean of the squares of the errors, =-^L=— L= This is the 

v 2 \/2<*) 

abscissa of the point of inflexion on the Probability Curve 


y=e * 

(6) The “Piobable Error,” which is such that the number 
of positive errors which are greater than itself is equal to the 
number which are less, is given by the value of jp, where 

_L e <\fa * J_ e <^1 
J° oj 7T 2 Jo CsJtt 4 

p 

Let x=cz Then ~ e~ z 'dz—0 25 
V 7T J 0 

Tables have been calculated for the values of this integial 
for various values of the upper limit [Kramp’s Refractions , 
Emyc Metrojpol , “ Theory of Probabilities ”], and interpola- 
tion from them gives -=476948 Hence the “ Probable 
c 

Error ”= 476948 cor 476948 jjoo 

1751 Kramp’s Table is given by Airy (Th of Errors, p 22), 
also by De Morgan ( Biff Calc , p 657) We repioduce Airy’s 
abstract of this table for convenience for other purposes 

Integral tabulated, /==-^= f e~ z ' dz 

V 7rJo 


X 

I 

X 

I 

X 

I 

X 

1 

00 

0 000000 

10 

0 421350 

20 

0 497661 

30 

0 499988 

01 

0 056232 

11 

0 440103 

21 

0 498510 



02 

0111351 

12 

0 455157 

22 

0 499068 



03 

0 164313 

13 

0 467004 

23 

0 499428 



04 

0 214196 

14 

0 476143 

24 

0 499655 



05 

0 260250 

15 

0 483053 

25 

0 499796 



06 

0 301928 

16 

0 488174 

26 

0 499881 



07 

0 338901 

17 

0 491895 

27 

0 499932 



08 

0 371051 

18 

0 494545 

28 

0 499962 



09 

0 398454 

19 

0 496395 

29 

0 499979 

00 

0 500000 
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1752 Relative Magnitude of Probable Error, Mean Error, 
Error of Mean Square, Modulus 
To sum up, we have 

Probable Error— 476948 /Veo , 

Mean Errors 564189 /«/», 

Error of Mean Square =1/^= 707107 /v£ , 
Modulus =1/^, 

m each case varying inversely as the square root of the 
weight, i e directly as the modulus , and obviously, when any 
one of these is found the rest may be deduced They are 
arranged in ascending order of magnitude 

Taking the ir-axis as the axis of magnitude of errors and 
the y - axis as the axis of frequency, Fig 587 will exhibit to 
the eye the relative magnitude of these errois and the fall m 
frequency The figure is that given by Aliy (be cit sup) 
The abscissa is the ratio of the magnitude of an error to the 
modulus The points P , M. in the figuie indicate respectively 
the abscissae for Probable and Mean Error 



1753 Several Observations Resultant Weight 

Suppose there to he a result h dependent upon two observations 
a x and a 2 of weights co l} co 2 respectively , say b~<p(a l} a 2 ) To 
find the weight of the result 

Let x v x 2 be the actual eirors and z the consequent erior 
m 5, all being small quantities of the first order, then to that 

oidex z=^x 1 +^x i ==</> ai x 1 +<p a ,x i , say 
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The chance of the co-existence of errors m a x and a 2 
1 espectively between x x and x 1 -\-dx 1 for the one and x 2 and 
x 2 +da? 2 for the other is 

^ e -^dx 1 ^e-^datt 


Therefore wilting - = — <£ 2 + — <b\ and A=— <f> ai , the 

® 6) OJj ^ a l ft) 2 “* ®1 

chance of an error in b lying between z and z-\-dz is 

r dz —*•—(£;) 

l U ttl j 


dx i - 

f J-0 


5 e- 

7T 

_ n/^T 2 gl 


< 


da; 


that is, — —^1^2 6 _w2 ' ^ [ e 

7T 0a j J —oo 

■* 

0a, \ ^2 > 7T 


The law of facility for the compound result 0(a x , a 2 ) 13 
therefore of precisely the same form as that for each of the 
original observations, but the weight of the combined result 

is «, given by i=i(^) 2 +I(M) 2 And exactly m the 

same way if b depends upon several observations a x , a 2 , a n 
of weights co lf co 2 , a> n respectively, we have a resultant 

1 " 1 / 30\ 2 

weight 60 for the cumulative measure given by -=>j 
It follows that, writing P E for Probable Error, 


[P E in <t>(a v a 2 , ff-(P E in a? (§£)' + (P E in a 2 ) 2 (|^) 2 + 

and the same law of combination holds for Mean Error (M E ) 
or Error of Mean Square (E M S ) 


1754 For example, if we require the weight of the Arith- 
metic Mean of n observations of equal weights 


» 1111 

6= Y'aJn and E -== — , % e a >=nco 1 

V <*> 6o x n 2 nw 1 1 

That is the weight of the combination is n times the weight 

of any of the original observations, and 

the Probable Error m 6=(P E m any of the a’s)/>/n, etc 


RESULTANT WEIGHT 
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Similarly the weight of a resultant pa 1 +qa z +ra z + 
given by l_y a g a r« , 

i r T* j 

ft) OOl ft>2 ft>3 

n . 1 © 2 +a 2 +r 2 + 

and if ft) 1 =ft> 2 =ft> 3 = , -=- — - 


is 


1755 If observations be taken upon a single physical 
element, and the weights and probable errors of the several 
observations (a v a 2i a 3 , ) be respectively (p v ft> 2 , ft) 3 , ) and 

e 2 , e 3 , ), whilst c*> and e are those of a resultant formed 

according to the law which is the usual form 

adopted, where (p lf p 2 , p 3> ) are certain constant multipliers, 

called “ combination weights,” to be so determined as to give 
a minimum piobable error in that resultant, we have 



and differentiating with regard to p h p 2 , p 3 , , 

i ? l e l 2= i ? 2 e 2 2= i ? 3 e 3 2 = = 2p r 2 £r 2 /2pr> 

le the combination weights are to be proportional to the 
theoretical weights Moreovei, it follows that 


2 0r 0) ~ <*>l + <*>2 + a, 3 + > 

* 6 1 € 2 € i 

and the theoretical weight of the result is equal to the sum of 
the theoretical weights of the several collateral measures (see 
Airy, Th Err , p 56) 

1756 To estimate the actual value of the weight of a 
series of observations upon a single physical element, we have 

seen that ^=mean ot squares of the errors 

If then the actual errors of each observation were known, 
we should have a rule to determine & But the exact measuie- 
ment of the quantity upon which the observations are made 
is rarely known Let T be its true value, A v A 2 , A n the 
observed values Then A x — T, A 2 — T, etc , are the actual cirors, 


1 1 n 

and z-=-^(A r —T) 2 But T being unknown, we have to 
«ft) n 

approximate Let us adopt the arithmetical moan of the 

1 n 

observations as the value of T t and write T^-^A rf which 
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is known as the “ apparent value,” but is not necessarily the 
true one This gives as an approximation 

£.~A*+Af+ +A n *-2T(A X +A 2 + )+nT*=^A*-nT\ 

le as an approximation we have 


/Mean of squares\ _ /Square of mean\ 
\ of observations ) \o£ observations/ 


1757 Determination of the “ Error of Mean Square,” “ Probable 
Error,” etc , of a Measurement of an Element from the Apparent 
Errors 

Since the true value of the measured element is rarely or 
never known, we have to devise a method of obtaining the Error 
of Mean Square, etc, by some way other than as being llJ2oo, 
which would require a knowledge of to Let A 1 , A 2 , A 3 , 
be the actual results of n independent observations on the 
single physical element m question, oq, a 2 , a 8 , the actual 
errors, T the true value , then ^l 1 =T+a 1 , A 2 =r+a 2 , etc 

Let M and m be the arithmetic means of the A’s and of 
the a’s Then 

a r -m=A-T-\ £ (A-T)=A-\ XA r =A r -M 

The difference a r — m, viz the difference between the actual 
error and the mean of the actual errors, is called the “ Apparent 
Error ” And the sum of the squares of the Apparent Errors 



Therefore, if Q s= 2(A r — A£) 2 , we have Q=2a r 2 —~ (Ea r ) 2 
Now let e be the error of mean square of each measure 
Then (Art 1750, 5) e a =i f}a r 2 , le 

Again, the square of 2a r =sq of error in 2A r 

= (Error of mean square in 2A r ) 2 

n 

=2 (Error of mean square in A r ) 2 
=ne 2 (Art 1753) , 

sum of squares of Apparent Errors=W€ 2 — -n* 2 =(n— l)e 2 



APPARENT ERROR 


863 


Hence e= > a &d Q being known, this determines e 

Since the Error of mean square=l/s/ 2 ft), we have 

1)/2Q 

Also Mean Error = -3= = \l ~^r> 

V7 rw-1 

01 ™ 18 =0 476948 JS1 
Vn—l 


Probable Erroi ==- 


s/co 


1758 Again, since the Erioi of mean square of the mean 
of n independent measures of a physical quantity 

=-^_x Error of mean square of any one measure (Art 1754) 
sfn 


= --L e= \i , — we also have 

Jn v n (n-iy 

Mean Error 1 2 Q 
of the mean J v 7 r n(n— 1 )’ 

P 1 obableEnor | =0476948 J 2 Q 
of the mean J V w(w— 1) 

1759 Case of a System of Physical Elements 
Suppose next that it is requned to discovei the values of 
a certain set of physical elements £ 17 , £, , and that observa- 

tions upon certain connected groups of them have been taken 
giving results of the form 

)=#!> 

the forms of <p lt <p 2 > e ^ c » being known, and all the constants 
mvolved being known from theoretical or othei consideiations, 
whilst N v N %9 are the results of observation, and therefore 
subject to small eriois 

Theoretically, if the numbci (m) of observations be the 
same as the number (/*) of elements to bo found, there will be a 
definite number of sets of solutions of these equations depend- 
ing upon the degrees of the seveial functions If, howevei, 
the number of observations exceed the numbei of elements, 
it will not in geneial be possible to satisfy all the equations 
by the same values of £ > 7 , £ etc , and it becomes important to 
examine a method of finding their moat piobable valuea undei 
the circumstances 
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1760 Reduction of the Equations to Linear Form 

The observed quantities N lf N 2 , etc , will not differ largely 
from those which would give true values to £ rj , £ etc , and if we 
solve jul of these equations we shall obtain close approximations 
to the values of £ tj, £ etc , or m some cases such close approxi- 
mations ma} r be otherwise available Let these approximate 
values be a, y, etc , and x, y , z, etc , the small residuals oi 
the true values of £ y, £ etc , so that g= a +z, y=-/3+y, etc , 
and these residuals being small their second and higher powers 
and products may be rejected, and each equation of form 
$t(£ £ )=Ni may be regarded as reduced after expansion 

of <px(a+%i /3+2/, ) by Taylor’s theorem to the type 

a 1 x+b i y+c l z+ =n lt 

such equations being m m number Now n % being itself the 
result of the subtraction of <p(a, /3, y, ) and various second 
and higher order small quantities from N % depends upon the 
observations, and is a small quantity subject to error, whilst 
a t , b %i c t , are supposed known from theoretical or other 
considerations 

1761 The Equations of Condition 

We therefore have m linear equations connectmg jm un- 
knowns x , y t 2 , etc , fj. being <m Let a typical equation 
be a % x+b 1 y+c % z+ n t =0 5 where »=1, 2, 3, m We need 
not for the moment consider x , y , z , to be small 

These m equations are not in general capable of being satisfied 
by the same values of y, z> , but we have to obtain the 
most probable values of x, y, z > from them , that is, as good 
an approximation as we can under the circumstances 

These equations are called the tc Equations of Condition ” 

1762 Standardisation of the Equations 

As to the several results of observation, n 19 n 2 , n s , let 
us suppose that they are each the result of several separate 
and independent observations, eg taking the typical case n iy 
suppose it to have been formed as the arithmetic mean of 
o) t observations upon the value of a l x+b 1 y+ , and suppose 
all these co t observations to be equally good observations 
Then the weight of this observation is proportional to 
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Therefore, unless the number of observations in forming 
Mi, w 2 , n 3 , has been the same and the individual observa- 
tions equally good, some of the Equations of Condition will 
have greater importance than others 
If n % be found by a \ observations, each with the same pro- 
bable error e, the probable error m n t is e/s/oo l , and the probable 
error m n x is e 

Hence, if we multiply the Equations of Condition by 
s/a> 23 etc, we get another group m which the pro- 
bable etrors of the right-hand sides aie each e 

We shall suppose our m Equations of Condition to have 
been already subjected to this preparation, and therefore 
suppose that the quantities n l3 m 2 , n i3 which occur are sub- 
ject to the same probable eri or e 

1763 Principle of Least Squares 
If x 0 , y 0 , z 0 , be the most probable values of x , y , z, 
respectively, then, by the natuie of the case, 

^o+%o+ c i 2 o+ — n i 

is a small quantity of the nature of an error Call it 
Then the probability of the occurience of the erroi v t being 

the probability of the co-existence of errors 
>7 r 

Vl , v t , V ( v m 18 and as these errors have 

occurred through taking x 03 y 0 , z 0 , , etc , as the tiuc values 

of x, y , z, , etc , the probability that x 03 y Q , etc., are the true 

values is I\.J—e do l j [ f f II ^/~e <iv 13 in 

which the denominator is a definite constant , and, supposing 
the Conditional Equations to have been prepared as described 
in the preceding article, the «\s occurring aie all equal 
But in any case we have to determine x 0 , y 03 etc, so that 
this probability shall be as gicat as possible, and this will bo 

m 

achieved by making ^o>^ t 2 a minimum, or, if the co * s are 

i 

equal, 2ty 2 = a minimum The method of procedure is thor eforo 
called the method of “ Least Squares ” 
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1764 The “ Normal ” Equations 

The primary condition for a minimum is 

dor 0 + b t dy 0 + )=0, 

1 

and therefore, on equating to zero the coefficients of dx 0 , dy 0 , , 

we have m linear equations to determine x 0 , y 0 , z 09 , viz 

Sa) x b t v x =0 9 2ft)Av t =0, etc , 

or m the case when the equations have been prepared before- 
hand, so that the weights are equal, 

2a t v= 0, 26 t v t =0, Sc t v x =0, etc, te , 

2a 2 x 0 +'2ab ?/ 0 +Eac 2 0 + .=2anr,l w k lc h are known 

Hba a? 0 -f26 2 +26c z 0 + =26n,l ^ ^he “Normal” 

2ca XQ-\-^,cb 2 / 0 +So 2 ^o"h = 2oi, f Equations 

etc , J 

The very compact notation \ab\ [aa], etc , is often used for 
2a&, 2a 2 , etc , but we adopt the sigma notation as a little 
easier to write 

These equations determine the values of x 0 , y 0) etc , so as to 
give the most probable values of as, y, etc, to satisfy the 
original group of Conditional Equations in which the ris are 
subject to small errors 

1765 Before proceeding further, let us examine the m 
prepared equations of type a x x+ b x y +cz+ —n x from another 
point of view 

Multiply the several equations by p l7 p 2 > » V™, & n d add , 

then by q lf q 2 > q m and add, then by r lt r 2 , r m and add , 
and so on , viz by jjl groups of multipliers, m m each group 
We obtain /a equations, 

xLa x i\ + yEb& % + zlc x p x + = 2 n x <p xi 

xZ a x q t +y'2b 1 q i +z2c x q i + =2%*?,, 

xla x r t +yJb % r x +a2c % r x + =2 n x r x , 

etc 

Again multiply these by X 2 , , and add, and choose 

the X’s so as to remove the terms y,z, ,ie 

Xi2 b x j ) x + X 2 2 b x q x +X a 2^ t + =0, 

Ai2c l p l +X a 2cA +X 3 2c t r t +- ==0, 
etc 
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Ai2/7i iP%~{ _ JZnJc x 

Ihen x-- x 1 2a t p t +A 2 2atf i +X 3 2a l 7\+ 2a A' 


where > whilst 2&A — 0, 2 cA — 0, etc, 

and the new constant multipliers k lf k 2) k 3 , replace the 
p’s, q&, r’s, etc , and A’s 

Let (o be the weight of each of the observations n 2t n m , 
by supposition prepared to be of equal weight, and let oo x > oo y , 
(a Z) be the weights of the deduced values of x t y , 0 , 


Then 


1 2fe, 2 1 

a)* (2aA) 2 ® 


Art 1753 


( 2 ) 


And if e be the error of mean square, or the probable error 
in each of the n’s, and <•*, e y , e z , the resulting error of mean 
square, or the piobable error in the deduced values of x , y , 0 , , 
^ 2A; 2 

we theiefore have y and we have to make thls 

error of mean square, or this probable error, as small as 
possible with the conditions 2&A=0, 2cA=0, etc. 


1766 To do this we have the /c’s at our disposal Their 
number is m and their connecting equations number yu — 1, 
which is < m It will be observed that the expression e x 
contains only the ratios of the k’ s, and when their ratios to any 
particular standard k have been fixed e* becomes determinate 
We shall therefore in no way alter the value of e x by the 
addition of some one additional linear equation amongst 
the fc’s For convenience we take that relation as 2aA— 1> 
which will give x = 2n A w c then have to make e* 2 = 2A 2 e 2 a 
minimum with the /a conditions 2aA “!•» 2b A” 0, 2cA“0, etc 
We obtain at once 2 / 0 ^^= 0, 2ti i <i/r { =0, 26^/^= 0, etc , and by 
Lagrange’s method of undetermined multipliers 

k x =Aai+Bbi +■ , /c 2 =Aa 2 +56 2 + , k m = + Bb m 4- , 

whence 2/fy 2 = A 2a A = 

Also A 2 a 2 +-iKCab+ (72ac+ ='2aA == lj 

A2ba+B26 2 + C26c + -2&A =0, 

A2ca+jB2cb + (72c 2 f* =2cA == 0> 

etc , 
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whence A= 


26 2 , 26c, 
2c6, 2o 2 


2a 2 , 2<x6, 2ac 
26a, 26 2 , 26c 
2ca, 2c6, 2c 2 


and is known, 


is 


and A=2fe t 2 Therefore e x =Af? and ex—ejA, and A 
essentially positive, being the sum of a number of squares of 
real quantities The weight of the deduced value for a is 

<03==-j^a)=i a?, and if we take <o as unity, 


1767 The symmetry of the work shows that the same 
process will give us a minimum error of mean square, or a 
minimum probable error also for y or for z, etc , and that the 
weight of y so deduced may be found by solving equations of 
the same form as those in group (3), but with the 1 now 
replaced by 0 m the first equation and the 0 by 1 in the 
second , and so on for the weights of z, etc 


1768 Again it will be noticed that if we choose our 
preliminary multipliers, viz the p’s, <?’s, r’s, etc, as the 
coefficients of the ongmal prepared conditional equations, viz 
p==a t) q t =b { , r t =c„ etc, we have 7c t =X 1 a i +X 2 6 t +A 3 c l + > 
and for this choice 

S/c* 2 — 2(X 1 a 1 +X 2 6 l + )/c l =X 1 2a t /c 1 +X 2 26 t /u t ~|- =X 1 =A 

That is, substituting for the p’s, q’s, r’s, m equations of 
group (1), the equations which will give a value of x with 
the least error of mean square, or least probable error for cc 
are the “normal” equations arrived at m Art l764»otherwise, 
and the symmetry shows that the values of y , z> etc , will 
also be determined by the same equations with the least error 
But as these equations are the same as those arrived at by 
making 2(a t cc+6 t y+ —n x f a minimum by variation of 
cc, p, z, , this is a convenient way of reproducing the equations 
for these un knowns And the result is the same as tha/fc 
arrived at m Art 1764, the weights of the several observations 
having been made equal by preparation of the conditional 
equations 

1769 If the conditional equations are left unprepared, we 
arrive at the proper equations for the values of x, y } z, etc , by 
making Ea^cc +b t y+ ~ *h) 2 a minimum 
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1770 Reality of JA 

The determinants occurring in Art 1766 are essentially 
positive For such a determinant as 


2a*, 

2 ab, 

2ac, 

occurs in squaring 

a ly a 2 » 

a m 

26a, 

lb 2 . 

2 be, 

the rectangular array 

b\i ^2, 

bm 

2ca, 

2c6, 

2c\ 


Ci, c 2 , 

C<m 


m which the numbei of rows (/m) is less than the number of 
columns (m), and is therefoie expressible as the sum of the 
squares of all possible determinants which can be formed from 
the array by taking fx columns (Burnside & Panton, Th of Eq , 
p 260) Such a determinant is therefore essentially positive 

1771 To complete the theory we must examine how the 
quantity e is to be found from the details before us , that is, 
we are to do for the case of measurements upon a system of 
physical elements what was done in Art 1757 for the measure- 
ment of a single element We have used e indifferently in 
Art 1765, etc , for either the erroi of mean square, the probable 
error or the mean error We shall now define the lettei as 
standing definitely for the “ error of mean square ” m the 
measure of an observation Let v i be the lesidual enor in 
a%x +b i y+ — n iy when the values x 0 , y 0 , z 0 , obtained from 
the “ normal ” equations have been substituted for as, y , z , 

Then we shall show that the equation t = replaces 

that of Art 1757 

Let the true values of as, y , z, bo x 0 i Sx, y Q +$y, 

etc , and let 

fl i (*b + to)+6i(yo+^y)+ to m ) 

Multiply by a, and add the system Then 


2a 2 Xq -\-2ab y$ { 2ac Zq -(- 2ati 
+2a 2 ^+Sa6 Sy+2ac Sz+ Saw, 

2a 2 <fo+2a& Sy+ Sac Sz \ -2a u 

Similarly 2 ba 2 b 2 Sy -\-2bc Sz - 1 2bu, 

2 ca Sx+2cb Sy \ 2c 1 Sz - 1 -2cu, etc, , 


which, as in Arts 1765, 1766, give H=2ku 
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1772 Equations of type a t x 0 +by 0 + —n i =v i (i = 1 to ^=m), 
multiplied by v x and added, give 2fl t 2 = —'En t v t , since 

£av=0, 2bv=0, 2cv=0, etc 

And equations of type a t (x 0 +5a;)+6 l (yo+^y)+ —n l =u i give 
m the same way — En x v x 

Hence 2v { 2 = Su t v x = — 2 n t v x 

1773 Equations a x x o +b 1 y 0 +c i z (i + —n { =v u multiplied by 
u x and added, give 

2 a x u x ^+26^ y 0 + — 2^ < =2t? 1 w t =2'v i 2 

Equations a x (x 0 +Sx)+b x (y 0 +Sy) + —n { =u Xi multiplied by 
u { and added, give 

2 a{a x x 0 +2,b x ii t y 0 + —2 n x u x 

2 d x ii t Sx -j- 2 b x u t Sy-+ — 2^/ 

Hence 2w 2 =2v, 2 +2a^i 8x+2b x u x &y+'Lc i u i Sz+ 

And, since 2 u x 2 is the sum of the squares of the true errors of 
the observations, 2 u x 2 —m^ 

Now, m the terms 2 a x u x &B+2&A Sy+ , we must neces- 
sarily approximate 

Take for them their mean values Then 
2 a t u x Sx=(a 1 u 1 +a 2 u 2 +a 2 u 2 + ) (&!% +^ 2 +^ 3 %+ -) » 

whose mean value is that of ajc^ 2 + a 2 k 2 u 2 2 + a 3 Jc s u 3 2 + , for, 
remembeimg that the errors u u u 2 , w 3 , may have either 
sign, all products involving errors with unequal suffixes will 
disappear in taking the mean And the mean values of 
u i> u z\ u z> are eac b e 2 

Hence 2 a x u x Sx will be replaced by 2 ajc x e 2 , that is € 2 
Similarly 2 b x u x Sy , 2 c x u x Sz, will be replaced by e 2 
Therefore m€ 2 =2'i\ 2 +M e2 > ^ being the number of unknowns 
V, z, 

Hence e 2 =-^- 

m—fx 

1774 If there be but one unknown, %e when the observa- 
tions are made upon a single physical element, we have 
Yu 2 

(Art 1757) 

m—l 
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1775 Effect of Exact Co-existent Relations 
If, m addition to the m conditional equations of type 
a t x+b^+ —n t —0, 
there be p (<y) exact equations of type 
a t x+/3 t y+ —v t =0, 

these latter equations may be regarded as determining p of the 
unknowns m terms of the other ju—p Upon substitution of 
these m the conditional equations, we have a system of m 
conditional equations amongst p—p unknowns Hence the 
error of mean square e will in this case be given by 

€ =J — — , where v t is, as before, afa+b$ 0 -\- —n u and 

V m+p—p 

the summation is from i—l to i=m 

If fx be laige, or if there be several exact equations, a 
different process is usually employed to reduce the labour of the 
elimination (For this see Chauvenet, Astron, p 552, Yol II ) 


1776 Finally, if e X9 e v , e r , be the errors of mean square 
in x 0 , y 0 , z 0 , , and if X , Y, Z, be the respective weights 

of x 0 , y D , z 0 , , then €y ^Jf’ etc ’ and the Values of 

X, 7, Z, are to be determined as follows (Art 1766) 


For X 


For Y 


So 2 i +2o6 y+2ac y + =1, 

S6o y +S6 2 y,+S6c y + =0, 

Sco i +2 cb y+Sc 2 y + — 0, 

etc , 

Set 2 2£r/“\-YiOb y" -\-Zclc =0, 


E6a 


7 ,+ 26 2 y == ^> 

SCO J--1-2 cb y + 2c 2 y,+ =0, 

etc , 


the accented unknowns of each group not being required, 
and such equations may obviously be written down from the 
normal equations 
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Hence we obtain X, the value of ^ (Art 1766), etc 

Moreover, m cases where the values of a? 0 > y 0 , z Qi aie 
expressed in terms of letters and not numerically, their 
weights may be obtained more readily, as in Art 1753, by 
differentiation 

This completes the details of the process to obtain the 
Mean Square error for each element, and the Probable and 
Mean errors may be at once deduced 


1777 Order of Procedure 


To sum up, the order of procedure is as follows 

I Given the m conditional equations amongst fx unknowns 
(m>/x) of type a t x-{-b 1 y-\-c x z+ n,=0, let each have been 
prepared by multiplication by the square root of its weight, 
viz 


II. From these prepared equations, or by differentiating 
2(a i x+by+ .-w*) 2 , 

deduce the normal equations and find sc 0 , y 0 , z 0> 

III Form Xv t 2 = X (a x x 0 + b $ 0 + . . — n v ) 2 


IV Find e, the error of Mean Square of an observation 


from £ = J-M- 

y m—tJL 


V Then to find e y) e z , etc, in the normal equations 
replace Ean, Ebn, Ecn, by 1, 0, 0, etc, and solve for a?, say 

x== X > then replace Ebn, 2 on, by 0, 1, 0, , etc , and 

solve for y, say y=y, and so on, then X, Y, Z, .are the 

several weights of x 0 , y Q , z 0i .., and the errors of Mean 

Square are 

These values may also be obtained by Art 1753 without 
the trouble of solving the normal equations when the results 
of the observations are given m letters instead of numerical 
quantities 

YI Having found e, e X) e y , e Z) , we may then deduce the 
Probable Error or the Mean Error by Art 1752 
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1778 For further mfoimation, the reader may consult the appendix 
to Vol II of Chauvenet’s Sph and Practical Astronomy 

For those interested in the Bibliography of the subject, reference may 
be made to 

Legendre, Nouvelles Mithodes pour la determination des orbites des Comites, 
1806 

Gauss, Theona Motus Gorporum Coelestmm, 1809 

Disqumtto de Elementis Ellipt Palladia, 1811, etc 

Bertrand, Mithode des momdres carries, 1866 

Encke, Ueber der Meth d Klein Quad , Berlin (Astr Year Booh, 1834, etc ) 

Laplaoe, TMorte analyttque des Probability 

Poisson, Sur la probability des resultats moyens des observations ( Con - 
nuisance des Temps, 1827) 

Bessel, Astron Nach (367, 368, 399) 

Hansen, Do (192, 292, etc ) 

Peirce, Astron Journal (Camb Mass , Vol II ) 

Liagre, Calc des Prob , Brussels, 1862 
And other refeiences have been made to the works of Airy, Glaisher and 
Memman m the course of this chapter 

1779 Illustrative Examples 

1 Suppose 0 a central station on a plain, and A, B, C, D four distant 
points Let the angles AOB, BOC, GOD, DO A be respectively estimated 
by Pi r y 8 > equally good measurements to be a, ft, y, 8 , and suppose that 
after all due care has been taken a+fi + y + 8 falls a little short of 360°, 
say by k* It is required to find the corrections to be applied to the several 
observations 

Suppose the tine values of the seveial angles to be a+x", ft+y", 

y+ z", 8+w" 

Then %+y+z-\-w=k is an exaxt equation The equations of condition 
ate i=0, //=0, 2 = 0 , f+//+ 2 -& = 0, which cannot be satisfied simul 
taneonsly Making px' +qy 1 +rz l +s(x + y+z-ky a minimum, we have 
px=qy—rz— -s(i + y+z- A)- A, say These aie the Normal Equations 



which give the piobable values of x, y, z, w 


2 Let p observations of the zenith distance of a circumpolar star be made 
at the upper culmination, and q at the lower It is required to find the co 
latitude of the place [Airy, p 42, Errors of Observation ] 

Let a and b be the means of the two sets of obsoi vations Then z l -a 
and z^b are the estimated zenith distances at the two culminations 
And we aie to find the probable euoi in i (« + &), which would bo the 
tiue co-latitude if the m<ans of the obsoi vations weic accuiate 
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Let <o be the weight of any of the original obaei vations, all supposed 
of equal value , (o' the weight of £( a+b ) Then 
J L= 1 _1_ + 1 X _ 1 p+q 
(o' 4 po> 4 qo) 4o> pq 

Hence if e and he the probable errors of an observation and of the 


deduced co-latitude, €'=]- \ j2stS 
2 ' pq 

the errors of mean square and the 


g, with the same formula connecting 
mean enors 


3 Consular a rod , whose accurate weight ts h grammes , to be broken into 
three random pieces of unknown weights z, y, z grammes , y and z are weighed 
together l times , z and x, m times , z and y, n times , and the means of the 
three sets of weighings are a, b and c grammes , and all the weighings are 
equally good observations so far as is known It is required to find the most 
probable weights of the several parts and the probable error in each 

[Math Tbep„ 1876 1 

Here x+y+z=h, (1) , y -f z=a, (2) , 2+^=6, (3) , x+y=c, (4) 
Equation (1) is exact The others are subject to error Let o> be the 
“ weight” of any one observation The “weights” of the means are Zo>, 
no> The equations (2), (3), (4) may be written h— x-a=0> 
h —y — b=O t h-z-c= 0, and we are to make 
l(h-x-a)*+m(h-y-b) 2 + n(h- 2 -c) 2 

=a minimum with condition x + y+z=h 
Thus, l(h-x — a)da;+ -f*=0, dx+ 4- =0, whence l(h-z— a)— — — A, 

te 3h-(x+y±z)-a~b -c=\(j+^ + y^ ie 2h-a-b-c= A^ 4- + 


i e 


x=h—a- (2h~a~ b — c) 


mn 

mn+nl+lm * 


f/ = etc, z = etc 


If (o x be the “ weight ” of this expression for z, 


l ^ j_ 
<o x <ol 



1 m + n 
a) mn -\-nl + Im 


Now h being known exactly, 2A — a — b — c is a known erior, and it is 
the only known error, and if 12 be the “weight” of this expiession 

n = i + ^l + ^( Art 1753), and ^ = (2A-a-i- C )* (Art 1750) The 
latter equation is the approximative one for 12 Hence 


2 Imn 


The probable error for a, viz p T is such that 

and p= 4769 


Vo he 




Suppose in the same example that h were not known, but that the 
several observations are (oj, Oj, a,), (b u 6„ b m ), (c u c 2 , c„) 
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We then have l equations of type y+z-a^Q, m of type z+x-b r =0, 
n of type #+y-c r =0 
Then y, 2 are to be found from making 

2(y+*-a r ) 2 + 2(z + #- & r ) 2 + 2(#+y--e r ) 2 a minimum, 


from which (m + n)x 0 -{- ny 0 + = 2& r + 2c f , 

n r 

nr 0 +(n + l)y 0 + feb = 2c r + 2a r , 

l m 

nwo + tyo + (l + m)z 0 = 2> r + 2,b r , 
We then have as an approximation 


& 0 ) y 0 , * being the values 
which give the minimum 


JL_ 

2o) 


S(yo"i" 2 o — ~ & r ) 2 4“ 2(^o+yo“ c r)^ 


which detenmne 
z 


4 Ay By C, D are jour points in order on a straight line , AB, BC t CD, 
AC, BDy AB are measured respectively a, ft, y, <5, €, £ times with mean 
respective measurements a , 6, c, <£, e, / .Find JAe raosZ probable value oj AB , 
andif a=/3=y = $=e=C,find its probable error (Math Trip , 1878 ] 

Let BG=y , CB=z , then we aie to find a minimum for 

a(# - a) 2 + /3(y - ft) 2 + y (2 - c) 2 + 8( v + y - d) 1 + € (y + z - e) 2 + + y+z ~/) 2 

The conditions are 

a(cr — a) + 8(a?+y - d) + £(v +y + s — f) — 0, 

0(y-&) + Sj>?+y-d)+€(y+js-e) + £(A+y+s-/) 
y{s-c) + €(y + ;3-e) + f(t+y+J5-/) = 0, 

In the case a = ft = etc , these become 
&c+2y + * = a + <i+/, 2t + 4y + 2z=6 + d + e+/, ? + 2?/ + 3js = c + e+/ , 
whence 

t = £(2a-& + d-tf+/) , y = J( -rt + 2fr~c + d+<?) , *=Jt(-6+2c-d+e+/), 
i<? = -2a-b + d-e | -/), *+y-d -|(tf f 6-<-2d+/), 

?/- fi = i(-tf-2&-6 + d + e), y + *-<.=j (-« + & + , - 2e+/), 

«-6 = i(-6-26-i+e+/), * +y+*-/=i(a H + d + e- 2 /), 

and the sum of the squares of these six expressions is, say K 
We also have 


} whic 
’| a, y, 


— = 77(4 + 1 + 1 + 1 + 1 ) , 

w* 16 7 (a 


M,< 1+4 > 1 + 1+1 >1- 


i=>^ +1+1+ ')l’ 


a) x =2(o, a)„=2a>, w, = 2<d by (Art 1753), 01 they may be denved 
as in Art 1776 

Now -=Ve^3=Vi ( A,L 177i )> 1 = -=-MVf- 

<u * 6 - 3 * 3 w* (0^ OJ, 2 >3 

whence the Mean Enois, Moan Square Errors and Probable Errors of 
% y, z may be at once written down 

[See Sol S 11 Bi oh , (Handier, 1878, p 165 J 
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PROBLEMS 

1 In a plane triangle the angles A, B, C are respectively 
measured m, n and p times, and the means of these measurements 
are respectively a, f3 and y, and a + /? + y = 7r + c The separate 
measurements are equally good Show that if a + x, f3 + y, y + z be 
the true values of the angles, the probable values of x , y, z are 

- npe/3, -pmel$, - mnefi, where & = np +pm + mn 

2 In the plane triangle ABC, the side b is to be determined in 
terms of a from the measured values of B and C Find the actual 
error in the determination of b in terms of the actual errors of 
measurement of B and C, and the probable error of b in terms of the 
probable error of any measurement supposed to be the same for 
the measurement of any angle Show that of all the directions 
in which the side b can be drawn, that gives the probable error 
of the determination of its length a minimum for which the 
angle C satisfies the equation 

ab (2a 2 + 3 5 2 ) ( 1 + cos 2 C) = (a 4 + 7a 2 5 2 + 2 6 4 ) cos C 

[Math Tripos ] 

3 At Pine Mount, a station m the U S Coast Survey, the angles 
subtended by four surrounding stations A , B, C, D were observed 
as follows 

AB, weight 3, 65° 11' 52" 500 , CD, weight 3, 87° 2' 24" 703 , 

BC, weight 3, 66° 24' 15" 553 , DA, weight 1, 141* 21' 21" 757 

The five points are in one plane It is required to estimate the 
corrected values of these angles The result is that the several 
results in the seconds should be 53" 4145, 16" 4675, 25" 6175, 
24" 5005, the degrees and minutes being unaltered 

[Chauvrnet, Astron , II , p 551 ] 

4 Taking the equations 

z-y + 2z-3 = 0, 4x + y 4- 4z - 21 = 0, 

3x + 2y - 5z - 5 = 0, - x + 3y + 3z - 14 = 0, 

show that (1) the probable values of x, y, z are 2 470, 3 551, 1 916 
respectively , 

(2) the weights of x, y, z are 24 597, 13 648, 53 927 , 

(3) the error of mean square of an observation, te of 

the numbers 3, 5, 21, 14, is 0 284, 

(4) the errors of mean square of x, y , z are 0 057, 

0 077, 0 039 , 
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(5) the probable errors of an obseivation and of ir, y, z 
are respectively 0192, 0 038, 0 052, 0 026 

[Gauss, Th Motv & , Chauvenet, II , p 521 ] 

5 In finding the latitude of a place by observation of two 
meridian altitudes of a circumpolar star, p observations are made 
at the upper transit, q at the lower Taking the probable error of 
each observation at the upper transit as c 1 , and at the lower as € 2 , 
and all astronomical and instrumental corrections to have been 
applied, show that the probable error m the determination of the 
latitude is *Jp€ 2 2 + q^/J^pq 

6 If the altitudes of the uppei and lower transits of several 
circumpolar stars be observed and H lt II 2 , iZ 3 , be the harmonic 
means of the numbers of observations at the upper and lowei transits 
for the several stars, and all observations be equally tiustwoithy, 
with a common probable error c, supposing all astronomical and 
mstiumental corrections to have been applied, show that the probable 

error m the determination of the latitude will be 

v2 

7 At three stations P, Q, B on the same meridian, the zenith 
distances of n x stars ai e observed at each of the stations P, Q, It , 
n 2 at P and Q, 7i 8 at Q and It, n 4 at B and P It is loquired to 
deteimine the amplitude of tho poition PQ of the meridian Show 
that theie are four independent modes of determining that arc , and 
on the supposition that the probable onoi of each observation is 
the same and = e, show how to determine the combination weights 
of the four measures If ?i 1 =»w i = «, = n 4 = n l show that the square 

of tho probable error in the result = ^ — 

8 State tho criterion foi tho selection of tho combination weights 
of n independent measures of a magnitude Peter mine tho piobablo 
orroi of tho result in terms of the piobablo onors of tho n moasuios 

In the observation of tho zenith distances of stais foi the amplitude 
of a meridian divided into foui sections by three stations intermediate 
between the extieme stations, a stais are observed at tho fust, 
second, third only, b at the second, thud, fourth, c at the third, 
fourth, fifth, and tho probablo eiroi of every observation is e 
Show that there are only throe independent modes of measuring 
the whole arc, and obtain equations for determining the combination 
weights of the three measures In the case where = prove 
that the square of the probablo error of the result is 10« 2 /3a 

[Math Trip ] 
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9 If a, ft, c, be the actual errors m n measures of a physical 
element, the apparent error of each measure is defined as the 
difference of each measure from the mean 

Let Q be the sum of the squares of the apparent errors Then 
prove that ( 1 ) the Probable error of a measure, ( 11 ) the Mean error 
of a measure, (m) the Probable error of the Mean and (iv) the Mean 
error of the Mean are respectively 

0 674506 a/— > 0 797885 A /IH 
Mn-1 Vfl-1’ 

» » 7 ® vis; 

10 If we have any number of sets of n observations of the value 
of a physical element, all of which are apt ion supposed to be equally 
goo , and if the difference between any observation and the mean 
of the set of n observations to which it belongs be called the 
apparent error of that observation, then, assuming the usual law 
of frequency of errors, prove that the mean of the squares of the 

apparent errors where; m 2 is the mean value of the square 

of an actual error of observation [Smith>s Prizpb j 

11 A rod of known length l is broken into four portions The 
engths x, y,z,w of these portions are measured respectively j>, q, r, s 
times under the same circumstances and with the same care The 
means of these several measurements are a, /?, y , 8 Show that the 

probable length of x is a+ 

12 The angles of a geodetic triangle of known spherical excess 
are measured, and the probable errors of the several measurements 
are «i> « 2 > respectively It is found that the sum of the three 
measurements needs a correction of 8" Show that if a" R" y" be 
the corrections to be applied to the angles, 

•/* i 2 = Phi = y/ f 3 2 = e/W + + V) 
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THEOREMS OF STOKES AND GREEN 
INTRODUCTION TO HARMONIC ANALYSIS 


1780 It is proposed to give m this chaptei several theorems 
of the Integial Calculus which are of especial service in the 
higher branches ot Physical Analysis 

1781 Stokes’ Theorem 

Let X F, Z be the components ref ei red to lectangular axes 
Ox, Oy, Oz of any vector quantity U Then the line integral 
of this vector taken along a given path on any given surface 
from a fixed point A to anothei fixed point B is 

Let us deform this path into an adjacent aibitrary path 
from A to B on the surface 


Then <5X=U Sx+ +, dx+ + , and 

{($X dx-{- -\-)~{-(X dSx [ A } 

J A 

=j* (<SJSTcfec4- +)-fi [X<5a;+ — j* (<'ZX&c++) 

=| {($X dx — dX Sx) -j- -j- } 

(|f- lf}(Szdx-Sxdz) 

+ (^~xy sxdy ~ syda) ) 


m 
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But if P, Q be adjacent points (&, y , z), (x+dx, y+dy, z+dz) 
on the path APQB , and P', Q' the points to which they are 
deformed, having coordinates (a?+&&, etc), and to the first 
order (x+dx+Sx, etc ), these four points are to that order the 
comers of a parallelogram the area of whose projection upon 
the plane of y-z is Sy dz—Sz dy 



Let d8 be the area of the element PQQ'P' , l t m > 71 
direction cosmes of the normal to the surface at x } y, z Then 
to the second order 

Sy dz—Sz dy=ldS, Szdx—Sxdz=mdS } Sxdy—Sydx—ndS 
Therefore the variation in the line integral along APQB by 
deformation into AF Q'B is 



the integration being for all the elements of S which lie 
between the two paths 

If we enlarge the strip by taking a new variation of the 
path AP'Q'B to an adjacent path AP"Q"B, the extra increase 
is the same integral taken over the area between the second 
and third paths, and this process may be followed by 
other deformations to any extent so long as X, Y, Z and 
their differential coefficients remain single -valued, finite and 
continuous in the deformation (Fig 589) 

If then A and B be any two points upon a contour AGBJD 
drawn upon the surface within which contour X, Y, Z and 
their differential coefficients are at all points single-valued, 
fini te and contmuous, the difference of the Ime integral along 
ACB and that along ABB is measured by the surface integral 


rrtf* 



~dz) 


+ taken over the whole surface bounded 


by the contour Also the line integral from A to B along 
ADB=— the line integral along BBA (Fig 590) 
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Hence the lme integral round the whole contour is equal to 

£ j . i ^ + +1 iS, over the whole 

the surface integral J \J'\^y 

area bounded by the contour 




JL^IUW JA-’V 

2£, 2 r), 2f are such that 
’dZJ^Y 
~2y 

then we have 


9 »*Z_VX 

tv,, 7^2 ’ dz dx 


dY_-dX 
dx 9y ’ 


hen we have 

j( x | + Y| + 4)*(‘^Z I )-# lf+ ” ,+,l£),,s ' 

taken over the hounded surface 

y dx cose 

x Ts + * cls^ ds 

b, tfK«.,as-(p«..'*. * >»” 1 “ tae *° stol “ 

of to highest mfortoce » Higher Phys.ce [See lemb, 

*££££ 1 - to ---y-j J 

thfi form of the surface, and depends oniy up 
diaphragms with a given edg , P nQ mt in spaC e is 

t “ aZ'XS i r JT4 of L* ^ 

cease toWerngle-rtoed, tot. a»d continoou. 
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1782 Green’s Theorem * Loud Kelvin’s Extension 
Let 7 X and V 2 be any two junctions of x, y, z, the coordinates of 
a point P, and a any quantity, constant for Green’s Theorem, or 
any function of the variables for Lord Kelvins extension, and 
suppose all three functions and their differential coefficients to be 
single-valued, finite and continuous throughout a finite and con- 
tinuous region bounded by a given surface S. Let volume integra- 
tion be conducted throughout the volume so bounded, and surface 
integration over its surface Let V 2 7 be an abbreviation for 



Let dm, be an element of the outward drawn normal at any point of 
the bounding surface S The theorem to be established is 


fU2Zi2lH2Ii2>i + 3I xm^dyh 
JJ \a* 3» ^ 3 y (J ft 3s ) 


= JJ dS-Jjj T^V 2 dx dy dz 


Consider the term ^dxdydz Integration by 

parts gives 

KvM^®*** 

Construct an elementary rectangular prism parallel to the 
x- axis on hase dydz m the y-z plane, and let it intercept upon 
the surface S elementary areas dS lf dS v dS v , at which the 
diiection cosines of the normals are (A 1} i ^), (X 2 , m 2 , v 2 )> > 
the suffix 1 relating to the element furthest from the y-z plane 
and the others being in order of approach to that plane Then 

dy dz— 4- \ 1 dS 1 =—\ dS % = -f Xs^a” 

Now the limits in the first integral [^F 2 a 2 ^J are those 

which correspond to the elements in which the elementary 
prism cuts the surface S, te from the end of any intercepted 

* Math Papers of the lute George Green Edited by Dr Ferrers, 
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portion of the prism nearest the y-z plane to the end furthest 

dV 

from that plane Let the values of V 2 a 2 at the several 

points be denoted by the corresponding suffixes to the square 
brackets 


Then taken for the whole prism 

+[V 2 ^1 ( +M«s ) - }• 


that is simply, when we integrate for the whole 
summing the results for all such prisms 



2 dx 


surface, 



Tieating the remaining terms in the same way, and noting 


d 3 3 3 


we have upon addition the theorem 


stated 32 -02 

Green’s Theorem, for which a=l and V 2 =^+^+;g^2> is 
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1783 Vanotu Deductions 

1 It follows that 


//( V ^S) dS= J j '/<***- V&'VJdvdydz 


2 If Vi and 7 2 both satisfy Laplace’s Equation V 2 7=0, we have 

3 If F a = constant, J j^dS= j j This is known as 
the Divergence Theorem (see Webster, Elect and Mag , p 66) 


4 If 7 2 = constant and V t be a function of x } y t z , viz 7 , satisfying 

Laplace’s Equation, 0 It follows that 7 does not undei 

such circumstances admit of a true maximum or minimum value for all 
directions of displacement at any point of space for which it lemams 
finite and continuous and satisfies Laplace’s Equation Foi if at any 
point such a maximum or minimum could exist, V would be decreasing 

d V 

or increasing m all directions from that point, and therefoie would 
maintain the same sign at all points of a small sphere with that point 
for centre, and could not vanish foi that surface The same 

thing is obvious also from Laplace’s Equation directly , for one condition 
for a maximum or a minimum is that F«, V yv , must have the same 
sign, and therefore their sum could not be zero 


5 If V p and V q be two homogeneous algebraic functions of y, z of 
respective degrees p and q , each satisfying Laplace’s equation foi the 
region between a pan of sphencal surfaces of radii a and 6, whose centres 
aie at the origin , then if V p and V q be written respectively as i p Y v and 
so that Y p and Y q are functions of angular coordinates only, then 



Fig 592 


wiU LT^ sin 0 d$ d<j> = 0, provided 
p=i=q and p+q=h -1 

For j Vp^ZdS— j V q ^£dS, the mtegia- 

tion being conducted over the two sui faces 
Writing dS=a*d(j> oi b z d(a for the respec- 
tive elements of the outer and the inner 
surface, du being an elementary solid angle, 
we get 

f (^Y p q^Y,-,<Y,^Y P )dS=0, 


and (q - p !)(<*+«+» - j Y v 7 q d<a = 0, 

and therefore, provided p rq and p+q+ -1, J JP* Y p Y t a\n 9d6d<p=Q, 
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or writing /x=cos (9, Y p Y 9 dju,d<f>=0 , that is J V p V 9 dS^ 0, where 

the integration is taken over the surface of any sphere with centre at the 
ongin 

The theorem is due to Laplace The proof is Lord Kelvin’s [Thomson 
and Tait, Nat Phil 1879, p 180] 

Note that m the proof of this general result the taking of an inner 
surface r=b avoids the continuation of the volume integration over the 
immediate region of the origin at which such a solution of Laplace’s 
Equation as V — r” 1 would become infinite, and Gieen’s Theorem on which 
this result is based would be inapplicable 

6 Many other deductions will be found in works dealing with attrac- 
tions, electncity and magnetism, etc 

The iegion bounded by the surface S is regarded as “ singly connected,” 
oi capable of being made so by suitable diaphragms , so that any of the 
infinite number of paths fiom any point A to any second point J3 within 
the region are deformable into each other without ciossmg the boundaries 
of the surface * 

1784 Unique Character of Solutions of Laplace’s Equation 

If a solution of Laplace's Equation has been found which 
is such as to assume a definite assigned value at each point 
of a given closed surface S bounding a given region , that 
solution as unique for all points within the region, and if 
it is such as to vanish at oo it is also unique for all points 
outside the i egion 

Eor, if two functions V 1 and V 2 could each satisfy the stated 
conditions at points within the suif ace, their ditieience W would 
vanish at all points of the surface But Gieen’s Theoiem gives 

jjj[^y+ + ] ( fo ( i 2 , < fe=ffF^dS-jfJwdx%<fo=0 

Hence — , " must vanish at every point of the 

dx oy oz 

region, and theiefore W must be a constant throughout the 
region, vanishing at the surface, and therefore at all other 
internal points Hence V x and F a must be identical 
Similarly for points outside the surface with the condition 
as to vanishing at infinity 

Hence solutions of Laplace’s Equation are unique and 
determinate foi any finite region when their values are 
known over its surface supposed closed 
• For the effoot of Cyolosis, soo Clerk Maxwell, E and M y I , page 109 
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We note also that if — were given at each point of the 

surface, we should equally have [w dS=0, for ^=0. 

J dn dn 


HARMONIC ANALYSIS 

1785 Def Any homogeneous function of x , y , z which 
satisfies the equation V 2 F=0 is called a Spherical Solid Harmonic 

Denoting x^-\ r y 2 +z 2 by r 2 , we have V 2 r wl =m(wi+l)r m “ 2 
(DC, p 137) 

This vanishes when m= 0, or — 1, (except where r= 0) 
Hence a constant is a spherical solid harmonic of degree zero, 
and t - 1 is a spherical solid harmonic of degree — 1 

Laplace’s equation is unaffected by wilting x— x 0 , y — y 0 , 
z—z 0 for x , y , z respectively. 

Hence {(»— x 0 ) 2 -\-(y— y 0 ) 2 +-(z— z 0 ) 2 }“* is also a solution, 
except at (x 0 , y 0 , z 0 ), where it becomes infinite 

If F tt be any homogeneous function of degree n satisfying 
V a F=0, then FJr 2 ^ is also a solution (DC, p 137) Its 
degree is — n— 1 Therefore to any spherical solid harmonic 
of degree n corresponds another, viz F n /r 2n+1 of degree —n— 1. 

1786 Specimens of Spherical Solid Harmonics 

Lord Kelvin (Thomson and Tait, Nat Phil , pp 172-176) gives a long 
hat of particular solutions of V 2 F = 0 We select a few typical cases, 
which may readily be verified 


Degree zero, 

Degree -1, - 

T 

Degiees 1 and -2, 


tan-12, ™ 

r - 2 a 1 a?+y 2 

lun-i2, Ii og l±f, 
r x r B r-z 




Jx+By+Oz, 

Degrees 2 and -3, 2 **-a*-y’ ^-y\ Ayz + Bzx+Cxy, yz/r K 


1787 If V n be a spherical solid harmonic of degree n, and 
we wnte K=r”T„, as in Art. 1783 (5), Y„ is a function of the 
direction of the point x, y, z as viewed from the origin, and if 
we take r as a constant, Y n is called a “ Spherical Surface 
Harmonic ” or a “ Laplace’s Function ” 
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1788 Number of Arbitrary Constants in the General Spherical 
Harmonic of degree n 

The number of coefficients m the general rational integral 
algebraic expression of degree n in three variables is the 
number of homogeneous products of degree n m x , y, 3 , viz 

H^+2)(n+l) 

When operated upon by V 2 we have a homogeneous function 
of degree n— 2 containing 1) coefficients, each of which 

is to vamsh, which furnishes this number of relations amongst 
the original coefficients Hence the number of independent 
aibitrary constants m V n or Y n is 

J(n+2) (w+1) — %n(n— l)=2n+l 

Such a senes as J F 0 +J F 2 + +~ Y n , where a 

is given, will therefore contain 14-3-j-5+ +(2n+l), xe 

(?i+l) 2 , arbitrary constants, and m the case where Y 0 =0, 
as for the potential of a magnetic body, the number is less 
than this by unity, viz n(n+2) 


1789 Construction of New Harmonics 

Since V 2 F=0 is a linear differential equation, when any 


3<*+&+o 


solution V % has been found, it is obvious that — ^yb^ z o 18 

another solution So that if V { be a spherical solid harmonic 
of degree we have another of degree a— b— c 


/ 0 b 0\ 

Moreover — K will a ^ so a solution, oi 


further still, if (l x m x , (l 2 , m 2 , n 2 ), beany number of sets 
of direction cosines of arbitrary linear elements dh v dh 2> 


,i ,3 i b - b b < . , b b b b Ty 

is also a solution of Laplace’s Equation, and is a spherical 
solid harmonic of degree j 


1790 Poles and Axes Clerk Maxwell (E and M , p 162) 
Consider a spherical surface of centre 0 and radius i, 
referred to three rectangular axes Ox , Oy, Oz Let A v A 2 , A s , 
be fixed points on the surface, and P any other point upon 
the surface Let the direction cosines of 0A ly OA 2 , be 
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(Zj, m v n^, (Z 2 , m 2 ft 2 ), and x , & the coordinates of P 

Let \ t ==cos A t OP t fjL %j =<ios A fiAj Let <Z7i 1 , dk 2} be linear 
elements m the directions 0A X , OA 2 , . Then the lines 

OA 1} 0A 2 , . are called “ axes ” , A 19 A 2 , are called “ poles ” , 

3 3 0 3 

and the operation ^-==^ ~ +?n t — is called differ- 
entiation “ with regard to the axis 0A t ” 

Let & be a perpendicular from 0 upon a plane through F 
perpendicular to 0A tf then p,= l { x -f m v y -f u t 2 ;=r\ t , and we 
have 


3 r 

dhr 

dpj_ 

3a<“ 


7 3j, 0r, 3 r , y . z p t . 

h + WIi ^ — + — — — A*, 


3 


+ ^ = l\lj "H intfTlj + TliTlj — fLij — 


3\,__0^\ 1 
34^ 34, \ r / r 


ft \ /Xv — A<Ay 3A, 


1791 


Consider the effect of the operations 



(- 1) 2 


_3_ _3_ 
3/t 2 3/ij. ’ 


<-l) a 


_0_ 3 3 
3/i a 4 dh i ‘dk 1 9 


performed successively upon the function ^ Let us write 

EX 1-0 */!* for the sum of all possible products consisting o£ 

2 s A’s with different suffixes and s p s with double suffixes, 
each suffix 1, 2, 3 , % occurring once and once only in each, 

product 

0 0 0 1 

Also let us write F_ t _i for ( — 1 ) l - , and also 

F_,_i=^ I T»=^- 1 . Then U t are spherical solid 

harmonics of respective degrees — (>+l) and i We then have 



U x _ v _3_ 1 _ l_ 3> _K 

3A, r~/*3Ar» i ’ 




^=r_ 4 =(-i)» 3 


3 3 


1_ _1_ 

ar.an.as; r _etc_ 


3 5 


(A 1 A 2 A 3 — ^ 2A 1 //. 1 ), etc 
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1792 The General Form is 




1 3 (2t-l)| 

= -i *+i 1 




+ (2i-l)(2i-3) 2X ‘ ^ } 

to or \ terms, according as % is odd or even, 

2 2 

ie r .- 1 3 J 21 — x * _ &rr 2X1 ~ 2 '* 

1793 This form may be established by induction (Clerk 
Maxwell, E and M , I, p 161) To do so it is desirable to 
substitute foi each X the corresponding p/r Foi differentia- 
tion of r and the p’s is simpler than that of the X’s in 

3 

performing the operation — ^ ^ 

1794? When all the axes coincide the X’s are all equal, and 
the fji & are each unity 

If we write when the axes are different, and 

when they are coincident, we have 

„ 13 (2l-l)J w »(*-!) > t-g , 2 ) (*-■*). \i->_ \ 

£<= 7? r “2(21^1) A +8 4(2»-l)(S»-3) / 

1795 In the latter case, when the t axes coincide, Z t is a 
function of one variable only, viz the angle which the vector 
to x, y, z makes with the fixed axis When this angle is 
fixed, the value of Z % is fixed, and the equation Z 1 =const 
gives a family of circles on the surface of the sphere, the 
planes of these circles being at right angles to the axis of 
the harmonic The harmonic is now called a “ zonal harmonic ’ 

1796 In the former case l 7 ) is a function of the i cosmos 

X \ 2 , x< which are variables, and of the ^ g ~ cosmes 

/*i 2 > Mis. Mm. which are constants As there are m this 
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case ^ arbitrary axes, and each requires three direction cosines 
l, m , n to fix it, between which there is an identical relation 
l z +m z -\-n 2 =l t Y t will involve 2% arbitrary constants Also 
since the expression for Y x may be multiplied by any arbitrary 
constant M, and the function still satisfies 

Laplace’s Equation, this value of V % contains 2i-\-l arbitrary 
constants inclusive of M, and is the most general form of a 
spherical harmonic of degree i (see Art 1788) 

1797 The Zonal Surface Harmonic Z* will contain three 
arbitrary constants, viz two which fix the dnection of its 
axis, and M After the fixation of the axis, say to coincide 
with the z-axis, the only constant left is M, and if we choose 
M=l, Z t becomes a definite numerical quantity 

If the axis OA of this zonal harmonic Z t be in the direction 
(0 O , <f>o), ie given by its co-latitude and azimuthal angle, and 
if OP be drawn in the direction (0, <p ), then 

X=cos 0 cos 0 o +sm 0 sin 0 O cos (<f >— <£ 0 ) 

If the axis be the £-axis, then 0 o =O and A=cos 9 

In the former case there are two independent variables 
0, <j > , and the Zonal Spherical Surface Harmonic is known as 
a Laplace’s Coefficient 

In the latter case there is but one independent variable, viz 
0, and the pole of the harmonic is the pole of the sphere 
which is the positive extremity of the 2 -axis 

1798 Leuendre’s Coefficients 

If we expand the function (1 — 2 jph-\-Ji z ) ^ m powers of h y 
taken as < 1, as 

(1—2 jph+h 2 ) ^=P 0 +P 1 A-l-p2^ 2 -f- +P n^ n +* •> 

irrespective of what p may stand for, then P n or P n (p) 
called Legendre’s Coefficient of order n 

If ( r , 0, 0), (r 0 , 0 O , <p Q ) be the coordinates of points P, A 
and X the cosine of the angle AOP t 0 being the origin, the 
inverse of the distance AP is (r a -2rr 0 X+r o 2 )“ i , and may be 

written as or ^1-2X^-^) .according 

as r 0 is > or < r Accordingly, we have 
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1 


Qo+Qi 

•0 ' 0 

+<?B r7 + 

) for r<r 0 , 

AP~ 

IK 

Qo+Qj- a +Q/-£ + 

+ &>^ + 

) forr>r 0 , 


where the Q’a are Legendre’s Coefficients tor the case when 
p is < 1 and is a certain cosine And tor all values of r 0 Jr one 
or other of these expansions holds good 


Ala n _L being an inverse distance is a Spherical Harmonic, 

and that senes of the two above which is convergent is a 
spherical harmonic, and satisfies Laplace’s Equation , and as 
it does so for all consistent values of r 0 , each term will do so , 
so that one or other of the sets 

IQ 0 r Or 2 ) f—° — ^ 

(Vo> Vi r > W» h 1 r > r 2 > jS' ft’ ) 


forms a senes of spherical solid harmonics Moreover, by 
Art 1785, if one set be spherical harmonics, so also are the 
other set Therefore they are all sphencal haimomcs, and 
Q n is a sphencal surface harmonic of the zonal species 

It follows therefore that a Legendre’s Coefficient for 
which p is a cosine is a Zonal Surface Harmonic We shall 
see later that it satisfies Laplace’s Equation whatever p may he 


1799 The function 

£-l=={ X 2 +3/ 2 + ( S _ C )2}-4 

satisfies Laplace’s Equation 

Let !K 2 +y ! +z 2 =? 2 , and write as/(z) 

Ijjr- +S it ° B 1 \l+ 

Again, writing z—\i, R ~ l = (? 2 — 2Xcr +c 2 )'* andtakingr>c 

B _1 =J;(Qo+Qi;+Qs^+ +Q*f5+ ) 


Qn _(-!)" WfJjz] l) n I" 1 

r n + l dz n n 1 dz 11 r 


The harmonic Q n is therefore identified with one of those 
obtained in Ai ts 1791 to 1794 
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1800 Preliminary Remarks on Legendre's Coefficient P n (p) 

The definition being 

(l-2j>h+h*)- i =Po+PMPJ>' i + +P n h n + (A<1), 

it follows that, whatever p may be, 

■?«(?)=!> 

P„(l)=coef A" m (1— A) -1 =l, 

P B (— l)=coef A n m (1+A) -1 =(— 1)”, 

P n (0)=coef A»m(l+A®)-1=0 or (-l)^ 1 | 
according asms odd or even 

If the signs of both p and h be changed, (1— 2ph+h 2 )^ is 
unaltered Therefore 

P 0 (p)+P 1 (p)h+ +P n (p) A»+ =P 0 (— p)— Pi(— p)A+ 

+ (- 1)«P„(- 2 3)A»+ 

Hence 

Po(-P)=Po(p) > P i(-p)=-Pi(p)' etc, P„(-^)=(-l) n P„(p) 


1801 Power Senes for Legendre's Coefficient P n (p) 

To obtain an expression for P n as a power series m terms 
of p, we proceed directly by Expansion of (1 — 2 phA-h 2 )^, viz. 


= l+$h(2p-h) + 


1 3 


££-§}A»-M2 P -A)»-i 


2 4 (2u-2) 

- V 4 ^ L h "(2p-A)" + 


Picking out the coefficient of h n , we have 


p„= Li (g *- 1 ) Ln_ «(»-!) „n-2 

n * F 2(2w— l) p 


7i(n— 1 )(ti— 2)(n— 


I 1 ?"- 1 - •}, (A) 


1 2 4(2n— l)(2u— 3) 
which is m agreement with* the second senes of Art 1794 

^nip) is therefore a rational integral algebraic function 
of p of degree n The highest index is n P n is an odd or 
an even function of p , according as n is odd or even , and 
P n(— P)=(— l) n P w (p), as already seen 
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1802 Rodrigues' Form 

Applying Lagrange’s Theorem [DC , p 454], 

(l-2j)A+A 2 r i = 1 + pi^(P 2 - 1 ) + |il2^5 ( P 2-1 ) a+ 

Hence 

^n(?) = 2^t J^tP 2 - 1 )"> a f0rm dUe t0 R ° drl g UeS 

1803 Rodrigues’ foim satisfies the differential equation 

f]+»(»+i)r.-° 

For writing z=(p 2 — l) n , and denoting by suffixes of 2! 
differentiations with regard top, we have z x (p 2 — l)=Znpz , 
and differentiating this n+l times by Leibnitz’ Theorem, 

ZnAf- 1) + 2 FW=™(™+ 1 K> 

' ie ^[(T 2 —l) Z n+l] = n( n +l) Z n> 

1804 Expansion m Terms of Tangents of Half Angles 

Using Rodrigues’ form and putting p + l=u, p-l==v, 

Pn=^ ^ («"»“) = ^ +"<7, V" 1 ® + »<7 S W + +**>, (C) 

6 0 

and putting p ~ cos 0, u = 2 cos 2 v = - 2 sm 2 ^ , we have 

P„ = cos 2 " || 1 - ’'£Vfc v> 2 ^ + ” Cj 2 tan 4 1 - “C3 2 tan 6 ^ + }, (D) 


1805 Expansion m a Senes of Powers of tan 0 
Regarding (p 2 -l) M as a function of p 2 and applying the rule of 
Dtff Calc , Art 106, 

p„ =p n + ^ 2 c l p n - 2 (p 1 -i)+ | 4 n c 4 - 1) 2 + , (E) 

and writing p- cos 0, we have a form homogeneous in cos 0 and sin 0, 

P„= cos’* 9 - ” ( ”T — ^ cos"- 2 9 sin 8 9 

Mnj-Wn-Vfr LZ?) CO s»-‘esm*e- , (F) 

r 2 2 4 a 
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1806 These forms may also be derived by writing 

(l-2pA+A»)- i ={(l- i )A)a4-^(l-3)*)}“ 1 , 

expanding and picking out- the coefficient of k\ 

[Todhunter, F of Laplace , p 12 ] 

Q 

1807 Expansion in Powers of cos | 

Since (p 2 -l) n =(p-|-l -2)"(p + l) n 

= ( — l) n [2 n (p -f l) n -”C 1 2 n “ 1 (p + l)^ 1 ^ n ^ 2 2”' 2 (i)4 1) M+2 - > 

we have by Rodrigues’ form, and putting p= cos 6 , 

P„=(- l)»^l-"+‘C' 1 n Ci cos* | “Cj cos‘| -’ ut - 3 0 , 5 n C 3 cos‘ |+ (H) 

1808 Expansion in Terms of Cosines of Multiples of 9 

Taking 2p = t+j=Z cos 0, we have, writing 

(1 — as J 0 -t Afi-h *" » 

F=(l -2pA + A a )" 4 =(l -AO^l-Ar 1 )" 1 

= ( 40 +^ 4 ^+ +A n A n t n + )(A 0 +A l Ar L -h + A n /i n t~ n -h -)» 

and the coefficient of h n is obviously 

A Q A n [t n +t- n ) + + 1 -"+-*) + 

= 2[4 o J rt COS7l0+-^ 1 ^4^iCOS (w-2)0 + -+Ai -1 -4n+lCOS^ or 

2 2 2 

as is odd or even , 


D _ fl 3 (2n — 1) .113 (2 ti-3) , 

P ’ = 2 1 ~2 4 2to ' CQa n @ + 2 2 4 (8»- 8) co, < ft - 8)g 


~8» <JUS7 ‘ t7 ' r 2 2 4 ( 81 .- 8 )”"' 

1.3 1 3 (2rc-5) , ... 

+ 0 2 4T(2nl4) COS ^- 4) ^ 


1809 Limiting Valnes of the P's 

The binomial coefficients in the above form of P n are all 
positive, and therefore P n cannot exceed in numerical value 
that for which each of the cosines is replaced by unity And 
in this case the expression for P n =2(A 0 A n +A x A n ^ x + ) = co® f 

of p n in (1— />)”*(1— />)“* le m (1-p)" 1 , u 1, ve. the value 
of each of the P’s cannot lie outside the limits +1 and — 1 
The convergency of the series 1 +P 1 A-bP 2 A 2 + follows at 

once by comparison with 1+A+A 2 -|-. *= j— ^ 3 A < 1 


1810 Expressions in Terms of Definite Integrals [Laplace, 

Mic GS L, XI] 

Supposing a positive and > b , both being real, we have 

r d x - -r 

J 0 a-ficosx Va 2 — i 2 ' 
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and writing a=l-»p, b=hjp>- 1, wheie p is positive and 
>1, and A negative to ensure a being positive, and both 

a and b leal, we have 

l-2pA+A 2 =a 2 -6 2 =-+™, 

7r _ r d x 

Vl — 2 pI+F Jo 1 — A(p— *>/p 2 — lcos x ) 

and expanding each side in powers of h and equating co- 
efficients, P n (p)=i f cos x ) n d X 

TTJO 

1811 Upon expansion of (^ — \/p 2 — 1 cos x) n an d Integra- 
tion from 0 to or, all terms arising fiom odd powers of cos x 
' disappear, and we are left with a rational integral algebiaic 
function of p of degree n, which is identical with P„(p), (which 
is known to be a rational mtegi al algebraic function of p of 
degree n), for all positive values of p gieatei than unity, i e foi 
more than n values Theiefoie the identity with P n (p) must 
hold for all values of p, though it was convenient in the last 
article to take p positive and >1 It will be > seen that JJ e 
expanded form is identical with the expansion (E) of Art 1805 
Also, since the terms with odd powers of cos x contribute 
nothing, we have also 

P„ (p) -- f (y+Vp 2 -l COS x )”d x 

x Jo 

1812 Writing p=cosha, we have 

P (cosh a)= - (cosh a =Fsinh a cos x)” d X> 
x Jo 

and we may transform these fuithei by putting 

co sh a cos m± smh a 
c°s X= cosh a ± co8 n ain h a 

to the forms 

P„(cosh u ) = ^ j" r (cosh adtsmh a cos 

1813 Vanous Forms of Laplace’s Equation 
Before proceeding fuither it is convenient to collect to- 
gether for reference the more useful foims which Laplace’s 
Equation V 2 T=0 takes when tiansfoimed to other systems 
of coordinates than the Cartesian, and the modifications it 
undergoes under various circumstances 
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By dnect transformation to spherical polars (r, 0, (p) (DC , 
p 469), 

3*7 , d 2 V , d 2 V 


becomes 


V 2 7 = ^Z + 2 37 i#r 

dr^r dr^r 3 30 a 


cot 6 37 , cosec 2 0 3 2 7 


=0 


r 2 30 r 2 3 
If 7 n =r n Y*, F n being a function of 0 and <f> only, we have 

V a 7„=r n-a p^f+cot cosec 2 0 ^ + » (»+ 1) Y,] - 0, 


and any solution of this is a Spherical Surface Harmonic or 
Laplace’s Function See Art 1787 

Writing fji for cos 0, this equation becomes 

Laplace’s Coefficients, which are Zonal Harmonics and are 
cases of Laplace’s Functions, satisfy this equation When <p is 
absent, 7 n is a homogeneous function of the n th degree sym- 
metrical about the 2 -axis , Y n is a function of 6 alone, =P n > 
and the equation becomes, when p is written for /*, 

^}+ n ( n + 1 '> p * =0 

Legendre’s Coefficients satisfy this equation, and are the 
cases of Laplace’s Functions for which <p is absent, and 
P~ /X = COS 0 


Other forms of V 2 7=0 are 



1814 Method of Obtaining these Equations from Hydrodynamical 
Considerations 

The readiest -way to reproduce any particular form of the differential 
equation is not by direct transformation, but by formation of the appi o- 
pnate hydrodynamic “ Equation of Continuity expressing the physical 
fact that m the case of any fluid motion, no creation of matter is going on 
in any element, any increase or decrease of mass in that element being 
due to what enters the element from outside or which leaves it. 
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For a homogeneous fluid in motion with velocity potential V, this 
condition may be written m the notation of Ait 789 as 


v 3 ( h -dV\ 


and by expressing this foi Caitesians, for Cylmdncals, for Sphencal-polars, 
etc , the seveial forms cited are at once obtained 

1815 Reverting to the power senes, 

(1— 2hcoay+h Si )~^=Ro+B l h+RJi i + +-R„A n + (&<1)» 

which defines a case of Legendre’s Coefficients in which 
cos y=cos 0 cos 0 o +sin 0 sin 0 O cos (<j>— <£ 0 ) (Art 1797), 
it appears that R n being a zonal harmonic, and a function of 0 
and <p, is a solution of the equation 

^^+cot0^ ? +cosec 2 0^^+w(w+l)R n =O, 

or, what is the same thing, if we write p, p 0 for cos0 and 
cos0 o , so that cosy=wvWl— M 2 Vl — /j. 0 2 cqs(</>— </>„), 

1816 The General Solution in the Case when <j> is absent 
If the 3 -axis be taken coincident with the axis of the 
harmonic, /* 0 = 1, cos y=M=cos 0=y, and the Laplacian 
equation reduces to 


( 1 ) 


It will he noted that we usually use p instead of p m this case 
The zonal harmonic P„ is a solution of this equation To 
obtain the general solution put B„=P„u, and we obtain 

in which the first bracket disappears We therefore get 
dhi /du 2 p 2 dP n du = ?. — , 

B being a constant 


I 

\ 
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The general solution of equation (1) is therefore of the form 

R n =AP n +BQ n , where Qn=P n \ pj$^ p r y which 18 called a 

Legendre’s Function " of the second kind ” 

If, then, we limit our solutions of equation (1) to such 
functions of p as give R n a rational integral algebraic form, 
we take the arbitrary constant B to be zero, and therefore the 
most general solution of (1) of this form is R n =AP n 

1817 Since P n is a particular form of the Spherical Surface 
Harmonic for which we have obtained the general result 

n Y m Y n dfid<t >= 0 when taken over the surface of the 
o 

sphere, we have 

j l J V p m P n dpd<p=0, and J^PJP.dp-O, (m+n) 


1818 Particular Cases of P n expressed in Terms of p , and 
Positive Integral Powers of p in Terms of P’s 
The general result being 




1 3 (2n— 1) 


1 2 


71 


{p n 


n(n-l) _« n(n—\)(n— 2)(w-3) 4 

2(2n-l) p 2 4(271— 1)(2 ti— 3) F 


we have the particular cases 

P 0 =i, A=p, / > 2 =|p 2 -i ) A=iP 3 -|p» 

P,=— lpi- 2 — ?» 2 + L-i ? p — — - p*+ , etc. 

4 2 4 P 2 4 P 4 6 2 4 ^ 2 4 ^ 2 4 ^’ 


Reversing these results, we have 

1=P 0 , JJ =P 1 , p'-JP.+fcPo, 

^ 4 =^s P 4+fF a +JP 0 , etc 

1819 The general character of these latter results will be 
obvious, viz p n will consist of a series of Legendre’s cofficienfcs 
begmmng with P n , falling m order two at a time, with certain 
numerical coefficients , ze its form is 

p n = A n P n -{-A n _ 2 P n _ 2 +A n .,P n _ 4 + , 

and we shall consider m due course the law of formation of 
the successive A’ a 
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We note at once that, since each of the P’s becomes unity 
when 23=1, we have A n +A n ^ t +A n ^i+ =1 
Again, if m<u, 

| p m P n dp = | (A m P m -\-A m ^ i P n -2~^ )^n dp 0 

1820 If f(p) be any rational integral algebraical function 
of p of lower dimensions than n, then, m the same way, 

fl f(p)P« d P=° 




1821 The same result may be deduced from Rodrigues’ foim of P„ 

For j_J(p) P n d P = 2^1 /_/ (?) - 1)"^P 

+ (-l 05 , -l) n ]_i=°> 

for after the differentiations are performed (p* - 1) is a factor of the whole 
It follows that jf(p)P n dS=0 when the integiation is taken over the 

surface of the unit sphere 

1822 The theorem fp”P n dp= 0, (m <»), may he used to obtain the 
several functions P u pj,'p 3 , without using the general formula 
Ex 1 To find P„ assume P 3 =Af+Bp ^Then A+B= 1 
Multiply by p and integrate , then ^ + -3 = f_ x P P 3 dp=M ° 


Hence 


4*1 and P 3 =^ 
5-3 2 1 


Ex 2 To find P 4 Assume Pi =Ap*+Bp‘+C Then A +£+<7=1 
Multiply by 1 and by p 2 and integrate 

Then ^+f+f=° and J + ~A = °’ 

A.B_ m Ol and p Bg gLffg ±» 

35“ -30 3 8’ 8 

Or we might use a determinant to eliminate A,B,C 
These prLsses, however, speedily grow labonons by ^0^^ 
number of equations to be solved or the older 0 6 , w 

evaluated. It is therefore desnable to follow another method, as we now 

show 
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1823 Lemma 

If it be desired to solve a system of equations of form 




f =0 ’ 


= 0 , 


a-l-y 6 + y c+y 


=0 


one less in number than the number of unknowns, with 


x . y , z , _! 

i+X + F+l + c'+A + "A’ 

t y g , 

a,nd further to calculate such an expression as ^jrg+ 
for the values of x, y, a, found from the above equations without 
actually calculating x, y, z, themselves, we may proceed as follows 
For convenience take the case of three letters x, y, z 

■pken £ ^ -[--^-4- -£-g is to vanish -when 6=a or /? and to become ^ 

when 0 = A Such requirements are obviously satisfied by 

a y 2 1 (a 4 A)(6 4 A)(fl 4 A) (0-q)(fl-ft) 

^ + &40 + ^40“A(a+0)(&+0)(c40) (A-a)(A-/?)’ 
which is an obvious identity, for it is a quadratic relation in 8, and 
satisfied by three values of 8 The value of r can he found by 
multiplying by a +8, and putting 8 = - a, viz 

1 (a 4 A)(&4 AXc4A) (a+a)(»+ffl 
a ~X (6 — a)(c — a) (A-a)(A-/i)’ 


and similarly for y and z When A is indefinitely large, the last of the 
given equations takes the form x+y+z= 1, in which case 

*= etc ’ z=efcCl 


and geneially we have 

x y , 2 . (fl-q)(fl-/?)(fl-y) 

J^ + &T9*MT h "(«+Wi+6i)(o+Wrf+« ’ 

there being one more factor in the denominator than m the numerator, 
no A. occurring 


1824 Ex 1 Calculate P 6 Assume P 5 = Ap* + B$ z +■ C$ 


Then ! + f + l=°' A + B + C = l 

Take a=4, j8=2, a=5, 6 = 3, c = 1 in the Lemma 

_ , (a+a)(q+/3)_9 7 p _ 7 5 rr-LJ* 

Then A -(i- a )(c-a) 2 4’ (-2) 2’ 2 4’ 


ABC 


9 7 


7 5 


5 3 
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JEx 2 Calculate j 1 p~P s dp 

The lesult is clearly 3 ^+yf but wlttout calculating -1, B or C, 

we have, putting 0 = 8, 

„ (8 - 4)(8 - 2) 2 4 6 _ 16 

2 13 11 9 “9 11 13 429 

1825 We have seen that J* j> m P n dp=0, if m <?! But it 

we can readily calculate the value as in the above 
example 

But first note that if m and n are one of them odd and the 
other even, the result is still zero For writing 

p m = A. m P m ~\~ ^■rn—Z^m—2 5 

J 1 p m P n dp=^ ^(A m P m +A m - 2 P m - 2 + )P n ^P= 0, 

as no two suffixes in any of the products of the P’s can he 
equal. 

But if m and n be both even or both odd, and m <t n, the 
result does not vanish In this case, writing 

P n = Ap n +Bp n ~ 2 + Op n “ 4 + , 

multiplying by p k , where 1c=ti — 2, u — 4, n 6, etc, and 
integrating from —1 to 1, we have a set of equations of 

iv A A l — u, — - — -4- =0, one less in 

the type /c+ ^ +1 +/ c+ tt-l 

number than the coefficients to be found Also 
A+B+G+ =1, 

„ r 1 ^ 2-4 , 2P , 2(7 , 

and ] ^P m ^ndp=^^+ m ^ 

Hence the problem of evaluating this integral (m > n) is 
that considered above 

Here u=7i— 1, f3=n— 3, y=n— 5 , 

a=n, 6=n—2, c=n — 4 , 

and 6=m f 1 , 
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(m+1 — n — l)(m+l — n— 3) to — g — or \ ^ ac ^ 10rs 
(m+l+ 7 i)(m+l+n— 2) to — ^ or factors 


__ (m— n+4>) m— 1 (or m) 

' (m+n+l)(ra+7i— 1) m+2 (or m+1) 

1826 If m—n i we have J p m P m dp=2 TO+1 (m i) 2 /(2m+l) • 

1827 Again 

jv„+pa+p^+ 

« JjP^+P^+P^H )^=2 (i+^ 2 +| 4 + ), 

Hence 

|+ 0 i! di9=2 ! |+ 2 ^=f, etc, |_ i P„ 2 ^p= 2 ^pi 

Remembering that the area of an elementary belt on the 
unit sphere may be written as da-=2'Tr sm 0 d6— — 2‘7rdp J 
we have for the whole sphere 

\ Pnidcr= 2n+l 


1828 Professor J C Adams has shown that we may calculate the value 

/ i p 

-ft dp, wkeo e R=Jl - 2pA 4- A 2 , by means of Rodrigues 1 expression 
~ l ft ri 2 

for P„, awe? thence we may establish the mtegials J P m P n dp= 0 or ^ + T 

according as m=h n or m=n 

Integrating by parts, we have at once, wilting X foi (p 2 - l) w for short, 

=[i(S^)lrt^(S^)l, + +( - iri 3 5 Cn-wL S^ d 

= (-l)”l 3 5 (2»-l)A”[+ 5 ^ ri = (-l)” 1 3 5 (2»+l)A“l7, say 

Then m = J! 1 (1,, - 1 ^ dp 


Take a sphere of radius unity, OA the xadius, 0H=h < 1, H lying 
upon OA Diaw an elementary double cone with vertex H intercepting 
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superficial elements dor, d<r' at P and Q Let AHP=\j/ y A0P=Q,Q0A=* 6\ 
HP=R, &Q = P' Then dcr/ft 2 = da'/H'*, 2>=cos0 = A4- R cos f, 

sin 0/i2— sm^/1, dp= ~s\n9dd, dcr=sm 0d$dfa 
<j> being the azimuthal angle of the plane A OP , 

sin 0 d9/R i = sm & ctf#'/-®'® ie dp/ R* = dp' l R'* , 

and for opposite elements at jp and §, sin^i/r and ^ have the same \alues, 

but cos \p has an opposite sign , hence corresponding elements of the 
integrand cancel when the integration is effected for the whole sphere, 

\ e ^ = 0, wad theiefore U is independent of h 



Hence to evaluate V we may take h = 0, and therefor e R — 1 
Then (-1)"(2ti + 1)C7= ffi-pT d P=j^ «n“6(-«u 6d9) 

= 2j'’sift w + 1 «<Ji9=2"+ I 7i'/l 3 5 (2 b + 1) , 


Ji=; 


l+l 


n 

It follows that J_ j P n (P 0 + I\A+ +P„A’*+ )dp= g^jrj. -whence 
j l _P m P n dp=0, (m + 7 i), andJV,*^^^, as seen before 

1829 If /„= -where U ! =l -2j>A+A*, ^p=A-f> and 
2A(p-A) — l-A*-iP, aud we have 

Jf fl mP IQ — Ji. ■, P Pn 1 — j 1 r *< W » 

~d = J-iB^ E ir dp=7) l Ii^ 2A dp=m -^r fm +'~2k Im 


i 
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Thus /„ . = r^pY ^ I m + - a i eduction foi mula foi such integi alb 

2 1 — h*\2h m dhr 

4-S. etc 

1830 Since (1 — 2;pA4- A 2 )”*= P 0 +.PiA + + -P*A* + + ■P n +kh n+k + » 

we have 

13 (^-D(l-2^ + ^=^ + ^ + + *gP* + , 

2*4-1 

and writing (1 — 2pA + A 2 ) 2 = Qo + $ L A + <2^* + + Qnh n +■ > we have 

n _ 1 d k P k± n 

Vn ”l 3 (24-1) 

Therefoie 

/»«-£■ — p "^ 15 = + «i*+ +«*» Am+ >** ■ 

(l-2j)/i+A*) 2 

f l / > n$t»dj)=coef of A”* in Jai+i, 


,e j l p n Wj±£dp= 13 ( 2 A-l)xcoef of/rin/a +1 , 

or writing A H- ?w = £, 

j 1 ^pJ^Ldp = 1.3 (24 - 1 ) x coef of A 1 "* in 7»+i 

1831 We can now undertake the calculation of the 
coefficients of the series leferied to m Art 1819 It is 
convenient to consider the cases of odd and of even powers of 


p sepai ately 

(i) Take A 2w+l-^ > 2m-f 1 1-P2M-1+ -+^1^*1 

Multiply by P M+1 , successively, and integrate from 

p= - 1 to y=l We then obtain 


^ 2m+l 

2(2m+l) +1 

^(4?n+ 3)(4m+l) . . 

(2m -t- 3) 

2-42*1-1 

4 6 2m 


2(2m-l)+l 

“ (4m+l)(4m—l) 

(2771 + 3)’ 

2^ 2*1-3 

n 6 8 2 m 

, etc 

2(2m-3)+l 

-2 (4m-l)(4m-3) 

(2m -|-3)’ 


Hence ■writing 2m+l= , u, vre have (n odd) 


y- i > 


2n+l 1 


+ (2u— 7) 


(27i+1)(2ti — 1) p 

T4 rn 


i+ 


-i 
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(n) Take P* m ~A 2m P 2m+ A tm _ 2 P 2m _ 2+ +A 0 P 0 , 

then multiplying by P 2m , P 3m _ 2 , etc , and proceeding as before, 
and wntmg 27n=7i > we obtain the same result 
Paiticular cases have already been given in Art 1818 
It will now appeal that any rational integral algebraic 
function of p of degiee n may be expressed as a series of 
Legendnan coefficients, of which the order of the highest is n 

1832 Expansion of/(p) in Terms of Legendre’s Coefficients 

Supposing the expansion possible, let f(p) = ]>}A n P n Then 

multiplying by P 0 , P 1} and integrating from — 1 to 1, 
2 fi 

2n+T^ n= J w ^ lc ^ determines A n , 

fW=l ^(2*+l)P,J \_PMip 

It is assumed that f(p) remains finite and continuous 
throughout the range of integration 


1833 The Senes obtained for f(p) is unique 

For if a second senes for f{p) were possible, we should have 


CO oo 

M=^AJP n and f(p)='£ l B n P n , whence ^(A n -B n )P n =0 
Multiply by P n and integrate fiom —1 to 1 Then 


( ^ n "'^ ) 2^+I =0 and An==B » 


1834 Differential Coefficients of JP 7l in Terms of Lower Order 
Legendre’s Coefficients 

P n being a lational integral algebraic function of p of 

degiee n, is a similar function of p of degree n— 1, and 

therefore expressible in terms of P n ^ and lower Legendnan 
functions, and of form 


dP 

( lp ==s ‘^n-l^ J n-l“t"'^n-3-Pn-3"l"^n-5'P n-5 + 

Multiply by P n - V P n _ 3 , P n _ 6 , and integrate from —1 to 1 

Then, since j^- P m < ^ i dp=[P m P B ]'_ I -|^P n ^?dp, and 

m having any of the values n— 1, n—Z, n—5, , m and n are 

one of them even and the othei odd, we have P m P„=l or —1 
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according as p is +1 or — 1, and therefor© [P»iPn]-i ^ > aia ^ 

further, since cannot contain a Legendnan function of as 
dp ... 

high order as P„ the second integral vanishes Hence m ail 

such cases j 1 P m = - Hence 

2.4 n _ 1 /(2w— l)=24 n _ 3 /(2n- 5) = 2^„_ s /(2n- 9) = =2, 

and we have 


^2=(2n-l)P fl _i+(2n-5)P n _ 3 +(2w-9)P„_ 5 + +3P X (or P 0 ) 

ctp 

according as w is even or odd 

1835 Similarly we may wnte 

+ JWV* + B n _ t P n -> + =SB,P r > ^y. 

ttjP* * 

and multiplying by P r for r=n-2, n-4, n-6, , and integrating from 

p= -1 to p = l and using accents for differentiations, 

sSt J, r-£i P '^ , *" [W " J P r' P ^ + Fj 

aud as r < n the final integral vanishes 

Also, since (1 -J>»)P*" - 2 pP n ' +n(n+ 1) P n = 0, we have, when p= ±1, 

p n ' = n ( n + 1 ) P ? , and therefoie [P r P n '-/yP*] l -i= {”^ 2 + ~ ” 2 ^}L j> * G-i’ 

and n and r being both odd or both even, is an odd function of y>, 

and therefore [^T ]\ = 2 Therefore = fa-r)(»H-r+l) and 

^P»=l (2n - 1 ) (2« - 3) P „_ 2 + 2 ( 2 n - 3) (2m - 7) P„_ 4 + 3 (2» - 5) (2«. - 1 1 ) P„_a + , 

andm the same way higher order differential coefficients ma> be expressed 


1836 Obviously 

J l -£& ^dj)=J 1 i [(2m-l)P m _i+ ][(2»- l)P«_i+ ]dp , 

and, if m+» be odd, no suffixes can be the same in the two brackets, and 
the integral vanishes Hut if m + n be even, suppose m^n Then the 
teims which do not vanish are 
^-\)*j 1 i I a m . l dp+(2m~5) 1 f_ i Pi.,dp+ 

=2[(2iB-l) + (2m-5) + (2m-9)+ +l(or3)] as m is odd or even , 

and there being oi ^ terms in the two cases, their sum is in either 

case m(m + l), *ef\^T^ d P =0 or TO ( OT+1 > as m + nw odd or even . 
m being the smaller of the two, m and n 
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1837 We nn glit al&o pioceed directly thus (m ^ ?i), 
f 1 dP M dP„ n 

Ln£ J_P n P m "dp , 

and Since n is gieatei than the degree of any power of p in P m '\ the 
terminal integral vanishes 

Again, (1 -p 2 ) P m " — 2pP m ' +m(m + l)P m = 0, and theiefore if p=±l 


P , »' = 


Now 


m (m + 1 ) P m 


p p 

*■ m* <n 


is an even or an odd function of p according as m + 7 t is 

r p p -ji 

odd or even, and theiefoie — =0 or 2 as m + n is odd or even, 
n flp ftp L P -J-i 

theiefore j ^ ^ dp = 0 oi m(m+ 1) according as m + n is odd or even 
and n <£m 


1838 Differential Equation satisfied by Legendre’s Functions 
Staiting again from the definition of Legendre’s Coefficients, 

viz 7 =-(1 — 2 ph+h 2 ) ^ = ^P n h n , it is easy to see that they 

satisfy a form of Laplace’s equation, without reference to the 
fact that when p is a cosine these coefficients are Zonal 
Hai monies 

Foi 7 2 (l—2pA+/t 2 ) = l and 2 log 7+log (1— 2ph+h 2 )=0, 
whence 


I x-fr-w and *% ~ h Th= h 273 w 

Again, 

l/^DD = V h P~ Bh2 ) V*+m(p-h? F 5 , 

and adding, ( A *1D =0 ’ (2) 

by virtue of V 2 (1 — 220 A. +7t 2 ) = 1 
Substituting V—'2P n h n , and equating to zero the coefficient 

!{(i-rtf-}+»(»+ i )r.-<>. < 3 ) 

or (l-^)^ 2 "-2^^+u(n+l)P„=0 (Art 1813) (4) 
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1839 Differentiating s times, we have 


(1-P 2 ) 


d**P. 

dp s+t 


2(*+l)p 


d* +1 P n 

dp a+1 


+ {n {n + 1 ) — s (s 1) } 



which is known as Ivory’s Equation 

If we then take as the expansion of P„ in powers of p, 


( 5 ) 


r.-j.+A 1 $ i +A.$+A.$+ , 

it follows that 

+ — 71(71 + 1)}^=“ (^-S)(^' + S+* 1 )^» 8 =h n 

Moreover, 

ji-iissp-A)} -1 - + 1 1 


shows that A n =l 3 (2 n — 1), also that A n+ lf A n+2 , A n . ^3, 

are all zero, foi the coefficient of h n contains no power 
of p above p n , and this coefficient containing the powers 
p n , p n ~ 2 , p n ” 4 , , it is clear that A n _ ly A n _ 3 , A n „ 5 , are also 

all zero 

Also, as A s = — A a+2 /(n-s)(n+s+l), we have 

1 3 (2n— 1) 

A n =l 3 (2?i— 1), A n _ 2 =- 2(2u— 1) ’ 


1 3 (2 a— 1) 

An -*~2 4(2n— l)(2n— 3)’ ’ 

and we have the series of Art 1801 (A) 


1840 It appears that ~^*r ~ 1 3 5 (2 n — 1), and that all 

higher differential coefficients of P n vanish 

If n be even, =2m, the lowest order term of P n is an 
arithmetical constant, viz what is got by putting p—0, z e 

the coefficient of h * m in (l+^ a ) viz (— 1)”* — 2 4 ~ 2m ^ 

If n he odd, =2m+l, the lowest order term of P„ contains p, 


< 5 
viz (-1) — 2“4 


(2m+l) 

2m 


P 
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1841 Various Theorems 

Since ^ L1 =(2n+l)P B +(2M-3)P n _ 2 4(2»-7)P„_ 4 + , 

we have 

^-^- (2W+1)P " and P n +1 -P„- 1 =(2n+l)j^P n ^ 
and since 4; {(!-/) +n(rc+l)P„=0, 


we have f 

p __P — 2n-j-l , 2 

1842 Since 

7 =( 1 _ 2 yh+hr^ZPJi" and ^=(j,-h)V\ 

we have (1 — 27 ft+A 2 ) 2 (w+l)P n+ 1 fe n =(y— h)1,P n h n , 

whence (n + 1)P„ +1 - 2piP n +(w-l)P n _ 1 =pP n -P„- 1 , 

»e (« + 1 ) P«+i - (2w + 1 )pP n + wP n _ 1= 0, 

which forms a difference equation connecting any three 
successive Legendnan Coefficients 

1843 Again 

f2%= lV ' 16 (1-2 %>+A 2 )Zfc"-‘^=2^P n , 

^- 2 ^+%-- p «’ 

and subtracting the result -^■ a = (2w+ l)P n , 


we have 


(2P n <2P p 


1844 Since ~ = /i F J and ^=(p— h)T 3 , we have 

(? 8 -l)^-(l-^)^=-T r3 P(l-2^+A 2 )=-Fji ) 

, s ,,37 37 3 , T/JA 

^- l ^=2h~P^ Vh) ’ 

e (p* - 1 ) 2A» ^r= = InP n h n ~ 1 - p2nP n _ 1 h n ~ 1 
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equating coefficients of A"' 1 , (p a — 1 )^^ i=! ‘ r >'P n —npP n ^, 


P n -pP n -i= 


f-l dP^ 
n dp ’ 


(? 2 -l) -df=(n+l)(P« + i-pP n ) 


He »“ 

jp 

(?-Vl£= n lp p «-P«-J 

We therefore have the two results, 
p_*p 

r n T r n-1 — — — — "n-1) 

_P _/-! p' 
r 1 - n *n-l— — r n 

1845 We now have P n +i~pP n =^—Y P'n 

7i~\-L 

=^P n dp [since ^(p^^ +n (n+l)P n =o] 

-»(f # -Jo) P ndp=n^P n dp+C, 

where G is a certain constant, viz the value of P„ +1 when 
jj=0 To find C, 

p _ 1 d”+ ] (f- l)"+i 1 

” +1 2 n+1 («+l)i dp n + l — 2 n+1 (w.+l) 1 

c^ n +i 

x dp^- ~ n+1 °tP 2n + n+1 C2P 2n ~ 2 - +(- l) r n+1 G r f n ~ 2r+2 + ]. 

If n be even, each term left after (n+l) differentiations con- 
tains p, and therefore m this case C vanishes If n be odd, 
there is a term not containing p after the differentiations, viz 

when r— ■ Hence when p=0, we have in this case 

ft -HI 

- (_ n+l(1 , l ( n | ( — 1) 2 (tt + 1) 1 

n ± 1 

P^-pP.-vfpJr+C, where C-0 or ^ >+^. 
according as n is even or odd 


(¥ 0 ' 
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We also have by differentiation (and writing n — 1 for n ), 

P n — ^Pn- 1 =wP n _ 1 

1846 Since ( n+l)P n+1 —(2n+l)pP n +nP n _ 1 =0, we have 

(n+l)P l +i—(2n+l)pF n +nF n _ l =(2n+l)P n —F nJ{ml —F n ^ lt 

n P'n+l — (2w + 1)^P!* + (tt + 1 ) P'n -1 =0, 
a difference equation for the first differential coefficients of 
the P’s 

1847 Differentiating again, 

nP'n+i — (2» + 1) + (^ + 1 ) -PH - 1 = (2w + 1) P n = P" l+1 — P« - 1 , 

whence (n-l)P; +1 -(2w+l)pP;+(n+2)P^ 1 =0 

Similarly (w-2)P; , +1 --(2w+l)^ / +(ri+3)P i ;'_ 1 ==0, 
and so on, forming a series of difference equations for the 
higher differential coefficients 

1848 Since pF n - P r n -\^=nP n (1), and Pi-pPLi=«P,,-i (2), (Aits 
1843 and 1845), we have, by squaring and subtracting, 

(j P % - 1>(*? - Pn 2 - 1) = 1l\F n - HL) (3) 

Wilting n 2 i^-(y a - 1)P* = U n , we have 

U n - C7 n _! = - (« - l) 2 } - l)PS_ t , 

Un^i-Un-2— =(2tt-3)P£_2, ©tc , 

and- tf^Pf-^-lJPi 3 -1-/1 

Hence ti 2 7*-(/> 2 - 1)K 2 =/1+3P?+5P|+ +(2»-l)/1- 1 (4) 

1849 Again differentiating (1) and (2) r times, and again squaring 
and subtracting, 

(P‘ - 1) {(it +1 'y - (Pi?, 11 ) 2 } -(* 
or writing F. = (« - - (p> - 1) (PTY. 

F„- F_ l ={(n+r)» - («-l -,)»}(PiTL 1 ) a =(2n-l)(2rH-l)(pM i) 8 , 
and if n = t, F r =0 , if re=r+l, F r+1 = (2r+l)*(P£ , ) S , 

whence gq5j-(a»- l)(Pjl I ) 8 +(2 re -3)(PSl 2 ) 8 + +(2r+ l)(iT) 8 > 

or completing the senes with zeio terms and reversing the order, 

F n /(2i + 1) = (Po r) ) 2 + 3(Pi r| ) 8 + 5 (PiT*) 8 + +(2»-l)(Pir>i) 8 

1850 Illustrative Example 

To find a series 8 which will assume a constant value A at aU points on 
the surface of the unit sphere m the northern hemisphere, and a constant value 
B at all points of the surface in the southern hemisphere 

Suppose the senes to be S^Ci+G l P l +CJP % +CJP z + 
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Then S=A from p = 0 to j>=1, S=B from p= -1 to p=0 Therefore 
multiplying by P n , 

f C n PJip= J° BP n dp+^AP n dp , and P,dp=(-1 ) n J o P» dp , 

i£i c -- u+< - ,m L' p - *■ - A $+i r r ® {" - p ''Wi * 


~ n(n+l) L' 1 ■ r/ dj)Jo 

- 4 =o, if n be even ( = 2») 

n( m + l)Wi>4=„ andl t 0l 

= 4-.B 3 5 (3»£1>( _ ,y lf n be odd ( = 2t + 1) , 

(2t + l)(2» + 2) 2 4 2t ' 

Om- o, (*>o), c a+l =(-iy (4l + 3) ! I (^-5) 


Oif=u, 2 2 4 (2t + 2) v 

Also, if 7i = 0, C 0 = b(A+J3)Jo dp = - » 

ifn=l, C 1 = $(A-J3)J Q l pdp=2(A-B) 

Hence the series required is 

~ A+B p A-BfZP* 3 7P, 3 5 11P, 1 
® — 2~ “° ^ 2 \l 2234 2 45b / 

1851 In case the distribution be syminetncal about some other axis 
than Oz , the zonal harmonics may be expressed m terms of harmonics 
with Oz for axis 

1852 Tor instance, if we require an expression m terms of Harmonics 

with Oz for axis, where the value of 
the function is A over the whole hemi- 
y V sphere with OA for axis and nearer 

/ & to A , and is B over the hemisphere 

/ \. a more remote from A , then we have 

o/ just found an expiession for such 

/ N. a function in teims of Zonal Hai- 

/ \ monies with axis OA, viz 2 C n P n 

j ^ “7 ~/A If P be any point on the spheri- 

S' cal surface, and we put zOA — a, 

n. S' zOP=6 , POA-B AzP=<f>, we 

\ / have, fiom the spherical tuangle 

AzP, 

O cos0'=cosacos0+sinctsm0cos<£, 

694 and P rt (cos S') becomes a spherical 

Suiface Harmonic Q n expressed m teims of $, <£, and the value of the 
function sought will be 

b ~ 2 y ° + 2 \l 2 2 3 4 2 4 5 6 1 J 
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1853 List op 'Working Formulae for Legendre’s Coefficients 
(Differentiations -with regard to p are denoted by accents ) 

1 ^{(1 -y a )P n '} + K(»M-l)P„=0 , (l- 2 J )P/- 2 pF„ , +ra(n. + l)P n = 0 , 

^f + cot0^ + m(» + l N P» = O, j> = /i=eos0 
1 d n 

2 Rodi igues’ Formula , P„ = ^ (p a - 1)" 


3 P„ = 


1 3 ■) (2n - 1) f _ *(»-!) 


2(2n.-l r 

w(w.-l)(»-2)(n-3) - 4 1 

+ 2 4(2 ji -1)(2»-3) * J 

4 P„ = l, Pi=i>, P 2 =li> s -i ^3 = 5P 1 -fP. 

p <=ri p4 - 2 fi 3 ’ 2+ o> p -ri ph - 2 fi p3+ i-5 y - etc 

5 J** ! 3 l‘'(2. tl ){ (2 ** l)l> -* (, *- 3|?! T ii> - 


6 i=P„, y=-Pi, j’ , =iP« + i p 2» P 3 =^ p i+^ p 3. 
p<=}P 0 + *P, + &P 4 , F , =fPi+JP.+*l > s» etc 

7 p n=^f 0 ’ r (P±^^ rIcos X) n£? X = ;f 0 (j )Ts/j)i-loosx) n+1 

8 f/’- P » d P=° >f ">*«. f_ 1 P “ dp= 2^+l 

9 P,,' = (2« - 1) P,i_j + (2» — 5)Pn-» + (®* - 9) P»-i + to P, or 3P a 

10 J‘„ + ,-^-i=( 2 » + 1 ) 1> « 11 • p " +l-i> ’‘- 1= ^nTT) (p2-1)P " 

12 (n + l)P„ + i - (2n + 1) J>P, + »P—i = 0 

13 »P, , , +1 -(2»+ l)pP«’ + (n+ 1)P„_ 1 =0 

14 fP,l-K i = nP «> p «~pK- i = nP *-i 

15 Pv-pP^—K-v pP,.-P«-i = — p » 


16 P„+i-3>P..=» 


( J 'p„dj) + C 
<0 


C = 0, if n be even, and 


«+i 



if n be odd 


17 1+3 + 5/^ + 7 P t 4- =0 for all values of p except p = 1, and then 

is oc See Ait 1857 
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1854 The Roots of P n =0 

Between any two real roots of a rational algebraic equation 
f(x)=0, at least one real loot of f('t)=0 must lie , and if the 
roots of the equation /(u)=0 are all real, the roots of f'(x)=0 
are all real, and separated by the roots of and lie 

between the extreme roots of f{x)= 0 The roots of f (a;)=0 
are therefore all real and lie between the extreme roots of 
f'(x)= 0 , and therefore between the extreme roots of /(jj)= 0 , 
and similarly for all the derived functions 

Hence the roots of P„=0, te of ^(p 2 -l) n =0, l'e 

between +1 and —1, for the roots of (p 2 — l) n are all real, and 
either +1 or —1 

Also no two roots of P w = 0 can be equal For if they 

7 P 

could, P n =0 and would have a common root But 


<y— i)2£>+ap^ , -«<»+ 1 )i > . 

and 

(p a - 1 )^ ! + 2 (s + 1 ) ^^&+ {s( 8 + 1 ) - u(,l+ 1 )} 1 i f=0 

for all positive integral values of s So that if P n =0 an< i 
^=0, we have -^ n , ,. etc , all zero But this is 

contrary to the result ^^=1 3 5 (2n~ 1) (Art 1840) 

Hence the roots of P„=0 are all different and lie between 
-{— 1 and — 1 

It is obvious from the forms of P n shown m Art 1818, that 
when n is odd one of the roots is zero Also, that in any 
case as the powers of p are either all odd or all even, all the 
other roots occur in pairs, one positive and one negative, of 
each magnitude 


1855 The Curves r=aP 0) r = ctP u r = aP 2i etc, are readily 
traced 

(1) r=aP 0 = a is a circle, centre at the oiigm and radius a (Fig 595) 

(2) r=aP 1 =a cos 0 is a circle of radius | touching the y-axis at the 
origin (Fig 596) 
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(3) » =aP 2 = a ~—~!f — - hjl8 max ra< l veot r=a > r=|, -wliere 6=0 oi 

ir, and 0 = (2»+ 1)^ , and touches the lines 8 = ±cos -1 3'i (Fig 597) 
is 



8 = 0 and ±cos -1 5 and touches 6= ±cos l -JZ/5 and 8— g (F'S 



(5) r=ar t =a 3r)C08,e ~f ° 0a2g+ -has max rad vect a, whe re 0=0, 

*2, where 8= f , ^ lf 0 = CO 8 _I Vt’ etc , and touches 6 = cos " 1 { ± ^ ± 35 — } , 
and so on for those of higher orders (Fig 599) 

I y 
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1856 We may now” note the effect of a small hai monic when super 
posed upon the graph of a curve otherw lse circular by tracing curves of 
the type r = a(l + €P n ), where e is a small positive fraction We merely 
have to add with their proper signs the radii of the curves traced, multi 
plied by e, to those of the cncle 

(1) r=a(H-€p 0 ) means that the radius of the circle is slightly hut 
uniformly increased (Pig 600) 



Fig 600 Fig 601 


(2) r = a(l'feP 1 ) Here the new locus shows the substitution of a 
Lima^on locus for the circle The Lima§on lies partly inside and partly 
outside the circle (Pig 601) 

(3) r = «(l-f eP 2 ) This change substitutes an oval for the circle, which 
is thereby extended at the poles, and contracted at the ends of the 
perpendicular axis (Fig 602) 



Fig 602 Fig 603 


(4) r=a(l +€P 3 ) Here the circle is extended in three places, and 
contracted m thiee other places (Pig 603). 
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( 5 ) r = a(l + €P 4 ) Here the circle is extended in four places and 
contracted in foui others, and so 
on (Fig 604) 

If we revolve these cut ves about 
the axis, the coiiespondmg shapes 
of the solids of form i =a{l -mP„) 
can be readily imagined , r-a re 
presenting a spheie, and € small 
and positive The shape is that of 
a spheie slightly swollen out at 
the pole, and surrounded by belts j 
alternately lower than and highei 
than the normal level of the 
sphencal surface, and when n is 
even the equatorial plane is a plane 
of symmeti y 

If the ladius of the sphere be 
affected by other harmonics, eg 
r=a(l + eP n +e'P m ), the locus can 
be similarly constructed by supei position, i e the addition of the separate 
effects to the ladius of the spheie 



Fig 604 


1857 A Remarkable Discontinuity 

The expression 1 f 3P 1 +5P 2 +7P 3 + +(2tt+l)P n + 18 

discontinuous It vanishes for all values of p except p— 1, 
when it becomes infinite 


For (1— 2ph+h 2 )~ i = '5jP n h n , and differentiating, 

(p-h)(l-2ph+h i y i =f^ nPJt"- 1 
Multiplying the second by 2 h, and adding to the first, 

(1 _ /t a )(l - 2 ph +/(- 2 )' 5 =- 

co 

and putting &—1, ^(2w-|-l)P n =0 

for all values of p except when p=l, i e at the pole of the 
spheie, and there the expiession becomes infinite, being the 

limit when h-> 1 of 

Similarly putting h= — 1, 

1 — 3P 1 +5P 2 -“7P 3 + +(2w+1X-1 ) n P n + =0 
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except when ^= — 1, ^ 0 at the opposite pole, and there it 
becomes infinite 

We also have j j (1 +3P 1 ft.+5P 2 /t 2 -f- )dpd(f> 

ri-mOJ*!* ‘ 1 = 0 . i J 

JoJo r (l—2/i cos 9+h 2 )* h L (l-2ioos9 + W)*Jo 

2xi x ! [-iTi + r=A] =2,r 2=4t 


1858 Physical Meaning 

The potentials produced at points within or without a spherical surface 
of area 8 and radius r 0 by a layer of matter on the surface of surface 

density + P n I S are respectively 
Pj'/i J+ 1 and P„r 0 */r” +1 For both 
these expressions satisfy Laplace’s 
Equation, the second vanishes at qo 
and Green’s surface condition is 
satisfied, viz that the difference of 
attractions on two points on the 
same normal, one just outside and 
one just inside, is to be 47 r x surface 
density And such a solution is 
unique 

Take a particle of mass unity 
situated at the pole C of the spheie 
with centre the origin 0 and radius 
r 0 The potential produced at any 
point P distant r from 0 m colatitude cos -1 p is 

(V - 2pr 0 r + r 2 ) ' * = i 2P „ or as r < or > » 0 , (I) 

and we have seen that an internal potential and an external 

potential P n -p£i are produced by a distnbution of suiface density 
which vanes as (27i+l)i > „ 

CO 

Hence the potentials (I) are produced by a distnbution 2(2n + 1)P„ 

o 

But the distribution producing a given potential inside and outside is 
unique, and we have seen that a concentration into a point at the pole C 

CO 

does produce It Therefore the distnbution 2(2w + l)i > n must represent 

o 

a concentration of matter into a single point at the pole C , and must 
therefore vanish at all points of the sphere except at the pole, where it 
must become infinite 
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This theorem is of great seivice in obtaining expressions for the 
potential m the case of discontinuous distributions of matter 

1859 Let P be a point at which there is no attracting 
matter, 0 the origin, Q the position of an attracting element 
of mass m, OP=r, 0Q=r\ PQ=R Suppose the attracting 
body to be a homogeneous solid of revolution whose axis is 
taken as the 2 -axis Then the potential at P is expressible 

m the form V=l^=2A n P n r n +'2B n -%, where A n , B n are 

constants, the first summation 2 A n P„r n refeinngto that for 
all those particles for which r < r', and the second for those 
for which r > i and this is a unique solution Now supposing 
that the potential is known for these two parts in convergent 
senes for each such portion at each point on the axis, where 
p n =. 1, then the values of A n and B n are known for all values of 
-n Therefore, assuming that the potential at any point on the 

axis is expressible as 2^n' l “+'^)> value at any point 

oflf the axis may be at once wntten as 2 (A n r n — P n 


1860 Consider the expression 

i(2»+l)P„(A)P„(fi), 

■wheiePji), P.fju) are Zonal Harmonies 
and A., /x the cosines of the colatitudes of 
two points 

Take the case of a circular wire of 
infinitesimal section Take as origin 
the centre of a sphere of radius r 0 of 
which the wire foims a small circle, 
and let the z-axis be the normal to the 
plane of the wire Let M be the mass 
of the wue considered of uniform line- 



density _ 

The potential of the wire at a point Z , (0, 0, z) on the z-axis is 

M(rf - 2AroZ +z 2 )" whei e cos” 1 A is the angular radius of the small circle, 


te P„(A.)^)" or j 2P»(A.)(’f)" as s < or >»„> and therefore 

at a point Q in colatitude cos" 1 /! and distant r from 0, the potential is 

— 2P,(X)/ > ,(/i)f-Yatft,wherer<» 0 , andy|P»W^»W(^) at ^** 
r 0 o W 

where t > r 0 
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Now (2?&4-l)P tt (A) is tlie law of distribution of suiface density giving 
a potential ocP„» n within and oc P„/« w+1 without the spheie Hence 

a surface density 2(2w + l)P«(A.)P n (fO will give the same potentials as 
o 

it has been seen that the distribution of a unifoini line density 
along a circular wire gives, and is unique Theiefoie the expression 

2(2?i+l)P n (\)P n (ju) must be zero at all points of the spherical surface 

except for such points as lie along the small circle of angular radius cos - " 1 A, 
where the surface density is infinite but the line density finite That is, 
the expression is zero except where A = /z, wheie it is infinite 

The theoiem is similai to one occuriing in Poisson’s discussion of 
Fourier’s Theorem, Chapter XXXV 

1861 Practical Method of Expression of a Rational Integral 
Algebraic Function of x,y, 2 m. Terms of Harmonics on Unit Sphere 

Let H n =Ax n +x*-\By+Cz)+x n - 2 (Dy*+Eyz±Fz 2 )+ be 
the general homogeneous expression of degree n, which con- 
tains |(w+l)(tt+2) coefficients Subtract and add 
(x 2 J ry 2,J t z 2 ) S n _2 1 where H n _ 2 =A'x*-*+x n -\B'y+C'z)+ , 

which contains l)n coefficients A', B\ C\ to be found 
Apply the operator V 2 to H n — (x 2 +y 2 +2^)11 n _ 2y viz 
(A-A')x n + 

We then obtain, after this operation, by equating to zero each 
resulting coefficient, £(n— l)n equations to determine the 
\(n—\)n quantities A', B\ C' } etc, and H n — (x 2 -\-y 2 +z 2 )H n _ 2 
becomes a spherical harmonic of degree n Next apply the 
same mode of procedure to H n _ 2 , and so on We have then 
expressed H n in the form 

r n y n +r 2 (r«“ 2 y n _ 2 ) (r*-< Y n ^) + 

Or y n (yn+^n-2+'^n-4+ )> 

and it we take our sphere as r=l, we have 
5 r n-2+^ r *-4+ > 

a series of surface harmonics 

If the rational integral algebraic function considered consist 
of groups of terms of different degrees, the same rule will 
apply to the terms of each group 
As a preliminary to such procedure, all terms which are 
obviously already solid harmonics should he laid aside, to be 
restored when the process is completed, amongst the other 
harmonics of their own degrees 
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1862 Ex ExpLess 

<£ = a x % + a0 + ct a * + b i-fc* + b$ % + b z z 2 + b^yz + b&x 4- b*%y + cxyz 

as a senes m the form r z Y z + r 2 Y i + rY 1 + Y 0 

We only need consider the tei ms b^z 2 + b%y 2 + b z z 2 3 

te (b x - k)x 2 + (6 a -A)y 8 + (h - \)z* + A(* 2 + y 2 + z*), 

and Tv 2 [(b l -k)x 2 + (b z -\)y i + (b z -\)z*] = , 2 {b 1 + b 2 + b z -3X)=0 

if A- J(&i + &a + b t ) , 


+ b i yz+b z zx + b z xy] 

~ -i . b x + b 2 + b z a 

+ [ojff + a^y + a 3 2j + g *» 


22>a — bi~-b z n2 

3 2 


which on the surface r=l lsoffoim y 3 + ^ 2 ' y i + 


1863 If the f unction be not all eady expressed in Cartesians, 
it is usually best to express it so first 
Ex Express sin 4 0 sin 2 2 <f> iu teims of Suiface Harmonics 

sin 4 6 sin 2 2 <#> = 4(sm 6 cos <j>f (sin d sin </>) 2 = 4*y (r = 1), 
and proceeding as befoi e, 

= 4 {»y - r 2 (£v* + &y 2 - ***)} + -for 2 + fy 2 -W + T& V » 

and putting tf = sin0cos<£, ?/ = sm0sm<£, z = cos0, and r = l, we have a 
result of the lequired form 7 4 + 7 2 + 7 0 


1864? Change of Axis of a Legendre’s Coefficient 
If P n be Legendre’s coefficient of ordei n, we have the series 
of solid harmonics 

t 3p»-l . 3s 2 — r 2 2 

Pi r-*, P/=— y- 2 ' 2 — § 2 

p, 5y 3 — 3ff , etc 

Po 2 2 2 

Writing ZX+mY+nZ for z, where Z 2 +m 2 +w 2 =l and 
£C 2+^ 2 +z*=Z 2 + Y 2 +Z 2 =B 2 , these solid harmonics become, 
when referred to new axes OX, OY, OZ, IX+mY+nZ, 
2 (lX+mY+nZ?-( X?+]P±P) 5(ZX++y>-_3iZ 2 (ZX++) eto> 

' 2 ’ ’ 2 

X Y Z 

and the axis of this set of haimonics is V1Z ^ 

(Fig 607) 

If we tiansform to polars so that this line is given by 
Z=sm 0'cos <p', m=sin 0'sm <p', w=cos 6', and X=Bsin0cos0, 
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r=fism 0 sin 0 , Z=JScos0, the axis OA of the new set of 
harmonics is inclined to the new Z-axis at an angle & and 
the azimuthal angle is <j>', and the expression 

lX+mY+nZ_ ig cos g cos ^_[_ sm 0 sin 0 ' cos (^_ 0 , ) > 

K 


and is still a cos%ne, viz the cosine of the angle between the 
original axis OA and the direction OP of the point X , Y , Z 
If then we take r = R= 1, and if, instead of p, we write 
cos f) cos 0 '+sm 6 sin & cos (<p— <j>), 
we get a more general form of Harmonic than the Legendre’s 
Coefficients There are now two independent variables 9 and 0 , 
6 ' and <j> being regarded as known 

The Harmonics in their new form are known as Laplace’s 
Coefficients and denoted by Y lf Y 2 , F 3 Thus for Legendre’s 
Coefficients the jz-axis OA is taken as the axis of the system, and 
AOP—9 In Laplace’s Coefficients the axis of the system is 
the line 9\ <p', and the direction of P is 9, <j> 



The curves for which AOP is constant are a set of parallels 
about the axis of the coefficient m either case, viz cos 6 = const 
for a Legendre’s Coefficient, and 

cos 9 cos 9 '+sin 0 sm O' cos <p — <j> = const for a Laplace’s Coeff 
Both sets are Zonal Surface Harmonics When multiplied by 
r n , %e OP n y they aie Zonal Solid Harmonics If we further 
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tiansform coordinates so that Z becomes the distance from 
any other fixed plane through 0, the Solid Zonal Haimonic 
remains a Solid Zonal Harmonic and the Surface Zonal 
Harmonic remains a Surface Zonal Harmonic 

18C5 Tesseral and Sectorial Harmonics 
Take the case of an unreal plane Z^z+a( x-\ iy), J=a, m=ai, 
7 i=l, so that l 2 +m 2 +n 2 — 1 

Then, if F(z) is a Solid Spherical Harmonic, so also is 
F{z+a(x+iy)}^e 

+fs x+i y'>* F "( z) + +i {x+ ty) ‘ F{,){z) + 

also satisfies Laplace’s Equation V 2 7=0 for all values of a, 
and the equation being linear each teim of this expansion will 
also do so, and will itself be a Solid Spherical Harmonic , and 
taking either sign for t, we have new foims of Solid Spherical 
Harmonics (x±iy)‘F {s \z) Also their sum and difference are 
also Solid Spherical Harmonics Therefore transforming 
to polais with r=l, x=sm 0 cos <p, ^sinflsmtf., z=cos 0 , 

am 1 6 cos sd> F M (cos 0) and sin'dsm 8<p F M (zosd), or, what is 
s Jap * d*P n 

the same thing, ( 1 — p 2 ) T cos an( ^ (^“P 2 ) sms< P are 

new forms of Spherical Surface Harmonic functions of 9, <f> 

1866 These new Harmonics are called Tesseral Harmonics 
of degree n and order s When a=n, 

d 8 P n == d n P n ^ ^ 5 ( 2 ti— 1 ), a constant 

dp 3 dp n 

tl ^ 

Rejecting the constant, (1— p*)* coancf) and (l-pfsmw^ are 
called Sectorial Harmonics of degree n 

It has been seen that in the case of a Zonal Harmonic its 
vanishing gives an equation of degree nmp with all its roots 
real, and the spherical surface is mapped out into a series of 
belts or zones by circular sections at right angles to the axis 
of the Harmonic, the angular radii of winch sections are 
determined by the roots of this equation 

In a Sectoual Harmonic the roots p 2 =l give the poles in 
which the axis of the Harmonics cuts the sphere But in 
addition we have, by the vanishing of such an Harmonic, 
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cosn0=O or sinw^-O, as the case may be, which indicate 

roots w0=2\'tt-|“ or \tt , ie a set of great circle sections 

through the axis of the system of Harmonics, which therefore 
map out the surface of the sphere by meridians 

In the case of a Tesseral Harmonic the vanishing of 

(i—JP 2 ?* sin ,9 0‘^ 21 would give m addition to ( 1 ) the poles, 

(n) the meridians (m numbei s), the solutions of ^j^=0 

This is an equation of degree n— s in p determining n—s 
small circles whose planes are at right angles to the axis of 
the system 

The surface is now mapped out by these meridians and 
small circles into a set of tile-shaped elements or tesserae 
Thus to any Zonal Harmonic correspond new Harmonics, 
Tesseial and Sectorial, which are all species of Laplace's 
Functions 


1867 The most general homogeneous function which is 
national with respect to x=rsm 6 cos cj > , y=sm 9 sm <fi, z =cos 0, 
and of the n th deg i ee,for which r is put =1, and which satisfies 
the equation 


is 



1 3 2 Q 

1 — Ac 2 30 2 


+ 7l(7l+l)0 = O, 


n 

Q=a 0 P n -\-^(a k cosh(/i+b k sm k<j>) sm* 9 


&Pn 

V’ 


where P n is the Legendnan coefficient of the ?i th order 

For considering the expression A k cos k<j>-\-B k sin k<p, 
A k oosk</> could not be a rational integral algebraic function of 
sm 6 sm <£, sin 6 cos <j>, cos 6 unless A k itself contains a factor 
sin* 0 

Put Q==cos k$ sin* 9 v=cos lc<f> u, say Then the differential 
equation becomes ( 1 — M 2 ) 2/^ + {-re (to + 1)— 2 ju = 0 , 

k 

and writing w=(l— fjPpv, we have 
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•which is Ivory’s Equation of Art 1839, where 

(A “ 1816) 

But as we require the integral function of /n which will 
satisfy the general equation, we take B = 0 Hence 

Q=A cos k<j> sm fc 0 

o/ur 

satisfies the equation And in the same way, starting with 
Q= sm/c^>sin ft 0 v, we should have aruved at a solution 

Q = BQmk<p$m k 0 , and these solutions hold for all posi- 

UfX 

fcive integral values of k Hence the most general solution 
of the kind required, viz homogeneous (with r=l) and a 
lational integral algebraic function of sin 0 cos 0, sin 0 sin $, 
cos 0, is that stated above, viz 

n 3*P n 

Q=a o p n +2( a Jb cos ^0+^ 8m M sm*0-^* 1 


where /x=cos0, and contains 2n+l arbitrary constants It 
is clearly useless to continue the summation for values of 
k > -ti, for the last factor would vanish for such terms 

It thus appears directly from this form of the Laplacian 
Equation how the Tesseral and Sectorial Harmonics arise 


1868 To expand any Function of n and <£, say <p), in a 
Senes of Laplace’s Functions 

We have seen when p is any quantity between dbl, that 
with the definition (1-2 ph+h?y i ml+P 1 h+P t h 2 + , we 
have 1+3P 1 +5P 2 + +(2 m+ 1)P m +=0 except where p=\, 

when the sum becomes oo Let p stand for the cosine of 
the angle between the direction n, <f> and a fixed direction 
fj! t so that p=fxfj! +n/1-W1-m' 2 cos {<p - <p'), and consider 

the integral j" (l+3P 1 +5P a + )P(m> 

If we integrate over any closed region S on the sphere, which 
is not cut by the direction /, <j>', this result is evidently zero 
If the integration extends over the whole surface of the sphere, 
the direction /x, <f> must be included , but no part of the 
integration contributes anything to the result except that 
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included m a very small contour about the direction //, <p' } and 
m this direction F(/ul, <f>) becomes F(/x', </>') Hence the value 

of this double integral is F(jjl\ ^> / )|j , (l+3Pi+5P 2 + )dfxd<f>, 

taken over the infinitesimally small area within the small 



contour just enclosing jx', <j> But as 14“3P 1 +5P 2 -|- 
vanishes at all other points of the sphere, this is equal to 

Ftf, 9 i')jj(l+3P 1 +5P 2 + )dfxd<j,, 

taken over the whole sphere, =4? rF(fx\ (/>'), by Art 1857 , 

F(fx', ^=^S( 2w + 1 )jj F <>- 4 >)P n dixd<p 


When the integrations are effected each term is a function, 
of fly <!>', which enter through the P functions alone, and each 
term will satisfy Laplaces Equation and be a Laplace's 
Function 

This proof is due to O’Brien 

When F(fx , <j>) is itself a Laplace’s Function, say Y n , we have 

4xr n '=|; (2 r +l)jj I n P r dfx d</>, 


where Y n ' represents the value of Y n along the axis of the 
functions^ e when yu=At'and <p=<p' , and every term vanishes 
except that for which r=n, whence 


rl r2ir 

| J Y n P n dfj.d(p 


2w-j-l 
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1869 The Value of the above Integral may be readily deduced by 
Physical Considerations 

Take a layer of matter of surface density <r= Y n on the suiface of the 
sphere (radius a) The potential at any internal point 0 at distance r from 
the centre and B from the element dS, 

V = [<rM = f ZM. T =[ 7 4( />0 + i ^ + i>2 S + )<“*’ 

J * J (a 1 -2ar cos d+r*)t ■> aV ' 



2w+1 f Y„P„dS=4vY„', and dS=a?da>, where do> is the elementary 

a 2 J 

solid angle subtended by dS at the centre 


Hence 


J Y„P„d<o= 


4 zLL 

2n + 1 


1870 Lemma 

If u=p + \, V=p-l and D = ^, we may show, by applying Leibnitz’ 
Theorem and comparing the r‘ t non- vanishing terms on each side, that 
u'vW n+ 'u n 'V n l(n+8y = D n ~ 3 u n v n l[n-8y , i e that if z s (p 2 - 1)> 
z*D n + a z n ftn+8) t =z'*D n - 8 z n /(n - «)’ 

Hence J 1 z*(D n +*z n ) 2 dp 

= I ‘ Ad«+V* z~‘ , D n ~‘i n dp 

= {n+&y_ f 1 J)n+i z n j)n-s z n a nd integrating by parts, 

( >1-5)1 J-i 
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1871 Integral of Product of Two Harmonics over Unit Sphere 

If Y n , Z n be two Spheucal Harmonics each of degree n, viz 

n 

A a K t + 2 (A c ° s s<P +B * sin s 4>) 


and a a K 0 -f ^ (a, cos s<p + b t am s<p) K s , 

1 

where K^l-prfPtf (Art 1867), we have, upon integrating 
the product with regard to <f> from 0 te 2n r, 

[ Y n Z n d<p=2TA 0 a Q K 0 2 ~\-TT ^ (A s a s -\- B 8 b a ) K 

Jo 1 

and integrating this with regard to p from — 1 to 1, we have 
by the Lemma j j Y n Z n dpd<j> 

2 ^ # t% r \ (w+s) * 2nr 

=2irA 0 a 0 2w+l 

-55l{ 2 ‘ lA+ ?S^ WA+BA) } 

In the case when the harmonics are of different orders, 
j* ^r.Z.dpdt-0, by Art 1788 
If the harmonics be identical, le Z n =sY n ,we have 

l r - tM ) 

1872 If any function of /x, 0, say <p)> be expanded 

in a series of Laplace’s F unctions asF=Y 0 _ t5 r i+^ r 2+^3+ > 

which is true upon the surface of the sphere r=a, then at 
points within the sphere we shall have 

r,_y.+T,:+y,5+ , 

and at points without 

T e =Y^+Y^+Y^+ 

For each term is a spherical harmonic satisfying Laplace’s 
Equation and satisfying the conditions at the suiface, and the 
latter vanishes at oo , and there is but one value of V which 
does so 

Thus, when V is given all over the sphere, we can write 
down its value at any internal or any external point 
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1873 Differentiation of the Zonal Harmonics 

p 

yr __ p r n /, n ~ l 
&n—Jr n r , 

With cylindrical coordinates ( p , 0, «), 

r = Jz* + p 2 , yu=cos 0= zl'Jz 2 +p 2 3 


dr 


dz JzF+f ^ r 9 dp 


dp. 1 — pi 2 dr ft — — 2 3/u__ Wl-/i 2 

— v 1 M j „ 


3Z 

3z 

32L 


3 3 , 1—/A 2 3 3 /i M 3\ 

Then 3i s ^ +_ r-v 

^=|^P„+(l- / 4 i! )^]r’*- 1 =nr"- 1 P n _ 1 =%Z n _ 1 , (Art 1844), | 
■ {- m ^«- i -)-(1- m 4 ) % 1 }»- n - 1 = -nr-»- l P n *Z__ 


32/ 

Therefore, whether % be positive or negative, -^ ! =iZ l _ 1 , a 
rule analogous to the differentiation of a power It follows that 


n— 1 dPn—i 


Again, by Aits 1843, 1845, 


1874 Change of Origin of Zonal 
Harmonics to a New Origin 0 on the 
same Axis Oz 

Let n be a positive integer 
Taking 0 as the origin and Oz as 
the axis of the Zonal Harmonics, 
Z n is a function of p and z alone, 
=f(p> *) Then takin g O' at the 
point (0, 0, — a), the new ordinate rf 
of any point P, whose coordinates 
are x, y , z with regard to axes with 
origin 0, is when referred to parallel 
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axes -with origin O', z+a, and the corresponding Zonal Har- 
monic Z n ‘ is denoted by /(/>, «')> 1 e f(p> ^ _ H a ) > an( ^ ^his being 
of degree n in z, we have 

* ~* a ‘dz^2i dz 2 ^ fa* 

the accent denoting the Zonal Harmonic of degree n with 
reference to the new origin That is, 

=Z„+naZ B _ 1 +^ : ^a 2 Zn- 2 + +wa"- 1 Z 1 +a» 

Similarly, if the Zonal Harmonic be of negative order, 
Z_n and r> a, we have a series in ascending powers - but 
extending to oo . For, as before, Z_„ is of form F(p, z), 

Zi K =I{p,*+a)=F+af 2 - +jjf£+ 

But in cases where r, being measured from the first origin, 
is <a, this expansion is inadmissible We then have 
z: i= { tc?+y*+ (z+ a) 2 } _i = (a 2 +2or cos 0+r 2 ) -4 

-;( i '«- ? *i +p *s- ) 

1 (7 Zi Z 2 Z, 

oV Z ° _ T + a 2 a* + J 

Differentiating with regard to z, % e with regard to z+ a on 
the left side, 

dZLi 1 (j 2Zx . 3Z 2 4Z 3 \ 

r J’ 

.. 1 z.-4 +3 |-*I + ) 

Differentiating again, 

1 2Z.-2 S§+8 4'- ), 

and thus, by continued differentiations, we arrive at 

1 fi t w(w-|-l)Z 2 7l(7t-|-d )(^+^) -^3 i *1 

IV 12 a 2 12 3 a 3_t ~ J 
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PROBLEMS 

1 Show that A)? + Bf + C^-^(x 2 + y i + z 2 )(Ax + By + Cz) is a 
spherical harmonic, and that the corresponding surface harmonic on 
unit sphere is 

(A cos 8 <f> + Bsm s <f>) sin 8 6 + CcotPO - %(A cos £+2? sin </>) sin 0 - f Ceos 6 

2 If OA , OB, OC be three perpendicular axes cutting a unit 
sphere with centre 0 at A, B, G , and if P be any other point on the 
surface, show that cos PA cos PB cos PC is a surface harmonic 

3 ABC is a fixed quadrantal triangle on unit sphere, and a 
point P moves on the surface, so that 

a cos 2 PA + b cos 2 PB + c cos 2 PC 4- 2/ cos P B cos PC 

+ <lg cos PC cos PA + 2 h cos PA cos PB 

is a surface haimomc Show that the cone F=0 has three perpen 
dicular generators 

4 If P n be Legendre’s coefficient of order n, show that 

J 1 - 3 )^= 0 , 

unless n = 3, in which case the value is 6/7 

5 Show that 

j 1 (P 0 n/T + P 1 n/5+P 2 n/5+ + P b n/ 2»+1 ) 2 dp = 2 (» + 1) 

6 Show that j 1 p 4 P„dp = 0, except in the cases 

j 1 = = J_ p 4 P 4 dp=;jW 

7 Show that j^P^p-O, except in the cases 

j 1 tfP^dp = \, j 1 p 6 P 8 # = A. j_p'P 6 = inrj 

8 Show that the area of one of the larger loops of the curve 
r=aP i is £ 2 (5 S tH cos" 1 

9 Show that if < be very small, the area of the nearly circular 
figure r=ft(l + «P 2 ) is approximately wa 2 (l + H 

10 Show that if < he very small, the volume of the nearly 

sphencal surface r = a(l +<P 2 ) is very approximately W(1 ) 
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11 Show that if JZ ! = 1 - 2as 4- a 3 , i? 2 = 1 -2/Ja+a; 2 , 

f_ 1 il = 7^ tanWa/3 ’ 


and deduce the values of 


j l IJPn.dp, m+n, and ^_P* d P 


12 Show that) 
sm30_l , 8 p 
'S5T“3 + 3 i2, 


sin 40 4 p 16 p 

sm 0 5 1 5 35 


sin 50 1 8 p ,128 
+ 35 


*4 


13 Give the rational integral function of the second degree of the 
three quantities, sm A, cos A sm 0, cos A cos 0, and put the terms of 
the second order undei the form 

Cj sm 2 A +- (c 2 sin 2 0 +■ c 3 sin 0 cos 0 4- c 4 cos 2 0) cos 2 A 

+ (c 5 cos 0 + c b sin 0) sm A cos A, 

and show that, with the addition of an arbitrary quantity c 0 , at 

becomes a Laplace’s function if 3c 0 = - (Cj + CgH-Cg) 

[Smith’s Prize, 1876 ] 


14 For points z, y, z which lie on the sphere e 2 + 2/ 2 4-z 2 = 1, 
express Q as a series of surface harmonics, where 

Q = 3 + 2$/ 4- 3*+ 4a; 2 + 5y 2 + 6s 3 + lyz 4- 8^ +■ 9xy + 10a 8 +-Ua,yz 


15 Express sm 4 6 in a series of Legendre’s coefficients as 

sm 4 0 = J5 “ 2l -^2+ 35 ^4 

Why cannot sm 3 0 be expanded in a finite series of spherical 
harmonics 1 [Math Trip , 1873 ] 

16 If jP«=< — - — - — — , prove that if f P n dp l> e taken to 

n 2 dyF r J 

vanish when /*■= 1, 

\ p - *■- jjm) ' 1 >f? • ■ + F -‘ 

Show how by the help of these formulae the numerical values of 
p J> 21 ? 8 , jP n , and those of their differential coefficients, may be 

conveniently found for any given value of y. 

[Prof Adams, S P , 1873 ] 

17 Prove that 

log ^1 + cosec 0 = P 0 4- £ P x + i ^2 +■ i + 


[Coll Ex.] 


harmonic analysis. 
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18 Obtain a solution of the differential equation 

|5- (sm % ^ P^J +«(» + 1) 8111 

n the form of a series of cosines of multiples of^ ^ n > ^ j 

19 Show that if (1 - 2 oa; + «*) 2 = 1 + ^ ©*°" » tien wl11 

(ti + 2) Q n+2 - (2a + 1 + l)*Sfl+i + (n+k - 1)0.= 0 

[E J Route, Proc L M 8 , xxvi 

20 Prove that if 

P's (1 - 2 aa; + a?)~^ = 1 + -^l a + -^2 tt2 +X » an ' 1 ' » 

/\ ^ —WV* 

?) 2 K S 

(n) (l'* 2 )^ 2 + l2 ^ = 12 ^FS 

( ill ) (1 - » 2 )^„" - *«£»' + »(* + 3 )- K »“ 0 ’ 

(iv) (» + 1) X ^.1 - (2« + 3) xK « + ^ + 2 > ^ = ° ’ 

(v) £■„' = (2» + 1 ) K'n-i + ( 2n - 3)- K »-a ^ ~ 7 ) Kn ~ h + 

(vi) (27i + 3)|r„ dx = K n+X - #n-i + const , 

(vu) ^=3?! + 7P» + + (4* - . 

r 2B =l + 5P 2 +9-P*+ + (4» + 1)P 2 * 

fvnil P K m K n dx =0 or («,+ 1 )(ti+ 2 ), 

^ J - 1 according as m + n is odd, or even and t» <t « , 

2 ni-t-l 

21 If J7-(l-2«a> + «*f 2 =l+^„^, show that 

i /AY V 

< 3" — 1 3 (2m, -l) \dp) m+n 

22 If r=(l - 2 a 2 , + a 2 fS" = 1 + 2<5„a“, P™* that 

f i 2ift(2m + I) (2w + 2i-l) ^ f 1 Q Sr+1 dy=0 

(l) J ^Qar^P - 2 i 2 (2i +1) J-i 

23 Show that the roots of 

„ M/w-n 7 i < 7 a — 1 ) 7 i (a- l)(w- 2 )(ft- s ) ^i- 4 _ = 

- 1 27i(2ti - 4 )^'* + “Vr" 2«(2* - 1)(J* - 2)(2«- 3) 
are all real and unequal, and lie between 1 and - 1 
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24 Prove that one solution of Legendre’s Equation 
(l-a?)y 2 -2xy 1 +n(n+l)y = 0, 

where n is a positive integer, is a polynomial of the 71 th degree, and 
determine it 


25 Prove that a like statement is true of the equation 

(l-x 2 )y 2 + axi/ 1 + n(n-l’-a)y^0 
unless 1 + a - n be one of a senes of numbers n - 2, n - 4, n - 6, 
which terminate in 1 or 0, according as n is odd or even, and m that 

case a polynomial of degree 1 + a - is a solution 

[Math Trip 11,1918] 

26 P«(f l ) being the coefficient of h n in (1 — 2 fxh + h?) ^ and tji, n 

unequal, show that j 1 is zero unless m and n 

differ from one another by 2, and that when m=n+ 2, its value is 
2(n+l)(7H-2)/(27i + l)(2n + 3)(27M-5) [Math Trip 11,1916] 

If w = ti, show that the value is 

2 (4n, s + 6n 2 - 1)/(2« - 1 )(2n+ 1) 2 (2 n + 3) 

27 Prove that 


(l) j 1 (i - a: 2 ) P m ' (*) P n (*) & = 0 ( n * TO ) » 

(u) ( (1 - x*) {Pn (z)} 2 dx =2n,(7H-l)/(2u + l) 

J-1 [Math Tbip n , 1914 ] 

28 Prove that P n+1 - P«_ x = (2» + 1)^ P n dp = (2n + 1) j* P„<*P 


29 Prove that 


(i) j'p^cos 6) dd = 0 or it j 1 | as 71 18 odd or eYen » 

(ii) j'cos 0P„(cos 6)dt> = 0 or { * f <»!?> }* as n 18 even or odd 


30 Show that 


Uv MJLIV Tf uumv 

W (i-/)' i =|{i + 5 (|) p 2 +9 (^i) Hl3 (| _ i _ g) p « + } J 

(m) vi =p = l { 3 I jP i +7 (D ! P 8 +ll (H) I p * + } 

[Use formula of Art 1813 ] 

[Orelle, Jour LVI , Todhunter, Functions , p 115*] 
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P2_P2 P2_p2 Po 2 - P* 2 P? - Po 2 

31 Show that p p^TTp^’ P 8 /2 - P 2 ' 2 ’ P 4 ' 2 -P 8 /2 8X6 

respectively equal to (p 2 - 1)/1 2 , (p 2 - l)/2 2 , (p 2 - 1)/ 32 » (P 2 - 1)M 2 > 

±^6 — 1 

and that P 2 = P x , whenp = - J or 1 , P 8 = P 2 > whenp = g or 1 

32 Prove that 

P 2 + 3P*+5P 2 * + + (2u + l)P n 2 = (n + l) a JY - (P* - 1)-P«* 

01 [Maih Tkip , 1888 ] 

33 Prove that 

p,'*+ juy»+ bjy*+ + (a» + i)P„ 2 =i {(*+2) 2 iY 2 - (i> a - W*} 

[Math Trip , 1888 ] 

2Z+1 _ , 

34 If (1 - 2ax + a*) 2 = 1 + Z x a + £ a a 2 + + + , J being 
a positive integer, show that, accents denoting differentiations with 
regard to cc, 

(l) j 1 Z m Z n dx = 0 if m + n be odd , 

(n) (1 - x*)Z n " - 2(1 + l)xZ n ' + n(n + 21 4- l)Z n =0 , 

(in) = {2(» + J) - 1 } + {2(» + 1) - 5} £n-a + {2(* + 0 “ 9 }^»-s+ 

35 If (1 - 2oa + a 2 ) - ” 1 = 2 p m » an . show thafc 

n=0 

(0 X dx Pm n ~dx Pn n-l = Jl - Pm »' 

(u) (1 -S a ) ^^-S-( 2 m + l)'i^^- s + »(» l + 2 m)P mn = 0, 

(m) j^(l - s 2 )™-iP m B P m r & = 0, • 

(iv) 1^(1 -* a ) m_ii ^ » & = ^r+« IlOO \n( 2 m- 1 )J 

36 Show that, if k>0 and P* be the Legendrian coeflicient of 
order X, 


(m) 

37. Prove that P„( sec 0) = 1 j' sec" 6(1 + sin Ocos xNx 


rn and n being different 
l positive integers, and p 
any positive quantity 

[Math Trip II , 1889 ] 


J 
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38 If P n (p>) denote Legendre’s coefficient of degree n, show that 

1 ^* dJP dP 

p( 1 is zero unless m^wbe unity, and determine 

its value in. these cases 


[Math Trip , 1896 ] 


39 Prove that 


m 

and deduce the formulae 

/x 1 ( a 2 -!) 771 d «+ m , 2 1Xn 

^ (w-tw ) 1 ^cc n ~ m ^ (w-+m)' e/£c n+m ^ ^ 9 

1 C r 

(u) Pn(*) = -] o (K+eos^v^l) n ^ [Math Trip , 1887 ] 

40 Denoting by i^/x) the Legendnan coefficient of order n , 
prove that if m <fc -n, 

if ni+w he even, hut zero if m-Hibe odd [Math Trip , 1897 ] 

/ ft \n 

41 Prove that if n be a positive integer fsmh 2 a:^j cosech 2n <c is 
equal to 

( - 1 1 coth^ |l 4 - 11 ^2 ~ sech 2 3 + — — — — sech 4 s + | > 

and that either expression satisfies the differential equation 

[Math Trip , 1897 ] 


<L 2 y 

smh*a; ^ = n (ti + 1 ) y 


42 Prove that 


T2 P * (aos9) - 


J C0S 71 </> COS — f 

" ^ 1 

0 sj cos cf) — COS 6 *> 6 


<h 

cos n<j> sm ^ 
s/cos 9 - cos </> 


d(j>, 


except when w=0, when the right side =ita/2P 0 (cos 6 ) 

[Dieichlet, Todhtjnter, Functions of Laplace, p 35 ] 

43 Show that if the usual polaT variables 6, <f> he replaced by 
6 0 

x , y defined by cot ^ tan ^ e L< t>= - y, the surface harmonic of 

order n satisfies the equation V= 0 

If Fhe any solution of this equation, verify that 

2F 2V zv 3r 9 ^v v 

dx + dy* Z 'by* X dx + ^ dy 

are also solutions [Math Trip II , 1889 ] 
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44 X ft ' is the solid Zonal Harmonic of positive order n, having 
the axis of z for its axis and the origin of coordinates for its 
origin , X m is the solid Zonal Haimomc of positive order m, having 
the same axis, and a point distant a from the origin for its origin , 
prove that 

X n ’ = X„ + naX ^ + + +m«-'X 1 +a» 

The corresponding Zonal Harmonic of negative order being 
denoted by Y n ', prove that for points included within any sphere 
whose radius is less than a t and whose centre is the new origin, 

1 (n + iy x^ jn+iy x, (ft + 3)» J- 1 

x n a n+i[_ l n \ a %\ n \ a 2 3'w 1 a 8 J 

Obtain the expression for 7 n ' for points outside any sphere 
whose radius is greater than a, and whose centre is the new 
origin in the form 

T r/ v y \ ( 7l + 2 ) , a 2 7 ( n +3)* btt ■ 

Y n~ Y n ^r~ aY n+l + -^r a y n+2 3 1 n \ a r «+3 + 

[Math Trip , 1885 ] 

45 Prove that the series 

is equal to — ft- for all values of /x from — 1 to 0, and to /a for all 
values of /x from 0 to 1 Apply this formula to calculate the 
potential of a hemispherical shell whose surface density varies as 
the density from a diametral plane at an external or internal point 

[Matii Trip , 1878 ] 

46 Show that the sui face 

fi 1 5P 2 1 3 9P 4 1 3 5 13P 0 1 

7 “ a |_2 + 2 n 2 4 3 6 + 2 4 6 5 8 J 

consists of two equal spheies which touch each other at the origin 

[Math Trip , 1884 ] 

47 If x = sn x + A a sn 3 x + A 6 snV + A, sn 7 se + , show that 

<2* + 1) ^ - *" + ^(l -*) 2 

+ ( w + 2 ) *«-*( l - hy + etc 


= - f* k')} an+1 du 

W Jo 


[Math Trip III , 1886 ] 
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48 Prove that if = + and r 2 = p 2 + # 2 , then U % being the 

solid Zonal Harmonic of degree i , and P % the corresponding Legendre’s 
coefficient, ™ 

3 2 0L 


and 


n 2t — 3 


• r - * -1 [i^_x - t(i - l)i>»], 


where accents denote differentiations with regard to the cosine 
of the co-latitude, giving 

^ ( y- S) ^-(3*+ 1) A 

49 If p = x 2 + 1 / 2 and Fi be the solid Zonal Harmonic of degree i, 

show that 1 ooi yr T7 

1 ^X+2 _ W K-2 

?2v+l 3^2 r 2i-8 ’ 

where ? 2 - a; 2 + f + z 2 [Math Trip , 1890 ] 


50 Show that 
(n - m + 1) — ^ n+1 = 




d m P- 


WFlOT>] 


51 Find the number of independent solutions of the equations 
v>xx + Uyy +%a~ 0, ocu x + yuy + = tw, and prove that if w be a solution, 

-M(a; 2 -hy 2 +^)“* (2n-1) also will satisfy the first equation 
Prove that if 


a + P<* + =f(x + yaH- zcj 2 ) and A + JBu) + Coj 2 = 0(a + /&> + -ya> 2 ), 

where o> is one of the primitive cube roots of unity, then a -/3, 
y-a-tA-B, B - (7, C - ^ will all he spherical harmonics 

[Math Trip , 1876 ] 


52 Prove that the function which has the value +1 on the 
Northern hemisphere and — 1 on the Southern is given in Zonal 
Harmonics by the series 2<7 2w+1 P 2n+1 , where 


.-r-ivfUL 


^in+i— ( - 1)" 2 


(2»- 1) 1 
• e 


3 5 (2 n + 




4 6 2 n ’ 2 4 6 (2tm-2)J 

Hence find a function which has the values A +B, A- B on 
(l) the Northern and Southern, (n) the Eastern and Western, (in) 
any two corresponding hemispheres, respectively, the axis of the 
Earth being permanently the axis of the harmonics 

[Math Trii , 1884] 


53 The polar equation of a neaily spherical surface is r = a + bP ni 
where P n is a zonal harmonic of the 71 th degree, and b is a small 
quantity whose powers above the second may be neglected Show 
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that the area of the surface exceeds the area of a sphere of radius a 
by 2ir& 2 (% 2 + 7 H- 2)/(2» + 1) [Math Trip , 1878 ] 

54 In the nearly spherical surface r = a + bP n , where P n is a 
zonal harmonic and b is small, prove that at any point the excess of 
the measure of curvature above 1 /a. 2 is to a first approximation 

(m 2 + n - 2) P n [Math hi , 1886 ] 


55 Show that the Legendre's function Q n of the second kind 
(Art 1821) may be expressed m the form 

(2n- 1^ 2n - 5 2/1 — 9 n 1 

Q n = Pn - (-y-j- P„_! + 3^-p) P*+ + 5^—3) P "-' + )> 

and that the general solution of John Ivory’s Equation, 


^ |(1 + {»(« + !) - 5(4 + !)}(! 


is given by 0, = AP%> + , and further that Q„ may be expressed 

as C n = C'^^ Hn+1) (l a form corresponding to that of 

Rodrigues for P n , G being a constant 

56 Find the integral of the square of a tesseral harmonic over 
the surface of the unit sphere 

If the general expression for a tesseral harmomc be of the form 

m 

^(1 — ^i 2 ) 2 eos m<£, wheie the coefficient of the highest power of 
fx in is unity, prove that 


QvCm) _ „£.(*») - ^ "£*<»>_ 

^n+l ” r»n 4n 2 - 1 n ~ l 


[Math Trip] 
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SUPPLEMENTARY NOTES 

Note A Definition of Integration Riemann 

1875 The definition of the integral J <p(x) dx, given m 

Art 11, for the case where <p(x) is single- valued, finite and 
continuous for the range a ->b } is an analytical expression of 
Newtons Second Lemma It is pointed out m Art 13 that 
the several subintervals h v A 2 , h z , of the range a-b need 
not be taken as equal so long as it is understood that the greatest 
of them is ultimately taken as indefinitely small , and Cauchy 
adopted this modification as the basis of his investigations 
(see Art 1266) But m dividing the range a-b into an 
infinite number of subdivisions, 

^1 ~ ®L a > ^2 = X 2 — X lf S n =b — 22 n _] , 

the definition has still kept to the idea that each of these 
intervals is to be multiplied by the value of at the 

beginning or at the end of the interval, that the sum of such 
products is to be formed, and then, if such sum has an 
existent limit and converges to a definite quantity, that limit 

is defined as | <f>(x) dx And it has been seen m Chapter Y 

how Cauchy proposed to exclude from the definition any 
element or elements in which <p (x) becomes infinite or 
discontinuous 

For the class of functions met with m elementary analysis 
and with which this treatise has been mainly concerned, this 
treatment will suffice, and has been adopted as offering an 
adequate scope for the beginner, with fewest difficulties in 
the initial conception of the processes to be followed 

940 
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But it is evident that the multipliers of the several sub- 
divisions need not have been taken as the values of <f>(x) at 
either end of the interval, but might equally well have been 
taken as any of its values intermediate between the greatest 
and least values which <f>(x) is capable of assuming m each 
interval 

1876 Starting with this idea, Biemann in a memoir (Ueber 

die JDarstellbarlceit emer Function durch erne Tngonome- 
tnsche Reihe) has given a definition of integration which does 
not require that the function considered shall he continuous 
m the interval a->b Let a and b be two finite quantities 
between which a real variable x ranges Let <f>( x) be a func- 
tion of x which remains finite, but not necessarily continuous 
in the interval Take d a definite given small positive 
quantity, which is called the Norm, of any mode of division 
of the interval a-b into sub-elements or segments <5 X , S 2) S n) 
viz S^x-L—a, S 2 =x 2 —x 1 , S n =b—x n _ l} each of these elements 
being not greater than the norm d of that mode of division 
Then evidently there is an infinite number of modes of division 
corresponding to any particular norm d, and each of these is 
also a possible mode of division for any greater norm Let 
e x , e 2 , €» be positive proper fractions, and let S stand for 

n 

2^r/(®r-i+e r <$ r ) Then, if 8 converges to a definite limit 

i 

whatever mode of division be chosen and whatever the frac- 
tions e v e 2 , c n may be when the norm d is made to dimmish 

indefinitely, this limit is represented by I f(x) dx, and the 

Jo 

function is said to admit of integration foi the range a-+b 
(See Prof H J S Smith, Proc Lond Math Soc , vi , p 140 ) 

1877 A formal proof of the convergence of the series S 
under certain conditions is given by lliemann, and amended by 
Prof Smith in one or two particulars m which Riemann’s 
demonstration is wanting in formal accuracy The values of 

corresponding to the values of x for any segment, are 
called the “ oidmates 99 of the segment The difference between 
the greatest and least ordinates of a segment is termed the 
“ ordinate difference ” or the “ oscillation ” of <p(x) for that 
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segment Let D l9 D 2 , D n be the oscillations in the several 
segments Then the greatest and least values of 8 for any 
particular mode of division are respectively attained by taking 
the greatest and least ordinates of the several segments, and 

w 

the difference of these sums, viz 0, is given by 

But for any definite norm d the greatest and least values of S 
do not in general result from the same mode of subdivision 
Therefore the difference © between the greatest and least 
values of 8 for all modes of division corresponding to a given 
norm d will in general be greater than 0, which is the 
difference for a particular mode of division And to be sure 
of the convergency of S it will be necessary to show that 0 
in any case diminishes without limit when d diminishes 
without limit 

1878 Professoi Smith enunciates Biemann's Theorem as 
follows 

Let cr be any given quantity , however small Then, if m every 
division of norm d the sum of the segments for which the oscilla- 
tions surpass <r diminishes without limit when d diminishes without 
limit , the function admits of integration , and conversely 

Let G(d) and L{d) be the greatest and least values of S 
corresponding to a given norm d, not necessarily arising from 
the same system of subdivisions for that norm 

Then taking any two norms d x and d 2 (d x > d 2 ), since every 
mode of division for norm d 2 is one for norm d lf we have 
G(d x ) <t G(d 2 ) and L(d 1 ) > L(d 2 ) Moreover, for every norm d x 
another norm d 2 can always be found which is less than d lf 
such that G(d x )^> G(d 2 ) and L(d x ) < L(d 2 ), unless the max 
and mm ordinates of the several segments are the same 
throughout the interval, however small the segments may be 
taken, in which case G(d) and L(d) are respectively h x (b—a) 
and A a (6— a), where and h 2 are the greatest and least 
ordinates common to all the segments And therefore, except 
in this case, a senes of norms d l9 d 2) d z , of decreasing 
magnitude can be found so that G(d 1 ), G(d 2 ), G(d 3 ), forms 
a decreasing series, and L(d 1 ) y L(d^), L(d 3 ) an increasing one 
And (?(di) >Z($ 2 ), except m the case where the function 
can be represented by a series of segments of lines parallel to 
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the a;-axis, when we may have G(d 1 )=L(d i ) For if the two 
systems of division which respectively furnish G(d x ) and L{d 2 ) 
be supei imposed, then to find the value of G(d) for the new 
system of division, each resulting segment will have to be 
multiplied either by the same ordinate which multiplied it 
before or by a still greater one from a neighbouring segment , 
and to find the value of L(d) foi the new system, each segment 
must be multiplied either by the same ordinate which 
multiplied it before or by a still smaller ordinate from a 
neighbouring segment So that the least value of S obtain- 
able by taking the greatest ordinate for each segment m any 
mode of division whatever is not less than the greatest value 
of S obtainable in any division whatever by taking the least 
ordinate of each segment 

If then, for any given norm d, L'(d) be the least value of S 
for the mode of division which yields G(d), and G'(d) be the 
greatest value of S for the mode of division which yields L(d), 
G(d)>G'(d), G\d) > L'{d) and L(d)<L\d), 

» (<Z) — i (dO = [» W — X'W] +[0'(^) — ^(^)] — 

But if s x be the sum of the segments which in the division 
{(?(<Z), L'(d)} have oscillations > <r, $ a the sum of the segments 
which in the division {G\d), L(d)} have oscillations > <r, and 
0 be the greatest oscillation for any division of norm d f which 
is by supposition finite , then 

G(d)—L'(d)= contribution from 8 X 

+contribution from (6— a — sj 

s x Cl+cr{b—a— Si) 

and G'(d)—L(d) > 8 2 £l+cr(b—a— s a ) , 

adding, G(d)—L(d) > ($i+s 2 )(n— <r)+2<r(6— a), 
and therefore, as <r is as small as we please and d can be taken 
so small that 8 x +8 2 is as small as we please, G(d)—L(d), that 
is 0, diminishes without limit as d diminishes without limit 
and f(x) admits of integration for the range a to b 

1879 Conversely, if f(x) admits of integration in the in- 
terval a to b,S converges to a definite limit, and 0 diminishes 
indefinitely as d is made indefinitely small, and therefore also 
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each of the differences 9 must do the same But if s he the 
sum of the segments in which the oscillations exceed a in any 
mode of division, we have crs 9 And however small <r may 
have been taken, we can, by taking d small enough, make 0/<r 
less than any assignable quantity, however small Hence if 
S converges to a definite limit, s must also diminish without 
limit as d is indefinitely decreased * 

1880 Prof Smith (loc cit ) points out also that Riemann’s 
criterion of mtegrability is applicable in the case of any 
multiple integral extended over a finite region 

1881 It is incidentally assumed that the interval a-6 is 
one which extends from a given value of a?, viz sc=a, to a 
greater one, x— 6, and the interval a-b has been divided into 
subsections x x — a, x 2 —x 1} x 3 —x 2 , etc If we reverse the order 
of the array of points a, x lt x 2 , s n -i> the only difference 
in the argument will be that the sign of each of the partial 
products formed m constructing the maximum and minimum 
values of S has been changed , the new sums formed for the 
reversed order do not diffei m absolute value from the values 
before considered, but are of opposite sign It therefore 
follows that 

1882 Moreover, if we add to the array several other 
points of division a 5=c x , x=c 2) x=c n „ 1 , the maximum and 

minimum values of S have not been respectively increased 
and decreased, for the norm of the mode of division with the 
additional points m the array cannot have been increased 
by their introduction But the sums corresponding to the 
maximum and minimum values of S for the several intervals 
a to c v c x to c 2 , etc , are respectively 

J Ci fc 2 

f(x)dx } j f(x)dx, etc, 

and modes of division of these intervals can be found for 
which their maxima and minima differ from these respective 
quantities by less than any assignable quantities, however 
small Also the aggregate of any of these modes of division 

* Proc Lond Math Soc , vi , p 143 



GENERAL PROPOSITIONS 


945 


of these partial intervals forms a mode of division of the 
whole interval a-b Hence j f(x)dx must be equal to 

the sum of the integrals ^f(x)dx, f(x)dx, , f(x)dx 

1883 In the same way other general propositions such as 
those of Chapter IX may he reconsidered for Riemann’s 
generalised definition 


Note B Convergence of an Integral 


1884 An infinite integral is one m which either of the 
limits is +oo or — oo , or m which the integration extends from 
— oo to + oo In what follows we shall assume that a is a 
positive quantity, % e a>0, and that f(x) is a finite function 
of x for all values of x from a given value x=a to another 
value x=b which is greater than a, and that f(x) is integrable 


in this range 

The integral j°° f(z i) dz is defined as the limit, supposing such 
limit to exist, when x becomes infinitely large, of the integral 
l == J* f(z) dz If such limit be finite the integral is said to 

converge to that limit If there be no finite limit to the 
increase m the value of I as x tends to + oo , then, according as 
I tends to ±oo, the integral is said to diverge to ±oo 
Integrals in which the integrand changes sign periodically in 
the march of x from a to oo , such as 


j^smascfec or j°° a?sm(bx+c)dx, 

are said to oscillate, and such oscillations may be either finite 
or in fini te by virtue of the growth of the multiplier of the 
factor of the integrand which causes the changes of sign 
during the march of x 


1885 If /(a?) be a function which changes sign during the 
march of x , the integral f(z) dz is said to be absolutely 
convergent when J* |/0) dz is convergent But such an 
integral may be convergent even when not absolutely 
convergent 
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poo 

The integral I f{z) dz is defined as the sum of the integrals 
J -oo 

J f(z)dz and f(z) dz, wheie c is a finite constant, and is 

said to be convergent when each of these integrals is conver- 
gent Moreover, this definition is independent of the particular 
value of c For, let c and c' be two values of x on the range 
of its values, c'> c 

Then f f(z) dz={° f(z ) dz + j* f(z) dz (x < c) 

Ja Jx Jc 

and ^f(z)dz==^f(z)dz+^f(z)dz (x>c') 

Hence, as | f(z)dz and f f(z)dz are finite, f f(z)dz and 
I f(z) dz are both convergent or both divergent as — oo and 

rx rx 

I f{z)dz and I f(z) dz are both convergent or both divergent 

as x-*oo . - 

Therefore, supposing f(z)dz and I f(z) dz to be botli 
J -00 Jc' 

convergent integrals, we have 

/(«) f{z) dz=j^ /(z) dz+JJ f( z ) dz, 

which establishes the independence of the definition with 
respect to the particular value of c used 


1886 If / x (x), f 2 {x) be two positive finite functions of x, 
both integrable for the range a to b, 6><x> 0, and such that 
f 2 (x) > /i(x) for all values of x for that range, then, when b 


becomes infinitely large, J°° f 2 (z)dz is convergent if j* f x (z) dz 


be convergent And if / a (®) < fc/i(») for all values of x from 

poo 

a to 6, then, when b becomes infinitely large, f 2 (z) dz is 

f ao Ja 

f ± (z) dz be divergent 

a 


In many cases comparison with a known convergent or 
divergent integral will suffice to determine the convergency 
or divergency of an integral 
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|*0O ^ 

For example, if a>0, I — is convergent or divergent 
Ja & 

accordmg as » is > oi >1 

Hence f° 6 --,~-= < | ~ and is convergent, whilst 

f 30 x*dx ^ f 30 dx 
J& \/a? 4 — a 4 Jb Jx 
and is divergent (&> a) 


1887 If then an index n can be assigned which is > 1, and 
for which x n f(x) is finite for all values of x from x=a to 
a?= oo, w here a > 0, it will follow that | x n f(x) | does not exceed 
some finite positive limit X, and therefore that 


\W)\dz>\\ a % ^e * 

and is therefore convergent Hence in such case J* f(z)dz is 
absolutely convergent * 

But if an index n can be assigned which is > 1, and for 
which x^j{x) is never less than some finite positive limit X 
(excluding zero) for all values of x from a to oo , (a > 0), or if 
it becomes infinitely large when x increases indefinitely, it 
will follow that 


\j(x)dx * X0, i e *^[*-*1 


and therefore in either case becomes positively infinite, and 
the integral diverges to +*oo 

And if an index n can be assigned which is > 1 for which 
x n f(x) is negative, and its numerical value is never less than 
some finite limit X (excluding zero) for all values of x from 

f 09 

atow, (a > 0), it will follow that f(x)dx diverges to — oo 

Ja 

It appears therefore that under the conditions specified as 
to the mtegrability of f{x), and as to its lemaming finite for 
the range of integration, a to oo , where a > 1, if n can 
be assigned > 1, such that a finite limit of x n f(x) exists when 

x becomes infinitely great, then I f(z)dz is convergent, and 

if n can be assigned > 1, such that x n f(x) does not become zero 
when x is increased indefinitely, but whether it approaches 
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a finite limit or becomes either positively or negatively infinite, 
the integral J f{z)dz is divergent 

a r* 1 2 r 03 j? 

For instance the mtegials A=J ^ + , J 2 =J ^ 4 dv are 

lespectively convergent and divergent, for the indices 2 and 1 can be 
assigned for these respective cases for which 

Lt^ ^ 2 - 3 qp^:=l and Lt x ^ m a: 

and is finite in each case 

1888 Again the integral f° S -^-^ dO is convergent, a being positive and 
> 0 For by Art 340, a 

f 5!^0=I fsm 9 d6 +\ jT sin Odd, a<£<b, 

= - (cos a - cos £) + ~ (cos £ - cos b), 

2 2 

which for any values of a, £, b cannot be greater than - + and, when b 

2 r°° CQ9 Q 

increases without limit, cannot be >- Similarly j 18 con " 

vergent 

Also these integrals taken from 0 to a are obviously both finite 
Hence the integrals fiom 0 to 00 are finite Their values have been 
found in Arts 994, 1048 

1889 For other tests for Convergency, the reader may 
refer to Prof Carslaw’s Fourier's Senes , pages 98-121 


1890 
etc, viz 


Note C Standard Forms 

In such standard integrals as those of Arts 44, 71, 

[ ,^ Z f 7 , etc , which it is usual to give simply 

j-s/o *-* 2 J^+a 4 & yj 


as sin -1 -, smh -1 etc, it is to be noted that the left-hand 
a a 

members are even functions of a, whilst the right-hand members 
are odd functions of a To be strictly accurate, such results 

should be written as sin -1 r^-, sinh” 1 ^, etc , where I a I is the 

KL 1*1 

positive numerical value of J a 2 , and where the inverse function 
is understood to have its principal value Similarly 

f dz , z+Jz 2 —a 2 
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For m such cases the mtegial does not change its sign with a 
And for exactness there must be a corresponding understand- 
ing as to all deduced results In the same way m any other 
of the integrals discussed, and in which a constant is to be 
found with an even index m the integrand, and with an odd 
one in the result of integration a corresponding modification 

is to be understood, eg m the integral [ ~ ^ z > 

Jo t+v z 

Art 1044, the result of which is usually written as 

but which is itself manifestly unaltered by a change of sign 
of a or of by the value should strictly be written as 

fi 108 ’ 

And similarly m any like case 


+in 

*1 


Note D Kational Fractional Forms 
Hermite's Process 

1891 In the integration of rational algebraic fractional 
foims, viz f(z)/<p(z) (Chap V), where / and <j> are polynomials, 
rational as regards z, it has been assumed that the factorisation 
of (j>(z ) could be effected This depends upon the possibility 
of solving <p(z )= 0 

It is a well-known fact, established by Abel and Wantzel, 
that it is impossible to solve algebraically the general equation 
of degree higher than the fouith Hermite has given a 
solution of the quintic by aid of Elliptic Integrals (Burnside 
and Panton, Th Eq } p 435) In consequence, the integration 
of such algebraic fractional forms as involve an unfactonsable 
denominatoi of the fifth or higher degree can only be 
completely performed for special forms of the numerator 
But in any case, as we know that the equation <f>(x)=0 does 
possess as many roots as indicated by its degree, although 
there may be no means of discovering them, we are entitled 
to assert that the integral of f(x)/<j>(x) does m every case 
consist of two portions, the one a rational algebiaic function, 
and the other the sum of a set of simple logarithms with 
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constant coefficients in which such pairs of terms as involve 
complementary imaginary roots may combine to form real 
terms by aid of the inverse symbols tan -1 or tanh -1 

1892 It has been shown by Hermite that the algebraic 
portion of such integrals can be always found, whether <f>(x) be 
factonsable or not, and in cases where no logarithmic portion is 
present, or if the residual numeratoi happens to be a constant 
multiple of <p\x) the whole integration can be effected But 
in the general case no means of discovery of the Logarithmic 
portion is available for the reason stated 

An examina tion of the ordinary process for obtaining the 
H c F of two polynomials in x, A and B, will disclose the fact 
that each of the successive “ remainders ” is of the form XA+fxB, 
where \ and p are themselves polynomial expressions, and that 
when A and B are prime to each other the final remainder 
which is then merely numerical is also of the same foim 
It follows therefore that it is always possible in such case 
to find two polynomials X and /x such that \A-\-fxB is 
independent of x, and therefore also to find two polynomials 
X' and ft such that \'A+fx'B=G, where G is any given third 
polynomial in x Moreover, supposing the degrees of A and B 
in a: to be respectively the p th and q tb , and that of C to be 
not more than we may note that it may be assumed 

that the degrees of X' and / do not exceed the (g-l) th and 
(p— l) th respectively For if we take their degiees to be 
greater than q - 1 and p- 1, we could by division write 
X'=X"J5+X"', ju , =ix"A+ l x'", where X", V", /x", /" are other 
polynomials such that the degrees of X /,, 1 fx” do not respectively 
exceed q— 1 and p — 1 , and thus (X” ~r fx")AB X 'A B—G, 
and by equating coefficients of terms of higher degree than 
the highest in G,%e of the (p+2) th , (p+5+l) th > etc, degrees, 
it will appear that X"+/*" must vanish identically 

1893 In the discussion of the integration of f(x)/<j>(x), 
where <f>( x) is unfactonsable, we may assume 

(1) That </>[x) contains no repeated factor, otherwise the 
H c F process upon <p{x) and <f>'(x) would disclose that factor 

(2) That f(x) is of lower degree than <j>[x), by Art 140, and 
that in this case the result is purely logarithmic 
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(3) But if <p(x) be itself the square ot an irreducible poly- 
nomial u, and f(x) of lower degree than u, we may find 
polynomials X and such that 





and supposing u of degree p, ^ is of degree p—1, so that 

X and n are of respective degrees 3>p— 1 and p— 2, so that 

/Li is of lower degree than u, and therefore the unmtegrated 
ax dx 

portion is entirely logarithmic, but vamshing if vanishes 


(4) If <j>(x) be the r tu power of an irreducible polynomial u, 
we may find X and jx such that f(x ) — X ^ + fiu r ~\ and then 

rd\ 



in which the index of the u in the integrand has been lowered 
by unity , and by repetitions of this process we may obtain a 
result in which the only unmtegrated part is of the form 



(5) If </>{x) be the product of positive integral powers of 
such irreducible factors, say , the separate 

prime factors u x> may be discovered by the usual process 
employed m finding the hcf for <j>(x) and its differential 
coefficients, and thus, supposing a < /3 < y , if we determine 
X and p so that Xjufuf + M i* 1 a s/(*), we can write /(*)/£(») 

in the form — -1 — -J - — , and repetitions ot the process will 

separate out the fraction into the form * 

to each of which portions we can apply the foregoing rules 

Hence in all cases the algebraic portion of 08,11 ^ 

discovered 
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'2 + x + 5a 4 + %x l + 5s* 


dx 


Ex To integrate I=j ( - l+x + x s ] * 

Here I = J ( 1+x + + ~ dx , and finding X, p suet that 

X(1 + 5a; 4 ) + /x(l +x + x 6 ) s 5 + 4x t we may take X of degree 4, /x of degi ee 3, 

and. (at + aqX + a^ + a&P+aiX^il + bx 1 ) 

4- (6 0 + hx + 1& 1 + &s^)(l + x + a; 6 ) m 5 + 4a;, 

giving 0 != -1 , b 0 = 5 and the lest zero, whence 

— x (1 + 5sc*) + B (1 + x + a? 6 ) = 5 + 4a;, 

, r ra+ai+aj'H-S + Sa^-aKl+Sas^ + Sa+ai + a^),,.. 

andI =J (TTaT+a ^ 5 

.[**+*&- f x l+^ dx 

J 1+x + x* J (1+x + x 5 )* 

_ r 5x* + 2 & £ f — dx = Z-— + log (1+3!-^) 

Jl + x+x‘ l+x+x* Jl+x+z* l+x + x> 

The same piocess will be helpful even m simple cases 

Eg (i) I=j Writing (a„+a 1 a;)2a:+io(^ + l)=l. w e have 

(n) I— jTfp^ Writing 

(oo+ot^Jfl +x+x 3 )+(b 0 + b 1 x+b !t x 2 )(l + 3v 2 )= — 14-2# 3 , 
we have a 1 — b 0 =b 2 =0, a 0 = - 1, ^ = 1, 

f ~(^ 3 4- v4-1)4-^(3j? 2 4-1) Jmm * 

1 J (x*+x + \y ^ 3 4-^?4- 1 


Note E Legendre’s Substitution applied to 
Functions oe Form l/XJY 

1894 With regard to integrals of the form 

where X=a l x 2 +2b 1 x-\-c 1 , Y=a 2 x 2 +2b*x+c 2 discussed in Art 
291 onwaids, m which we have adopted the substitution 

y 

V— t=, it should be mentioned that Greenhill in his “ Chapter 
A j 

on the Integral Calculus” generally prefers to put V 2 —^ 

This of course alters the character of the substitution-graphs, 
making them symmetrical about the cc-axis (See Ex 56, p 323 
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Vol I) An alternative substitution is mentioned by Mr 
Haidy as being followed by Stolz (Grundzuge der und Int - 
rechnung) and by Dr FA Bromwich, viz to use the same 
substitution as that of Legendre in the reduction of an 

Elliptic Integral to Standard form, viz $=^ry-> whereby 
X takes the form * 


{(0iX 2 + c i) i 2 +2 (a{Ku +b l \+/x+c 1 )£+ (< a gj* +c x )}/(^ + 1) 2 


and Y takes a similar form with suffixes 2 Then, if X, /z be 
so chosen that 


~\~C\ — ^aX/z, -f- (X —|— /x) c 2 = 0 (cf Art 1463) 
I is reduced to the form 


A 


£d£ 


K 2 +6)x/a 7 p+F 


-B 


dj 

(af+6)s/a^+6" 


where A, B } a, b, a', b' are certain constants And now we 
may proceed either as in Art 310, or use the substitutions 
uja'£ 2 +b'=l in the &st, W a'£ l -\-b'—£ in the second which 


reduce each integral to the form f This method 

/* A ° J w+Q 

But we may then put and proceed 


fails if 

a 2 t >2 
as in Ait 309 


Note F Continuity, Double Limits, Differentiation 
of an Integral, etc 

1895 Continuity of a Function of two real Independent 
Variables 

Let z=s/(ce, y) be a single-valued function of two independent 
real variables x and y which may be regarded as fixing a 
definite point Construct a small rectangle with centre at 
x; y and with corners x±£, y±rj Then if d 19 0 2 be positive 
proper fractions and finite values of £, tj can be found for 
which the value of y±0 2 r))—f(x, y) taken positively 

is determinate and less than any arbitrarily chosen positive 
quantity e , howevei small, for all combinations of the quantities 
flj, 0 2 , the function is said to be continuous at the point x, y 
and throughout any region of the x-y plane for each point of 
which the same test is satisfied 
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1896 In. the case of such a function as the above, viz 
z ~f( x > y\ it may happen that m evaluating the value of z 
for a point for which x=x 0 and y=-y 0 , the mode of approach 
of x , y to the limiting position sc 0 , y 0 is not immaterial That 
is Lt x -+x Q f(x t y) may not be the same thing as 

y) 

Take for instance the case of Sir R Ball’s Cylmdroid, viz 
the surface At any point for which x=x Q , y—y Q 

other than those which lie on the z-axis, the value of z is 

2 dftrMn 

x*~ + y 2 ’ an< * 18 n0 ^ ^ e P en( ^ en ^ u P on the direction m which 

x y y approaches its limiting position But for points on the 
2-axis putting y—mx so that the direction of approach is defined 

as being in a definite direction, and as m changes 

from 0 to 1, z changes from 0 to a, so that if the direction of 
approach to the point for which £c=0, y=0 be unassigned, the 
value of z cannot be assigned, and there is discontinuity in 
that its value is not independent of the relative mode of 
appioach of x and y to their ultimately zero values As a 
matter of fact, the z-axis is a nodal line upon the cylmdroid 

1897 In partial differentiation of a function of two inde- 
pendent variables, z~f(Xy y) } which is itself single-valued, finite 
and continuous for all values of x and y which lie within 

specified limits, the value of the fraction ^ ^ — ^ X> — 

oy 

will in general approach a definite limit when 8y becomes 
indefinitely small for each value of x within the specified 

range The limit is then denoted by —f(x, y) But it is 

possible that within this range of values of x there may be 
one or more values of x for which no such limit exists In 
such case the operation of differentiation fails and is an 
illegitimate process Take the case f(x, y)=xsm xy Here 
f(x, y+Sy)— /(as, y) _ xamx(y+8y)— xamx y 
8y Sy 

and foi all finite values of x and y this tends uniformly to 
the limit sc 3 cos xy when 8y is indefinitely diminished 
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But if x be increased indefinitely, the limit when Sy = 0 of 
ssmsfr+fr)- «gnjgy_ tfe06ay 

does not vanish, but may assume any value we please, however 
great Therefore, for instance, the second differentiation 
suggested in Ex 37, p 381, Vol I , would be an illegitimate 
operation 

poo 

But in the case m=I x r e~ ax dx, where r is a positive integer 
J o 

I**® pr— XSO ^ 

and a is real and positive, = I a fe~ ax — — dx, and -whether 

e -x&a ^ 

x be zero, finite or infinitely large, x r e~ ax — 5 tends uni- 

od 

formly to the limiting form — af+ 1 e- a ®, vanishing whether 
x =0 or x —co Hence the differentiations employed m Ex 3 
p 369, Yol I, are legitimate although the range of x is 
infinite Similar remarks apply to Aits 1039, 1041, 1046, 
etc , as therein noted 


1898 If discontinuity m such a function as z=-f(x, y) 

< 02 ^ '$Z 

exists for any values of x, y, the equation — g= — — is not 


necessarily true for such points This equation holds for any 
point x, y it a small rectangle whose centre is x y y can be 
constructed m the plane of x-y within which each of the 
differentiations is a possible operation, 1 e provided there be 
no discontinuity in the function or in either of its differential 
coefficients 


The rule c)dx^^<p(x } c)dx (Art 354) (1) 


is virtually a consequence of 

_ 3 2 s / 2 \ 

'dx dc dcdx 

r 

For t//(x, c)=J^(x, o)dx is only another way of writing 
c)= ^ C \ whence And the assertion of 


rule (1) is that 

3 3 dyls dd> 

- +(x, C)=J- <p(x, c)dx, which is the same as ^ 
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Hence the assertion (1) is equivalent to the assertion (2), 
and therefore, where the one rule fails, the other breaks down 
also 

1899 In all multiple integral evaluations and theorems, 
such for instance as that of Art 361, viz 

0 <f>(x, y)dxdy= f f <p(x, y)dydx, 

a J a J c 0 

it is assumed that the subject of integration remains finite 
and continuous for all points within and at the boundaries 
of the region over which the integration is conducted, and 
moreover that the differentials which we integrate do not 
become infinite or discontinuous at any point within the 
range of the integration at each step of the process It this 
be not the case, anomalies and contradictions may arise such 
as that noted m Ex 38, p 381, Yol I 

Note G Uniform Convergence 

1900 After the investigations of Stokes ( Trans Camb Phil 
Soc , vm 1847) and Seidel (Abb, d Bayenschen Ahad , 1848), 
some time elapsed before writers on the General Theoiy of 
Functions realised fully the importance of careful distinction 
between the uniform and non-uniform conveigence of infinite 
series The question of uniformity of convergence is a funda- 
mental pomt in this General Theory, and it always arises when 
we have under consideration the limiting value of a function 
depending upon more than one independent variable For a 
very useful discussion of the Convergence of Infinite Series 
and Products, we may refer to Chiystal’s Algebra , vol n , 
pages 113-185 Eefeience may also be made to Dr Hobson’s 
Trigonometry , ch xiv , or Harkness and Morley, Th of F , 
eh m 

1901 Consider any series +w n + . ,m which 

each term is a single-valued finite and continuous function of 
a variable z, which may be complex, and lying within a given 
region T in the Argand diagram, and of the integral number n 
which signifies its position m the series, then, if for every 
positive value of e, however small we can assign a positive 
integer v independent of z, such that foi all values of n 
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greater than v , the modulus of the residue of the series beyond 
the term u n is less than e, the series is said to be umfoimly 
convergent for all points within that region (Chrystal, Alg , 11 , 
p 144) If 2 u n converges uniformly within the aforesaid 
region to a definite value <f>(z ), then <j>{z) is itself a continuous 
function of z for all points within the region That is at 
each point z 0 within the region T, writing u r =f(z, r), 

<j> (s 0 ) = I J tz->Zo r ) = 2 0 ~ r ) 

1 1 1 

(See references above ) 

1902 With the definition of an integral as m Art 1266, 

n 

viz Lt n - > . a ,'^(z T —z r _ 1 )c o r -i, and supposing that each of the 

co’s is a single-valued finite and continuous function of z and 
a complex constant a, which both lie in a definite region I 1 
of the Argand diagram, say w r =/ r (a, z \ and that when 
a and z are made to approach indefinitely near definitely 
assigned points a 0 and z 0 lying within the region T, the 
function f r (a, z) tends uniformly to the value / r (a 0 , z 0 ) and is 
continuous, then we shall have 

n n 

Lt a .^ a<) Lt n _+ 00 2 { z r — z r- 1) <O r -i=Lt n ^.co 2 (z r ^r-i) «<,**>* \ 

i e. z)dz=^Lt^f(a, z)iz=J/(a 0 , z)dz 

This result, for the case when z and a are real, has been 
assumed in Art 354 

Note H Unicursal Curves 

1903 In any case of a rational integral function of x and y, 
say <p(x, y), in which the real variables x t y are connected by 
a rational integral algebraic equation F(x } y )= 0 whose graph 
is a curve of deficiency zero, and therefore unicursal, both 
x and y aie expressible as rational algebraic functions of a 

third variable t, as also and therefore m all such cases 
y)dx can be effected with the limitation 
mentioned m Note D, and the result is partly rational and 


the integration 
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partly a logarithmic transcendent of form Z4 log (x -a), 
where A and a are certain constants 

1904 The principal elementary cases of unicursal curves are 
(a) the conic, ( b ) the nodal cubic, ( c ) the three-node quartic 

(а) The equation of a conic may be written as u 1 / v 1 ^=w li 
where u 1} v ± , w x aie linear functions of x and y Putting 

and solving, we may express both x and y as 
rational algebraic functions of X 

(б) The equation of a nodal cubic may be written w 1 'v 1 =^ 3 , 
where u lt v x are linear homogeneous functions of x and y, and 
w z is homogeneous and of degree 3 Putting y=\x, we can 
express both x and y as rational algebraic functions of X 

(c) The general equation of a three-node quaitic may be 
wntten m homogeneous coordinates (say areals) as 

ax~ 2 +by - 2 -fez- 2 + 2fy~ 1 z~ 1 + 2gz~ 1 x~ 1 + 2hx~ 1 y~ l = 0, 
and therefore, taking another point x', y\ z' connected with 
y> ^ the relations xlx~^=^yjy / ~^-=zzjz~^ J we have 
ax' 2 + by' 2 +cz 2 +2fy / z'+2gz'x'+2kxy= 0, 

%e the ^tree-node quartic may be regarded as the “ inverse ” 
of a conic, using the term “ inversion ” m the sense m which it 
is employed by Dr Salmon, H PI Curves , p 244 

Now x, y , z being the coordinates of a point on a conic, 
which is a unicursal curve, may be expressed m terms of a 
fourth new variable t as rational functions of t, and therefore 
x, y, z, the coordinates of a point on the inverse three-node 
quartic, can also be expressed m the same manner For writing 

_ __ g 1 

am am uitrm 

where J-A+/.+/, and *=4+±+i, we have 

/ 1 / 2 / 3 

x y z l 

i/A 

So that if x'=&, etc , then as=^r , etc Hence the « inverse ” 
of any unicursal curve is itself unicursal 

In all such cases the integral jf a;, y)dx will only require 
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for its expression, lational integral algebraic functions and 
simple logarithmic transcendents 
The general cubic may be written uvw=z, where u, v, w } z 
are linear functions of x and y Any point upon it may be 

defined by the equations vw—Xz, u=\ If there be no node, 

the deficiency is unity The curve is not then umcursal But 
if these equations be solved for x and y , we have \x and A y 
expressed m the form P+*jQ, where P and Q are rational 
polynomials in A of degrees not higher than 2 and 4 respectively 

Hence m this case, for the integration of J<£(x, y)dx elliptic 

integrals will m general be required Similarly, if the deficiency 
of the connecting relation be of higher degree, transcendents 
of a higher complexity than the elliptic integrals would m 
general be required 

Note I General Review 

1905 The functions of a single variable x , with which we 
have been more particularly concerned, may be classed as 
(I) Algebraic, (II) Transcendental 

(I) An Algebraic function is one which may be theoretically 
expressed as a root of the equation 

/o(*)r+/l(*)y n - 1 + +/n(®)=0, 
where ms a positive integer and / 0) f v f n are polynomials, 
rational as regards cc, but m which the coefficients may be 
eithei commensurable or incommensurable, real or imaginary, 
but independent of x 

This will include as particular cases, 

(a) The general lational integral polynomial 

(b) The rational algebraic function, which is the ratio of 
two rational polynomials 

(c) The general irrational species, in which commensurable 
fractional indices may occur as powers of rational polynomials 

(II) Of Transcendental functions we have such as involve 
an exponentiation of the variable or the taking of a logarithm 
And as the variable may be a complex quantity, this will 
include, besides the elementary cases of e x or log x, the tngono- 
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metrical or hyperbolic functions and their inverses For a 
single exponentiation or the taking of a logarithm, the function 
is said to he a transcendent of the first order, but if these 
operations be repeated the function is said to be a trans- 
cendent of the second or higher order Thus e®*, log log log x 
are said to be respectively of the second and third orders 
of transcendents 

We may also have any arithmetical combination ol the sum, 
difference, product or quotient of two or more of these groups 
Such functions are said to be simple or elementary 
functions 

1906 We have, besides such functions as described above, 
transcendents of a higher degree of complexity, such as 

Soldner’s function li(a?), which is j* or J the Cosine 

and'Sme integrals, viz Ci(a)==f — X dx, Si(a?)= f dx , 

J x J x 

Fresnel’s Integrals , Kramp’s Integral , Spence’s Transcendents, 

defined as i"(l±x)=±^ n -^±^-^±efcc, the Elliptic 

Integrals, or others which have been computed and tabulated 
for special purposes 

1907 The problem of Integration with which we have been 
confronted is this Supposing that we are given the differential 

equation ^|=/( x) } where fix) is one or other of the known 

classes of functions, or a combination of them, is it possible for 
us to solve this equation so that y can be recognised as itself 
one or other of these classes of functions or a combination of 
them 2 When no such solution exists y is a new transcendent 

1908 The general discussion as to how completely this 
question can be answered would occupy much more space than 
we have at disposal The reader may be referred to Bertrand, 
Calc Int , ch v , and to Camb Math Tracts , No 2 (2nd ed ), by 
Mr G H Hardy 

But we may remark that, in the first place, if fix) be a 
rational function of x } it appears from Chap V and the 
remarks m Note D that the integral y is m all cases partly 
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rational, partly logarithmic, that when the denominator is 
factorisable into linear or quadratic factors, the complete 
integral can be found But when the denominator is of the 
fifth or higher degree and unfactonsable, though the rational 
part can be found by Hermite’s process, the transcendental 
logarithmic portion can only be obtained in certain cases 
But the only barrier to complete integration in all such 
general cases is that of the impossibility of solving the general 
qumtic or higher degree equation 
If f(x) be an irrational algebraic function of the form 


A+BJQ 

c+djq’ 


where A, B, C, D are rational polynomials and Q is a 


polynomial of not more than the fourth degree, it has been 
seen that its integiation can always be effected, and when the 
degree of Q is not above the second, only simple functions will 
be required , but when Q is of the third or fourth degree, the 
integration will usually call for the assistance of the Elliptic 


Integials 

It has also been seen that in all cases in which <p(x, y) is a 
rational integral algebraic function of x and y, and y is 
connected with x by an equation whose graph is umcursal, 


the integration jV(x, y)dx can 


be effected in terms of the 


elementary rational algebraic and logarithmic functions 


1909 In addition to these facts, a theorem due to Abel 
states that if y be an algebraic function of x, defined as above 
in (I) by the equation f 0 (x)y n +f 1 (x)y n ~ 1 + +/n( a O=0> 

Ji/dx can always be expressed as B 0 +Bi«/+ +B„_jy” l , 

where B 0 , B x , B n ^ are polynomials in x And further, that 
in the case when y n = a rational function of x, the integral 

dy=y x a rational function of x The proof of the first of 

these theorems is somewhat difficult and long Reference for 
them both may be made to the works already cited Other 

forms for which ^ydx is expressible by means of algebraic 

functions and logarithms will be found given by Bertrand 
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1910 It may be noted that, smee differentiation of a func- 
tion involving irrational algebraic quantities or exponentials 
cannot destroy them, such quantities cannot appear upon the 
integration of a function that does not already contain them 
Logarithms may appear upon the integration of an algebraic 
function, but always multiplied by mere constants and by no 
functions of x Tor the operation of differentiation upon the 
result could not eliminate logarithmic terms otherwise 
involved 

If, therefore, the integral of an algebraic function be expres- 
sible by means of the simple functions at all, it cannot contain 
exponentials, and whatever logarithmic terms occur are such 
as to appear in the first degree as transcendents of the first 
order multiplied by constants 

Many cases have been discussed of the integration 

in which f(x) has involved exponential, logarithmic, trigono- 
metric or hyperbolic functions, hut there is no general rule 
which would indicate the nature of the result to he expected 
as there is m the case of rational algebraic functions, and the 
theory is fai less complete Reference may be made to 
Liouville’s u M^moire ” (/ our f Math , 1835) 


PROBLEMS 


1 lutegrate 

4a 5 - 1 

(a) 


1 - 7a 8 - 8s 9 


x 4* 6a 5 +■ 1 2se 6 +■ 6a 11 


,t\ 1 - 'far - oar j , 

(F+ft+lp ^ (1+ ft 8 4- ft*) 2 ’ U (14-ft-fft 6 ) 2 

1 +- 2x + 6a 5 4- 1 3a 6 + 6a 11 


2 Obtain the rational 


part of £ - 


(14- x 4- ft 6 ) 2 


dx 


r. 


3 Show that 

C*xHZaP - 1 - 3a 2 -I- 2® + 1) _ 1 76 _ 2£ 

1 (**_* + 1)V -2®+]) 2 gl3 175 

t Show that if be r&tl0na1, ad + a ' C = %V ’ 

,VU(3 find the integral. [BCabdy, No 2, Camb Math Tracts , p 18 
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\ 

5 Discuss the convergency of the integrals (a) J log sm x dx, 

(b) (c) £££2^ id) £ f^ x dx 

6 Show that ( s — dx, although convergent, is not absolutely 

Convex geilt 0 [Carslaw, Fowxer's Senes, p 103] 

7 If the function </>(-*) be positive in sign, but diminishing m 

oo 

■value as x vanes from cl to go, then the senes is 

! 00 0 

0 ^( x ) 18 or ln ^ nlt6} 

and the senes lies between £ <t>(i) dx and j a _H x ) dx 

[Cauchy, Boole, F Diff , p 126 ] 

8 If a > 0 , discuss the convergency of the series 
60 1 ^ \ 

W S (a +«)"*’ ^ S (o + m) {log (a + «) ’ 

( in ) + n) log (« + «) { log log (a + n ) } [Boole, l c ] 

9 In the curve J + y* +b s = Zaxy, show that we may express 
* and i/ in the form 2z-c + a\= ±B, 2 y-c + a\= + B, where 
3 fti = 4X3 _ 9 a 2X2 + QacX - c 2 and c = a 3 - 

"by putting x + y+a- c\~ l 

Hence show that j F(x, can in all cases be 

reduced to an elliptic integral [Set Hardy, lc sup, p 50 ] 


10 Prove that 

[Liouville] 

II If /(») be an even function of % prove that 


(i) 


IF 

(u) fAsin20)sec^d=2jV(cos^) 

Jo 


sec 


Odd 


[Glaisheb ] 
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12 If <j>(x) = <f>(2a - x), show that 

(i) J° (®) F(x) dx = \^ ( a ) { ^(*) + ■*’(« - *) } dx , 

(u) | /(sin 20) sin 2 6dd = ^ f(sm26)d0 , 

(in) f /(sm20)sec 2 0d0 = 2 f /(cos 0) see 2 0d0 

Jo Jo ' [Glaisher] 

13 If J n = s n /(sm x) dx , show that if n be an odd integer, 

[Glaisher ] 

14 Prove that if <j>(x) = <£(1 - x\ then will 

W | o <^>(cc) log sinir»e&, 

(n) J sin To; log T ( x ) dx = i log tt - -(log 2 - 1) 9 

(in) f 3in 2 7ra;logr(a;)^a;=i(21og27r- 1) 

Jo o [Glaisher ] 

15 By the transformation 2 ; = ^—^, show that 

l+y 

f 1 tan -1 _ 3 0 + a ) _*L = - S 

Jo 1 2x-x 2 1 + a; 8 [Glaisher 1 


dx ^ 7 r 2 

r +^ =_ 8 


[Glaisher ] 


16 Show that the curve 0 = <£ on unit sphere consists of two 
loops each of area tt - 2 , 0 and being colatitude and azimuthal 
angle 

17 Show that the solid angle of the cone 

z 2 (x 2 + y 2 ) 2 — £C* (« 2 + j/ 2 + £ 2 ) 


18 Examine the nature of the curve on unit sphere defined by 
the equation 2 sm \6 cos £<£= 1, and show that the solid angle of 
this cone is 2^3 
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19 Prove that 


Jj* p- 2 cos 6 cos 6' dS dS'=* - £ j*j* log p cos $ d$ ds', 


where dS, dS' are any elements of two unclosed surfaces over which 
the first integral is taken, and p the distance between them which 
makes angles 6 and 6' with the normals at its extremities , also ds , 
db' are any two elements of their bounding arcs over which the 
second integral is taken, the directions of these elements of arcs 
being inclined at an angle ^ Give an optical interpretation of the 
result [Math Trip , 1886 ] 

[See Arts 846, 1783, and Herman, Optics , Art 157 ] 


20 If x, y, z be each real, finite and determinate functions of 
cos a, sin a cos P and sin a sin /3, the locus of the point x , y, z will be 
a closed surface containing a volume 


f 2 ir 

%ai 

Va , 


J, 



** 



y> 

Z 


da d/3, 


where T a == g- } etc 

[Math Trip , 1870 ] 


21 The volume enclosed by a closed oval (synclastic) surface is 

F, its area is S , and I denotes the integral jj dor extended 

o\er the surface, p v p 2 being the principal radii of curvature at the 
point where dcr is the element of area A sphere of any diameter 
rolls on the outside of the surface, and for the envelope of the 
sphere the coi responding integrals are constructed Show that 


F -rJ s+ 


1 

192 ^ 


P 


is the same for the envelope as for the original surface 


22 Show that the length of an arc of a curve on the sphere 
x 2 + y 2 + z 2 =i 2 may be expressed in terms of the coordinates u, v 
of a point on a plane curve by the transformation 

x _ y z 1 

4?% (u 2 + v 2 — 4r 2 )? u 2 + v 2 + 4? 2 ’ 

I s/du 2 +* dv 2 

[G B Mathews, Nature, Feb 1921 Art on 
“ Einstein’s Theory of Relativity” ] 
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CHAPTER XXIII 
Page 44 


A T~~ f a I” v f % u vdudv 

Jo Juvr *Jv*— 4w 4 


2 2 13 (a ^ 6 *) (c i_di) 

5 7 V M ' jojuvr 

7 cos (m+ri)a sin(m + ?i)a sm(rw.-?z)g sm (m+n)a 

a n(m +n) n{m+nY n\m — 7i) n 2 \m+n) 


8 1 a* Jo Jo 


1 f a »-£> 


d£ dr) 


9 /= 


t rvoF 


_ /aT 
I-VT“ay 


Vdydv 


10 i-irr'^v-.w.+ii 0 r^+y 

2 Jo Jo 2J-i Jo JrF + 41 


7 ^ + 4 ? 


cvh-y 


hk cVy 

1 '-rr^+JLl * f -W£& 


h+h 


a a _Ja? ~_ yi a 

13 /= I 1» f(x,y)dydx+j^ f a — J(x,y)Aydx 


' T “3 


2 a" 

14 /= y)dxdy+ J a ^ j* a *S(x,y)dxdy 


ab 

/aH 6 S 
,?? -cos-ill 


. 2 COS /-T- y-cuts ' — 

15 I=) a J o r f(r, tyJrd0+J(jJ f(r,d)drd$ 

~8 

16 /= /, 2 I>+ V <i> IJ ^= 4 ^ ’ F » F « bem 6 <*« values of T at 

Pand Q, the intersections of ^ 2 +y 2 =w, xy—v m the first quadrant 
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17 i-jl _»r 

tV jv ji— yi 


V a*-c 

V a*—y* 


18 /= (*di,f Va '~ y dxU+ r Ay f a '~ y 'ixU= f 3 d0f‘ drV 

^ a/~Z% 77i *'? ■'° •'a/V / C08 a fl+48la , tf 


'a/v / cos* fl-H sin* 0 

20 One 
22 Art 832 


1 , 

21 «*,*)■•«*. ») 

26 I = — c 2 / Jt (sin 2 £ + sinh^) d£ drj 

28 /= ^ co * a + s 1 ^” 1 cot a 

22 

29 S=abcjjsm 9 

CHAPTER XXIV 
Page 144 

« Sl« 22 

33 Art 902, n/tt sech 7ra 


! w ^ r (P+ i)r( g+ i) 
1 i* r( P+9 +3) 

3 4r=r^=: 


CHAPTER XXV 
Pass 176 

2 TjjpaW 
i &/+«-*»- V +» +8 


p+1 g+1 p+g+3 V +5+2 -V +,+2 

a /,\ 5 _y_*_A 5 i 5 ~ 5 / 

4 W a - 5“c - 16 V-V* 


w 


1 g,J>+s+r+l_g 2 P+J+r+t 

(j>+l)a =et0 = p+J+)+4 gjJ.+J+r+S. SjJ’+Jtr+S ’ 


(m) x _ a 3a 2 + 6 2 +o i ^‘-Sj 8 t 
' J * - 6 a 2 + 6 2 + c 2 8,*- 8/’ 

5 TrpaW/1890 6 Ma^, M (&+<?)! 4 

7 Af=pR 6 {7r(a+6+c)+4(/+ S r+A)}/30 

8 Ar=irpaic(a J +6 2 +c*)/30, £=5a(2a 2 +6'+c 2 )/16(a 2 +6 3 +o 2 ) 
A = J/[26V + cV + a 2 6 2 + 36* + 3c*]/7 (a 2 + 1 2 + c 2 ) 

n I-r(^)r(£±*£i 2 + .)/r(^)r(e±^i‘ + i) 
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Page 212 

4 tt/2 

5 A system of discontinuous lines and points, the origin being the 

centre of the system, 

(- 00 <■*<-!), r=-l, (-!<*<-$), *=-$, 


* = ~V 


7 r 

^ IfS’ 


IT 

' m S* 


2/ ~16' 


y= o, 


etc 


6 The part of the plane z=l between y— ±x 

which contains (1, 0, 1) 

The part of the plane z= - 1 between y= ±zc 

which contams ( — 1, 0, - 1) 

The parts of the plane z= 0 between y= ±cc 

which contain the y-axis 
The portions of the lines #/l=y/l = (*-£)/(), 

*/! —yl( ~ l)=(^— i)/0, for which x is positive 
The portions of the lines xfl =y/l =(a+ J)/0, 

=y/( — 1 ) = (z -f- *)/0, for which a? is negative 
9 A staircase of “treads and risers, 5 ’ the former consisting? of lines the 
latter marked by points ’ 


6 * -4ac 


Page 237 


— u 

Z e ~ 

a 

20 (a) 0, (6) i, (c) co , (d) £ 


7T 

_* / 8 ^ 


33 




- S'- 

42 N/ff/2e 


‘-S- «*- 

2 COS — 


CHAPTER XXVTI 
Page 289 

27. (i) log^ , (u) (n+4)log(jn-4)-2(jH-2)log(» + 2)-t-»log» , 
Mi((»+6) , log(n+6)-3(7H-4)»log(«+4) + 3(«+2) !1 log(n+2)-»Uog«.} 

CHAPTER XXTIII 
Page 353 


2 




14 7ra n / 


1) jj, 

23 fi-fi=y~y', *Y+a.y'+a'l3+f2y'=a.y-\-a'y+al3'-t-B'y , 
ay<a4-/?)=a r (a'+/3') 

30 tt/ 4 33 —7 Y—i=-— j— c 7 *■,»+& 
•VI+SWT^ VI+3/ 57 4 1 o 8S35 
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CHAPTER XXIX. 


Page 416 

1 (i) (n^+y*) 7 , n tan -1 - , 

V 


(u) J (log + (tan - 1 y/^y, tain- 1 j^^= ) 


(in) o’, i/log a 


(iv) e «iog»/*» +! ,>-6tan--y/* J log^F+P+atan-ty/* 

(v) Vcosh 2 # — cos 2 tan -1 ^ 

( vi) \/ cosh 2 y — sm 2 r, - tan” 1 (tan & tanh #) , 

<vu) — y + ff r , to- 2 (tan ^ tanh j) 
x y cos2.a?-f cosh 2y 


(vm) |[( 


tan' 


&r V , / 

1--P-T 2 ) + (' 

tan -1 (tanh _: 


“■‘7^5)’]' 


*rsW' 


tan“ : 


2# 


1 -^ 2 -y 2 J 


4 ( 1 ) - lit, 2it\/2, ( 11 ) lit, — 2it\/2, 

( 111 ) - lit, - 2 i t'^/2 , (iv) lit, 2it\/2 


5 ( 1 ) One m each quadrant , ( 11 ) n m each quadrant , 

( 111 ) One m each quadrant and one on negative part of #-axis , 
(iv) and (v) n in each quad and one on part of #-axis , 
(vi) n m each quad and one on each part of #-axis 


6 ( 1 ) it, ±2t, — lit, ( 11 ) it, ±2t, 6 

7 ( 1 ) Cassiman, ( 11 ) Two st lines, ( 111 ) Rect Hyp 

8 (Jr 2 -a 2 cos 4 c)^/a 2 sinccos 4 c 9 p = a 3 /4r 2 11 A diameter 

y Wt y _ l 7 " Ht y 

15 ( 11 ) X 8 =ae~ « cos=^, T s =ae a sin ^ , 

(v) (a) Concurrent lines, Meridians , (b) Cone circles, Parallels of Ut , 
(c) Equi spirals, Rhumb lines 

16 («!*- a.i n )(b l n -b'r)ln l 


CHAPTER XXX 


Page 479 

1 M §(* 1 - 1)^+3 1 j ( u ) 1)^ 2 27rt sm a, 2irt cos a, — m sm a 

3 2Trta, 47 rt<z, 27ri, 0 12 zjs/a 1 — z 2 

17 ^ ^sm a + sin|cosh^^-\/3cos|sinh^— , if a < 1 , Oi a>l 

18 0 if a > 1, 2m log ( 1 - a) - 27r 2 if a < 1 19 7r, 27r, 2tt 
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CHAPTER XXXI 
Page 520 

6 a— -■£, a=^Tr 

22 (l) j sin" 1 (k su u) , (n) ^ sinh"" 1 ( jr~ * (m) 

31 (i) am w, (u) — -g, tan -1 ctn u ^ , (m) — sech- 1 ( h sn u) 

62 {(^+^ 2 )(1^^2)^^( 1+A yyp = 4 ^ y2 ( 1 _. i27 4)( 1 _y4) 

63 Put y =(1 +/,)#/( 1 + Ac 2 ) Multiplier 1/(1 +£), Mod 2^/(1 + k) 


CHAPTER XXXII 
Page 561 

11 P B+l (“)/(»+l), log p(u), e^ u) , 2~J4p>(u)-Ip(u)-J 

12 WM+Jtlu, rbf'W-A^(«)+A^ . AP. + BP.-Ca^+Ou 

(Art 1432), ~ [log ^ ^ 4C], where p(«)-0 , 

7pjsjp[-««-»>- ««+»)- aupw-^wj^] , 

2^J 3 [ ~ P(« - *)-»>(«+•) - Sutff) - - 3P W'M / 

19 y=Ci^(w,t;)+c 2 ^(t4, -v) 

32 (1) gr«+{(P») s +^}t t + 2p( 1 ;)f(«) + C', 

(U) m[~ ««-*>“*(••+•>- 2u P( v )-f$ { 4 °K 82 “ f(o) ^|}]+ <7- 

39 s; ={i 3 (Y)-f > K)}/{p(yj-fK)} 


CHAPTER XXXIII 


1 

8 

12 

14 

15 

16 


Page 598 

I=1+3A. S , J= A. 3 -X, H=- 144[A.(«* +y*) - (1 _ Zk 2 )x*y*\, 
A=(9A*-1)* 

* = P(“> 39,25), x=zj(z- 1 ) 10 3 = — 3 -t-g/^ 

sin-i«, cos- 1 a, 1, Una, for£ = 0, tanh-'u, aeeh-'a, sech a, sinha, 
for£=l 

-r^.0,36), *=l + <*. or «-£«-* V^,. mod^ 
-2*«=p-i(z, 0, *), <= 1/42 ( <2 = - 4+ J) 
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22 ( 1 ) 2[£(a)-f(w)], where z=#>(v, 0,4) and #>(a) = a, 

(u) where °> 4 >> “=F' 1 ( 2 . 0, 4 ) , 

(ra) 2«-^ log « 2uf(a) - a) + s,(m -fa) - 4tt], a = p~ l (2, 0, 4) 

■wheie *=|+g>(u,^, -«#*), p(ct)=2, p(/3)=l 

(v) « + «!>«♦ »- |fcS-4)-« " a 

where v = #>{<f 3 + (« x - fy) a\ I, J) 
27 W3 = X-amtt, W^snwv'S/dn W3 , mods/2/3", 

or y = ^(o> 1 -M) wheie y= z -t“(^;) and ^®(12*-7)/(12»4-U) 

2 — sn -i ( > 2“«4 a 3 -^A 

V(a 4 -a 2 )( a i _a 3) W05 2 “ a i a 2 -a 4 / 

(Art 1339) 


28 w= 


CHAPTER XXXIV Section I 
Page 650 

1 The points are opp extremities of a diam of a circle, centre at origin 

diam —a 

2 y=8inh?ia7/smh%a 4 r” 1 BinmO^a 171 , where (n+l)7n=n 



i 

li 

m 

IV 

V 

VI 

Force/** 2 = 

y/a 2 

a/2y ! 

afy/Cat-hy 3 ) 2 

a 2 ly 3 

y/o 2 

a/2/ 


rep 

att 

rep 

att 

att 

rep 

Line 

y= o 

y=oo 

y=0 

3/=°o 

y=a 

y=a 


Vil 

Vlll 

IX 

X 

Force/'W 2 = 

a 2 /y 

l/3a*y l 

2a 4 y 3 

cfb 4 

(aHy 4 ) 2 

{6H(a 2 -6% 2 } 2 


rep 

att 

att 

rep 

Line 

y=a 

?j=a 

7/ = 0O 

?/ = 0 





972 


ANSWERS TO EXAMPLES AND PROBLEMS 



i 

n | in 

IV 

V 

VI 

Vll 

vill 

Force oc 

const 

? 

9 * 




? 2fl+l 

9 


rep 

iep 

iep 

rep 

rep 

att 

rep n > - 1 
att n < - 1 

rep 

Circle 

9 =0 

r= 0 

9=0 

9=0 

i =0 

9 =00 

9 =0 

r= oo 

9 =a 


IX 

X 

XI 

All 

Foice oc 

p*=Af*+B 

T 

i-i+l 

r 1 ^ a 1 
>/(» 2 + a 2 ) 2 

<™ = a* + V-r* 

P 

rfta 2 +b 2 — i 2 ) 2 

6f_2a 

pi 1 
l/(2a-t) 2 


iep A + 
att A — M 

rep 

iep 

le P 

Circle 

»-> 

/— 

A 

r= 0 

9 =00 

9=0 


9 The parabola 1 1 (y — 1 ) -f- 3ur ( x H- 4) = 0 satisfi es the conditions 

10 Two straight lines equally inclined m opp dnections to the v axis 

11 Rect Hyp 

12 and 13 Circular arc Discont solutions as in Art 1505 (1) 

14 A central conic 16 y— a sin where a is known 

19 Ellipse Centre on initial line Action a min Free path undei 
att radial force to focus 

22 A circle 25 A catenary 

28 A cncle Max area for given length [■ p = A +J3 cos(^-+a)] 

31 Parabolic arc wrapped on a cone Focus at veitex Axis along a 
generator 

CHAPTER XXXIV Section II 
Page 692 

1 i/=a cosh n(& — b) Minimum 
3 Taking c -f' # and 

(*u > tfo> - a, min \(i 0 >x 1 >a, max ), (r 0 > - o > ^ 1 , neither ) , 
to < - a, (#j < r 0} max ), (x 0 < r x < - a, mm ), (^ 0 < - a < r l9 neither) 


CHAPTER XXXV Section I 


Page 717 


1 If a cosine cui ve y = cos Jt be diawn from v—0 to v—tt and a point 
placed at the ongm, the total graph consists of this portion with 
repetitions fiom t to 27r, 2 t r to 37 t, etc 


10 A n w hei e 

1 

An = mr\j l ( 1 ~ cos nir + c 2 ( cos 7l7r - cos n7r + c s(cos mr ^ - cos Mu- J] 
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GO 00 

11 <£(#) = A o 4- 2 A n cos 2?i7rar/og + 2 B n sin , where 

4 0 ={c 1 a 3 -f-c 2 (a 2 - - o^/a,, 

~ ( c i S1 D Znvc^las + c 2 (sm 2mra<ila z - sin 27wra 1 /a 3 ) " 

- c 3 am 27i7ra 2 /ag} , 

^«=~{c 1 ( 1 - cos 27i7ra 1 /a 3 )+c 2 (cos 2n7ra 1 /o 3 - cos 2miaja 3 ) 

+ c 3 (l - cos 2w7ra2/a 3 )} 

14 Repetitions of the portion of y =#(w 2 — r 2 )/]^ which hesbetween#= ± 7r 


CHAPTER XXXV Section II 
Page 737 


i 


1 (2r+l)7TA 

^f(2FTT? C ° S 2a 


^2 oo j 

2 -j +42( — l) r ^cos2d? (~7r<^<7r) A series of equal parabolic arcs 


3 fi(-D’ 


(2r+iy 


sin 


(2r+l)irx lei 2 

7 » T“ 3? A 


4 7T 2 o (2r + 1) 2 ' 


(2? -f l)2?r# 

3 7 


( 2r+l) 3 Sin ( 2r+1 ) r i 0 to 7r inclusive 


4 

7T o 

5 ^fp( 1 - C0S P’ r ) 8i a^sin^ : 

6 V~ - ^7 # (0 to 2c-a) , y= -Hl~^7r 2 (2c-^), (2c-ato2c) 


7 V 4 oin n7r5, a ( ^ 2 4Z 2 \ nrr 2 1 2 mr 4Z 2 

7 2 4 n sm -j- , A n =^^ + ^jcos T+ ^ r2 sin T - ? ^ 3 , 

t> , v 7? Ano „ f l 2 4Z 2 \ mr 2 1 2 mr „ Z 2 

A+2-S„cos— r> R n =^_-- 5 - 5 j smT+ _cos T> ^ 0=15 

£2 £2 oo J '}*l\ ~^ 1 yj 

10 4 Q^ + ^p 2 ^cos -y cos -y , repetitions of the part between 0 
and #=Z 

13 If f(x) changes to j>(x) and f (v) to <f>'(x) at #=o, 

A n § = [ 8ln x’ dx +f a ’t > ^) sin^ 

■S.5-T <4»+} [/(“) =« 8 ^r-/(°)]+f[^W(-D n - 4>(a)cos^] 

1 * rt n /) w /#» 7>n\ r 2,r 

19 4 2 “npsin (2r+l)~ 

7r o 2r+l ' ' a 

27 (7= 1 tan" 1 Arc of a circle, centie at the origin, and radius 

symmetrically placed about the initial line, and subtending an 
angle 7i--2a at the ongin , together with the origin itself 
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CHAPTER XXXVI 
Page 786 

2 (f + *r)( iad )* 7 3a2 / 2, 5aS / 2 ’ axls==2a 8 Art 1650(12) 

10 Edges 2a, 26, (l) (a 2 * * + 6 2 )/3 , (n) and (m) r 2 + (a 2 +6 , )/3 for a point 

diet i hom centre 

11 (l) a , (n) 4a/3 12 10a/7, a (axis 2a) 

13 (l) sides a, 6, c, (a 2 + 6 2 + c 2 )/6 , (n) a 2 / 3 (side*=a) , 

(ui) 6a 2 / 5 (rad =a) , (iv) a 2 /2 (edge=a) 

14 2/a, 3/2a, a = semi maj ax 36 17a 2 /16 

39 2 ( s /5 2 +c 2 _ c)/6 2 , wheie 6 = rad of disc, c = dist between centres 


CHAPTER XXXVII 


Page 849 

5 m+n °»Q m ( i -£) n 6 («> *. w <‘) 

11 1/7 12 280/1287 

23 ir«<H 24 -I £(i + -£.Wx_il 

« 2 7t\ a 2 / 2a it a\ L+ 2a 2 )y 1 4a 2 


27 (Sp)'(Xg) 1 (ffi+gi) f fo 8 +g a )' 

3W?2 ! ?«» (Xp+2ff)' 

x (2)p + l)(Sff + 2) CEp + n-1) 

(Ep+q+l)(Ep+q + 2) (2p+q+n _ i) 

28 128/45tt 2 39 5 c 2 /g 


(Pn+VnY 


it 

25 6/2a 


CHAPTER XXXIX 
Page 931 

4 f> + (7a,+2y + Sz)+(-x i +z*+'lyz+Qzx + $xy)+{\0x i -6x(a?+y*+z i )} 

4- 1 1 xyz 

15 If sin 8 5 could be expressed in a finite series of Pa, it could be 
expressed in a finite series of cosines 

19 Art 1806 


CHAPTER XL 
Page 962 

1 * x -x , 

i-M+^’ iT7+^+ 1< >g( l +^+^) 

2 — — a 1 ax+b 

1+ * + ^ a'^-h26>+c' 

5 (a) conv (6) n. <fc 1 conv , 0 < n < 1 conv , n 0 di -► + oo 

(c) conv (d) 0 < n < 1 conv , n ^ 0 diy , n > 1 div 

8 All conv if m > 1, div if m }> 1 
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function, 232, 855 onwards , 
922 

23, 873, 874, 882, 886, 903, 
954, 962, 987, 1653, 1778, 

> 877 
Theorems 

etc From definition of 

luchy 

etc From definition of 

lemann 
value, 344 

ied formulae (Rectification), 
l, 615 

, 714, 1524 et seq 
u)p 242 

560, 1169 , Tables, 1176 
T81 

, 877, (u) p 213, 1074, (n) p 
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1, 59, 68, 70, 71, 184, 305, 316, 

, 578, 581, 604, 1350, 1351, 
p 525, p 527, p 528, 1398, 
p 562, 563, 1480, (n)p 659 
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752 

i p 319, (i) p 359 
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jeneous medium (Ray), 1536 
, 59, 68, 70, 71, 614, 871, 
*, 899, 994, 999, 1002, 1007, 
X) 

h, 478, 484 

irphic functions, 1245 
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Jacobi, 377, 833, (n) p 48, (u) p 241. 
Jacobi’s 33 foimulae, 1351 
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K = 0 (Integrability of), 1500 
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Form (a+ b cos 3-f- c sm j?)" 1 , etc , 
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Isopenmetnc companionship, 701, etc. 
Ivory, (n) p 47 , Equation, 1867 
% y Equations, 688 
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Legendre, 70, 271, 274, 375, 382, 391, 
530, 807, 852, 853, 897, 916, 919, 
943, 1037, (u)p 216, 1099, 1117, 
1120, (n) p 290, 1139, 1153, 1158, 
1168, 1481, 1778 

Legendre’s Coefficients, 1 798, etc , 
1818, etc (working formulae), 
1853, Graphs, 1855, etc , Various 
forms, 1801, etc , (Differential Co- 
efficients of) 1841, (Properties) 
1841, etc 

Lemmscate, 592, 598, 645, 872 
Leslie Ellis, (u) p 268, 1746 
Leudesdorf, 480, 498, 1182, 1188 
Lexell, ( 1 ) p 104 
Liagre, 1778 
Libn, 1049 
Lima$on, 594, 1255 
Limiting forms as definite integrals, 
319 

Lone Integral (Stokes;, 467 
Lines crossing a contour, 1709, etc 
Lmteana, 603 

Liouville, (i) p 639, (n) p 150, 962, 
968, 969, 986, 987, (n) p 179, 
(u) p 361, 1910 
Lodge, A , 70 
Lo codrome, 722, 730 

MacCullagh, 584 
Maclaunn, 369, 911, 931, 1300 
Malet, (n) p 603 
Mathews, (n) p 528, (n) p 965 
Maxwell JSee Clerk Maxwell 
Mean Values, 1640, etc , (Combma 
tion of) 1642 , Distribution, 1646 , 
M(p), 1650, etc , 1651 , 

M(p'), 1657, Jf(p«), 1661 , M{ 4), 
Jf(F), 1662 , Miscellaneous, 1663, 
(Restricted) 1666 , Geometric 
Mean (Maxwell), 1671 1678 
Mechanical Integrators, 505, (i)p 522 
Mercator’s Projection, (n) p. 417 
Meromorphic functions, 1245 
Memman, 1746, 1778 
Miller, (n) p 291 
Mmchm, 604 
Modular Equation, 1480 
Modulus Legendnan, 371, 1453, 
1454, etc 

Weierstrassian, 1380 
Errors, 1748 
Moigno, 352 

Moment of Inertia, 455, 526, 771 
Monge, 1553, 1555 


Motion of a rod, 473 
Multiple Angles, 117 
Murphy, ( 1 ) p 169 

Nanson, (n) p 360 
Neil, 516 
Neison, 1741 
Newton, 4, 9, 10 
Nome, 372 
Norm, 1876 

Normal Equations, 1764 

Origins of pedals of given area, 444 
Orthogonal Coordinates, 789 
Oval, 440, 441, 445, 448 
Ovoid, 627 

p(u) Expansion, 1416 
XI function, 886, etc 
Pappus, 752 
Parallel Curves, 435 
Parallel Rulings, 1704 
Paranome, 372 
Parker, (l) p 64 

Partial Fractions, 139, etc , 1891, etc 
Pascal, 518 
Peacock, (i) p 319 

Pedal Curves, 422, 424, 561, 563, 564 
Pedal of Evolute, 425 
Pedal of Minimum Area, 449 
Peirce, 1778 
Pendulum, 389 

Periodicity, Elliptio function, 1297, 
etc , 1330, etc , 1335, 1352 , p(u), 
1385 

Hyperbolic function, 67 
Period Parallelogram, 1298 
Petzval, (i) p 380 
Plana, 929, 1183 
Plammeter, 505 

Poisson, 989, 990, 1068, 1108, 1139, 
(n) p 358, 1548, 1601, (n) p 741, 
1778 

Polar Subtangent, 437 
Pole, 1244 
Pole Clusters, 1317 
Popoff, 366 

Powers, etc , of sines and cosines, 114 
Preston, 560, 1169, 1174, 1175, 1176 
Principal Values, 344 
Product of Inertia, 526 
^ f unotion, 911, etc , 950, etc 

Quadrature, 393, etc , Line Integral 
398 , Sectorial Areas, 407 , Tan 
gential Polars, 418, Tnlinears, 
460 

Quasi Inversion, 1255 
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Baa.be, 1083 

Random Points, 1688, etc , Lines, 
1707 

Rankine, (i) p 31 

Rational fractional forms, 127, etc, 
1891, etc 

Reciprocal Quartic, 314 
Rectification formulae, 511, etc , 739 
Reduction formulae, 101, 185, 208, 
etc , 1057, 1144, 1148 
Reduction to standard form Legend 
nan, 1459, etc , Weierstrassian 
1449, etc 

Relative Maxima and Minima, 1504, 
1558, 1565, 1582 

Review of cases of integration by 
means of elementary functions, 
1905, etc 

Regnault, (l) p 64 
Rhodoneae, 705 
Rhumb line, 722, 730 
Riemann Surface, 1261 , Definition, 
1876, etc , Theorem, 1878, etc 
Roberts, 614, 615 

Roberts, R A , 623, 625, 642, 647, 
(i) p 670, 710 
Rodngues, 1802, 1828 
Rolling Curves, 655 
Roulette, 678 

Routh, 363, 504, 603, 604, ( 1 ) p 637, 
756, 771, 823, 877, (u) p 179, (n) 1 
p 525, 1651, 1652, 1653, 1661, 
1663, (n) p 933 
Russell, 305 

Russell, W H L , (n) p 360, p 361 

Salmon, 583, 584, 743, 1904 
Sanjana, (u) p 291, 1650 
Schulz, 733 
Schwarz, 1398, 1431 
Secants, 120 
Seidel, 1900 

Semi cubical Parabola, 516 
Serret, 271, 334, 352, 601, (l) p 638, 
646, 647, 648, (l) p 669, p 670, 
807, 897, 907, 922, 944, (u) p 
149, 1159, 1164, 1168, 1201 
Sheets, 1201 

Short range Variations, 1574 
Sigma functions, Weierstrassian, 1381, 
Expansion, 1418 
Simpson, 21 
Singularities, 1243 
Six connections, 217, 219, 225 
Smaasen, (u) p 360 
Smith, C , 460, 713, 789, 899, 911, 
1696 


Smith, H J S , 1876, 1878, 1880 
Soldner, 1178, etc , 1906 
Solid Angle, 821 
Spence, 1906 

Spherical areas, 780 , curves, 728 , 
triangle, 781 , polar elements, 
775 778 

Spherical Harmonics, 1785, etc , 1789 , 
Poles and Axes, 1790 , Number 
of constants, 1788 and 1796 , Sur 
face Harmonics, 1787, Derivation 
of, 1791 , General form, 1792 , 
Zonal Harmonics, 1795 , Sectonal 
Harmonics, 1865 , Tesseral Har 
momcs, 1865 , Differentiation of 
Zonal Harmonics, 1873 
Sphero Come, 388, 735 
Spitzer, (i) 379 

Standard forms Elementary, 44, 89 

Legendnan, 371, 1329, etc , 1459, 
etc 

Weierstrassian, 1380, etc , 1446, 
etc 

Strict accuracy of, 1890 
Standard Results, Gamma Function, 
955 

Stanham, (n) p 851 
Stationary Curves, 1570, etc 
Sterner, 672, 675 

Stereographio Projection, 727, (n) p 
417 

Stirling, 875, 877, 884, 941 
Stokes, 466, 467, (n) p 152, 1781, 
etc , 1900 

Stolz, 1892 (application of Legendnan 
Substitution to form 1 /Xn/T) 
Substitutions, 55 

Surface (Element), 772, (curves on a), 
Calculus of Variations, 1511 
Surface Integrals, 451, etc , 1781 
Surface of Ellipsoid, 807, 809 
Surface of Revolution, 748 
Sylvester, (n) p 47, 1725 
Synectic Functions, 1243 
System of moving particles, 492 

Table of standard forms, 44, 89 
Table of values of S p , 957 
Tail, 433 

Tait and Steele, (i) p 377, (u) p 
525 

Tangents and Cotangents, 125 
Taylor, 365 , Theorem, 1300 
Tchebechef, 1073 
Tetrahedrals, 804 

Theta functions (Jacobi), 1366, 1627 
Thomson, Sir J J , (n) p 523 
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Thomson and Tait, 1592, 1782, (Lord 
Kelvin’s Extension of Green’s 
Theorem), 1786 

Todhonter, (i) p 169, 353, (i) p 377, 
(i) p 378, 820, 852, (n) p 48, 
897, (u) p 151, 972, 1185, (u) p 
417, 1507, (n) p 657, (u) p 719, 
(n) p 741, (n) p 743,1701, 1704, 
1736, 1742, (u) p 852, 1746, 1749, 
1805, (n) pp 934, 936 
Todhunter and Leathern, 733, 781, 824 
Townsend, 1540, (n) p 651 
Transcendents (orders of), 1905 
Trapezoidal Rule, 22 
Trembley, 1701 
Tnhnears, 460, 633 
Triplication, 1358 
Trochoid, 596 
True Anomaly, 1156 
Twisted Curves, 706, etc , 805 

Umcursal Curves, 634, 1903, etc 
Urn Problem, 1701 

Van Huraet, 516, 637 
Van Orstand, 70 

Variations, Calculus of, 1482 , Symbol 
of, 1485 , Symbol w, 1491 
Variation of Integral, 1495 
Variation of Double Integral, 1550 
Vectors, 1204, etc 
Verdet, 560, 1169 


Volume Cartesian, 760 , Cylindrical, 
774 , Spherical Polar, 775 
of surface of revolution, 24, 745 

Wallis, 516, 518, 875, 876 
Watt, (i) p 35, (l) p 64 
Webster, 1783 
Weddle, 22 

Weierstrass, 899, 1238, 1380, p(v) 
1381, etc , Periods, 1414, 1449, 
etc 

Weight (of obs ), 1748 , Resultant 
Weight, 1753 
Whewell, 536, 557 
Whitworth, 1683, (n) p 851 
Wiggins, (i) p 321 

Williamson, 352, 366, 480, 483, 484, 
488, 495, 614, 615, 637, 733, 1183, 
1692 

Wolstenholme, (l) p 169, (l) p 321, 
(l) p 472, 639, (l) p 148, (u) p 
152, (u) p 178, 992, 1028, 1031, 
(n) p 239, 1085, 1091, 1093, 1096, 
1097, 1098, 1650, (n) p 852 
Woolhouse, 483 
Wren, 518 

Zerr, ( 11 ) p 851 

Zeta Function (Jacobi), 1366, (Weier- 
strass), 1381 , Expansion, 1418 
Zeuner, (l) p 64 
Zolotareff, 366 
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3ROUP THEORY 

By A KUROSH 


Translated from the second Russian edition and 
•with added notes by Prof K A Hirsch 
A complete rewnting of the first, and already 
famous, Russian edition 

Partial Contents Part one The Elements of 
Group Theoiy Chap I Definition II Subgroups 
(Systems, Cyclic Groups, Ascending Sequences of 
Groups) III Normal Subgroups IV Endomor- 
phisms and Automorphisms Groups with Opera- 
tors V Series of Subgroups Direct Products 
Defining Relations, etc Part two Abelian Groups 
Foundations of the Theory of Abelian Groups 
(Finite Abelian Groups, Rings of Endomorphisms, 
Abelian Groups with Operators) VII Primary 
and Mixed Abelian Groups VIII Torsion-Free 
Abelian Groups Editor’s Notes Bibliography 
Vol II Part Three Group-Theoretical Con- 
structions IX Free Products and Free Groups 
(Free Products with Amalgamated Subgroup, 
Fully Invariant Subgroups) X Finitely Genera- 
ted Groups XI Direct Products Lattices (Modu- 
lar, Complete Modular, etc ) XII Extensions of 
Groups (of Abelian Groups, of Non-commutative 
Groups, Cohomology Groups) Part Four Solv- 
able and Nilpotent Groups XIII Finiteness Con- 
ditions, Sylow Subgroups, etc XIV Solvable 
Groups (Solvable and Generalized Solvable Groups, 
Local Theoiems) XV Nilpotent Groups (General- 
ized, Complete, Locally Nilpotent Torsion-Free, 
etc ) Editor's Notes Bibliography 
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5IFFERENTIAL AND INTEGRAL CALCULUS 
By E LANDAU 


Landau’s sparkling Emfuhrung in English trans- 
lation Completely rigorous, completely self- 
contained, borrowing not even the fundamental 
theorem of algebra (of which it gives a rigorous 
elementary proof), it develops the entire calculus 
including Fourier series, starting only with the 
properties of the number system A masterpiece of 
rigor and clarity 

— 2nd cd 1960 372 pp 6x9 [78] $6 00 


LEMENTARE ZAHLENTHEORIE 


By E LANDAU 

“Interest is enlisted at once and sustained by the 
accuracy, skill, and enthusiasm with which Landau 
marshals facts and simplifies details ” 

— G D Birkhoff, Bulletin of the A MS 

—1927 VII + 180-1- IV pp 51 / 2 x 81/4 [26] $3 50 
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VORLESUNGEN UBER ZAHLENTHEORIE 

By E LANDAU 

The various sections of this important work 
(Additive, Analytic, Geometric, and Algebraic 
Number Theory) can be read independently of one 
another 

—Vol I Pt 2 * (Additive Number Theory) xn+180pp Vol 
II (Analytical Number Theory and Geometrical NumberTheory) 
ym -f- 308 pp Vol 1 1 1 (Algebraic Number Theory and Fermat s 
Last Theorem) viii + 341 pp 5>/4x8i/ 4 MVol I, Pt 1 is issued 
as Elementary Number Theory ) Originally publ at $26 40 
[32] Three vols in one $14 00 


ELEMENTARY NUMBER THEORY 

By E LANDAU 

The present work is a translation of Prof Lan- 
dau’s famous Elementare Zahlentheone, with 
added exercises by Prof Paul T Bateman 

Part One Foundations of Number Theory I 
Divisors II Prime Numbers, Prime Factoriza- 
tion III G C D IV Number-theoretic Func- 
tions V Congruences VI Quadratic Residues 
VII Pell’s Equation Part Two Brun’s Theorem 
and Dirichlet’s Theorem Part Three Decompo- 
sition into Two, Three, and Four Squares I 
Farey Fractions II Dec into 2 Squares III Dec 
into 4 Squares IV Dec into 3 Squares Part 
Four Class Numbers of Binary Quadratic Forms 
II Classes of Forms III Finiteness of Class 
Number IV Primary Representation VI 
Gaussian Sums IX Final Formulas for Class 
Number 

Exercises for Parts One, Two, and Three 
—1958 256 pp 6x9 [125] $4 95 


EINFUHRUNG IN DIE ELEMENTARE UND 
ANALYTISCHE THEORIE DER 
ALGEBRAISCHE ZAHLEN UND DER IDEALE 
By E LANDAU 

— 2nd ed vn + 147 pp 5|/ 2 x8 [62] $2 95 


GRUNDLAGEN DER ANALYSIS 

fly E LANDAU 

The student who wishes to study mathematical 
German will find Landau’s famous Grundlagen der 
Analysis ideally suited to his needs 

Only a few score of German words will enable 
him to read the entire book with only an occasional 
glance at the Vocabulary 1 [A Complete German- 
English vocabulary, prepared with the novice 
especially in mind, has been appended to the book ] 

— 3rd ed 1960 173 pp 5%x8 [24] Cloth $3 50 
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FOUNDATIONS OF ANALYSIS 

By E LANDAU 

“Certainly no clearer treatment of the foundations 
of the number system can be offered One can 
only be thankful to the author for this fundamental 
piece of exposition, which is alive with his vitality 
and genius ”—J F Ritt, Amer Math Monthly 
— 2nd ed 1960 6x9 [791 $3 50 


HANDBUCH DER LEHRE VON DER 
VERTEILUNG DER PRIMZAHLEN 
By E LANDAU 

To Landau’s monumental work on prime-number 
theory there has been added, m this edition, two of 
Landau’s papers and an up-to-date guide to the 
work an Appendix by Prof Paul T Bateman 
— 2nd ed 1953 1 028 pp 5V2x8V2 [96] Two vol set $14 95 

UEBER ANALYSIS 

By E LANDAU, B RIEMANN, and H WEYL 

— See Weyl-Landau-Riemann 

MEMOIRES SUR LA THEORIE DES SYSTEMES 
DES EQUATIONS DIFFERENTIELLES 
LINEAIRES, Vols I, II, III 

By J A LAPPO-DANILEVSKlf 

Three volumes in one 

Some of the chapter titles are General theory of 
functions of matrices, Analytic theory of matrices, 
Problem of Poincare, Systems of equations m 
neighborhood of a pole, Analytic continuation, In- 
tegral equations and their application to the theory 
of linear differential equations, Riemann’s prob- 
lem, etc 

“The theory of [systems of lineai differential 
equations] is treated with elegance and generality 
by the author, and his contributions constitute an 
important addition to the field of differential equa- 
tions ” — Applied Mechanics Reviews 
— 3 volumes bound as one 689 pp 514*8% [94] $10 00 


TOPOLOGY 

By S LEFSCHETZ 

CONTENTS I Elementary Combinatorial 
Theory of Complexes II Topological Invariance 
of Homology Characters III Manifolds and their 
Duality Theorems IV Intersections of Chains 
on a Manifold V Product Complexes VI Trans- 
formations of Manifolds, their Coincidences, Fixed 
Points VII Infinite Complexes VIII Applica- 
tions to Analytical and Algebraic Varieties 
— 2nd ed (Corr repr of 1st ed ) x + 410 pp 5%x8 % 
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ELEMENTS OF ALGEBRA 

By HOWARD LEVI 

“This book is addressed to beginning students of 
mathematics The level of the book, however, is 
so unusually high, mathematically as well as peda- 
gogically, that it merits the attention cf profes- 
sional mathematicians (as well as of professional 
pedagogues) interested m the wider dissemina- 
tion of then subject among cultured people a 
closer approximation to the right way to teach 
mathematics to beginners than anything else now 
in existence ” — Bulletin of the AMS 
— Third ed 1960 xi + 161 pp 5%x8 [1031 $3 25 


LE CALCUL DES RESIDUS 

By E L/NDELOF 

Important applications m a striking diversity of 
mathematical fields statistics, number theory, the 
theoiy of Fourier series, the calculus of finite 
differences, mathematical physics, and advanced 
calculus, as well as function theory itself 
—151 pp 51 / 2 x 81/2 f34] $3 25 


THE THEORY OF MATRICES 

By C C MacDUFFEE 
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this book ” — Bulletin of the AMS 
— (Ergeb der Math ) 2nd edition 116 pp 6x9 Orig publ 
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COMBINATORY ANALYSIS, Vols I and II 

By P A MACMAHON 

TWO VOLUMES IN ONE 
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branch of mathematics 

— xx 4- 300 4- xx 4 340 pp 5 3 /sx8 [137] Two vols in one 
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FORMULAS AND THEOREMS FOR THE 
FUNCTIONS OF MATHEMATICAL PHYSICS 
By W MAGNUS and F OBERHETTINGER 

Gathered into a compact, handy and well-arranged 
refeience work are thousands of results on the 
many important functions needed by the physicist, 
engineer and applied mathematician 
Translated by J Wermer 

— 1954 182 pp 6x9 German edition was $7 00 [51 1 $3 90 
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By Hi MINKOWSKI 

—vm + 256 pp 51/2x81/4 [93] $4 50 

DIOPHANTISCHE APPROXIMATIONEN 

By H MINKOWSKI 

“Since the author has given an elementary, enter- 
taining, account, both m geometric and arithmetic 
language, of some important original results as 
well as the salient features of a classic theory, but 
presented in a novel manner, his work is deserving 
of the attention of the very widest circle of 
readers ” — L E Dickson 

— vm 4 235 pp 51/4x81/4 [1181 $450 
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INVERSIVE GEOMETRY 

By F MORLEY and F V MORLEY 

Chapter Headings I Operations of Elementary 
Geometry II Algebra III The Euclidean Group 
IV Inversions V Quadratics VI The Inversive 
Group of the Plane VII Finite Inversive Groups 
VIII Parabolic, Hyperbolic, and Elliptic Geom- 
etries IX Celestial Sphere X Flow XI Differ- 
ential Geometry XII The Line and the Circle 
XIII Regular Polygons XIV Motions XV The 
Triangle XVI Invariants under Homologies 
XVII Rational Curves XVIII Conics XIX 
Cardioid and Deltoid XX Cremona Transforma- 
tions XXI The n-Lme 
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FUNCTIONS OF REAL VARIABLES 
FUNCTIONS OF A COMPLEX VARIABLE 
By W F OSGOOD 

TWO VOLUMES IN ONE 

“Well-organized courses , systematic , lucid , /mti- 
damental , with many brief sets of appropriate 
exercises, and occasional suggestions for more ex- 
tensive reading The technical terms have been 
kept to a minimum, and have been clearly ex- 
plained The aim has been to develop the student’s 
power and to furnish him with a substantial body 
of classic theorems, whose proofs illustrate the 
methods and whose results provide equipment for 
further progress ” — Bulletin of A M S 
— 676 pp 5x8 2 vols in 1 [124] $4 95 


DIE LEHRE VON DEN KETTENBRUECHEN 

By O PERRON 

Both the Arithmetic Theory and the Analytic 
Theory are treated fully 

“An indispensable work Perron remains the 
best guide for the novice The style is simple and 
precise and presents no difficulties ” 

— Mathematical Gazette 
— 2nd ed 536 pp 51/4x8 [73] $5 95 


IRRATIONALZAHLEN 

By O PERRON 

Methods of introducing irrational numbers 
(Cauchy, Bolzano, Weierstrass, Dedekmd, Cantor, 
Meray, Bachman, etc ) Systematic fractions , con- 
tinued fractions , Cantor's series and algorithm , 
Luroth's and Engels series , Cantor's products 
Approximations, Kronecker theorem , Algebraic 
ana transcendental numbers ( including transcen- 
dency proofs for e and jt, Liouville numbers , etc ) 
— 2nd ed 1939 207 pp 51/4x81/4 [47] Cloth $3 25 
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EIGHT-PLACE TABLES OF 
TRIGONOMETRIC FUNCTIONS 
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EINFUHRUNG IN DIE KOMBINATORISCHE 
TOPOLOGIE 

By K REIDEMEISTER 

Group Theory occupies the first half of the book, 
applications to Topology, the second This well- 
known book is of interest both to algebraists and 
topologists 

— 221 pp 51/2x81/4 [75] £3 50 
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— (Ergeb der Math ) 1932 78 pp 5l/ 2 x8i/ 2 [40] $2 25 


FOURIER SERIES 

By W ROGOSINSKI 

Translated by H Cohn Designed for beginners 
with no more background than a year of calculus, 
this text covers, nevertheless, an amazing amount 
of ground It is suitable for self-study courses as 
well as classroom use 

“The field covered is extensive and the treatment 
is thoroughly modern in outlook An admirable 
guide to the theory ’’—Mathematical Gazette 
— Seconded 1959 vi f 176 pp 4i/ 2 x6i/ 2 [67] $2 25 


CONIC SECTIONS 

By G SALMON 

“The classic book on the subject, covering the whole 
ground and full of touches of genius ” 

— Mathematical Association 

— 6th ed xv ■+• 400 pp 51/4x81/4 [99] Cloth $3 25 
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HIGHER PLANE CURVES 

By G SALMON 

Chapter Headings I Coordinates II Geneial 
Properties of Algebraic Curves III Envelopes IV 
Metrical Properties V Cubics VI Quartics VII 
Transcendental Curves VIII Transformation of 
Curves IX General Theory of Curves 
— 3rd ed xix-|-395 pp 5%x8 
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ANALYTIC GEOMETRY OF 
THREE DIMENSIONS 
By G SALMON 

A rich and detailed treatment by the author of 
Come Section s, Higher Plane Curves, etc 
—Seventh edition (V 1) 496 pp 5x8 [122] $495 

INTRODUCTION TO MODERN ALGEBRA 
AND MATRIX THEORY 

By O SCHREIER and E SPERNER 

An English translation of the revolutionary work 
Evnfuhrung in die Analytische Geometric und 
Algebra Chapter Headings I Affine Space Linear 
Equations (Vector Spaces) II Euclidean Space 
Theory of Determinants III The Theory of Fields 
Fundamental Theorem of Algebra IV Elements 
of Group Theory V Matrices and Linear Trans- 
formations The treatment of matrices is especially 
extensive F 7 

^Outstandmg good introduction well 
suited for use as a text Self-contained and each 
topic is painstakingly developed ” 

— Mathematics Teacher 


— Seconded 1959 viii-)-378 pp 
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PROJECTIVE GEOMETRY OF n DIMENSIONS 

By O SCHREIER and E SPERNER 

Translated from the German by Calvin A Rogers 

A textbook on the analytic projective geometry 

lit 1 !*™ 10 ™ u ho 5? c ! arity and explicitness of 
presentation can hardly be surpassed 

„^ ,tab j fo , r a 0I1 f- s eniester course on the senior 
undergraduate or first-year graduate level The 
background required is minimal The definition 
and simplest properties of vector spaces and the 
te nt t° f “ a i rlx the , ory F °r the r eader lacking 
A h , t.W C ^ gr ° Und ’ sultab , le Terence is made to thl 
Authors companion volume Introduction to Mod- 
em Algebra and Matrix Theory 

There are exercises at the end of each chaDtei 
material 6 *** Student to test hls mastery ofVe 

SnaH AP TT B § BADIN . SS ‘ 1 n-Dimensional Projective 
bpace II General Projective Coordinates III 
Hyperplane Coordinates The Duality Princinle 
IV The Cross Ratio V Projectivities VI Lmeai 
Pro jectivities of P, onto Itself VII Correlations 
pS«i IyP % Surf ! ces of the Second OrdeilX 

surfaces of the Second Older XI The Affine 

^ Second Or- 

— 196] 208 pp 6x9 


[1261 54 95 


CHELSEA SCIENTIFIC BOOKS 


PROJECTIVE METHODS 

IN PLANE ANALYTICAL GEOMETRY 

By C A SCOTT 

The original title of the present work, as it ap- 
peared in the first and second editions, was “An 
Introductory Account of Certain Modern Ideas and 
Methods m Plane Analytic Geometry ” The title 
has been changed to the present more concise and 
more descriptive form, and the corrections indi- 
cated m the second edition have been incorporated 
into the text 

Chapter Headings I Point and Line Co- 
ordinates II Infinity Transformation of Coordi- 
nates III Figures Determined by Four Elements 
IV The Principle of Duality V Descriptive Prop- 
erties of Curves VI Metric Properties of Curves, 
Line at Infinity VII Metric Properties of Curves, 
Circular Points VIII Umcursal (Rational) 
Curves Tracing of Curves IX Cross-Ratio, 
Homography, and Involution X Pro lection and 
Linear Transformation XI Theory of Corre- 
spondence XII The Absolute XIII Invariants 
and Covariants 

— Ready Summer, 1961 3rd ed xiv 4-288 pp 5x8 

[146] Probably $3 50 

LEHRBUCH DER TOPOLOGIE 

By H SEIFERT and W THRELFALL 

This famous book is the only modern work on com- 
binatorial topology addressed to the student as well 
as to the specialist It is almost indispensable to 
the mathematician who wishes to gam a knowledge 
of this important field 

“The exposition proceeds by easy stages with 
examples and illustrations at every turn ” 

— Bulletin of the A M S 
—1934 360 pp 51/2x81/2 OriQ publ at $8 00 [31] $4 95 

SHEPPARD, "From Determinant to Tensor " see Klein 

HYPOTHESE DU CONTINU 

By W SIERPINSKI 

An appendix consisting of sixteen research papers 
now brings this important work up to date This 
represents an increase of more than forty percent 
in the number of pages 

“One sees how deeply this postulate cuts through 
all phases of the foundations of mathematics, how 
intimately many fundamental questions of anal- 
ysis and geometry are connected with it a most 
excellent addition to our mathematical literature ” 
— Bulletm of A M S 
Second edition 1957 xvn-l-274 pp 5x8 [117] $495 


SINGH, "Non Differentiable Functions " see Hobson 
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DIOPHANTISCHE GLEICHUNGEN 

By T SKOLEM 

“This comprehensive presentation should be 
warmly welcomed We recommend the book most 
heartily ” — Acta Szeged 

— (Ergeb der Moth) 1938 ix+130 pp 5 1 / 2 * 8 Vi Cloth 
Orig publ at $6 50 [75] $3 50 

ALGEBRAISCHE THEORIE DER KOERPER 

By E STEINITZ 

“Epoch-making ” — A Hoar , Aca Szeged 

— 177 pp including two appendices 5Va^8Va [77] $3 25 


INTERPOLATION 
By J F STEFFENSEN 
“A landmark m the history of the subject 

“Starting from scratch, the author deals with 
formulae of interpolation, construction of tables, 
inverse interpolation, summation of formulae, 
the symbolic calculus, interpolation with several 
vanables, m a clear, elegant and rigorous manner 
The student will be rewarded by a compre- 
hensive view of the whole field A classic ac- 
count which no serious student can afford to 
neglect ” — Mathematical Gazette 
—1950 2nd ed 256 pp 5l/ 4 x8i/ 4 Orig $8 00 [71] $4 95 

A HISTORY OF THE MATHEMATICAL 
THEORY OF PROBABILITY 
By I TODHUNTER 

Introduces the reader to almost every process and 
every species of problem which the literature of 
the subject can furnish Hundreds of problems are 
solved m detail 

— 640 pp 5V 4 x8 Previously publ at $8 00 [57] $6 00 

SET TOPOLOGY 

By R VA/DYANATHASWAMY 

In this text on Topology, the first edition of which 
was published in India, the concept of partial order 
has been made the unifying theme 

Over 500 exercises for the reader enrich the text 
Chapter Headings I Algebra of Subsets of a 
Set II Rings and Fields of Sets III Algebra of 
Partial Order IV The Closure Function V Neigh- 
borhood Topology VI Open and Closed Sets VII 
Topological Maps VIII The Derived Set m T, 
Space IX The Topological Product X Con- 
vergence m Metrical Space XI Convergence 
Topology 

— 2nd ed 1960 vi + 305 pp 6x9 


[139] $6 00 
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LECTURES ON THE GENERAL THEORY OF 
INTEGRAL FUNCTIONS 
By G VALIRON 

—1923 XII 4- 208 pp 51/4x8 [56] $3 50 


GRUPPEN VON LINEAREN 
TRANSFORMATIONEN 
By B L VAN DER V/AERDEN 

— (Ergeb der Math ) 1935 94 pp 5 1 / 2 x 8 ’A [45] $2 50 


LEHRBUCH DER ALGEBRA 


By H WEBER 

The bible of classical algebra, still unsurpassed for 
its clarity and completeness Much of the material 
on elliptic functions is not available elsewhere in 
connected form 


Partial Contents VOL I Chap I Rational 
Functions II Determinants III Roots of Alge- 
braic Equations V Symmetric Functions V 
Linear Transformations Invariants VI Tchirn- 
haus Transformation VII Reality of Roots VIII 
Sturm’s Theorem X Limits on Roots X Approxi- 
mate Computation of Roots XI Continued Frac- 
tions XII Roots of Unity XIII Galois Theory 
XIV Applications of Permutation Group to 
Equations XV Cyclic Equations XVI Kreistei- 
lung XVII Algebraic Solution of Equations 
XVIII Roots of Metacyclic Equations 


VOL 11 Chaps I-V Group Theory VI -X 
Theory of Linear Groups XI -XVI Applications 
of Group Theory (General Equation of Fifth De- 
gree The Group G** and Equations of Seventh 
Degree ) XVII -XXIV Algebraic Numbers 
XXV Transcendental Numbers 


VOL III Chap I Elliptic Integral II Theta 
Functions III Transformation of Theta Functions 
IV Elliptic Functions V Modular Function V 
Multiplication of Elliptic Functions Division VII 
Equations of Transformation VIII Groups of the 
Transformation Equations and the Equation 01 
Fifth Degree XI -XVI Quadratic Fields XVII 
Elliptic Functions and Quadratic Forms XVIII 
Galois Group of Class Equation XIX Computa- 
tion of Class Invariant XII Cayley’s Develop- 
ment of Modular Function XXIII Class Fields 
XXIV -XXVI Algebraic Functions XXVII Alge- 
braic and Abelian Differentials 

—Ready, Fall '61 3rd ed <C repr of2nded ) 2,345 pp 5x8 
y ' [144] Three vol set Probably $19 50 
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DAS KONTINUUM, 
und andere Monographien 

By H W EYL, E LANDAU , and B RIEMANN 

Four volumes in one 

Das Kontinuum (Kritische Untersuchungen 
ueber die Grundlagen der Analysis), by H Weyl 
Reprint of 2nd edition 

Mathematische Analyse des Raumproblems. 
by H Weyl 

Darstellung und Begruendung einiger 

NEURER ERGEBNISSE DER FUNKTIONENTHEORIE, by 
E Landau Reprint of 2nd edition 
Ueber die Hypothesen, welche der Geometrie 
zu Grunde liegen, by B Rtemann Reprint of 3rd 
edition, edited and with comments by H Weyl 

— 8B + 1 17 + 1 20 4* 48 pp 5^x8 [134] Four vols in one 

$6 00 


THE THEORY OF GROUPS 

By H J ZASSENHAUS 

In this considerably augmented second edition of 
his famous work, Prof Zassenhaus puts the origi- 
nal text in a lattice-theoretical framework This 
has been done by the addition of new material as 
appendixes, so that the book can also continue to 
be read as before, on a strictly group-theoretical 
level fhe new edition has sixty percent more 
page* than the old 

The number of exercises, also has been greatly 
increased 

“A wealth of material in compact form ” 

— Bulletin of A M S 
— Second edition 1958 vm-f-265 pp 6x9 [53] $6 00 


Price* subject to change without notice 




